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For general P € C[X1,..., X ] set

(E.g. A = Pr(D) for Pp(¢) = — Z;l=1 &3 (Laplace operator)
Ay — 2 = Py(D) for Py(&1,... &) = ila — Z;l;i ¢2 (Heat operator)

Ay + i% = Pg(D) for Ps(&1,...,8q) = —&a — Z?;% 5]2- (Schrodinger
operator)

Ay = 3722 = Pw (D) for P (&1, ..,8a) = 53 - E?;% £J2- (Wave operator).)

For X C R? open and connected, f given solve P(D)u = f in X.
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Let P € C[Xy,...,X4]\{0} and let X C R? be open and connected.
i) When is P(D) : C*°(X) — C*°(X) surjective?

i) When is C*°(X) C P(D)(Z'(X))?

i) When is P(D) : 2'(X) — 2'(X) surjective?
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Let P € C[Xy,...,X4]\{0} and let X C R? be open and connected.
i) When is P(D) : C*°(X) — C*°(X) surjective?

i) When is C°(X) C P(D)(2'(X))?

i) When is P(D) : 2'(X) — 2'(X) surjective?

Answers will depend on combined properties of P and X.
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Theorem (Malgrange, 1956)

Tfae:
i) P(D):C®(X)— C®(X) is surjective.
i) C=(X) C P(D)(2'(X)).
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Theorem (Malgrange, 1956)

Tfae:
i) P(D):C®(X) — C*(X) is surjective.
iiy C%(X) € P(D)(2'(X)).

iii) X is P-convex for supports, i.e.

Vu € &(X) : dist(supp P(D)u, X¢) = dist(supp u, X).

Here P(¢) := P(—¢) and suppu is the support of u, i.e. the complement
in X of the largest open subset Y of X, such that u(y) = 0 for all
pegY).
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Theorem (Malgrange, 1956)

Tfae:
i) P(D):C®(X) — C*(X) is surjective.
iiy C%(X) € P(D)(2'(X)).

iii) X is P-convex for supports, i.e.

Vu € &(X) : dist(supp P(D)u, X¢) = dist(supp u, X).

Here P(¢) := P(—¢) and suppu is the support of u, i.e. the complement
in X of the largest open subset Y of X, such that u(y) = 0 for all
pegY).

Theorem of supports: Vu € &'(X) : conv(supp P(D)u) = conv(supp )

= convex sets are P-convex for supports for every P # 0
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Geometrical conditions for/characterization of P-convexity for supports?

Problem: not a local property!
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Problem: not a local property!
Every open X C R? is P-convex for supports iff P is elliptic

If P acts along a subspace of R¢ and is elliptic there, then P-convexity is
completely characterized.

For polynomials with principal part P(¢) = &2 — E;l;% 5]2- P-convexity for
supports is completely characterized.

For P of real principal type there are characterizations if
- X is bounded and 0X is analytic
- XCR?

Thomas Kalmes Surjectivity of partial differential operators 5/21



Geometrical conditions for/characterization of P-convexity for supports?
Problem: not a local property!
Every open X C R? is P-convex for supports iff P is elliptic

If P acts along a subspace of R¢ and is elliptic there, then P-convexity is
completely characterized.

For polynomials with principal part P(¢) = &2 — E;l;% 5]2- P-convexity for
supports is completely characterized.
For P of real principal type there are characterizations if

- X is bounded and 0X is analytic

- XCR3

For d = 2 P-convexity for supports is completely characterized.
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When is P(D)(Z'(X)) = 2'(X)?
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When is P(D)(2'(X)) = 2'(X)?

|dea (Hormander): Because P(D)(C*(X)) C C*(X), iff
- C®(X) C P(D)(Z'(X)) (& X P-convex for supports)
- P(D) surjective on 2'(X)/C>®(X)
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When is P(D)(2'(X)) = 2'(X)?

Idea (Hormander): Because P(D)(C*(X)) C C*(X), iff
- C®(X) C P(D)(Z'(X)) (& X P-convex for supports)
- P(D) surjective on 2'(X)/C>®(X)

Theorem (Hormander, 1962)

2'(X)/C>®(X) = P(D)(2'(X)/C>®(X)) iff X P-convex for singular
supports, i.e.

Vu € &'(X) : dist(singsupp P(D)u, X¢) = dist(sing supp u, X).

Here singsupp u is the singular support of u, i.e. the complement in X of
the largest open subset Y of X where u(p) = [, ¢(x)f(z) dz with
feC>®(Y)forall p € 2(Y).
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When is P(D)(2'(X)) = 2'(X)?

Idea (Hormander): Because P(D)(C*(X)) C C*(X), iff
- C®(X) C P(D)(Z'(X)) (& X P-convex for supports)
- P(D) surjective on 2'(X)/C>®(X)

Theorem (Hormander, 1962)

2'(X)/C>®(X) = P(D)(2'(X)/C>®(X)) iff X P-convex for singular
supports, i.e.

Vu € &'(X) : dist(singsupp P(D)u, X¢) = dist(sing supp u, X).

Here singsupp u is the singular support of u, i.e. the complement in X of
the largest open subset Y of X where u(p) = [, ¢(x)f(z) dz with
feC>®(Y)forall p € 2(Y).

Theorem: Yu € &(X) : conv(singsupp P(D)u) = conv(sing supp u)
= convex sets are P-convex for singular supports for every P # 0

X strongly P-convex :< X P-convex for supports and singular supports
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Geometrical conditions for/characterization of P-convexity for singular
supports?

Problem: not a local property!
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Geometrical conditions for/characterization of P-convexity for singular
supports?

Problem: not a local property!
Every open X C R? is P-convex for singular supports iff P is hypoelliptic.

For polynomials P of real principal type P-convexity for singular supports
is completely characterized.

For d = 2 P-convexity for singular supports is completely characterized.
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Let P(D) : 2'(X) — 2'(X) be surjective, f\ € 2'(X) depend "nicely”
on a parameter A (e.g. holomorphic parameter dependence)

P(D) surjective = VAJuy : P(D)uy = f
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But: Is it always possible to choose u) such that the solutions also depend
in the same way as f) "nice” on A (e.g. holomorphic)?
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on a parameter X\ (e.g. holomorphic parameter dependence)

P(D) surjective = VAJuy : P(D)uy = f

But: Is it always possible to choose u) such that the solutions also depend

in the same way as f) "nice” on A (e.g. holomorphic)?

E be a complete locally convex space (of functions or distributions
describing the kind of parameter dependence, e.g. H(K) for K C C"
compact).

2'(X,E) = L(2(X), E)(= 9'(X)cE)

Thomas Kalmes Surjectivity of partial differential operators 8/21




Let P(D) : 2'(X) — 2'(X) be surjective, f\ € 2'(X) depend "nicely”
on a parameter X\ (e.g. holomorphic parameter dependence)

P(D) surjective = VAJuy : P(D)uy = f

But: Is it always possible to choose u) such that the solutions also depend
in the same way as f) "nice” on A (e.g. holomorphic)?

E be a complete locally convex space (of functions or distributions
describing the kind of parameter dependence, e.g. H(K) for K C C"
compact).

92"(X,FE) = L(2(X),E)(= 2'(X)eE)
= P(D): 2"(X,E) — 2'(X, E) surjective, where

Vue 2'(X,E) = L(2(X),E),¢ € 2(X) : (P(D)u)(tp) — w(P(D)y)

Thomas Kalmes Surjectivity of partial differential operators 8/21



Let P(D) : 2'(X) — 2'(X) be surjective, f\ € 2'(X) depend "nicely”
on a parameter X\ (e.g. holomorphic parameter dependence)

P(D) surjective = VAJuy : P(D)uy = f

But: Is it always possible to choose u) such that the solutions also depend
in the same way as f) "nice” on A (e.g. holomorphic)?

E be a complete locally convex space (of functions or distributions
describing the kind of parameter dependence, e.g. H(K) for K C C"
compact).

92"(X,FE) = L(2(X),E)(= 2'(X)eE)
= P(D): 2"(X,E) — 2'(X, E) surjective, where

Vue 7'(X,E) = L(2(X),E),¢ € 2(X) : (P(D)u)(tp) — w(P(D)y)

Restriction on E: E is an LN-space such that Ej has (DN)
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Let P(D) : 2'(X) — 2'(X) be surjective, f\ € 2'(X) depend "nicely”
on a parameter X\ (e.g. holomorphic parameter dependence)

P(D) surjective = VAJuy : P(D)uy = f

But: Is it always possible to choose u) such that the solutions also depend
in the same way as f) "nice” on A (e.g. holomorphic)?

E be a complete locally convex space (of functions or distributions
describing the kind of parameter dependence, e.g. H(K) for K C C"
compact).

92"(X,FE) = L(2(X),E)(= 2'(X)eE)
= P(D): 2"(X,E) — 2'(X, E) surjective, where

Vue 7'(X,E) = L(2(X),E),¢ € 2(X) : (P(D)u)(tp) — w(P(D)y)

Restriction on E: E is an LN-space such that Ej has (DN)

Examples: H(K) for K C C" compact, ./, &5 (R"), 2'(K) for K C R"
compact
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Theorem (Bonet, Domariski 2006)
Let E be as above and let P(D): 2'(X) — 2'(X) be surjective. If
PT(D): 2'(X xR) = 2'(X x R) is surjective, where

P+(£17'-'7£d7£d+1) = P(fla 7‘Sd)' then P(D) : -@I(X?E) — _@/(X7E)
is surjective.
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Theorem (Bonet, Domariski 2006)

Let E be as above and let P(D): 2'(X) — 2'(X) be surjective. If
PT(D): 2'(X xR) = 2'(X x R) is surjective, where

Pt(&,. . €4, 8q41) = P(&,...,&,), then P(D) : 2'(X,F) — 2'(X, E)
is surjective.

Moreover: P;j(D) : 2'(X;) — 2'(X;) surjective, j = 1,2, such that
Pj+(D) surjective, j = 1,2,
= Pl(D) ® PQ(D) : gl(Xl X X2) — .@/(Xl X Xg) surjective
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Let E be as above and let P(D): 2'(X) — 2'(X) be surjective. If
PT(D): 2'(X xR) = 2'(X x R) is surjective, where

Pt(&,. . €4, 8q41) = P(&,...,&,), then P(D) : 2'(X,F) — 2'(X, E)
is surjective.

Moreover: P;j(D) : 2'(X;) — 2'(X;) surjective, j = 1,2, such that
Pj+(D) surjective, j = 1,2,
= Pl(D) & PQ(D) : .@/(Xl X XQ) — @/(Xl X Xg) surjective
X strongly P-convex L X xR strongly P'-convex
@ yes, if X is convex
@ yes, if P is elliptic (Vogt, 1983)

X P-convex for supports = X x R PT-convex for supports
X strongly P-convex L X x R P*-convex for singular supports
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X P-convex for (singular) supports <

Vu € &'(X) : dist((sing) supp P(D)u, X¢) = dist((sing) supp u, X°)
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X P-convex for (singular) supports <
Vu € &'(X) : dist((sing) supp P(D)u, X¢) = dist((sing) supp u, X°)

What can we say about the location of (sing) supp u if we know
(sing) supp P(D)u?

X
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X P-convex for (singular) supports <
Vu € &'(X) : dist((sing) supp P(D)u, X¢) = dist((sing) supp u, X°)

What can we say about the location of (sing) supp u if we know
(sing) supp P(D)u?

X

conv((sing) supp P(D)u)

= conv/((sing) supp u)
2 (sing) suppu

(sing) supp P
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Consequence of a Theorem due to Holmgren
Let X; € X5 C R be open and convex. Tfae:
i) Vo€ 2'(Xa), P(D)v=0: (vx, =0=v=0)

ii) Every hyperplane {z € R%; (x, N) = a} with P,,(N) = 0 which
intersects X already intersects X;. (N € R, ||N|| =1,a € R)

(If P& = Zlalsm ca&® then P, (&) = szm ca &%, the principal part of
P.

v
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v = u|x, satisfies P(Dv =0

Consequence of a Theorem due to Holmgren
Let X; € X5 C R be open and convex. Tfae:
i) Vo€ 2'(X2), P(D)v=0: (vx, =0=v=0)

ii) Every hyperplane {z € R%; (x, N) = a} with P,,(N) = 0 which
intersects X already intersects X1. (N € R, |[N|| =1,a € R)

(If P& = Zla\sm ca&® then P, (&) = szm ca &%, the principal part of
P.

v
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v = u|x, satisfies P(Dv =0
and vjx, =0

Consequence of a Theorem due to Holmgren
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v = u|x, satisfies P(Dv =0
and vjx, =0

H = {z € R% (x, N) = a} with
Pn(N)=0

Consequence of a Theorem due to Holmgren
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sing sulp

Hormander's Theorem
Let X; € Xy C R be open and convex. Tfae:
i) Vo € 2'(Xa), P(D)v € C*®(X3) : (vx, € C®(X1) = v € C*(X2))
ii) Every hyperplane {z € R%; (x, N) = a} with op(N) = 0 which
intersects X already intersects X1. (N € R, |[N|| =1,a € R)

. .. Sup|q|<¢ [P(§+ay)]
(Here, op(y) = infy>q liminfe Dy IPETD] " or more general, for a

SUPgev, || <t [P(E+ay)] )
Sup|| | <¢ [ P(E+2)]

subspace V C R¢: op(V) = infy>1 lim infe_y00
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v 1= ux, satisfies P(D)v € C=(X3)

Hormander's Theorem
Let X; € Xy C R be open and convex. Tfae:
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v 1= ux, satisfies P(D)v € C=(X3)
and Vx;, € C>*(X1)
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ldea: u € &' (X) and P(D)u vanish near 9X /are smooth near 0X

~~ pull "vanishing” /" smoothness” of u from near X into the interior of
X along appropriately oriented convex subsets of X which do not intersect

(sing) supp P(D)u
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Theorem 1

Let P have principal part P,,, let {0} # W C R? be a subspace such that
dx satisfies the minimum principle in x + W for every = € R,
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v

Applicable to Ps(D) = A, + 2‘% and parabolic operators, e.g. Py(D) =

Ay — 2.
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i) If {x € R op(x) =0} C W+ then X is P-convex for singular
supports.

Corollary 1

If {x; Py, (z) =0} is a one-dimensional subspace then X is P-convex for
supports iff dx satisfies the minimum principle in = + W for every z € R¢
with W = {z; Pp,(z) = 0}+.

Corollary 2

If {x; op(z) = 0} = W for some subspace W C R? with op(W+) =0
then X is P-convex for singular supports iff dx satisfies the minimum
principle in z + W for every z € R?.
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Let ) # ' C R? be an open convex cone and
°:={ecREVz el : (z,6) >0}

its dual cone.
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Let ) # ' € R? be an open convex cone and
°:={ecREVz el : (z,6) >0}

its dual cone.

I'° is a closed, proper, convex cone

Conversely: Every closed proper convex cone C' is
the dual cone of a unique open convex cone

From now on always ) #T #R?=0¢ T
and T° ¢ (R {0})
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Corollary 3
Let T° C R be a closed proper convex cone, X := RN\I' and let P be
with principal part P,.

i) X is P-convex for supports if and only if P,,(x) # 0 for all z € T

ii) X is P-convex for singular supports if and only if op(x) # 0 for all
zel.
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Lemma

Let P have principal part Py, and let y € R%.
i) o%(y) <op(y) and Vk € N: O'%k (y) = (J%(y))k.
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Let P have principal part Py, and let y € R%.
i) o%(y) < op(y) and Yk € N: o, (y) = (oB(y))".
i) o (y) <o (y).

Let d >3, A(x) = 2% — 25 — ... — 27

= Each P with principal part P,, = A* satisfies 0% (e4) = 0 and Py, (eq) #
0.

= 3T C R open proper convex cone,eq € 'V €T : Py, (x) # 0

X := RATI® is P-convex for supports and X x R is not P*-convex for
singular supports for every such P.

Hormander: 3 polynomial R,deg R < 6 : P(x) := A%*(z) + R(x) is hypo-
elliptic, i.e. Vy € RN\{0}: op(y) #0
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Theorem 2

For every d > 3 there are X C R? open and a polynomial P such that
P(D): 2'(X) = 2'(X)
is surjective but

PT(D): 2'(X xR) = 2'(X x R)

is not surjective. P can be chosen to be hypoelliptic.
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Theorem 2
For every d > 3 there are X C R? open and a polynomial P such that

P(D): 2'(X) = 2'(X)
is surjective but

PT(D): 2'(X xR) = 2'(X x R)

is not surjective. P can be chosen to be hypoelliptic.

d > 3 is essential here! It can be shown that for d = 2 surjectivity of
P(D): 2'(X) — 2'(X) implies surjectivity of
PT(D): 2(X xR) - 2'(X x R).
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Theorem 3
Let P(D) : 2'(X) — 2'(X) be surjective, P, be the principal part of P.
Then PT(D) : 2'(X x R) — 2'(X x R) is surjective in the following
cases.
i) P is semi-elliptic with {z; P,,,(z) = 0} being a one-dimensional
subspace. This holds in particular for parabolic P, like e.g. the heat
operator P(D) = A, — %.

ii) P acts along a subspace W and is elliptic as a polynomial on W.

iii) P factorises into linear factors.
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cases.

ii) P acts along a subspace W and is elliptic as a polynomial on W.

Sketch of the proof:

@ Hormander: X P-convex for supports < dx satisfies the minimum
principle in « + W for all 2 € R¢
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Then PT(D) : 2'(X x R) — 2'(X x R) is surjective in the following
cases.

ii) P acts along a subspace W and is elliptic as a polynomial on W.

Sketch of the proof:
@ Hormander: X P-convex for supports < dx satisfies the minimum
principle in « + W for all 2 € R¢
o {zeR% op(x) =0} =W+ and op(Wt) =0
@ Thus, by Corollary 2: X P-convex for singular supports iff dx
satisfies the minimum principle in z + W for all z € R?

Hence, X P-convex for supports iff X P-convex for singular supports.
PT acts along a subspace and is elliptic there, too
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