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Runge's Approximation Theorem
For X; C X5 C C open the following are equivalent.

i) For every g € 5 (X1), for every compact K C X, and for every € > 0 there
is f € #(X3) such that

e > sup |f(2) —g(2)| = |If — gllo,x>
zeK

ie.r: (Xa) = H(X1), f = fix, has dense range when 77 (X}) is
equipped with the compact-open topology.

ii) X2 does not contain a compact connected component of C\ X7 .
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For X C C =R? we have 7(X) = {f € C*(X); (0, +1id) f = 0}.

Thomas Kalmes An approximation theorem of Runge type



For X C C =R? we have 7(X) = {f € C*(X); (0, +1id) f = 0}.

X C R% open, &(X) := C*(X) equipped with its natural locally convex
topology which is generated by the seminorms

VK C X compact,l € Ny : || fllix := sup sup |0“f(z)| (f € C™(X))
o<

and which makes & (X) a Fréchet space.
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"(X) equipped with the strong dual topology,
Dp(X) :={ue 2'(X); P(O)u=0}
equipped with subspace topology.

P hypoelliptic :< ¥V X openVu € 7'(X) : (P(O)u=0=ue C(X))
Then &p(X) = Zp(X) as locally convex spaces and therefore: topology of
&p(X) is generated by the seminorms {|| - |o,x; K C X compact}.
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X C R% open, &(X) := C*(X) equipped with its natural locally convex
topology which is generated by the seminorms

VK C X compact,l € Ny : || fllix := sup sup |0“f(z)| (f € C™(X))
lal<

and which makes &(X) a Fréchet space. For P € C[X1,..., X4] non-constant
Ep(X):={feC®(X); P(3)f =0in X}.
&p(X) is a closed subspace of &(X), hence a Fréchet space, too. In the sequel
&p(X) is always equipped with the subspace topology.
2'(X) equipped with the strong dual topology,
Ip(X) :={ue 2'(X); P(O)u=0}
equipped with subspace topology.
P hypoelliptic :< ¥V X openVu € 7'(X) : (P(O)u=0=ue C(X))

Then &p(X) = Zp(X) as locally convex spaces and therefore: topology of
&p(X) is generated by the seminorms {|| - |o,x; K C X compact}.

P(&) = 3 jaj<m @al® elliptic 1= V¢ € RN{0} : 0 # P, (§) := > lal=m @
P elliptic = P hypoelliptic
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Lax-Malgrange Theorem ([4], [5])
For X; C Xy C R4 open and P elliptic the following are equivalent.
i) The restriction map rg : Ep(X2) — &p(X1), f = fix, has dense range.

ii) X5 does not contain a compact connected component of R%\ X.
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Lax-Malgrange Theorem ([4], [5])
For X; C X, C R4 open and P elliptic the following are equivalent.
i) The restriction map rg : Ep(X2) — &p(X1), f = fix, has dense range.

ii) X5 does not contain a compact connected component of R%\ X.

d=2,P(&,56) = %({1 + i&s) gives Runge's Approximation Theorem.
Objective: Given P non-constant, find conditions ensuring that the restriction map
re 1 6p(X2) = Ep(X1), [ = fix,

resp.
rgr @;;(XQ) — @}(Xl),u = U x,

has dense range.
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A general approximation theorem for kernels of differential operators J
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Given P # 0, X C R? open. Recall that the following are equivalent
i) P(0):&(X)— &(X) is surjective.

i) X is P-convex for supports, i.e.
Vu e &(X) : dist(supp P(d)u, RN\ X) = dist(supp u, R\ X)

where P(¢) := P(—¢).

Thomas Kalmes An approximation theorem of Runge type 8 /15



Given P # 0, X C R? open. Recall that the following are equivalent
i) P(0):&(X)— &(X) is surjective.

i) X is P-convex for supports, i.e.
Vu e &(X) : dist(supp P(d)u, RN\ X) = dist(supp u, R\ X)

where P(¢) := P(—¢).

If P is elliptic, every open X C R? is P-convex for supports.

Thomas Kalmes An approximation theorem of Runge type 8 /15
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i) P(0):&(X)— &(X) is surjective.
i) X is P-convex for supports, i.e.

Vu e &(X) : dist(supp P(d)u, RN\ X) = dist(supp u, R\ X)

where P(¢) := P(—¢).

If P is elliptic, every open X C R? is P-convex for supports.

f : X — R satisfies the minimum principle in a closed subset H of R® if for every
compact set K C H N X we have

inf f(@) = inf f(o),

where O K denotes the boundary of K in H.

Thomas Kalmes An approximation theorem of Runge type 8/15



Given P # 0, X C R? open. Recall that the following are equivalent
i) P(0):&(X)— &(X) is surjective.
i) X is P-convex for supports, i.e.

Vu e &(X) : dist(supp P(d)u, RN\ X) = dist(supp u, R\ X)

where P(¢) := P(—¢).

If P is elliptic, every open X C R? is P-convex for supports.

f : X — R satisfies the minimum principle in a closed subset H of R® if for every
compact set K C H N X we have

inf _inf
Inf f(z) = jof f(2),
where 9y K denotes the boundary of K in H.

We set dx : X — R,z — dist(x, X¢), the boundary distance of X.
If X is P-convex for supports then dx satisfies minimum principle in every
characteristic hyperplane H for P, i.e.

H={¢ecR% (N,&)=p},€R,N R |N|=1,P,(N) =0,
where P(§) = >4 <m @™
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Theorem ([2, Theorem 4])

Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.

i) X is P-convex for supports and 74 : Z5(X2) = Pp(X1),u +— u|x, has
dense range.

ii) Xy is P-convex for supports and ¢ : p(Xa) = &p(X1), f = fix, has
dense range.

iii) For every u € &'(X5) with supp P(9)u C X, it holds suppu C X;.
iv) For every ¢ € 2(X3) with supp P(9)¢ C X it holds supp ¢ C X;.
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@ 3C compact connected component of R4\ X;,C C X,
= J € 2(X,UC); ¢ =1 in neighborhood of C' so for ¢ € C¢ P(¢) =0
supp P(9)(ef¢)4p) C X1. Thus, iv) does not hold for ¢ := e{¢: )

@ Assume, no compact connected component of R?\ X; is contained in X.
Given ¢ € 2(X5) with supp P(0)¢ C X1 = ¢ real analytic in R%\ X;
By hypothesis, every connected component of R%\ X intersects 0o Xo
(boundary of X5 in the one-point compactification of R%) and ¢ = 0 in a
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= J € 2(X,UC); ¢ =1 in neighborhood of C' so for ¢ € C¢ P(¢) =0
supp P(9)(ef¢)4p) C X1. Thus, iv) does not hold for ¢ := e{¢: )

@ Assume, no compact connected component of R?\ X; is contained in X.
Given ¢ € 2(X5) with supp P(0)¢ C X1 = ¢ real analytic in R%\ X;
By hypothesis, every connected component of R%\ X intersects 0o Xo
(boundary of X5 in the one-point compactification of R%) and ¢ = 0 in a
neighborhood of 0o X2 = ¢|ga\ x, = 0, i.e. iv) holds.
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Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.

i) X is P-convex for supports and 74 : Z5(X2) = Pp(X1),u +— u|x, has
dense range.

ii) Xy is P-convex for supports and ¢ : p(Xa) = &p(X1), f = fix, has
dense range.

iii) For every u € &'(X5) with supp P(9)u C X, it holds suppu C X;.
iv) For every ¢ € 2(X3) with supp P(9)¢ C X it holds supp ¢ C X;.

With the Hahn-Banach Theorem:
e, resp. 7o, has dense range iff r’, resp. rl,,, is injective.

Hence, a representation of &p(X;)’, resp. Z5(X;)’, will be useful for the proof.
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Representation of &p(X)’ for X being P-convex for supports due to Grothendieck
(see [1]): E be a fixed fundamental solution for P(9), K C R¢ compact

o u € Z5(RNK) regular at infinity w.r.t. E iff for one (then every) ¢ € &(R?)
with suppt N K = 0 and supp (1 — ¢)) compact:

Rp(RNK) = {u € Z}(R\K); u regular w.r.t. £}
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Representation of &p(X)’ for X being P-convex for supports due to Grothendieck
(see [1]): E be a fixed fundamental solution for P(9), K C R¢ compact

o u € Z5(RNK) regular at infinity w.r.t. E iff for one (then every) ¢ € &(R?)
with suppt N K = () and supp (1 — ¢) compact:

Rp(RN\K) == {u € Z(RN\K); u regular w.r.t. E}
® Rp(X¢) =UrcxRp(RNK) =lim,  Rp(RNK)
For u,v € Rp(X°) we define -

u~v:& 3L C X compact 1 uga\ 1, = Vjga\L
Then

Dy : Rp(XC) /= Ep(X) (®x ([u]), ) == (P(9)(bu), f)

is a well-defined (topological) isomorphism where additionally
supp (1 —¢) € X
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Theorem ([2, Theorem 4])
Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.

1)

ii) Xy is P-convex for supports and r¢ : p(X2) = &p(X1), f = fix, has
dense range.

iii) For every u € &(Xz) with supp P(8)u C X it holds suppu C X;.
iv)

Proof of "iii) = ii)":
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ii) Xy is P-convex for supports and r¢ : p(X2) = &p(X1), f = fix, has
dense range.

iii) For every u € &(Xz) with supp P(8)u C X it holds suppu C X;.

iv)

Proof of "iii) = ii)": .
P(9): &(X1) — &(X1) has dense range. By iii) and P(9)! = P(9) it follows that
P(9)Y(&'(X1)) is closed in &'(X;). By the Closed Range Theorem for Fréchet
spaces P(0)(&(X1)) is closed in &(X7).
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Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.
i)

ii) Xy is P-convex for supports and r¢ : p(X2) = &p(X1), f = fix, has
dense range.

iii) For every u € &(Xz) with supp P(8)u C X it holds suppu C X;.

iv)

Proof of "iii) = ii)": §

P(9): &(X1) — &(X1) has dense range. By iii) and P(9)! = P(9) it follows that
P(9)Y(&'(X1)) is closed in &'(X;). By the Closed Range Theorem for Fréchet
spaces P(0)(&(X1)) is closed in &(X1). Thus, P(0) : &(X;1) — &(X1) is surjec-
tive, i.e. Xy is P-convex for supports.
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Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.
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dense range.
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Theorem ([2, Theorem 4])

Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.

D)

ii) Xy is P-convex for supports and r¢ : p(X2) = &p(X1), f = fix, has

dense range.

iii) For every u € &(Xz) with supp P(8)u C X it holds suppu C X;.

iv)
Proof of "iii) = ii)": iii) implies that X; is P-convex for supports.
With Grothendieck duality: r% injective iff

Vue Rp(X7): (r}(@xl([u]w)) =0 = u = 0 outside a compact subset of X1>
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With Grothendieck duality: r% injective iff

Vue Rp(X7): (r}(@xl([u]w)) =0 = u = 0 outside a compact subset of Xl)

Let K C X; be compact, u € Rp(R¥\K) with rL(®x, ([u].)) =0, i.e.
Vf€6p(Xa): 0= (ri(Px,([ul~)), f)x. = (P(9)(u), fix,)x,

where 1) € &(R?),suppyyNK = ), supp (1 —1) C X; compact.
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iv)

Proof of "iii) = ii)": iii) implies that X is P-convex for supports.
With Grothendieck duality: r% injective iff

Vue Rp(X7): (r}(@xl([u]w)) =0 = u = 0 outside a compact subset of Xl)

Let K C X; be compact, u € Rp(R¥\K) with rL(®x, ([u].)) =0, i.e.
Vf€Ep(Xa): 0= (ri(Px,([uln), flx. = (PO)(¥u), fix,)x,
= <P(a)(¢u)»f>xz = <(I)X2([u] ) >X27 ie. (I)Xz([u]N) =0

where 1) € &(R?),suppyNK = ), supp (1 —1) C X; compact. ®x,([u]~) =0=

3L C X, compact : Yu € &'(L)
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dense range.

iii) For every u € &(Xz) with supp P(8)u C X it holds suppu C X;.
iv)

Proof of "iii) = ii)": iii) implies that X is P-convex for supports.
With Grothendieck duality: r% injective iff

Vue Rp(X7): (r}(@xl([u]w)) =0 = u = 0 outside a compact subset of Xl)

Let K C X; be compact, u € Rp(R¥\K) with rL(®x, ([u].)) =0, i.e.
Vf€Ep(Xa): 0= (ri(Px,([uln), flx. = (PO)(¥u), fix,)x,
= <P(a)(¢u)»f>xz = <(I)X2([u] ) >X27 ie. (I)Xz([u]N) =0

where 1) € &(R?),suppyyNK = 0, supp (1 —1) C X; compact Ox,([ul~)=0=

3L C X, compact : u € &' (L), ( ) (vu) € &(X1) W pue &(X) ©
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A Runge type approximation theorem for certain non-elliptic
differential operators

Thomas Kalmes An approximation theorem of Runge type



We consider the class of differential operators P(9) for which
{€ €RY; P, (€) = 0} is a one-dimensional subspace of R?

which contains e.g.
e P(0) = i% + A, with (z,t) = (z1,...,24-1,t) € R? (time-dependent free
Schrodinger operator),
o P(9) =2 —Q(0,) with (z,t) = (z1,...,24-1,t) € R and elliptic
Q € C[Xy,...,Xq_1] of degree > 2 (non-degenerate parabolic operators).
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We consider the class of differential operators P(9) for which
{€ €RY; P, (€) = 0} is a one-dimensional subspace of R?

which contains e.g.

e P(0) = i% + A, with (z,t) = (21,...,74_1,t) € R? (time-dependent free
Schrodinger operator),

o P(9) =2 —Q(0,) with (z,t) = (z1,...,24-1,t) € R and elliptic
Q € C[Xy,...,Xq_1] of degree > 2 (non-degenerate parabolic operators).

Theorem ([3, Corollary 5])

Let P be such that {¢ € R?; P,,(£) = 0} is a one-dimensional subspace, let
X C R? be open. Tfae
i) X is P-convex for supports.

i) dx satisfies the minimum principle in every characteristic hyperplane.
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Runge type approximation theorem ([2, Theorem 1])

Let P be such that {¢ € R?; P,,(£) = 0} is a one-dimensional subspace, let

X1 C Xy C R? be open and P-convex for supports.

Assume that no intersection of R?\ X; with a characteristic hyperplane for P has

a compact connected component contained in X5. Then, both restriction maps
re éaP(XQ) — (fp(Xl),f g f|X1 and g . @;;(XQ) = @}(Xl),u g U|x,

have dense range.
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Let P be such that {¢ € R?; P,,(£) = 0} is a one-dimensional subspace, let

X1 C Xy C R? be open and P-convex for supports.

Assume that no intersection of R?\ X; with a characteristic hyperplane for P has

a compact connected component contained in X5. Then, both restriction maps
re éap(Xz) — (fp(Xl),f g f|X1 and g . @;;(XQ) = @}(Xl),u g U|x,

have dense range.

Sketch of the proof: Claim follows if
Vi € P(Xs) : (supp P(d)p C X1 = suppy C X1)
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Runge type approximation theorem ([2, Theorem 1])

Let P be such that {¢ € R?; P,,(£) = 0} is a one-dimensional subspace, let

X1 C Xy C R? be open and P-convex for supports.

Assume that no intersection of R?\ X; with a characteristic hyperplane for P has

a compact connected component contained in X5. Then, both restriction maps
re éap(Xz) — gp(Xl),f g f|X1 and g . @;;(XQ) = @}(Xl),u g U|x,

have dense range.

Sketch of the proof: Claim follows if
Vo € 2(Xs) : (supp P(9)p C X1 = suppy C X7)
Fix ¢ € 2(X3) with K := supp P(d)p C X.
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a compact connected component contained in X5. Then, both restriction maps
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have dense range.

Sketch of the proof: Claim follows if
Vo e P(X,) : (supp P(d)p C X1 = suppp C X1)
Fix ¢ € 2(X3) with K := supp P(0)¢ C X;. Fix
xo € {x € Xy; dist(z, X7) < dist(K, X7)}.
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Let P be such that {¢ € R?; P,,(£) = 0} is a one-dimensional subspace, let

X1 C Xy C R? be open and P-convex for supports.

Assume that no intersection of R?\ X; with a characteristic hyperplane for P has

a compact connected component contained in X5. Then, both restriction maps
Te : éaP(XQ) — gp(Xl),f g f|X1 and Trgr . @;;(XQ) — @;;(Xl),u g U|X1

have dense range.

Sketch of the proof: Claim follows if
Vo e P(X,) : (supp P(d)p C X1 = suppp C X1)
Fix ¢ € 2(X,) with K := supp P(d)p C X. Fix
xo € {x € Xy; dist(z, X7) < dist(K, X7)}.

We shall show xg ¢ supp ¢ which will imply supp ¢ C L U Loy, where
Ly = {x € Xy; dist(x, X{) > dist(K, X§)} Nconv(K), Ly := (X2\X1) Nsupp .
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Let P be such that {¢ € R?; P,,(£) = 0} is a one-dimensional subspace, let
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xo € {x € Xy; dist(z, X7) < dist(K, X7)}.

We shall show xg ¢ supp ¢ which will imply supp ¢ C L U Loy, where
Ly = {x € Xy; dist(x, X{) > dist(K, X§)} Nconv(K), Ly := (X2\X1) Nsupp .
Thus, ¢ = 1 + @2 with ©1 € 2(X1), 2 € 2(X2\X1).

P(9)p1, P(9)p € 2(X1) = P(9)p2 = P(9)(p — ¢1) € 2(X2\X1) N 2(X1) = {0}
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Fix ¢ € 2(X») with K := supp P(9)p C X;. Fix
xo € {x € Xy; dist(z, X7) < dist(K, X7)}.
We shall show xg ¢ supp ¢ which will imply supp ¢ C L U Loy, where
Ly = {x € Xy; dist(x, X{) > dist(K, X§)} Nconv(K), Ly := (X2\X1) Nsupp .
Thus, ¢ = 1 + p2 with ¢1 € 2(X1), p2 € D(X2\X7).
P(d)g1, P(9)p € 2(X1) = P(9)p2 = P(9) (¢ — 1) € Z(X2\X1) N Z(X1) = {0}
=2 =0=p =91 € 7(Xy).
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Let P be such that {¢ € R?; P,,(£) = 0} is a one-dimensional subspace, let

X1 C Xy C R? be open and P-convex for supports.

Assume that no intersection of R?\ X; with a characteristic hyperplane for P has
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re éap(Xz) — gp(Xl),f g f|X1 and g . @;;(XQ) = @}(Xl),u g U|x,
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Vo e P(X,) : (supp P(d)p C X1 = suppp C X1)
Fix ¢ € 2(X3) with K := supp P(0)¢ C X;. Fix
xo € {x € Xy; dist(z, X7) < dist(K, X7)}.
We shall show xq ¢ supp ¢:

Thomas Kalmes An approximation theorem of Runge type 14 / 15



Runge type approximation theorem ([2, Theorem 1])

Let P be such that {¢ € R?; P,,(£) = 0} is a one-dimensional subspace, let

X1 C Xy C R? be open and P-convex for supports.

Assume that no intersection of R?\ X; with a characteristic hyperplane for P has

a compact connected component contained in X5. Then, both restriction maps
Te : éap(XQ) — gp(Xl),f g f|X1 and Trgr . @;;(XQ) — @;;(Xl),u g U|X1

have dense range.

Sketch of the proof: Claim follows if
Vo e P(X,) : (supp P(d)p C X1 = suppp C X1)

Fix ¢ € 2(X») with K := supp P(9)p C X;. Fix

xo € {x € Xy; dist(z, X7) < dist(K, X7)}.
We shall show xq ¢ supp ¢: Hypotheses = 3o : [0, T] — X5 cont. piecewise affine:
al) a(0) = o, a3) «T) ¢ supp o,
a2) o([0,T))NK =0, ad) «([0,T]) C Hy,,
where H is the characteristic hyperplane for P through x.
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xo € {x € Xy; dist(z, X7) < dist(K, X7)}.

We shall show xq ¢ supp ¢: Hypotheses = 3o : [0, T] — X5 cont. piecewise affine:
al) a(0) = o, a3) «T) ¢ supp o,
a2) o([0,T))NK =0, ad) «([0,T]) C Hy,,
where H,, is the characteristic hyperplane for P through z¢. By a2) 4+ a3)

e >0: 9B =0, P(O)paor)+B(0,e) =0
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Runge type approximation theorem ([2, Theorem 1])

Let P be such that {¢ € R?; P,,(£) = 0} is a one-dimensional subspace, let

X1 C Xy C R? be open and P-convex for supports.

Assume that no intersection of R?\ X; with a characteristic hyperplane for P has

a compact connected component contained in X5. Then, both restriction maps
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Sketch of the proof: Claim follows if
Vo e P(X,) : (supp P(d)p C X1 = suppp C X1)

Fix ¢ € 2(X») with K := supp P(9)p C X;. Fix

xo € {x € Xy; dist(z, X7) < dist(K, X7)}.
We shall show xq ¢ supp ¢: Hypotheses = 3o : [0, T] — X5 cont. piecewise affine:
al) a(0) = o, a3) «T) ¢ supp o,
a2) o([0,T))NK =0, ad) «([0,T]) C Hy,,
where H,, is the characteristic hyperplane for P through z¢. By a2) 4+ a3)

e >0 Qp(a).e) = 0, P(0)@|a(0.7])+B(0,c) = 0.
a4) and a result due to Hormander now imply 0 = ©|B(a(0),e) = ©|B(x0.e)- ©
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Runge type approximation theorem ([2, Theorem 1])

Let P be such that {¢ € R?; P,,(£) = 0} is a one-dimensional subspace, let

X1 C Xy C R? be open and P-convex for supports.

Assume that no intersection of R?\ X; with a characteristic hyperplane for P has

a compact connected component contained in X5. Then, both restriction maps
Te : éap(XQ) — gp(Xl),f g f|X1 and Trgr . @;;(XQ) — @}(Xl),u g U|X1

have dense range.

Corollary ([2, Corollary 3])

Let Q € C[Xy,..., X41] be elliptic of degree > 2, P(3) = 52 — Q(9).
Moreover, let Y] C Yo CR41 T CR be open.

Then Y7 x I and Y5 X I are P-convex for supports.

Additionally, if Y5 does not contain any compact connected component of
RI-1\Y] then r¢ : &p(Ya x I) — &Ep(Y7 x I) has dense range.

Thomas Kalmes An approximation theorem of Runge type 14 / 15



References

[@ [1] A. Grothendieck, Sur les espaces de solutions d'une classe générale
d'équations aux dérivées partielles, J. Analyse Math. 2:243-280, 1953.

ﬁ [2] T. Kalmes, An approximation theorem of Runge type for certain
non-elliptic partial differential operators, arXiv-preprint 1804.08099, 2018.

ﬁ [3] T. Kalmes, Surjectivity of differential operators and linear topological
invariants for spaces of zero solutions, Rev. Mat. Compl. (to appear),
arXiv-preprint 1408.4356.

[§ [4] P. D. Lax, A stability theorem for solutions of abstract differential
equations, and its application to the study of the local behavior of solutions
of elliptic equations, Comm. Pure Appl. Math. 9 (1956), 747-766.

ﬁ [5] B. Malgrange, Existence et approximation des solution des équations aux
derivées partielles et des équation de convolution, Ann. Inst. Fourier
(Grenoble) 6 (1955-56), 71-355.

Thomas Kalmes An approximation theorem of Runge type 15 / 15



	Introduction
	A general approximation theorem for kernels of differential operators
	A Runge type approximation theorem for certain non-elliptic differential operators

