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Introduction
The Banach spaces Lpσ(P,X)

The dual of Lpσ(P,X)

Risk measures from mathematical finance:
Y = accumulated investment into a portfolio, i.e. R-valued r.v. on
probability space (Ω,F , P )

Typically, investor can influence (the distribution of) Y .

Z = state of the market (e.g. ratio of buying price and selling price
of the portfolio), Z r.v. on (Ω,F , P ), typically cannot be
influenced by investor

Maybe distribution of Z observable.

ρZ(Y ) := sup{E(ZY ′);Y ∼ Y ′} is used as a risk measure for the
portfolio (maximal expected loss)

portfolio usually composed of individual components ⇒ desirable
to measure not only the risk of accumulated portfolio but of its
components ⇒ replace R-valued r.v. Y by Rd-valued r.v., more
general by Banach space valued r.v. Y
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(Ω,F , P ) probability space, Y : Ω→ R r.v.

FY (q) := P (Y ≤ q) and F−1
Y (α) = inf{q; FY (q) ≥ α}.

X = (X, ‖ · ‖) Banach space with dual (X∗, ‖ · ‖∗);
Y : Ω→ X,Z : Ω→ X∗ P -measurable, by Hardy-Littlewood-
rearrangement inequality

E|〈Z, Y 〉| ≤ E(‖Z‖∗‖Y ‖) ≤
∫ 1

0
F−1
‖Z‖∗(u)F−1

‖Y ‖(u)du.

With σ := F−1
‖Z‖∗ we have for real Banach space X

ρZ(Y ) := sup{E(〈Z, Y ′〉);Y ′ ∼ Y } ≤
∫ 1

0
σ(u)F−1

‖Y ‖(u)du

(maximal correlation risk measure in direction Z)
General assumption on (Ω,F , P ):
∅ 6= U (0, 1) := {[0, 1]-valued uniform r.v. on (Ω,F , P )}

Thomas Kalmes Vector-valued r.v. and their duals
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The dual of Lpσ(P,X)

Definition

i) A distortion function is a nondecreasing σ : [0, 1)→ [0,∞)
which is continuous from the left such that

∫ 1
0 σ(u)du = 1.

ii) Let 1 ≤ p <∞. For a P -measurable, X-valued r.v. Y let

‖Y ‖pσ,p := sup
U∈U (0,1)

E(σ(U)‖Y ‖p).

Moreover,
Lpσ(P,X) := {P -measurable, X-valued Y ; ‖Y ‖pσ,p <∞}.

For σ = 1 one obtains the classical Bochner-Lebesgue spaces
Lp(P,X).

Thomas Kalmes Vector-valued r.v. and their duals
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The dual of Lpσ(P,X)

Theorem

i) (Lpσ(P,X), ‖ · ‖σ,p) is a Banach space which embeds
contractively into Lp(P,X).

ii) ‖Y ‖pσ,p =
∫ 1

0 σ(u)F−1
‖Y ‖(u)pdu for every P -measurable,

X-valued Y .

iii) If X is real, Z P -measurable X∗-valued with E‖Z‖∗ = 1 and
σ := F−1

‖Z‖∗ , then

ρZ : Lpσ(P,X)→ R, ρZ(Y ) := sup{E〈Z, Y ′〉; Y ∼ Y ′}

is well-defined, subadditive, convex, and Lipschitz-continuous.

iv) For 1 ≤ p < p′ <∞ we have Lp
′
σ (P,X) ⊆ Lpσ(P,X) and

‖Y ‖σ,p′ ≤ ‖Y ‖σ,p for each Y ∈ Lp
′
σ (P,X).

v) L∞(P,X) embeds contractively into Lpσ(P,X) and simple
functions are dense in Lpσ(P,X).

Thomas Kalmes Vector-valued r.v. and their duals
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The dual of Lpσ(P,X)

Theorem

Let X 6= {0}.
a) Tfae

i) ∀ p ∈ [1,∞) : Lpσ(P,X) and Lp(P,X) are isomorphic as
Banach spaces.

ii) ∃ p ∈ [1,∞) : Lpσ(P,X) = Lp(P,X) as sets.
iii) σ is bounded.

b) Tfae

i) Lpσ(P,X) is a Hilbert space.
ii) X is a Hilbert space, p = 2, and σ = 1 on (0, 1).

Thomas Kalmes Vector-valued r.v. and their duals
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Arbitrary X
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The Banach spaces Lpσ(P,X)

The dual of Lpσ(P,X)

The case X = K ∈ {R,C}
Arbitrary X

For X = K ∈ {R,C} let Lpσ := Lpσ(P ) := Lpσ(P,K) and
L0(P ) := {Z : (Ω,F , P )→ (K, | · |); Z measurable}.

Definition

Let

Lpσ(P )× := {Z ∈ L0(P ); ∀Y ∈ Lpσ : ZY ∈ L1(P )}

be the Köthe dual of Lpσ.

Taking Y = 11{Z 6=0}
Z
|Z| for Z ∈ Lpσ(P )× it follows from

L∞(P ) ⊆ Lpσ(P ) that Lpσ(P )× ⊆ L1(P ).

Thomas Kalmes Vector-valued r.v. and their duals
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The Banach spaces Lpσ(P,X)

The dual of Lpσ(P,X)

The case X = K ∈ {R,C}
Arbitrary X

Proposition

For every Z ∈ Lpσ(P )×

ϕZ : Lpσ(P )→ K, ϕZ(Y ) = E(ZY )

belongs to the dual Lpσ(P )∗ of Lpσ(P ) and

Φ : Lpσ(P )× → Lpσ(P )∗, Z 7→ ϕZ

is a linear isomorphism.

Next aim: Give an intrinsic characterisation of Lpσ(P )×. Idea for
p = 1:
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n→∞

mn∑
j=1

cj,n

∫ 1

0
F−1
|Z| (u)F−1

|Y | (u)du

!
≤ ‖Z‖∗σ,1 lim

n→∞

mn∑
j=1

cj,n

∫ 1

0
σ(u)F−1

|Y | (u)du
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The case X = K ∈ {R,C}
Arbitrary X

Definition

For Z ∈ L0(P ) let
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α F

−1
|Z| (u)du∫ 1

α σ(u)du
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∀α ∈ [0, 1) :

∫ 1

α
F−1
|Z| (u)du ≤

∫ 1

α
σ(u)F−1

|Z′|(u)du.

Finally, for q ∈ (1,∞)

|Z|∗σ,q := inf{‖Z ′‖σ,q; Z ′ σ< Z}

and for q ∈ (1,∞] let

L∗σ,q(P ) := {Z ∈ L0(P ); |Z|∗σ,q <∞}.
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Arbitrary X

Proposition

For p ∈ [1,∞) with conjugate exponent q, L∗σ,q(P ) ⊆ Lpσ(P )× and

∀Z ∈ L∗σ,q(P ) : sup{|E(ZY )|; ‖Y ‖σ,p ≤ 1} ≤ |Z|∗σ,q.

Proof:
By the rearrangement inequality

E(|ZY |) ≤
∫ 1

0
F−1
|Z| (u)F−1

|Y | (u)du.
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The case X = K ∈ {R,C}
Arbitrary X

Lemma

∀Z ∈ L0(P ), α ∈ [0, 1)∃Eα ∈ F : P (Eα) = 1− α and∫ 1
α F

−1
|Z| (u)du = E(|Z|11Eα).

Fix Z ∈ L1
σ(P )×

⇒
∫ 1

α
F−1
|Z| (u)du = |E

(
Z11{Z 6=0}

Z̄

|Z|
11Eα

)
| = |ϕZ

(
11{Z 6=0}

Z̄

|Z|
11Eα

)
|

≤ ‖ϕZ‖∗σ,1 ‖11{Z 6=0}
Z̄

|Z|
11Eα‖σ,1 ≤ ‖ϕZ‖∗σ,1 ‖11Eα‖σ,1

= ‖ϕZ‖∗σ,1
∫ 1

0
σ(u)F−1

11Eα
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= ‖ϕZ‖∗σ,1
∫ 1

0
σ(u)11(1−P (Eα),1](u)du = ‖ϕZ‖∗σ,1

∫ 1

α
σ(u)du

⇒ Z ∈ L∗σ,∞(P ) and |Z|∗σ,∞ ≤ ‖ϕZ‖∗σ,1
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The Banach spaces Lpσ(P,X)

The dual of Lpσ(P,X)

The case X = K ∈ {R,C}
Arbitrary X

Theorem

For p ∈ [1,∞) with conjugate exponent q, L∗σ,q(P ) = Lpσ(P )× and

∀Z ∈ L∗σ,q(P ) : sup{|E(ZY )|; ‖Y ‖σ,p ≤ 1} = |Z|∗σ,q.

For p ∈ (1,∞), for each Z ∈ Lpσ(P )× there is Y0 ∈ Lpσ(P ),
‖Y0‖σ,p = 1, with

E(ZY0) = sup{|E(ZY )|; ‖Y ‖σ,p ≤ 1}.

Corollary

For p ∈ (1,∞) the Banach space Lpσ(P ) is reflexive.
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Introduction
The Banach spaces Lpσ(P,X)

The dual of Lpσ(P,X)

The case X = K ∈ {R,C}
Arbitrary X

Recall: µ : F → X∗ vector measure :⇔
∀E1, E2 ∈ F disjoint : µ(E1 ∪ E2) = µ(E1) + µ(E2)

µ vector measure, define the variation |µ| of µ by

∀E ∈ F : |µ|(E) := sup{
∑
A∈π
‖µ(A)‖; π finite F-partition of E}.

If |µ|(Ω) <∞ then µ is of bounded variation.

µ σ-additive ⇔ |µ| σ-additive

Straightforward: {ϕ : S(X)→ K; ϕ linear and ‖ · ‖∞-continuous}
and {µ : F → X∗; µ vector measure of bounded variation}
isomorphic via

Φ : ϕ 7→
(
〈µϕ(E), x〉 := ϕ(x11E)

)
where
S(X) = {Y : Ω→ X; Y (Ω) finite,∀x ∈ X : Y −1({x}) ∈ F}

Thomas Kalmes Vector-valued r.v. and their duals



Introduction
The Banach spaces Lpσ(P,X)

The dual of Lpσ(P,X)

The case X = K ∈ {R,C}
Arbitrary X

Recall: µ : F → X∗ vector measure :⇔
∀E1, E2 ∈ F disjoint : µ(E1 ∪ E2) = µ(E1) + µ(E2)

µ vector measure, define the variation |µ| of µ by

∀E ∈ F : |µ|(E) := sup{
∑
A∈π
‖µ(A)‖; π finite F-partition of E}.

If |µ|(Ω) <∞ then µ is of bounded variation.

µ σ-additive ⇔ |µ| σ-additive

Straightforward: {ϕ : S(X)→ K; ϕ linear and ‖ · ‖∞-continuous}
and {µ : F → X∗; µ vector measure of bounded variation}
isomorphic via

Φ : ϕ 7→
(
〈µϕ(E), x〉 := ϕ(x11E)

)
where
S(X) = {Y : Ω→ X; Y (Ω) finite,∀x ∈ X : Y −1({x}) ∈ F}

Thomas Kalmes Vector-valued r.v. and their duals



Introduction
The Banach spaces Lpσ(P,X)

The dual of Lpσ(P,X)

The case X = K ∈ {R,C}
Arbitrary X

Recall: µ : F → X∗ vector measure :⇔
∀E1, E2 ∈ F disjoint : µ(E1 ∪ E2) = µ(E1) + µ(E2)

µ vector measure, define the variation |µ| of µ by

∀E ∈ F : |µ|(E) := sup{
∑
A∈π
‖µ(A)‖; π finite F-partition of E}.

If |µ|(Ω) <∞ then µ is of bounded variation.

µ σ-additive ⇔ |µ| σ-additive

Straightforward: {ϕ : S(X)→ K; ϕ linear and ‖ · ‖∞-continuous}
and {µ : F → X∗; µ vector measure of bounded variation}
isomorphic via

Φ : ϕ 7→
(
〈µϕ(E), x〉 := ϕ(x11E)

)
where
S(X) = {Y : Ω→ X; Y (Ω) finite,∀x ∈ X : Y −1({x}) ∈ F}

Thomas Kalmes Vector-valued r.v. and their duals



Introduction
The Banach spaces Lpσ(P,X)

The dual of Lpσ(P,X)

The case X = K ∈ {R,C}
Arbitrary X

Recall: µ : F → X∗ vector measure :⇔
∀E1, E2 ∈ F disjoint : µ(E1 ∪ E2) = µ(E1) + µ(E2)

µ vector measure, define the variation |µ| of µ by

∀E ∈ F : |µ|(E) := sup{
∑
A∈π
‖µ(A)‖; π finite F-partition of E}.

If |µ|(Ω) <∞ then µ is of bounded variation.

µ σ-additive ⇔ |µ| σ-additive

Straightforward: {ϕ : S(X)→ K; ϕ linear and ‖ · ‖∞-continuous}
and {µ : F → X∗; µ vector measure of bounded variation}
isomorphic via

Φ : ϕ 7→
(
〈µϕ(E), x〉 := ϕ(x11E)

)
where
S(X) = {Y : Ω→ X; Y (Ω) finite,∀x ∈ X : Y −1({x}) ∈ F}

Thomas Kalmes Vector-valued r.v. and their duals



Introduction
The Banach spaces Lpσ(P,X)

The dual of Lpσ(P,X)

The case X = K ∈ {R,C}
Arbitrary X

Definition

Let p ∈ [1,∞) and q ∈ (1,∞].

i) Lσ,p
(
S(X)

)
:= {ϕ : S(X)→ K; ϕ linear, ‖ · ‖σ,p-continuous}.

ii) L∗σ,q(P,X
∗) := {µ : F → X∗; µ σ-additive vector measure of

bounded variation, |µ| � P and d|µ|
dP ∈ L

∗
σ,q(P )}

is a subspace of all X∗-valued vector measures on F and
|µ|∗σ,q := |d|µ|dP |

∗
σ,q defines a norm on L∗σ,q(P,X

∗)

Lemma

Φ
(
Lσ,p

(
S(X)

))
= L∗σ,q(P,X

∗), where q is the conjugate
exponent to p.

Remark: p, q conjugate, µ ∈ L∗σ,q(P,X∗). S(X) dense in
Lpσ(P,X)⇒ Φ−1(µ) extends uniquely to an element of
Lpσ(P,X)∗. Write

∫
Ω Y dµ := Φ−1(µ)(Y ), Y ∈ Lpσ(P,X).
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:= {ϕ : S(X)→ K; ϕ linear, ‖ · ‖σ,p-continuous}.

ii) L∗σ,q(P,X
∗) := {µ : F → X∗; µ σ-additive vector measure of

bounded variation, |µ| � P and d|µ|
dP ∈ L

∗
σ,q(P )}

is a subspace of all X∗-valued vector measures on F and
|µ|∗σ,q := |d|µ|dP |

∗
σ,q defines a norm on L∗σ,q(P,X

∗)

Lemma

Φ
(
Lσ,p

(
S(X)

))
= L∗σ,q(P,X

∗), where q is the conjugate
exponent to p.

Remark: p, q conjugate, µ ∈ L∗σ,q(P,X∗). S(X) dense in
Lpσ(P,X)⇒ Φ−1(µ) extends uniquely to an element of
Lpσ(P,X)∗.

Write
∫

Ω Y dµ := Φ−1(µ)(Y ), Y ∈ Lpσ(P,X).
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Introduction
The Banach spaces Lpσ(P,X)

The dual of Lpσ(P,X)

The case X = K ∈ {R,C}
Arbitrary X

Theorem

For p ∈ [1,∞) with conjugate q the space (L∗σ,q(P,X
∗), | · |∗σ,q) is a

Banach space and

Ψ : (L∗σ,q(P,X
∗), |·|∗σ,q)→ (Lpσ(P,X)∗, ‖·‖∗σ,p), µ 7→

(
Y 7→

∫
Ω
Y dµ

)
is an isometric isomorphism.

In general: The dual of Lpσ(P,X) is isometrically isomorphic to a
Banach space of X∗-valued vector measures.
When is it isometrically isomorphic to Banach space of X∗-valued
random variables?
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Introduction
The Banach spaces Lpσ(P,X)

The dual of Lpσ(P,X)

The case X = K ∈ {R,C}
Arbitrary X

Definition

Set Lq ∗σ (P,X∗) := {Z : Ω→ X∗; Z P -meas., ‖Z‖ ∈ L∗σ,q(P )} for
q ∈ (1,∞], and for Z ∈ Lq ∗σ (P,X∗) let |Z|q,∗σ := | ‖Z‖ |∗σ,q.
Then (Lq ∗σ (P,X∗), | · |q,∗σ ) is a normed space, where as usual we
identify r.v. which coincide P -a.e.

For Z ∈ Lq ∗σ (P,X∗)

µZ : F → X∗, µZ(E) :=

∫
E
Z dP

is a vector measure belonging to L∗σ,q(P,X
∗). Straightforward (p, q

conjugate): ∀Y ∈ Lpσ(P,X) : E(〈Z, Y 〉) well-defined and∫
Ω Y dµZ = E(〈Z, Y 〉).

ι : (Lq ∗σ (P,X∗), | · |q,∗σ )→ Lpσ(P,X)∗, Z 7→
(
Y 7→ E(〈Z, Y 〉)

)
is an isometry.
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The Banach spaces Lpσ(P,X)

The dual of Lpσ(P,X)

The case X = K ∈ {R,C}
Arbitrary X

Recall: A Banach space X has the Radon-Nikodým property
(RNP) with respect to (Ω,F , P ) :⇔

∀µ : F → X v.m. of bdd var. :
(
∀E ∈ F , P (E) = 0 :

µ(E) = 0⇒ ∃Y ∈ L1(P,X) ∀E ∈ F : µ(E) =

∫
E
Y dP

)

Theorem

Let p ∈ [1,∞) with conjugate q. The isometry

ι : (Lq ∗σ (P,X∗), | · |q,∗σ )→ Lpσ(P,X)∗, Z 7→
(
Y 7→ E(〈Z, Y 〉)

)
is an isomorphism if and only if X∗ has the RNP w.r.t. (Ω,F , P ).
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