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Runge’s Approximation Theorem

For X1 ⊆ X2 ⊆ C open the following are equivalent.

i) For every g ∈H (X1), for every compact K ⊆ X1, and for every ε > 0 there
is f ∈H (X2) such that

ε > sup
z∈K
|f(z)− g(z)| =: ‖f − g‖0,K ,

i.e. r : H (X2)→H (X1), f 7→ f|X1
has dense range when H (X1) is

equipped with the compact-open topology.

ii) X2 does not contain a compact connected component of C\X1.
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For X ⊆ C = R2 we have H (X) = {f ∈ C∞(X); 1
2

(
∂1 + i∂2

)
f = 0}.

X ⊆ Rd open, E (X) := C∞(X) equipped with its natural locally convex
topology which is generated by the seminorms

∀K ⊆ X compact, l ∈ N0 : ‖f‖l,K := sup
|α|≤l

sup
x∈K
|∂αf(x)| (f ∈ C∞(X))

and which makes E (X) a Fréchet space. For P ∈ C[X1, . . . , Xd] non-constant

EP (X) := {f ∈ C∞(X); P (∂)f = 0 in X}.

EP (X) is a closed subspace of E (X), hence a Fréchet space, too. In the sequel
EP (X) is always equipped with the subspace topology.

D ′(X) equipped with the strong dual topology,

D ′P (X) := {u ∈ D ′(X); P (∂)u = 0}

equipped with subspace topology.

P hypoelliptic :⇔ ∀X open∀u ∈ D ′(X) :
(
P (∂)u = 0⇒ u ∈ C∞(X)

)
Then EP (X) = D ′P (X) as locally convex spaces and therefore: topology of
EP (X) is generated by the seminorms {‖ · ‖0,K ; K ⊆ X compact}.

P (ξ) =
∑
|α|≤m aαξ

α elliptic :⇔ ∀ ξ ∈ Rd\{0} : 0 6= Pm(ξ) :=
∑
|α|=m aαξ

α

P elliptic ⇒ P hypoelliptic
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Lax-Malgrange Theorem ([4], [5])

For X1 ⊆ X2 ⊆ Rd open and P elliptic the following are equivalent.

i) The restriction map rE : EP (X2)→ EP (X1), f 7→ f|X1
has dense range.

ii) X2 does not contain a compact connected component of Rd\X1.

d = 2, P (ξ1, ξ2) = 1
2 (ξ1 + iξ2) gives Runge’s Approximation Theorem.

Objective: Given P non-constant, find conditions ensuring that the restriction map

rE : EP (X2)→ EP (X1), f 7→ f|X1

resp.
rD′ : D ′P (X2)→ D ′P (X1), u 7→ u|X1

has dense range.
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A general approximation theorem for kernels of differential operators
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Given P 6= 0, X ⊆ Rd open. Recall that the following are equivalent

i) P (∂) : E (X)→ E (X) is surjective.

ii) X is P -convex for supports, i.e.

∀u ∈ E ′(X) : dist(supp P̌ (∂)u,Rd\X) = dist(suppu,Rd\X)

where P̌ (ξ) := P (−ξ).

If P is elliptic, every open X ⊆ Rd is P -convex for supports.

f : X → R satisfies the minimum principle in a closed subset H of Rd if for every
compact set K ⊆ H ∩X we have

inf
x∈K

f(x) = inf
∂HK

f(x),

where ∂HK denotes the boundary of K in H.

We set dX : X → R, x 7→ dist(x,Xc), the boundary distance of X.
If X is P -convex for supports then dX satisfies minimum principle in every
characteristic hyperplane H for P , i.e.

H = {ξ ∈ Rd; 〈N, ξ〉 = β}, β ∈ R, N ∈ Rd, |N | = 1, Pm(N) = 0,

where P (ξ) =
∑
|α|≤m aαξ

α.
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Theorem ([2, Theorem 4])

Given P non-constant, X1 ⊆ X2 ⊆ Rd open, X2 P -convex for supports. Tfae.

i) X1 is P -convex for supports and rD′ : D ′P (X2)→ D ′P (X1), u 7→ u|X1
has

dense range.

ii) X1 is P -convex for supports and rE : EP (X2)→ EP (X1), f 7→ f|X1
has

dense range.

iii) For every u ∈ E ′(X2) with supp P̌ (∂)u ⊆ X1 it holds suppu ⊆ X1.

iv) For every ϕ ∈ D(X2) with supp P̌ (∂)ϕ ⊆ X1 it holds suppϕ ⊆ X1.
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iv) For every ϕ ∈ D(X2) with supp P̌ (∂)ϕ ⊆ X1 it holds suppϕ ⊆ X1.

For elliptic P the above yields Lax-Malgrange:

∃C compact connected component of Rd\X1, C ⊆ X2

⇒ ∃ψ ∈ D(X1 ∪ C); ψ = 1 in neighborhood of C so for ζ ∈ Cd, P̌ (ζ) = 0
supp P̌ (∂)(e〈ζ,·〉ψ) ⊆ X1. Thus, iv) does not hold for ϕ := e〈ζ,·〉ψ
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Assume, no compact connected component of Rd\X1 is contained in X2.
Given ϕ ∈ D(X2) with supp P̌ (∂)ϕ ⊆ X1
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Given ϕ ∈ D(X2) with supp P̌ (∂)ϕ ⊆ X1 ⇒ ϕ real analytic in Rd\X1

By hypothesis, every connected component of Rd\X1 intersects ∂∞X2

(boundary of X2 in the one-point compactification of Rd) and ϕ = 0 in a
neighborhood of ∂∞X2
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Theorem ([2, Theorem 4])

Given P non-constant, X1 ⊆ X2 ⊆ Rd open, X2 P -convex for supports. Tfae.

i) X1 is P -convex for supports and rD′ : D ′P (X2)→ D ′P (X1), u 7→ u|X1
has

dense range.

ii) X1 is P -convex for supports and rE : EP (X2)→ EP (X1), f 7→ f|X1
has

dense range.

iii) For every u ∈ E ′(X2) with supp P̌ (∂)u ⊆ X1 it holds suppu ⊆ X1.

iv) For every ϕ ∈ D(X2) with supp P̌ (∂)ϕ ⊆ X1 it holds suppϕ ⊆ X1.
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rE , resp. rD′ , has dense range iff rtE , resp. rtD′ , is injective.

Hence, a representation of EP (Xj)
′, resp. D ′P (Xj)

′, will be useful for the proof.
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Representation of EP (X)′ for X being P -convex for supports due to Grothendieck
(see [1]): E be a fixed fundamental solution for P̌ (∂), K ⊆ Rd compact

u ∈ D ′
P̌

(Rd\K) regular at infinity w.r.t. E iff for one (then every) ψ ∈ E (Rd)
with suppψ ∩K = ∅ and supp (1− ψ) compact:

E ∗ P̌ (∂)(ψu) = ψu.

RP̌ (Rd\K) := {u ∈ D ′
P̌

(Rd\K); u regular w.r.t. E}

RP̌ (Xc) := ∪K⊆XRP̌ (Rd\K) = lim−→K⊆X RP̌ (Rd\K)

For u, v ∈ RP̌ (Xc) we define

u ∼ v :⇔ ∃L ⊆ X compact : u|Rd\L = v|Rd\L
Then

ΦX : RP̌ (Xc)/∼ → EP (X)′, 〈ΦX([u]∼), f〉 := 〈P̌ (∂)(ψu), f〉

is a well-defined (topological) isomorphism where additionally
supp (1− ψ) ⊆ X
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Theorem ([2, Theorem 4])

Given P non-constant, X1 ⊆ X2 ⊆ Rd open, X2 P -convex for supports. Tfae.

i) X1 is P -convex for supports and rD′ : D ′P (X2)→ D ′P (X1), u 7→ u|X1
has

dense range.

ii) X1 is P -convex for supports and rE : EP (X2)→ EP (X1), f 7→ f|X1
has

dense range.

iii) For every u ∈ E ′(X2) with supp P̌ (∂)u ⊆ X1 it holds suppu ⊆ X1.

iv) For every ϕ ∈ D(X2) with supp P̌ (∂)ϕ ⊆ X1 it holds suppϕ ⊆ X1.

Proof of ”iii) ⇒ ii)”:

iii) implies that X1 is P -convex for supports.
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Proof of ”iii) ⇒ ii)”:

iii) implies that X1 is P -convex for supports.

P (∂) : E (X1)→ E (X1) has dense range. By iii) and P (∂)t = P̌ (∂) it follows that
P (∂)t(E ′(X1)) is closed in E ′(X1). By the Closed Range Theorem for Fréchet
spaces P (∂)(E (X1)) is closed in E (X1). Thus, P (∂) : E (X1)→ E (X1) is surjec-
tive, i.e. X1 is P -convex for supports.
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Proof of ”iii) ⇒ ii)”: iii) implies that X1 is P -convex for supports.
With Grothendieck duality: rtE injective iff

∀u ∈ RP̌ (Xc
1) :

(
rtE (ΦX1([u]∼)) = 0⇒ u = 0 outside a compact subset of X1

)
Let K ⊆ X1 be compact, u ∈ RP̌ (Rd\K) with rtE (ΦX1([u]∼)) = 0, i.e.

∀ f ∈ EP (X2) : 0 = 〈rtE (ΦX1
([u]∼)), f〉X2

= 〈P̌ (∂)(ψu), f|X1
〉X1

= 〈P̌ (∂)(ψu), f〉X2
= 〈ΦX2

([u]∼), f〉X2
, i.e. ΦX2

([u]∼) = 0

where ψ ∈ E (Rd), suppψ ∩K = ∅ and supp (1−ψ) ⊆ X1 compact. ΦX2
([u]∼) =

0⇒ ∃L ⊆ X2 compact : ψu ∈ E ′(L), P̌ (∂)(ψu) ∈ E ′(X1)
iii)⇒ ψu ∈ E ′(X1)
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A Runge type approximation theorem for certain non-elliptic
differential operators
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We consider the class of differential operators P (∂) for which

{ξ ∈ Rd; Pm(ξ) = 0} is a one-dimensional subspace of Rd

which contains e.g.

P (∂) = i ∂∂t + ∆x with (x, t) = (x1, . . . , xd−1, t) ∈ Rd (time-dependent free
Schrödinger operator),

P (∂) = ∂
∂t −Q(∂x) with (x, t) = (x1, . . . , xd−1, t) ∈ Rd and elliptic

Q ∈ C[X1, . . . , Xd−1] of degree ≥ 2 (non-degenerate parabolic operators).

Theorem ([3, Corollary 5])

Let P be such that {ξ ∈ Rd; Pm(ξ) = 0} is a one-dimensional subspace, let
X ⊆ Rd be open. Tfae

i) X is P -convex for supports.

ii) dX satisfies the minimum principle in every characteristic hyperplane.
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Runge type approximation theorem ([2, Theorem 1])

Let P be such that {ξ ∈ Rd; Pm(ξ) = 0} is a one-dimensional subspace, let
X1 ⊆ X2 ⊆ Rd be open and P -convex for supports.
Assume that no intersection of Rd\X1 with a characteristic hyperplane for P has
a compact connected component contained in X2. Then, both restriction maps

rE : EP (X2)→ EP (X1), f 7→ f|X1
and rD′ : D ′P (X2)→ D ′P (X1), u 7→ u|X1

have dense range.
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rE : EP (X2)→ EP (X1), f 7→ f|X1
and rD′ : D ′P (X2)→ D ′P (X1), u 7→ u|X1

have dense range.

Sketch of the proof: Claim follows if

∀ϕ ∈ D(X2) :
(
supp P̌ (∂)ϕ ⊆ X1 ⇒ suppϕ ⊆ X1

)
Fix ϕ ∈ D(X2) with K := supp P̌ (∂)ϕ ⊆ X1. Fix

x0 ∈ {x ∈ X1; dist(x,Xc
1) < dist(K,Xc

1)}.
We shall show x0 /∈ suppϕ which will imply suppϕ ⊆ L1 ∪ L2, where
L1 := {x ∈ X1; dist(x,Xc

1) ≥ dist(K,Xc
1)} ∩ conv(K), L2 := (X2\X1) ∩ suppϕ.

Thus, ϕ = ϕ1 + ϕ2 with ϕ1 ∈ D(X1), ϕ2 ∈ D(X2\X1).

P̌ (∂)ϕ1, P̌ (∂)ϕ ∈ D(X1)⇒ P̌ (∂)ϕ2 = P̌ (∂)(ϕ− ϕ1) ∈ D(X2\X1) ∩D(X1) = {0}
⇒ ϕ2 = 0⇒ ϕ = ϕ1 ∈ D(X1).
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x0 ∈ {x ∈ X1; dist(x,Xc
1) < dist(K,Xc

1)}.
We shall show x0 /∈ suppϕ: Hypotheses⇒ ∃α : [0, T ]→ X2 cont. piecewise affine:

α1) α(0) = x0,

α2) α([0, T ]) ∩K = ∅,
α3) α(T ) /∈ suppϕ,

α4) α([0, T ]) ⊆ Hx0
,

where Hx0
is the characteristic hyperplane for P through x0.
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∃ ε > 0 : ϕ|B(α(T ),ε) = 0, P̌ (∂)ϕ|α([0,T ])+B(0,ε) = 0.
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where Hx0
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∃ ε > 0 : ϕ|B(α(T ),ε) = 0, P̌ (∂)ϕ|α([0,T ])+B(0,ε) = 0.

α4) and a result due to Hörmander now imply 0 = ϕ|B(α(0),ε) = ϕ|B(x0,ε). ©
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Corollary ([2, Corollary 3])

Let Q ∈ C[X1, . . . , Xd−1] be elliptic of degree ≥ 2, P (∂) = ∂
∂xd
−Q(∂).

Moreover, let Y1 ⊆ Y2 ⊆ Rd−1, I ⊆ R be open.
Then Y1 × I and Y2 × I are P -convex for supports.
Additionally, if Y2 does not contain any compact connected component of
Rd−1\Y1 then rE : EP (Y2 × I)→ EP (Y1 × I) has dense range.
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derivées partielles et des équation de convolution, Ann. Inst. Fourier
(Grenoble) 6 (1955-56), 71–355.

Thomas Kalmes An approximation theorem of Runge type 15 / 15


	Introduction
	A general approximation theorem for kernels of differential operators
	A Runge type approximation theorem for certain non-elliptic differential operators

