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@ Surjectivity of differential operators

© An approximation theorem of Runge type

© The linear topological invariant (£2) for kernels
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Surjectivity of differential operators J
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For P € C[Xy,...,Xq] set

P(3) = P(dy,...,0) = P(a%, o 6%1).

(E.g. A = Pr(0) for Pr(§) = 2?21 &7 (Laplace operator)

2 — A, = Py(0) for Py(&1,....60) = €& — Z?;% ¢7 (Heat operator)

iD 4+ Ay = Pg(0) for Ps(&1,...,8) =i+ Z?;i &7 (Schrodinger operator)
% — A, = Pw(9) for Py (&1,...,8a) = €5 — Z?;ll &7 (Wave operator)

%(% + i%) = 9; for P(&1,&) = 4(& +1i&) (Cauchy-Riemann operator).)
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For P € C[Xy,..., X ] set

0 0

P(a) =P(31,,8d) :P(aixl”aixd

).

(E.g. A= Pp(0) for Pr(§) = Z?Zl &7 (Laplace operator)

L — Ay =Py(0) for Py(&y,.... 1) =& — Z?;% ¢7 (Heat operator)

if; + Ay = Ps(0) for Ps(&1,...,8q) = il + Z?;i &7 (Schrodinger operator)
5972; — Ay = Pw () for Py (&,...,8a) =& — Z?;i &7 (Wave operator)
3(5% +iz%) = 0= for P(£1,&2) = § (& +i&2) (Cauchy-Riemann operator).)

P eC[Xy,...,X4)\{0}, X C R open: for given f, solve P(0)u = f in X!
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For P € C[Xy,...,Xq] set

0 0

P(a) :P(al,,ad) :P(aixl”aixd)

(E.g. A= Pp(0) for Pr(§) = 2?21 &7 (Laplace operator)

L2 — Ay =Py(0) for Py(&r,... 6a) = &a— Zj;i &7 (Heat operator)

iD 4+ Ay = Pg(0) for Ps(&1,...,8) =i+ Z?;i &7 (Schrodinger operator)
5972; — A, = Pw(9) for Py (&1,...,8a) = €5 — Z?;i &7 (Wave operator)
3(5% +iz%) = 0= for P(£1,&2) = § (& +i&2) (Cauchy-Riemann operator).)

P eC[Xy,...,X4)\{0}, X C R open: for given f, solve P(0)u = f in X!

Is this possible for every f from a fixed space of functions/distributions?
"Solution” in which sense; classical, distributional?
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Example: X = ((0,2) x (—4, 4)) U ((—1, 1) x (—4, —2)) U ((—1, 1) x (2,4))

Pi(&1,&) =& = P1(0) = 04,

given f 6 C’°°( ) =
.’I,‘l,.Z‘Q fl t l‘z dt (S Coo( )
satisfies 81u =f
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Example: X = ((0,2) x (—4, 4)) U ((—1, 1) x (—4, —2)) U ((—1, 1) x (2,4))

2

Py(&1,&) =& = Pi(0) = 01,
glven ! €C°°( ) =

xl,xg fl t Iz dt ECOO( )
satisfies 81u =f

= P1(0) : C>®(X) — C*°(X) surjective
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B@mde‘¥=:«QQ)X(—£4»LJ«—1J)x(—&—2»LJ«—1J)x(Z4»

2

Py(&1,62) = &2 = P2(0) = 0y;

choose 7 € C°(R) with n(t) = 0 for
t¢[~1,1] and [T, n(t)dt > 0; set
22 i gy >0
= z
fer,22) if 2, <0

07
= f e C®(X);
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Example: X = ((0,2) x (—4,4)) U ((—1,1) x (4, —2)) U ((—1,1) X (2,4))

T2
Py(&1,62) = & = P2(0) = 025 4
choose 1 € C*°(R) with 7(t) = 0 for o B
t¢[-1,1] and f_ll n(t) dt > 0; set

n(z2) if ;1 >0 !
— x1

fla ) 0, if x1 <0 1 2 T1
= f e 0®(X); !
assume Ju € C1(X) : dou = f;
for 1 € (0,2) we then have =314 (@1,-9)
w(zy,3) —u(zy, —3) = f_33 Aou(wy, t)dt )

1
= ?11 1 N(t) dt — ., -0 00
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Example: X = ((0,2) x (—4,4)) U ((—1,1) x (4, —2)) U ((—1,1) X (2,4))

T2
Py(&1,62) = & = P2(0) = 025 4
choose 1 € C*°(R) with 7(t) = 0 for o B
t¢[-1,1] and f_ll n(t) dt > 0; set

n(z2) if ;1 >0 !
— x1

fla ) 0, if x1 <0 1 2 T1
= f e 0®(X); !
assume Ju € C1(X) : dou = f;
for 1 € (0,2) we then have =314 (@1,-9)
w(zy,3) —u(zy, —3) = f_33 Aou(wy, t)dt )

1
= ?11 1 N(t) dt — ., -0 00

= C%(X) € P(0)(C'(X))
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Example: X = ((0,2) x (—4,4)) U ((—1,1) x (4, —2)) U ((—1,1) X (2,4))

T2
For P1(&1,82) = &1 resp. Pa(61,62) = &a'is 4
P(0) : C*°(X) — C(X) surjective, s
Py(0) : C*(X) — C°°(X) not surjective. 1
Is it possible to "see" this without -1 4 0 2"
calculation? What about P»(0) if we
allow for more general solutions
of Py(d)u = f, f € C=(X), than e
ue CHX)? 4

5/25
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Let P € C[Xy,...,X4)\{0} and let X C R? be open.
i) When is P(9) : C*°(X) — C*°(X) surjective?
i) When is C*>(X) C P(0)(2'(X))?
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Let P € C[Xy,...,Xq]\{0} and let X C R? be open.
i) When is P(9) : C*°(X) — C*°(X) surjective?
i) When is C*>(X) C P(0)(2'(X))?

(i) When is P(9) : 2'(X) — 2'(X) surjective?)
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Let P € C[Xy,...,Xq]\{0} and let X C R? be open.
i) When is P(9) : C*°(X) — C*°(X) surjective?
i) When is C*>(X) C P(0)(2'(X))?

(i) When is P(9) : 2'(X) — 2'(X) surjective?)

Answers will depend on combined properties of P and X.
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Let P € C[Xy,...,X4)\{0} and let X C R? be open.
i) When is P(9) : C*°(X) — C*°(X) surjective?
i) When is C*°(X) C P(8)(2'(X))?
(i) When is P(9) : 2'(X) — 2'(X) surjective?)
Answers will depend on combined properties of P and X.
Some thoughts on i): Equip C*°(X) with topology generated by the seminorms

Il : C°(X) = [0,00), f = max max|0%f(x)|(l € Ny, K € X)
a€Ng,|a|<l z€K

= C°°(X) Fréchet space, P(9) : C>*(X) — C*(X) continuous, linear.
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Let P € C[Xy,...,X4)\{0} and let X C R? be open.
i) When is P(9) : C*°(X) — C*°(X) surjective?
i) When is C*°(X) C P(8)(2'(X))?
(i) When is P(9) : 2'(X) — 2'(X) surjective?)
Answers will depend on combined properties of P and X.
Some thoughts on i): Equip C*°(X) with topology generated by the seminorms

Il : C°(X) = [0,00), f = max max|0%f(x)|(l € Ny, K € X)
a€Ng,|a|<l z€K

= C°°(X) Fréchet space, P(9) : C>*(X) — C*(X) continuous, linear.

Abstract theory: F' Fréchet, A : F — F continuous, linear
A surjective < A has dense range, A has closed range
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Let P € C[Xy,...,X4)\{0} and let X C R? be open.
i) When is P(9) : C*°(X) — C*°(X) surjective?
i) When is C*°(X) C P(8)(2'(X))?
(i) When is P(9) : 2'(X) — 2'(X) surjective?)
Answers will depend on combined properties of P and X.
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Il : C°(X) = [0,00), f = max max|0%f(x)|(l € Ny, K € X)
a€Ng,|a|<l z€K

= C°°(X) Fréchet space, P(9) : C>*(X) — C*(X) continuous, linear.

Abstract theory: F' Fréchet, A : F — F continuous, linear

A surjective < A has dense range, A has closed range

A has dense range < A! : F/ — F’ injective (Hahn-Banach Theorem)

A has closed range < A!(F') is closed in (F',0(F’, F)) (Closed Range Theorem)
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Let P € C[Xy,...,X4)\{0} and let X C R? be open.
i) When is P(9) : C*°(X) — C*°(X) surjective?
i) When is C*°(X) C P(8)(2'(X))?
(i) When is P(9) : 2'(X) — 2'(X) surjective?)
Answers will depend on combined properties of P and X.
Some thoughts on i): Equip C*°(X) with topology generated by the seminorms

Il : C°(X) = [0,00), f = max max|0%f(x)|(l € Ny, K € X)
a€Ng,|a|<l z€K

= C°°(X) Fréchet space, P(9) : C>*(X) — C*(X) continuous, linear.

Abstract theory: F' Fréchet, A : F — F continuous, linear

A surjective < A has dense range, A has closed range

A has dense range < A! : F/ — F’ injective (Hahn-Banach Theorem)

A has closed range < A!(F') is closed in (F',0(F’, F)) (Closed Range Theorem)

C>®(X) = &'(X) and P(9)! = P(9), where P(¢) = P(—¢€).
P(9) : C*(X) — C*°(X) has always dense range
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Theorem (Malgrange, 1956)
Tfae:
i) P(9):C>®(X) — C>(X) is surjective.
i) X is P-convex for supports, i.e.
VK e X3IK e XVue &'(X): (supp P(0)u C K = suppu C K')
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Theorem (Malgrange, 1956)
Tfae:
i) P(9):C>®(X) — C>(X) is surjective.
ii) X is P-convex for supports, i.e.
VK e X3IK e XVue &'(X): (supp P(0)u C K = suppu C K’)
& Vue&(X): dist(RNX, suppu) RN X, supp P(d)u)

> dist(
& Vo€ 2(X): dist(RN\X,supp @) > dist(R4\ X, supp P(9)¢p)
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Theorem (Malgrange, 1956)
Tfae:
i) P(9):C>®(X) — C>(X) is surjective.
ii) X is P-convex for supports, i.e.
VK e X3IK e XVue &'(X): (supp P(0)u C K = suppu C K’)
& Vue&(X): dist(RNX, suppu) > dist(R4\ X, supp P(d)u)
& Vo€ 2(X): dist(RN\X,supp @) > dist(R4\ X, supp P(9)¢p)

iii) C>(X) C P(9)(2'(X)).
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Theorem (Malgrange, 1956)
Tfae:
i) P(9):C>®(X) — C>(X) is surjective.
ii) X is P-convex for supports, i.e.
VK e X3IK e XVue &'(X): (supp P(0)u C K = suppu C K’)
& Vue&(X): dist(RNX, suppu) > dist(R4\ X, supp P(d)u)
& Vo€ 2(X): dist(RN\X,supp @) > dist(R4\ X, supp P(9)¢p)
iii) C>(X) C P(9)(Z7'(X)).
iv) P(0): Zp(X) = 25(X) is surjective.
v) Forall s € R it holds H*"**(X) C P(9)(H*"*(X)).
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Theorem (Malgrange, 1956)
Tfae:
i) P(9):C>®(X) — C>(X) is surjective.
ii) X is P-convex for supports, i.e.
VK e X3IK e XVue &'(X): (supp P(0)u C K = suppu C K')
& Vue&(X): dist(RNX, suppu) > dist(R4\ X, supp P(d)u)
& Vo€ 2(X): dist(RN\X,supp @) > dist(R4\ X, supp P(9)¢p)

iii) C>(X) C P(9)(2'(X)).
iv) P(0): Zp(X) = 25(X) is surjective.
v) Forall s € R it holds H*"**(X) C P(9)(H*"*(X)).

Theorem of supports: Vu € &'(X) : conv(supp u) = conv(supp P(a)u)
= every convex X is P-convex for supports (Recall: P # 0!)
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Geometrical conditions for/characterization of P-convexity for supports?

Problem: not a local property!
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Geometrical conditions for/characterization of P-convexity for supports?
Problem: not a local property!

Every open X C R% is P-convex for supports iff P is elliptic, i.e. if
P(g) == Z\odgm aafa then

Ve € RA{0};0 # P() := Z an & (principal part of P)

|a]=m

Thomas Kalmes PDO with a single characteristic direction 8 /25



Geometrical conditions for/characterization of P-convexity for supports?
Problem: not a local property!

Every open X C R% is P-convex for supports iff P is elliptic, i.e. if
P = ngm a &Y then

Ve e RN{0};0 # P, (¢) := Z an & (principal part of P)

|a]=m
If P acts along a subspace of R? and is elliptic there, then P-convexity for
supports is completely characterized (Nakane, 1979).

For polynomials with principal part P»(§) = &3 — Z;l;ll sz P-convexity for
supports is completely characterized (Persson, 1981).
For P of real principal type there are characterizations if

- X is bounded and 90X is analytic (Tintarev, 1988)

- X C R3 (Tintarev, 1992)
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Geometrical conditions for/characterization of P-convexity for supports?
Problem: not a local property!

Every open X C R% is P-convex for supports iff P is elliptic, i.e. if
P = ngm a &Y then

Ve e RN{0};0 # P, (¢) := Z an & (principal part of P)

|a]=m
If P acts along a subspace of R? and is elliptic there, then P-convexity for
supports is completely characterized (Nakane, 1979).

For polynomials with principal part P»(&) = 53 — Z;l;ll sz P-convexity for
supports is completely characterized (Persson, 1981).
For P of real principal type there are characterizations if

- X is bounded and 90X is analytic (Tintarev, 1988)

- X C R3 (Tintarev, 1992)

For d = 2 P-convexity for supports is completely characterized (Hérmander,
1971).
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Necessary condition for P-convexity for supports:
f: X — R satisfies the minimum principle in a (fixed) closed subset F of R? if
for every compact set K C F'11 X we have

inf — inf

Inf f(z) = inf f(z),

where 9 K denotes the boundary of K in F'.

9/25

Thomas Kalmes PDO with a single characteristic direction



Necessary condition for P-convexity for supports:
f: X — R satisfies the minimum principle in a (fixed) closed subset F' of R% if
for every compact set K C FN X we have

inf = inf
Inf f(z) = inf f(z),
where 9 K denotes the boundary of K in F'.
We set dx : X — R,z + dist(z, R\ X), the boundary distance of X.

X is P-convex for supports = dx satisfies the minimum principle in every
characteristic hyperplane H for P, i.e. in
H =+ (span{N})" (z € RL, N € R%, [N| = 1, P,,(N) = 0).

span{ N} characteristic direction of P
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Necessary condition for P-convexity for supports:
f: X — R satisfies the minimum principle in a (fixed) closed subset F' of R% if
for every compact set K C FN X we have
i — inf
Inf f(z) = inf f(z),
where 9 K denotes the boundary of K in F'.
We set dx : X — R,z + dist(z, R\ X), the boundary distance of X.

X is P-convex for supports = dx satisfies the minimum principle in every
characteristic hyperplane H for P, i.e. in
H =+ (span{N})" (z € RL, N € R%, [N| = 1, P,,(N) = 0).

span{ N} characteristic direction of P
T2 x2

min. principle satisfied in
char. for P(8) = 81

min. principle not satisfied in
char. for P(9) = 89
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Theorem [6, Theorem 1]

Given P with principal part P, such that {¢ € R%; P,,(¢) =0} C W for a
subspace W C R?. Moreover, let X C R be open such that dx satisfies the
minimum principle in 2 4+ W for every x € R?. Then X is P-convex for supports.
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Theorem [6, Theorem 1]

Given P with principal part P, such that {¢ € R%; P,,(¢) =0} C W for a
subspace W C R?. Moreover, let X C R be open such that dx satisfies the
minimum principle in 2 4+ W for every x € R?. Then X is P-convex for supports.

Sketch of proof: X P-convex for supports <
Vu € & (X) : dist(supp u, RN\ X) > dist(supp P(9)u, R4\ X)
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Theorem [6, Theorem 1]

Given P with principal part P, such that {¢ € R%; P,,(¢) =0} C W for a
subspace W C R?. Moreover, let X C R be open such that dx satisfies the
minimum principle in 2 4+ W for every x € R?. Then X is P-convex for supports.

Sketch of proof: X P-convex for supports <
Vu € & (X) : dist(supp u, RN\ X) > dist(supp P(9)u, R4\ X)

Set K := supp P(Q)u and fix = € {y € X; dist(y, R1\X) < dist(K,R?\ X)}, we
have to show z ¢ supp u.
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Theorem [6, Theorem 1]

Given P with principal part P, such that {¢ € R%; P,,(¢) =0} C W for a
subspace W C R?. Moreover, let X C R be open such that dx satisfies the
minimum principle in 2 4+ W for every x € R?. Then X is P-convex for supports.

Sketch of proof: X P-convex for supports <
Vu € & (X) : dist(supp u, RN\ X) > dist(supp P(9)u, R4\ X)
Set K := supp P(Q)u and fix = € {y € X; dist(y, R1\X) < dist(K,R?\ X)}, we
have to show z ¢ supp u.
Since dx satisfies the minimum principle in 2 4+ T~ one can show the existence of
a:[0,T] — X cont. piecewise affine:
al) a(0) =z, a3) oT) ¢ suppu,
a2) a([0,T]) N K =0, ad) o([0,T)) Cx+ W,
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Theorem [6, Theorem 1]

Given P with principal part P, such that {¢ € R%; P,,(¢) =0} C W for a
subspace W C R?. Moreover, let X C R be open such that dx satisfies the
minimum principle in 2 4+ W for every x € R?. Then X is P-convex for supports.

Sketch of proof: X P-convex for supports <

Vu € & (X) : dist(supp u, RN\ X) > dist(supp P(9)u, R4\ X)
Set K := supp P(Q)u and fix = € {y € X; dist(y, R1\X) < dist(K,R?\ X)}, we
have to show z ¢ supp u.
Since dx satisfies the minimum principle in 2 4+ T~ one can show the existence of
a:[0,T] — X cont. piecewise affine:

al) a(0) =z, a3) oT) ¢ suppu,
a2) o([0,T)) N K =10, ad) o([0,T]) C z + W,
Bya2)+a3)35>0 suppu N B(a(T),e) =0 Km( ([0,7]) + B(0,¢)) = 0.
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Theorem [6, Theorem 1]

Given P with principal part P, such that {¢ € R%; P,,(¢) =0} C W for a
subspace W C R?. Moreover, let X C R be open such that dx satisfies the
minimum principle in 2 4+ W for every x € R?. Then X is P-convex for supports.

Sketch of proof: X P-convex for supports <

Vu € & (X) : dist(supp u, RN\ X) > dist(supp P(9)u, R4\ X)
Set K := supp P(Q)u and fix = € {y € X; dist(y, R1\X) < dist(K,R?\ X)}, we
have to show z ¢ supp u.
Since dx satisfies the minimum principle in 2 4+ T~ one can show the existence of
a:[0,T] — X cont. piecewise affine:

al) a(0) =z, a3) oT) ¢ suppu,

a2) ([0, T) N K =0, ad) ([ T)) Cz+ W+,

By a2) +a3)35 >0: suppuﬂB(a(T),E) = Km (a([0, 7)) + B(0,)) = 0.
By a4): Yy e R4 N € R |N| = 1,Pm(

(Hy,N N (a([0,T]) + B(0,¢)) # Hy,N A B(a(T),s) # (2)).
where H, n =y + (span{N})
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Theorem [6, Theorem 1]

Given P with principal part P, such that {¢ € R%; P,,(¢) =0} C W for a
subspace W C R?. Moreover, let X C R be open such that dx satisfies the
minimum principle in 2 4+ W for every x € R?. Then X is P-convex for supports.

Sketch of proof: X P-convex for supports <
Vu € & (X) : dist(supp u, RN\ X) > dist(supp P(9)u, R4\ X)

Set K := supp P(Q)u and fix = € {y € X; dist(y, R1\X) < dist(K,R?\ X)}, we
have to show z ¢ supp u.
Since dx satisfies the minimum principle in 2 4+ T~ one can show the existence of
a:[0,T] — X cont. piecewise affine:
al) a(0) =z, a3) oT) ¢ suppu,
a2) o([0,T))NK =0, ad) o([0,T)) Cz+ W,
By a2) + a3)3e > 0: suppun B(a(T),e) =0, K N («([0, T]) + B(0,¢)) = 0.
By ad): Yy € R:, N € R% [N|=1,P,,(N) =0

(Fyn 0 (a(0,T]) + B(0,€)) # 0 = Hyn 1 B(a(T),€) £10).

U B(a(T),c) = 0 and a UCP now imply u|p(a(0),e) = 0, thus by al) x ¢ suppu  ©
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Theorem [6, Theorem 1]
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Theorem [6, Theorem 1]

Given P with principal part P, such that {¢ € R%; P,,(¢) =0} C W for a
subspace W C R?. Moreover, let X C R be open such that dx satisfies the
minimum principle in 2 4+ W for every x € R?. Then X is P-convex for supports.

Corollary [6, Corollary 5]

i) Given P with principal part P, {¢ € R%; P,,(¢) =0} = span{N},|N| = 1.
Then X is P-convex for supports if and only if dx satisfies the minimum
principle in z + (span{N})J' for every x € R%.

i) Let p € Ng,d € N,d > 2, and let Q € C[X7,...,X4_1] be elliptic with
deg(Q) =: m > p+ 1. Moreover, let Y C R?~1 T C R be open. The
operator

ap oo o0
%—Q(E)y):C’ Y xI)—C®Y x1I)
is surjective (coefficients of @, real, p = 1: non-degenerate parabolic

operator; more general, p odd: p-parabolic operator).
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An approximation theorem of Runge type J
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Runge's Approximation Theorem
For X; C X5 C C open the following are equivalent.

i) For every g € 5 (X1), for every compact K C X, and for every € > 0 there
is f € #(X3) such that

e > sup |f(2) — g(2)| = |f — gllo,x»
zeK

ie.r: (X2) = H(X1), f = fix, has dense range when 77 (X}) is
equipped with the compact-open topology (topology of local uniform
convergence); (X1, X2) is a Runge pair.

ii) For every compact connected component C' of C\ X, it holds C' Z X5.
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For P € C[Xq,...,X4)\{0} set C¥(X) :={f € C=(X); P(9)f =0in X}.

= C¥(X) is a closed subspace of C*°(X) thus a Fréchet space.
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For P € C[Xq,...,X4)\{0} set C¥(X) :={f € C=(X); P(9)f =0in X}.
= C¥(X) is a closed subspace of C*°(X) thus a Fréchet space.

Set 7p(X) :={u € 2'(X); P(0)u = 0}.
P hypoelliptic 1<V X CR% open: Z5(X) = C¥(X)

P elliptic = P hypoelliptic
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For P € C[Xq,...,X4)\{0} set C¥(X) :={f € C=(X); P(9)f =0in X}.
= C¥(X) is a closed subspace of C*°(X) thus a Fréchet space.

Set 7p(X) :={u € 2'(X); P(0)u = 0}.
P hypoelliptic <V X C R open : Z5,(X) = C¥(X)

P elliptic = P hypoelliptic
We equip 2'(X) with the strong dual topology and endow 2} (X) with the
subspace topology.

P hypoelliptic = CF(X) = Z5(X) as locally convex spaces and therefore:
topology of C%(X) is generated by the seminorms {|| - |lo.x; K € X}, i.e. itis
the compact-open topology (topology of local uniform convergence).
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For P € C[Xq,...,X4)\{0} set C¥(X) :={f € C=(X); P(9)f =0in X}.
= C¥(X) is a closed subspace of C*°(X) thus a Fréchet space.

Set 7p(X) :={u € 2'(X); P(0)u = 0}.
P hypoelliptic <V X C R open : Z5,(X) = C¥(X)

P elliptic = P hypoelliptic
We equip 2'(X) with the strong dual topology and endow 2} (X) with the
subspace topology.

P hypoelliptic = CF(X) = Z5(X) as locally convex spaces and therefore:
topology of C%(X) is generated by the seminorms {|| - |lo.x; K € X}, i.e. itis
the compact-open topology (topology of local uniform convergence).

d=2,P(&,8) = 3(& +i&%) = Cp(X) = #(X), X € C =R open
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Lax-Malgrange Theorem

For X; C X, C R4 open and P elliptic the following are equivalent.

i) The restriction map rg= : CF(X2) — CF(X1), f + fix, has dense range,
i.e. (X1,X32) is a Runge pair for P(0).

ii) For every compact connected component C' of R%\ X} it holds C Z Xo.
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For X; C X, C R4 open and P elliptic the following are equivalent.

i) The restriction map rg= : CF(X2) — CF(X1), f + fix, has dense range,
i.e. (X1,X32) is a Runge pair for P(0).

ii) For every compact connected component C' of R%\ X} it holds C Z Xo.

d=2,P(d) = 9; = (81 + i0,) gives Runge's Approximation Theorem.
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Lax-Malgrange Theorem

For X; C X, C R4 open and P elliptic the following are equivalent.

i) The restriction map rg= : CF(X2) — CF(X1), f + fix, has dense range,
i.e. (X1,X32) is a Runge pair for P(0).

ii) For every compact connected component C' of R%\ X} it holds C Z Xo.

d=2,P(d) = 9; = (81 + i0,) gives Runge's Approximation Theorem.
Consider the class of differential operators P(9J) for which
IN eRY|N|=1: {¢ €R% P, (¢) =0} =span{N}

which contains e.g. P(9) = g—; —Q(9y) for x = (y,t) = (y1,---,Ya—1,t) € R?
where @ € C[X7,...,X4-1] is elliptic with deg(Q) =: m > p + 1 (heat operator,
time dependent free Schrédinger operator, etc.).

When have

roe : O (Xa) = CF(X1), f = fix,, resp. 1o : Dp(X2) = Dp(X1),u v ux,

dense range?
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Theorem [7, Theorem 4]

Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.
i) X is P-convex for supports and 74 : Z5(X2) = Pp(X1),u +— u|x, has
dense range.
ii) Xy is P-convex for supports and rge : C3(X2) = CF(X1), f = fix, has
dense range.
iii) For every u € &'(X5) with supp P(9)u C X, it holds suppu C X;.
iv) For every ¢ € 9(X5) with supp P(d)p C X, it holds supp ¢ C X.
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dense range.
ii) Xy is P-convex for supports and rge : C3(X2) = CF(X1), f = fix, has
dense range.
iii) For every u € &'(X5) with supp P(9)u C X, it holds suppu C X;.
iv) For every ¢ € 9(X5) with supp P(d)p C X, it holds supp ¢ C X.

For elliptic P the above yields Lax-Malgrange:

@ 3C compact connected component of R4\ X;,C C X, §
= i € (X1 UC); ¢ =1 in neighborhood of C so for ¢ € CLP()=0
supp P(9)(ef¢)4p) C X1. Thus, iv) does not hold for ¢ := e{¢: )
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i) X is P-convex for supports and 74 : Z5(X2) = Pp(X1),u +— u|x, has
dense range.
ii) Xy is P-convex for supports and rge : C3(X2) = CF(X1), f = fix, has
dense range.
iii) For every u € &'(X5) with supp P(9)u C X, it holds suppu C X;.
iv) For every ¢ € 2(X3) with supp P(9)¢ C X it holds suppp C X;.

For elliptic P the above yields Lax-Malgrange:
@ 3C compact connected component of R4\ X;,C C X, §
= i € (X1 UC); ¢ =1 in neighborhood of C so for ¢ € CLP()=0
supp P(9)(ef¢)4p) C X1. Thus, iv) does not hold for ¢ := e{¢: )
@ Assume, no compact connectgd component of R?\ X; is contained in X.
Given ¢ € 2(X2) with supp P(9)p C X;
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Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.
i) X is P-convex for supports and 74 : Z5(X2) = Pp(X1),u +— u|x, has
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ii) Xy is P-convex for supports and rge : C3(X2) = CF(X1), f = fix, has
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iii) For every u € &'(X5) with supp P(9)u C X, it holds suppu C X;.
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For elliptic P the above yields Lax-Malgrange:
@ 3C compact connected component of R4\ X;,C C X, §
= i € (X1 UC); ¢ =1 in neighborhood of C so for ¢ € CLP()=0
supp P(9)(ef¢)4p) C X1. Thus, iv) does not hold for ¢ := e{¢: )
@ Assume, no compact connectgd component of R?\ X; is contained in X.
Given ¢ € P(X) with supp P(0)p C X; = ¢ real analytic in R4\ X
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Theorem [7, Theorem 4]

Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.
i) X is P-convex for supports and 74 : Z5(X2) = Pp(X1),u +— u|x, has
dense range.
ii) Xy is P-convex for supports and rge : C3(X2) = CF(X1), f = fix, has
dense range.
iii) For every u € &'(X5) with supp P(9)u C X, it holds suppu C X;.
iv) For every ¢ € 2(X3) with supp P(9)¢ C X it holds suppp C X;.

For elliptic P the above yields Lax-Malgrange:

@ 3C compact connected component of R4\ X;,C C X,
= J € 2(X,UC); ¢ =1 in neighborhood of C' so for ¢ € C¢ P(¢) =0
supp P(9)(ef¢)4p) C X1. Thus, iv) does not hold for ¢ := e{¢: )

@ Assume, no compact connected component of R?\ X; is contained in X.
Given ¢ € 2(X5) with supp P(0)¢ C X1 = ¢ real analytic in R%\ X;
By hypothesis, every connected component of R%\ X intersects 0o Xo
(boundary of X5 in the one-point compactification of R%) and ¢ = 0 in a
neighborhood of 0y, X2
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Theorem [7, Theorem 4]

Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.
i) X is P-convex for supports and 74 : Z5(X2) = Pp(X1),u +— u|x, has
dense range.
ii) Xy is P-convex for supports and rge : C3(X2) = CF(X1), f = fix, has
dense range.
iii) For every u € &'(X5) with supp P(9)u C X, it holds suppu C X;.
iv) For every ¢ € 2(X3) with supp P(9)¢ C X it holds suppp C X;.

For elliptic P the above yields Lax-Malgrange:

@ 3C compact connected component of R4\ X;,C C X,
= J € 2(X,UC); ¢ =1 in neighborhood of C' so for ¢ € C¢ P(¢) =0
supp P(9)(ef¢)4p) C X1. Thus, iv) does not hold for ¢ := e{¢: )

@ Assume, no compact connected component of R?\ X; is contained in X.
Given ¢ € 2(X5) with supp P(0)¢ C X1 = ¢ real analytic in R%\ X;
By hypothesis, every connected component of R%\ X intersects 0o Xo
(boundary of X5 in the one-point compactification of R%) and ¢ = 0 in a
neighborhood of 0o X2 = ¢|ga\ x, = 0, i.e. iv) holds.
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Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.
i) X is P-convex for supports and 74 : Z5(X2) = Pp(X1),u +— u|x, has
dense range.
ii) Xy is P-convex for supports and rge : C3(X2) = CF(X1), f = fix, has
dense range.
iii) For every u € &'(X5) with supp P(9)u C X, it holds suppu C X;.
iv) For every ¢ € 9(X5) with supp P(d)p C X, it holds supp ¢ C X.
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Theorem [7, Theorem 4]

Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.

i) X is P-convex for supports and 74 : Z5(X2) = Pp(X1),u +— u|x, has
dense range.

ii) Xy is P-convex for supports and rge : C3(X2) = CF(X1), f = fix, has
dense range.

iii) For every u € &'(X5) with supp P(9)u C X, it holds suppu C X;.
iv) For every ¢ € 2(X3) with supp P(9)¢ C X it holds suppp C X;.

With Hahn-Banach Theorem:

Tcos, resp. Tgr, has dense range iff rl., resp. rf,, is injective.
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Theorem [7, Theorem 4]

Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.

i) X is P-convex for supports and 74 : Z5(X2) = Pp(X1),u +— u|x, has
dense range.

ii) Xy is P-convex for supports and rge : C3(X2) = CF(X1), f = fix, has
dense range.

iii) For every u € &'(X5) with supp P(9)u C X, it holds suppu C X;.
iv) For every ¢ € 2(X3) with supp P(9)¢ C X it holds suppp C X;.

With Hahn-Banach Theorem:
Tcos, resp. Tgr, has dense range iff rl., resp. rf,, is injective.

Hence, a representation of C¥(X;)’, resp. Z5(X;)’, will be useful for the proof.
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Representation of C%°(X)’ for X being P-convex for supports due to
Grothendieck: Fix fundamental solution E for P(0).

o For K € R we call u € 7, (R\K) regular at infinity w.r.t. E iff for one
(then every) ¢ € C°°(R9) with suppy N K = ) and supp (1 — 1) compact:
E x P(9)(¢u) = ¢u.

Rp(RNK) = {u € Z(R\K); u regular w.r.t. £}
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Representation of C%°(X)’ for X being P-convex for supports due to
Grothendieck: Fix fundamental solution E for P(0).

o For K € R we call u € 7, (R\K) regular at infinity w.r.t. E iff for one
(then every) ¢ € C°°(R9) with suppy N K = ) and supp (1 — 1) compact:
E x P(9)(¢u) = ¢u.

Rp(RNK) = {u € Z(R\K); u regular w.r.t. £}

0 Rp(X€) :=UgexRp(RNK). For u,v € Rp(X€) we define
u~vis 3L E X upa\p = VRa\L
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Representation of C%°(X)’ for X being P-convex for supports due to
Grothendieck: Fix fundamental solution E for P(0).

o For K € R we call u € 7, (R\K) regular at infinity w.r.t. E iff for one
(then every) ¢ € C°°(R9) with suppy N K = ) and supp (1 — 1) compact:
E x P(0)(vu) = tu.

Rp(RNK) = {u € Z(R\K); u regular w.r.t. £}

0 Rp(X€) :=UgexRp(RNK). For u,v € Rp(X€) we define
u~vis 3L E X upa\p = VRa\L

= Ox : Rp(X)/n = CF (X)) (Dx([u]~), ) = (P(O)(4u), f)
well-defined (topological) isomorphism (% is as above, supp (1 — ¢) C X))
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Representation of C'%(X)’ for X being P-convex for supports due to

Grothendieck: Fix fundamental solution FE for P(9).
o For K € R we call u € 7, (R\K) regular at infinity w.r.t. E iff for one
(then every) ¢ € C°°(R9) with suppy N K = ) and supp (1 — 1) compact:
E x P(0)(vu) = tu.
Rp(RNK) = {u € Z(R\K); u regular w.r.t. £}

0 Rp(X€) :=UgexRp(RNK). For u,v € Rp(X€) we define
u~vis 3L E X upa\p = VRa\L

= Ox : Rp(X)/n = CF (X)) (Dx([u]~), ) = (P(O)(4u), f)
well-defined (topological) isomorphism (1) is as above, supp (1 — %)

c X)
Example (Kt')the, 1953):

P(9) = 0: = (81 +id), X = B(0,1) CR? =C, E(2) = .
= Rp(B(0, 1) ) ={ue A( C\B((L )); hm| |00 u(2) = 0}
1
YV fu: 0s( 2)dz = — u(z)f(z)dz.
fiu < / 2m |2|=1—% ()f()

where € € (0,1) is such that u has a holomorphic representative on C\B[0,1 — €]

16 / 25



Theorem [7, Theorem 4]
Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.

1)

ii) Xy is P-convex for supports and r¢e : C3(X2) = CF(X1), f = fix, has
dense range.

iii) For every u € &(Xz) with supp P(8)u C X it holds suppu C X;.
iv)

Proof of "iii) = ii)":
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Theorem [7, Theorem 4]

Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.
i)

ii) Xy is P-convex for supports and r¢e : C3(X2) = CF(X1), f = fix, has
dense range.

iii) For every u € &(Xz) with supp P(8)u C X it holds suppu C X;.
iv)

Proof of "iii) = ii)":

P(9) : C=(X1) — C*(X;) has dense range. By iii) and P(d)* = P(d) it follows
that P(9)!(&’(X1)) is closed in &’(X1). By the Closed Range Theorem for Fréchet
spaces P(9)(C*° (X)) is closed in C*®(X}).
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Theorem [7, Theorem 4]

Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.
i)

ii) Xy is P-convex for supports and r¢e : C3(X2) = CF(X1), f = fix, has
dense range.

iii) For every u € &(Xz) with supp P(8)u C X it holds suppu C X;.

iv)
Proof of "iii) = ii)": i
P(9) : C>(X;) = C*(X1) has dense range. By iii) and P(9)" = P(0) it follows
that P(9)!(&’(X1)) is closed in &’(X1). By the Closed Range Theorem for Fréchet
spaces P(9)(C*° (X)) is closed in C*°(Xy). Thus, P(9) : C*(X;) — C*(X1)
is surjective, i.e. X, is P-convex for supports.

Thomas Kalmes PDO with a single characteristic direction 17 / 25



Theorem [7, Theorem 4]
Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.

1)

ii) Xy is P-convex for supports and r¢e : C3(X2) = CF(X1), f = fix, has
dense range.

iii) For every u € &(Xz) with supp P(8)u C X it holds suppu C X;.
iv)

Proof of "iii) = ii)": iii) implies that X is P-convex for supports.
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Theorem [7, Theorem 4]

Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.
i)

ii) Xy is P-convex for supports and r¢e : C3(X2) = CF(X1), f = fix, has
dense range.

iii) For every u € &(Xz) with supp P(8)u C X it holds suppu C X;.
iv)
Proof of "iii) = ii)": iii) implies that X; is P-convex for supports.
With Grothendieck duality: 7. injective iff
Vue Rp(X7): (rtcoo (®x, ([u]~)) = 0 = u = 0 outside a compact subset of Xl)
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Theorem [7, Theorem 4]
Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.

1)

ii) Xy is P-convex for supports and r¢e : C3(X2) = CF(X1), f = fix, has
dense range.
iii) For every u € &(Xz) with supp P(8)u C X it holds suppu C X;.
iv)
Proof of "iii) = ii)": iii) implies that X is P-convex for supports.
With Grothendieck duality: 7. injective iff
Vue Rp(X7): (rtcoo (®x, ([u]~)) = 0 = u = 0 outside a compact subset of Xl)

Let K € X1, u € Rp(RI\K) with 7 (B, ([u]~)) =0, i.e.
VfeECH(Xa): 0= (rbe(®x,([u~)), f)x. = (P(O)(Wu), fix,)x,

where 1) € C°(R%),suppty N K = 0, supp (1 — ) C X; compact.
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Theorem [7, Theorem 4]
Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.

1)

ii) Xi is P-convex for supports and rg~ : OF (X2) = C(X1), f = fix, has
dense range.
iii) For every u € &(Xz) with supp P(8)u C X it holds suppu C X;.
iv)
Proof of "iii) = ii)": iii) implies that X is P-convex for supports.
With Grothendieck duality: 7. injective iff
Vue Rp(X7): (rtcoo (®x, ([u]~)) = 0 = u = 0 outside a compact subset of Xl)

Let K € X1, u € Rp(RAK) with b (D, ([u])) = 0, i.e.
VfeCOF(Xa): 0= (rge (®x, ([uln)), f)x, = (P(D )( u), fix,)x,
= (P(3)(Yu), f)x, = (®x, ([u]~), flx,, ie @x,([u~) =0

where 1) € C(R%),suppty N K = 0, supp (1 — ) C X; compact.
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ii) Xi is P-convex for supports and rg~ : OF (X2) = C(X1), f = fix, has
dense range.
iii) For every u € &(Xz) with supp P(8)u C X it holds suppu C X;.
iv)
Proof of "iii) = ii)": iii) implies that X is P-convex for supports.
With Grothendieck duality: 7. injective iff
Vue Rp(X7): (rtcoo (®x, ([u]~)) = 0 = u = 0 outside a compact subset of Xl)

Let K € X1, u € Rp(RAK) with b (D, ([u])) = 0, i.e.
VfeCP(Xa): 0= (rt=(®x, ([ul")), f)x, = (PO )( u), fix,) X,
= (P(O)(vu), f)x, = (Ox,([ul~), f)x,, ie Ox,([ul~) =0

where 1) € C°(R%),suppty N K = ), supp (1 —¢) C X; compact. ®x, ([u].) =

0=3L€Xs:uc & (L)
s



Theorem [7, Theorem 4]
Given P non-constant, X; C X, C R open, X P-convex for supports. Tfae.

1)

ii) Xi is P-convex for supports and rg~ : OF (X2) = C(X1), f = fix, has
dense range.
iii) For every u € &(Xz) with supp P(8)u C X it holds suppu C X;.
iv)
Proof of "iii) = ii)": iii) implies that X is P-convex for supports.
With Grothendieck duality: 7. injective iff
Vue Rp(X7): (rtcoo (®x, ([u]~)) = 0 = u = 0 outside a compact subset of Xl)

Let K € X1, u € Rp(RN\K) with rbe (Px, ([u]~)) =0, i.e.
VfeCE(Xa): 0= (rpe (Px, ([ul~), f)x, = (P) (W), fix,)x,
= (P(9)(¢u). f)x, = (Px, ([ul~), Fxas ie. Pxy([u]) =0

where 1) € C°(R%),suppty N K = ), supp (1 —¢) C X; compact. ®x, ([u].) =
0= 3L € Xy :vue &(L), P(d)(vu) € &(X1) D pu e &'(X)) ©
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Theorem [7, Theorem 1]

Given P with 3N € R4 |N| =1: {¢ € R% P,,(¢) = 0} = span{NN} and let
X; C Xy C R? be open and P-convex for supports.
Assume

Vz € R?: (C compact connected component of (R\X1) N H, = C ¢ X>),
where H, = x + (span{N})l. Then, both restriction maps
rgoo - C;O(XQ) — C;O(Xl)7f — f|X1 and Tgr . @;:(XQ) — @}(Xl),u = U|x,
have dense range.
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Theorem [7, Theorem 1]

Given P with 3N € R4 |N| =1: {¢ € R% P,,(¢) = 0} = span{NN} and let
X1 € X5 C R? be open and P-convex for supports.
Assume

Vz € R?: (C compact connected component of (R\X1) N H, = C ¢ X>),

where H, = x + (span{N})J‘. Then, both restriction maps
reee 1 O (X2) = CF(X1), f = fix, and 797 : Dp(X2) = Dp(X1),u = ujx,
have dense range.

Corollary [7, Corollary 3]

Let p € No,d € N,d > 2, and let Q € C[Xq,...,X4—1] be elliptic of degree

> p+ 1. Moreover, let ¥; C Y, C R4 1 I; C I, C R be open such that Y5 does
not contain a compact connected component of R4\ Y. Then, with

P(0) = g—; — Q(0y) both restriction maps

roe 1 OX (Y x I) = CX(Yy x I) and 79 : Dp(Ya x L) — Dp(Y1 x I)

have dense range.
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The linear topological invariant (€2) for kernels J
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Let P(0) : C*(X) — C*°(X) be surjective.
Given a locally convex space F, is P(9) : C*°(X, F) — C®(X, F) surjective?
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Let P(0) : C*(X) — C*°(X) be surjective.
Given a locally convex space F, is P(9) : C*°(X, F) — C®(X, F) surjective?

"Yes" if F' is a Fréchet space (Grothendieck, 1955).
In general "No" for F' = Ej, the strong dual of a Fréchet space E (Vogt, 1983).
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Let P(0) : C*(X) — C*°(X) be surjective.
Given a locally convex space F, is P(9) : C*°(X, F) — C®(X, F) surjective?

"Yes" if F' is a Fréchet space (Grothendieck, 1955).

In general "No" for F' = Ej, the strong dual of a Fréchet space E (Vogt, 1983).
"Yes” in case of F' = ¢’ if and only if C%(X) has () (Vogt, 1983).

"Yes" if C(X) has () and F' = Ej is the strong dual of a Fréchet space E
with (DN) (Vogt, 1983).

Thomas Kalmes PDO with a single characteristic direction 20 /25




Let P(0) : C*(X) — C*°(X) be surjective.
Given a locally convex space F, is P(9) : C*°(X, F) — C®(X, F) surjective?

"Yes" if F' is a Fréchet space (Grothendieck, 1955).
In general "No" for F' = Ej, the strong dual of a Fréchet space E (Vogt, 1983).
"Yes” in case of F' = ¢’ if and only if C%(X) has () (Vogt, 1983).

"Yes" if C(X) has () and F' = Ej is the strong dual of a Fréchet space E
with (DN) (Vogt, 1983).

C¥(X) has () if and only if
3T : s — CF(X) linear, continuous, surjective (Vogt, Wagner 1980)

(Thus: C¥(X) has (Q) = C¥(X) has a (absolute) Schauder basis)
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E Fréchet space with a fundamental sequence of seminorms || - ||1 < |- |l < ...

(Eg. E=2(X), |-l == - llo,k,, for a compact exhaustion (K})ken of X).
Foru € E' k € N, set [lul[} :==supsep s, <1 |(u, )|, dual seminorm to || - ||x.
E has () &

VEeNIIZkYn>13A€(0,1),C>0: |- [lf <CIl-[F M- x>
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E Fréchet space with a fundamental sequence of seminorms || - ||1 < |- |l < ...

(Eg. E=2(X), |-l == - llo,k,, for a compact exhaustion (K})ken of X).
Foru € E' k € N, set [lul[} :==supsep s, <1 |(u, )|, dual seminorm to || - ||x.
E has (Q) =

VEeNIIZkYn>13A€(0,1),C>0: |- [lf <CIl-[F M- x>

Example: P(&1,&) = 5(01 +i02) = CF(B(0,1)) = #(B(0,1)), fundamental
sequence of seminorms || f||x := SUP| <11, |f(2)|,k e N.

Grothendieck-Kothe duality:
A(B(0,1)) = {u e #(C\B(0,1)); lim wu(z)=0}

|z|— 00

as well as )
{u e 2(B(0,1)); |Jull;, < oo} = {u € #(C\B(0,1 - m)); |leigl(NU(»Z) =0}

with [lu[f = supp. 11 (k1) [u(2)]-
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E Fréchet space with a fundamental sequence of seminorms || - ||1 < |- |l < ...

(Eg. E=2(X), |-l == - llo,k,, for a compact exhaustion (K})ken of X).
Foru € E' k € N, set [lul[} :==supsep s, <1 |(u, )|, dual seminorm to || - ||x.
E has (Q) =

VEeNIIZkYn>13A€(0,1),C>0: |- [lf <CIl-[F M- x>

Example: P(&1,&) = 5(01 +i02) = CF(B(0,1)) = #(B(0,1)), fundamental
sequence of seminorms || f||x := SUP| <11, |f(2)|,k e N.

Grothendieck-Kothe duality:
A(B(0,1)) = {u e #(C\B(0,1)); lim wu(z)=0}

|z|— 00

as well as

{ue ABO) ull < 00} = {u € HC\BO1 - ) Jim_u(:)=0)

with [|ullz = sup,j=1_1/(k+1) [u(2)|. Hadamard's Three Circles Theorem applied
to z — @(2) := u(L) (holomorphic in a neighborhood of B[0,1 + 1]) gives

- ~ A ~ 1-X _
lullf = sup fa(=)] < ( sup |a(=)])"( sup |a(2)])" " = [ulli M fullyt
|l=1+} 2l =1+ |2l =1+

for k <1 <mn with A = f;‘((llill//l?):ll?l((llfl//z)) so s (B(0,1)) has (Q2)
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C¥(X) has () if
e P is elliptic, X arbitrary (Vogt, 1983)
e P is hypoelliptic, X convex (Vogt, 1983)
e P is hypoelliptic, X C R? P-convex for supports (K. 2012)
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C¥(X) has () if
e P is elliptic, X arbitrary (Vogt, 1983)
e P is hypoelliptic, X convex (Vogt, 1983)
e P is hypoelliptic, X C R? P-convex for supports (K. 2012)

However, for all d > 3 there are hypoelliptic P and X C R? P-convex for
supports such that C%°(X) does not have (£2). (K. 2012)
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C¥(X) has () if

e P is elliptic, X arbitrary (Vogt, 1983)

e P is hypoelliptic, X convex (Vogt, 1983)

e P is hypoelliptic, X C R? P-convex for supports (K. 2012)
However, for all d > 3 there are hypoelliptic P and X C R? P-convex for
supports such that C%°(X) does not have (£2). (K. 2012)
For a,m € N¢ define | : m| := 2?21 aj/m;; P is called semi-elliptic if it is
possible to write

P(f)z Z aa§”

Ja:m|<1

such that V& € RN\{0} : PO(i€) := 37| mj=1 @ad € # 0.
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C¥(X) has () if

e P is elliptic, X arbitrary (Vogt, 1983)

e P is hypoelliptic, X convex (Vogt, 1983)

e P is hypoelliptic, X C R? P-convex for supports (K. 2012)
However, for all d > 3 there are hypoelliptic P and X C R? P-convex for
supports such that C%°(X) does not have (£2). (K. 2012)
For a,m € N¢ define | : m| := 2?21 aj/m;; P is called semi-elliptic if it is
possible to write

P(§) = Z ang”
Ja:m|<1

such that V& € RN\{0} : PO(i€) := 37| .= @ad*E* # 0.
P elliptic = P semi-elliptic = P hypoelliptic
Examples: P(&) = &1 — Y1 £2; more general P(¢) = &} — Q(&1,...,6a 1),
with p € N, p odd, Q € C[X1,...,X4_1] elliptic, deg(@Q) =m > p+1,
coefficients of Q,, real.
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C¥(X) has () if

e P is elliptic, X arbitrary (Vogt, 1983)

e P is hypoelliptic, X convex (Vogt, 1983)

e P is hypoelliptic, X C R? P-convex for supports (K. 2012)
However, for all d > 3 there are hypoelliptic P and X C R? P-convex for
supports such that C%°(X) does not have (£2). (K. 2012)
For a,m € N¢ define | : m| := 2?21 aj/m;; P is called semi-elliptic if it is
possible to write

P = Y an&®

Ja:m|<1

such that V& € RN\{0} : PO(i€) := 37| .= @ad*E* # 0.
P elliptic = P semi-elliptic = P hypoelliptic

Examples: P(&) = &1 — Y1 £2; more general P(¢) = &} — Q(&1,...,6a 1),
with p € N, p odd, Q € C[X1,...,X4_1] elliptic, deg(@Q) =m > p+1,
coefficients of Q,, real.

P semi-elliptic = {¢ € R%; P, (&) =0} is a subspace of R%.
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Theorem [6, Theorem 18]

Let P be semi-elliptic with principal part P, and let X C R¢ be open.
If dx satisfies the minimum principle in = + {¢ € R%; P,,(£) = 0} for every
x € R? then X is P-convex for supports and C°(X) has ().
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Theorem [6, Theorem 18]

Let P be semi-elliptic with principal part P, and let X C R¢ be open.
If dx satisfies the minimum principle in z + {¢£ € R%; P,,,(£) = 0} for every
x € R? then X is P-convex for supports and C%°(X) has ().

Corollary

Let P be semi-elliptic such that {¢ € R%; P,,(¢) = 0} = span{N} with |[N| = 1.
Tfae
i) X is P-convex for supports.

ii) X is P-convex for supports and C'%(X) has ().

i) Vo € RY: dy satisfies the minimum principle in x + (span{N})l.
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