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Hypercyclic and chaotic C0-semigroup
Semiflow-induced C0-semigroups in Lebesgue spaces

Semiflow-induced C0-semigroups in Sobolev spaces

X separable Banach space, T C0-semigroup on X

T hypercyclic :⇔∃x ∈ X : orb(T, x) := {T (s)x; s ≥ 0} dense in X

HC(T ) := {x ∈ X; orb(T, x) = X}

Per(T ) := {x ∈ X; ∃s > 0 : T (s)x = x}

T chaotic :⇔ T hypercyclic and Per(T ) = X

T frequently hypercyclic :⇔ ∃x ∈ HC(T )∀ ∅ 6= U ⊆ X open:

lim inf
t→∞

λ({s ∈ [0, t]; T (s)x ∈ U})
t

> 0.
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Hypercyclic and chaotic C0-semigroup
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Semiflow-induced C0-semigroups in Sobolev spaces

Let S be a C0-semigroup on the Banach space Y .

T and S are conjugate if there is a homeomorphism Φ : X → Y
such that

∀ r ≥ 0 : Φ ◦ T (r) = S(r) ◦ Φ.

T and S conjugate ⇒ T is (frequently) hypercyclic/chaotic iff S is
(frequently) hypercyclic/chaotic.
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Hypercyclic and chaotic C0-semigroup
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Ω ⊆ R open interval, F ∈ C1(Ω) real valued, x ∈ Ω

Let J(x) be the domain of the unique maximal solution of

dϕ

dt
= F (ϕ), ϕ(0) = x (1)

General assumption: ∀x ∈ Ω : [0,∞) ⊆ J(x)
(for all initial values the solution is defined for any t ≥ 0⇔: (Ω, F )
has A. De.f.an.t⇔: (Ω, F ) has A. D. )
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Ω ⊆ R open interval, F ∈ C1(Ω) real valued, x ∈ Ω

Let J(x) be the domain of the unique maximal solution of

dϕ

dt
= F (ϕ), ϕ(0) = x (1)
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Ω = (a, b) bounded, F ∈ C1([a, b]) with F (a) ≥ 0, F (b) ≤ 0
⇒ (Ω, F ) has A. D.
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Denoting solution of (1) by ϕ(·, x) we have:

∀ s ≥ 0 : ϕ(s, ·) : Ω→ Ω injective

∀ s ≥ 0, x ∈ ϕ(s,Ω) : [−s,∞) ⊆ J(x) and ϕ(−s, x) = ϕ(s, ·)−1(x)
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h ∈ C(Ω), set for s ≥ 0

hs : Ω→ C, hs(x) := exp(

∫ s

0
h(ϕ(t, x))dt) (⇒ |hs| = 1 if Reh = 0)

For f : Ω→ C set

∀s ≥ 0, x ∈ Ω :

u(s, x) :=

(T (s)f)(x) := hs(x)f(ϕ(s, x))

⇒ (T (s+ r)f)(x) = (T (s)T (r)f)(x), (T (0)f)(x) = f(x)

Note: if f, h ∈ C1(Ω) then

∂

∂s
u(s, x) = F (x)

∂

∂x
u(s, x) + h(x)u(s, x), u(0, x) = f(x).

Thomas Kalmes Trier University Chaotic C0-semigroups



Hypercyclic and chaotic C0-semigroup
Semiflow-induced C0-semigroups in Lebesgue spaces

Semiflow-induced C0-semigroups in Sobolev spaces

h ∈ C(Ω), set for s ≥ 0

hs : Ω→ C, hs(x) := exp(

∫ s

0
h(ϕ(t, x))dt) (⇒ |hs| = 1 if Reh = 0)

For f : Ω→ C set

∀s ≥ 0, x ∈ Ω :

u(s, x) :=

(T (s)f)(x) := hs(x)f(ϕ(s, x))

⇒ (T (s+ r)f)(x) = (T (s)T (r)f)(x), (T (0)f)(x) = f(x)

Note: if f, h ∈ C1(Ω) then

∂

∂s
u(s, x) = F (x)

∂

∂x
u(s, x) + h(x)u(s, x), u(0, x) = f(x).

Thomas Kalmes Trier University Chaotic C0-semigroups



Hypercyclic and chaotic C0-semigroup
Semiflow-induced C0-semigroups in Lebesgue spaces

Semiflow-induced C0-semigroups in Sobolev spaces

h ∈ C(Ω), set for s ≥ 0

hs : Ω→ C, hs(x) := exp(

∫ s

0
h(ϕ(t, x))dt) (⇒ |hs| = 1 if Reh = 0)

For f : Ω→ C set

∀s ≥ 0, x ∈ Ω : u(s, x) := (T (s)f)(x) := hs(x)f(ϕ(s, x))

⇒ (T (s+ r)f)(x) = (T (s)T (r)f)(x), (T (0)f)(x) = f(x)

Note: if f, h ∈ C1(Ω) then

∂

∂s
u(s, x) = F (x)

∂

∂x
u(s, x) + h(x)u(s, x), u(0, x) = f(x).

Thomas Kalmes Trier University Chaotic C0-semigroups



Hypercyclic and chaotic C0-semigroup
Semiflow-induced C0-semigroups in Lebesgue spaces

Semiflow-induced C0-semigroups in Sobolev spaces

Let (Ω, F ) have A. D. , h ∈ C(Ω).
For ρ : Ω→ (0,∞) measurable, 1 ≤ p <∞, Lpρ(Ω) := Lp(Ω, ρ dλ)
(Lp(Ω) := Lp1(Ω)).

ρ is called p-admissible for F and h if there are M ≥ 1, ω ∈ R with

∀ s ≥ 0∀x ∈ Ω : |hs(x)|pρ(x) ≤Meωsρ(ϕ(s, x))|∂2ϕ(s, x)|

⇒ TF,h(s)f := T (s)f := hs(·)f(ϕ(s, ·)) defines a C0-semigroup
TF,h on Lpρ(Ω), its generator being an extension of

C1
c (Ω)→ Lpρ(Ω), u 7→ Fu′ + hu.
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TF,h on Lpρ(Ω), its generator being an extension of

C1
c (Ω)→ Lpρ(Ω), u 7→ Fu′ + hu.

ρ p-admissible for F and h⇔ ρ p-admissible for F and Reh!

(hs(x) = exp(
∫ s

0 h(ϕ(t, x)) dt))
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∀ s ≥ 0∀x ∈ Ω : |hs(x)|pρ(x) ≤Meωsρ(ϕ(s, x))|∂2ϕ(s, x)|

⇒ TF,h(s)f := T (s)f := hs(·)f(ϕ(s, ·)) defines a C0-semigroup
TF,h on Lpρ(Ω), its generator being an extension of

C1
c (Ω)→ Lpρ(Ω), u 7→ Fu′ + hu.

ρ p-admissible for F and h⇔ ρ p-admissible for F and Reh!

ρ = 1 is p-admissible (for any 1 ≤ p <∞) if Reh is bounded above
and F ′ is bounded below.
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Let (Ω, F ) have A. D. , h ∈ C(Ω), and ρ p-admissible for F and h.

For s ≥ 0 set ρs,p : Ω→ [0,∞),

ρs,p(x) := χϕ(s,Ω)(x)|hs(ϕ(−s, x))|pρ(ϕ(−s, x))|∂2ϕ(−s, x)|

and ρ−s,p : Ω→ [0,∞),

ρ−s,p(x) := |hs(x)|−pρ(ϕ(s, x))|∂2ϕ(s, x)|

Reh = 0⇒ |hs| = 1⇒ ∀ 1 ≤ p <∞ : ρs,p = ρs,1, ρ−s,p = ρ−s,1

ρs,1 is λ-density of the image measure
(
ρ dλ

)ϕ(s,·)
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Semiflow-induced C0-semigroups in Sobolev spaces

Theorem (Aroza, Mangino, K.)

Let (Ω, F ) have A. D. , h ∈ C(Ω) real valued, ρ p-admissible for F
and h. Tfae.

i) TF,h is chaotic in Lpρ(Ω).

ii) λ({F = 0}) = 0 and for every m ∈ N for which there are m
different connected components C1, . . . , Cm of Ω\{F = 0},
for λm-almost every (x1, . . . , xm) ∈ Πm

j=1Cj there is s > 0
such that

∀ 1 ≤ j ≤ m :
∑
l∈Z

ρls,p(xj) <∞.

Thomas Kalmes Trier University Chaotic C0-semigroups



Hypercyclic and chaotic C0-semigroup
Semiflow-induced C0-semigroups in Lebesgue spaces

Semiflow-induced C0-semigroups in Sobolev spaces

Relaxing ”h ∈ C(Ω) real valued”:

Lemma (Aroza, Mangino, K.)

Let (Ω, F ) have A. D. , h ∈ C(Ω), and ρ p-admissible for F and
h. Assume that

a) ∀x ∈ {F = 0} : h(x) ∈ R, b) Imh
F ∈ L1(Ω).

Then the C0-semigroups TF,h and TF,Reh on Lpρ(Ω) are conjugate
(via a continuous, bijective multiplication operator).

Corollary (Aroza, Mangino, K.)

. . . Tfae.
i) TF,h is chaotic in Lpρ(Ω).
ii) λ({F = 0}) = 0 and for any m different components C1, . . . ,

Cm ⊆ Ω\{F = 0}, for λm-almost all (x1, . . . , xm) ∈ Πm
j=1Cj

∃ s > 0∀ 1 ≤ j ≤ m :
∑
l∈Z

ρls,p(xj) <∞.
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Lemma

Let (Ω, F ) have A. D. , ρ p-admissible for F and h ∈ C(Ω).

a) If F ′ and Reh are bounded the following are equivalent for
x ∈ Ω\{F = 0}.

i) ∃s > 0 :
∑

l∈Z ρls,p(x) <∞.
ii) ∀s > 0 :

∑
l∈Z ρls,p(x) <∞.

iii)
∫
R ρs,p(x) dλ(s) <∞.

b) For x ∈ Ω\{F = 0} denote by C(x) the connected
component of Ω\{F = 0} containing x. Then∫

R
ρs,p(x) dλ(s) =

1

|F (x)|

∫
C(x)

exp(−p
∫ y

x

Reh(w)

F (w)
dw)ρ(y) dλ(y).
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Semiflow-induced C0-semigroups in Lebesgue spaces

Semiflow-induced C0-semigroups in Sobolev spaces

Theorem

Let (Ω, F ) have A. D. , h ∈ C(Ω) with F ′ and Reh bounded,
Imh
F ∈ L1(Ω), h(x) ∈ R for every x ∈ {F = 0}.

Moreover, let ρ be p-admissible for F and h. Tfae.

i) TF,h is chaotic in Lpρ(Ω).

ii) λ({F = 0}) = 0 and for every connected component C of
Ω\{F = 0} there is x ∈ C with∫

C
exp(−p

∫ y

x

Reh(w)

F (w)
dw)ρ(y) dλ(y) <∞.

In case of p = 1 or Reh = 0 the above are also equivalent to

iii) TF,h satisfies the Frequent Hypercyclicity Criterion.
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Semiflow-induced C0-semigroups in Sobolev spaces

From now on Ω = (a, b) bounded open interval, 1 ≤ p <∞.

W 1,p(Ω) = {u ∈ Lp(Ω); u′ ∈ Lp(Ω)}

W 1,p
∗ (Ω) := {u ∈W 1,p(Ω); u(a) = 0}

⇒W 1,p(Ω) = W 1,p
∗ (Ω)⊕ span{1} topological direct sum

Φ : Lp(Ω)→W 1,p
∗ (Ω),Φ(f)(x) :=

∫ x
a f(y)dy is continuous linear,

bijective with continuous inverse Φ−1(u) = u′.
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Hypercyclic and chaotic C0-semigroup
Semiflow-induced C0-semigroups in Lebesgue spaces

Semiflow-induced C0-semigroups in Sobolev spaces

Let ((a, b), F ) have A. D. with F ∈ C1([a, b]), F (a) = 0, γ ∈ R
⇒ ρ = 1 p-admissible for F and F ′ + γ.

⇒ TF,F ′+γ well-defined C0-semigroup in Lp(Ω)

⇒ SF,γ := (Φ ◦ TF,F ′+γ(r) ◦ Φ−1)r≥0 defines C0-semigroup in

W 1,p
∗ (Ω) which is chaotic/(frequently) hypercyclic iff TF,F ′+γ is

∀x ∈ Ω, r ≥ 0, f ∈W 1,p
∗ (Ω) : (SF,γ(r)f)(x) = eγrf(ϕ(r, x))

W 1,p(Ω) = W 1,p
∗ (Ω)⊕ span{1}, eγr (1 ◦ ϕ(r, ·)) = eγr 1

⇒ (SF,γ(r)f)(x) = eγrf(γ(r, x)) defines C0-semigroup SF,γ in
W 1,p(Ω)
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Semiflow-induced C0-semigroups in Lebesgue spaces

Semiflow-induced C0-semigroups in Sobolev spaces

Theorem (Aroza, Mangino, K.)

Let F ∈ C1([a, b]) with F (a) = 0, (Ω = (a, b), F ) have A. D. , and
γ ∈ R. The generator of the C0-semigroup SF,γ in W 1,p(Ω) is
given by

A : {u ∈W 1,p(Ω);Fu′′ ∈ Lp(Ω)} →W 1,p(Ω), Au = Fu′ + γu

and W 1,p
∗ (Ω) is SF,γ-invariant.

SF,γ is not hypercyclic in W 1,p(Ω).

h ∈W 1,∞(Ω)⇒Mh : W 1,p(Ω)→W 1,p(Ω),Mhu := hu
continuous, linear ⇒ A+Mh generates C0-semigroup SF,h+γ

given by (SF,h+γ(r)f)(x) = eγrhr(x)f(ϕ(r, x))
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Semiflow-induced C0-semigroups in Sobolev spaces

Lemma (Aroza, Mangino, K.)

Let F ∈ C1([a, b]) with F (a) = 0, (Ω = (a, b), F ) have A. D. , and
h ∈W 1,∞(Ω). Assume that

i) ∀x ∈ {F = 0} : h(x) = h(a) ∈ R,

ii) h−h(a)
F ∈ L∞(Ω).

Then the C0-semigroups SF,h and SF,h(a) in W 1,p(Ω), resp.

W 1,p
∗ (Ω), are conjugate (via a continuous, bijective multiplication

operator).
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Theorem

Let F ∈ C1([a, b]) with F (a) = 0, (Ω = (a, b), F ) have A. D. , and
h ∈W 1,∞(Ω).

Assume h−h(a)
F ∈ L∞(Ω) and h(x) = h(a) ∈ R for x ∈ {F = 0}.

Tfae.

i) SF,h is chaotic in W 1,p
∗ (Ω).

ii) λ({F = 0}) = 0 and ∀C ⊆ Ω\{F = 0} connected
component ∃x ∈ C :∫

C
exp(−p

∫ y

x

F ′(w) + h(a)

F (w)
dw)dλ(y) <∞.

Moreover, if p = 1 or h(a) = 0, the above are also equivalent to

iii) SF,h satisfies the Frequent Hypercyclicity Criterion in

W 1,p
∗ (Ω).
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