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Introduction

For general P € C[X},..., Xy4] set

E.g. A = Pp(D) for Pr(§) = — Z;-lzl 532- (Laplace operator)

Ay — & = Py(D) for Py(&,... . ) =i&q — Z?;} &7 (Heat
operator)

A, +ify = Ps(D) for Ps(&1,..., &) = —6a— 021 &
(Schrédinger operator)

Ay — 55 = Py(D) for Py (&1, €) = €3 — 971 €2 (Wave
operator)
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Introduction

Let P € C[Xy,...,X ] and let X C R be open.
i) When is P(D) : C*°(X) — C*°(X) surjective?
i) When is C>*°(X) C P(D)(2'(X))?

i) When is P(D) : 2'(X) — 2'(X) surjective?
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Introduction

Let P € C[Xy,...,X ] and let X C R be open.
i) When is P(D) : C*°(X) — C*°(X) surjective?
i) When is C>*°(X) C P(D)(2'(X))?

i) When is P(D) : 2'(X) — 2'(X) surjective?

Answers will depend on combined properties of P and X.
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Theorem (Malgrange, 1956)

For X C R? open, P € C[X1,..., X ] tfae:
i) P(D):C*®(X)— C*®(X) is surjective.
i) C=(X) C P(D)(2'(X)).
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Theorem (Malgrange, 1956)

For X C R? open, P € C[X1,..., X ] tfae:
i) P(D):C*®(X)— C*®(X) is surjective.
i) C=(X) C P(D)(2'(X)).

iii) X is P-convex for supports.
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Theorem (Malgrange, 1956)

For X C R? open, P € C[X1,..., X ] tfae:
i) P(D):C*®(X)— C*®(X) is surjective.
i) C=(X) C P(D)(2'(X)).

iii) X is P-convex for supports.

Here iii) means

Vu € &'(X) : dist(suppu, X¢) = dist(supp P(D)u, X°)
where P(§) := P(—£) and suppu is the support of u, i.e. the
complement in X of the largest open subset Y of X, such that

u(p) =0 for all p € 2(Y).

Thomas Kalmes TU Chemnitz Surjectivity of partial differential operators



Introduction

When is P(D)(Z'(X)) = 2'(X)?
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Introduction

When is P(D)(Z'(X)) = 2'(X)?
Idea (Hormander): Because P(D)(C*(X)) C C*°(X) equality
above holds iff

- C*®(X) C P(D)(Z'(X)) (& X P-convex for supports)

- P(D) surjective on 2'(X)/C*(X)
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When is P(D)(Z'(X)) = 2'(X)?
Idea (Hormander): Because P(D)(C*(X)) C C*°(X) equality
above holds iff

- C*®(X) C P(D)(Z'(X)) (& X P-convex for supports)

- P(D) surjective on 2'(X)/C*(X)

Theorem (Hormander, 1962)

For X C R? open and P € C[Xy, ..., X ] it holds that
7'(X)/C>®(X) = P(D)(2'(X)/C>(X)) iff X P-convex for
singular supports
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Introduction

When is P(D)(Z'(X)) = 2'(X)?
Idea (Hormander): Because P(D)(C*(X)) C C*°(X) equality
above holds iff

- C*®(X) C P(D)(Z'(X)) (& X P-convex for supports)

- P(D) surjective on 2'(X)/C*(X)

Theorem (Hormander, 1962)

For X C R? open and P € C[Xy, ..., X ] it holds that
7'(X)/C>®(X) = P(D)(2'(X)/C>(X)) iff X P-convex for
singular supports, i.e.

Vu e & (X) : dist(sing supp u, X¢) = dist(sing supp P(D)u, X¢)

Here singsuppw is the singular support of u, i.e. the complement
in X of the largest open subset Y of X where
u(e) = [y o) f(x) dz with f € C®(Y) for all p € 2(Y).
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Let X; C R% be open, P; € C[Xy,...,Xq], j =1,2,
PL® Py :RU*% 5 C P @ Py(z,y) := Pi(z)Pa(y)
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Let X; C R% be open, P; € C[Xy,...,Xq], j =1,2,

P @ Py : RUTE2 5 C Py @ Py(x,y) == Pi(x)Pa(y)
Natural question:

Pj(D): 2'(X;) — 2'(X,) surjective,j = 1,2,

L P Py(D): 2'(X1 x Xs) — P'(X1 x X») surjective
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Introduction

Let X; C R% be open, P; € C[Xy,...,Xq], j =1,2,

P @ Py : RUTE2 5 C Py @ Py(x,y) == Pi(x)Pa(y)
Natural question:

Pj(D): 2'(X;) — 2'(X,) surjective,j = 1,2,

L P Py(D): 2'(X1 x Xs) — P'(X1 x X») surjective

Using a result of Valdivia and Vogt (independent): P; ® P(D)
surjective on 2'(X; x Xo) iff

Pt (D) surjective on 2'(X; x R)

and
Pyf (D) surjective on 2'(X2 x R),

where

P(&, .. &aya1) == Pi(&, ..., &) and analogously Py
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Bonet, Domariski (2006): Does P(D)(2'(X)) = 2'(X) always
imply PT(D)(Z2'(X xR)) = 2'(X x R)?
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Bonet, Domariski (2006): Does P(D)(2'(X)) = 2'(X) always
imply PT(D)(Z2'(X xR)) = 2'(X x R)?

Theorem (Vogt, 1983)

If P € C[Xq,...,X,] is elliptic then PT(D) is surjective on
9'(X x R) for arbitrary open X C R?.
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Bonet, Domariski (2006): Does P(D)(2'(X)) = 2'(X) always
imply PT(D)(Z2'(X xR)) = 2'(X x R)?

Theorem (Vogt, 1983)

If P € C[Xq,...,X,] is elliptic then PT(D) is surjective on
9'(X x R) for arbitrary open X C R?.

Theorem (Frerick, K. 2010)

If X is P-convex for supports then X x R is P*-convex for
supports.
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Introduction

Bonet, Domariski (2006): Does P(D)(2'(X)) = 2'(X) always
imply PT(D)(Z2'(X xR)) = 2'(X x R)?

Theorem (Vogt, 1983)

If P € C[Xq,...,X,] is elliptic then PT(D) is surjective on
9'(X x R) for arbitrary open X C R?.

Theorem (Frerick, K. 2010)

If X is P-convex for supports then X x R is P*-convex for
supports.

So the problem reduces to: X P-convex for supports and singular

? .
supports = X x R P'-convex for singular supports
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Theorem (K. 2012)
i) Let P € C[X1, X2] and X C R? be open. Then surjectivity of
P(D): 2'(X) — 2'(X) implies surjectivity of the augmented
operator PT(D) : /(X xR) —» 2'(X x R).
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Theorem (K. 2012)

i) Let P € C[X1, Xo] and X C R? be open. Then surjectivity of
P(D): 2'(X) — 2'(X) implies surjectivity of the augmented
operator PT(D) : /(X xR) —» 2'(X x R).

ii) For every d > 3 there is a hypoelliptic P € C[X1,...,X,4] and
X C R? open such that P(D) : 2'(X) — 2'(X) is surjective
but PT(D): 2'(X xR) - 2'(X x R) is not.
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Theorem (K. 2012)

i) Let P € C[X1, Xo] and X C R? be open. Then surjectivity of
P(D): 2'(X) — 2'(X) implies surjectivity of the augmented
operator PT(D) : /(X xR) —» 2'(X x R).

ii) For every d > 3 there is a hypoelliptic P € C[X1,...,X,4] and
X C R? open such that P(D) : 2'(X) — 2'(X) is surjective
but PT(D): 2'(X xR) - 2'(X x R) is not.

When does P-convexity for supports and singular supports of
X C R?% imply Pt-convexity for singular supports of X x R?
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General conditions for P-convexity for (singular) supports
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General conditions for P-convexity for (singular) supports

X P-convex for singular supports <

Vu € &'(X) : dist(sing suppu, X©) = dist(sing supp P(D)u, X¢)
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General conditions for P-convexity for (singular) supports

X P-convex for singular supports <
Vu € &'(X) : dist(sing suppu, X©) = dist(sing supp P(D)u, X¢)

What can be said about the location of singsupp u if we know
sing supp P(D)u?
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General conditions for P-convexity for (singular) supports

X P-convex for singular supports <
Vu € &'(X) : dist(sing suppu, X©) = dist(sing supp P(D)u, X¢)

What can be said about the location of singsupp u if we know
sing supp P(D)u?

Problem of " Continuation of regularity” from P(D)u to u.
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General conditions for P-convexity for (singular) supports

For £ € R% t > 1 and a subspace V C R? define

Py(&.t) = e@l}p‘q!P(varf)!, P(&,t) := Pra(&,t),
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General conditions for P-convexity for (singular) supports

For £ € R% t > 1 and a subspace V C R? define
-INDV(gvt) = sup ’P(CE +€)’7 P(gvt) = PRd(é’t)v

zeV,|z|<t

and
op(V) = inf lim inf ——— Py (€, t)

t>1 £—oo P(g t)
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General conditions for P-convexity for (singular) supports

For £ € R% t > 1 and a subspace V C R? define
-INDV(gvt) = sup ’P(CE +€)’7 P(gvt) = PRd(é’t)v

zeV,|z|<t

and
op(V) = inf lim inf ——— Py (€, t)

t>1 £—oo P(g t)
Abbreviation: Yy € R?: op(y) := op(span{y}).
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General conditions for P-convexity for (singular) supports

For £ € R% t > 1 and a subspace V C R? define
Py(&,t):= sup |P(z+€)|, P(&t) = Ppa(é,t),
zeV,|z|<t

and

Py(&t)
op(V) = %r>1f1’ h{rgggf Pt

Abbreviation: Yy € R?: op(y) := op(span{y}).

In order to determine P -convexity for singular supports of X x R
by properties of P and X the functional op+ should be modified!
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General conditions for P-convexity for (singular) supports

For £ € R% t > 1 and a subspace V C R? define
Py(&,t):= sup |P(z+€)|, P(&t) = Ppa(é,t),
zeV,|z|<t

and

Py(&t)
op(V) = %r>1f1’ h{rgggf Pt

Abbreviation: Yy € R?: op(y) := op(span{y}).
In order to determine P -convexity for singular supports of X x R

by properties of P and X the functional op+ should be modified!

PV(& t)

0
V):= - .
V)= e
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General conditions for P-convexity for (singular) supports

For £ € R% t > 1 and a subspace V C R? define
-INDV(gvt) = sup ’P(CE +€)’7 P(&vt) = PRd(é’t)v

zeV,|z|<t
and

Py(&t)
op(V) = %r>1f1’ h{rgggf Pt

Abbreviation: Yy € R?: op(y) := op(span{y}).
In order to determine P -convexity for singular supports of X x R
by properties of P and X the functional op+ should be modified!
PV(ga t)
m —.
t>1.6eRd P(E, 1)
Abbreviation: Vy € R?: 0% (y) := 0% (span{y}).

U%(V) =

Thomas Kalmes TU Chemnitz Surjectivity of partial differential operators



General conditions for P-convexity for (singular) supports

For A C B C R? denote by O A the boundary of A as a subset of
B.
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General conditions for P-convexity for (singular) supports

For A C B C R? denote by O A the boundary of A as a subset of
B.

f : X — R satisfies the minimum principle in a closed subset F' of
R if for every compact set K C F'N X we have

inf f(z)= inf f(z).

zeK orK
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General conditions for P-convexity for (singular) supports

For A C B C R? denote by O A the boundary of A as a subset of
B.

f : X — R satisfies the minimum principle in a closed subset F' of
R if for every compact set K C F'N X we have

inf f(z)= inf f(z).

zeK orK

We set dx : X — R,z — dist(z, X¢), the boundary distance of
X.
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General conditions for P-convexity for (singular) supports

Theorem 1

Let P be a polynomial with principal part P,,, W C R be a
subspace, and X C R? open such that dx satisfies the minimum
principle in = + W for every z € R%.
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General conditions for P-convexity for (singular) supports

Theorem 1

Let P be a polynomial with principal part P,,, W C R be a
subspace, and X C R? open such that dx satisfies the minimum
principle in = + W for every z € R%.
i) If {z € R% op(z) =0} C W then X is P-convex for
singular supports.
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General conditions for P-convexity for (singular) supports

Theorem 1

Let P be a polynomial with principal part P,,, W C R be a
subspace, and X C R? open such that dx satisfies the minimum
principle in = + W for every z € R%.
i) If {z € R% op(z) =0} C W then X is P-convex for
singular supports.
i) If {z € R% 0%(z) =0} C W then X x R is P*-convex for
singular supports.
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General conditions for P-convexity for (singular) supports

Theorem 1
Let P be a polynomial with principal part P,,, W C R be a
subspace, and X C R? open such that dx satisfies the minimum
principle in = + W for every z € R%.
i) If {z € R% op(z) =0} C W then X is P-convex for
singular supports.
i) If {z € R% 0%(z) =0} C W then X x R is P*-convex for
singular supports.
i) If {x € R% P, (z) =0} C W then X is P-convex for
supports.
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General conditions for P-convexity for (singular) supports

Let P have principal part P, and let X C R? be open.

i) If {z; P, (xz) = 0} is a one-dimensional subspace then X is
P-convex for supports iff dx satisfies the minimum principle
in 2 + W for every € R? where W = {x; P,,(z) = 0}*.
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General conditions for P-convexity for (singular) supports

Let P have principal part P, and let X C R? be open.

i) If {z; P, (xz) = 0} is a one-dimensional subspace then X is
P-convex for supports iff dx satisfies the minimum principle
in 2 + W for every € R? where W = {x; P,,(z) = 0}*.

i) If {x; op(z) =0} is a one-dimensional subspace then X is
P-convex for singular supports iff dx satisfies the minimum
principle in z + W for every z € R? where
W = {x; op(z) = 0}+.
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General conditions for P-convexity for (singular) supports

Let P have principal part P, and let X C R? be open.

i) If {z; P, (xz) = 0} is a one-dimensional subspace then X is
P-convex for supports iff dx satisfies the minimum principle
in 2 + W for every € R? where W = {x; P,,(z) = 0}*.

i) If {x; op(z) =0} is a one-dimensional subspace then X is
P-convex for singular supports iff dx satisfies the minimum
principle in z + W for every z € R? where
W = {x; op(z) = 0}+.

i) applicable to Py (&1,...,8q) = i€q — Z;l;% 32 i) and ii)
applicable to Ps(€1,...,&) = —& — 201 €2
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Surjectivity of some augmented partial differential operators

Surjectivity of some augmented partial differential operators
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Surjectivity of some augmented partial differential operators

Theorem 3
Let P have principal part P, and let X C R be open such that
P(D): 2'(X) — 2'(X) is surjective. Then the augmented
operator PT(D) : 2'(X x R) — 2'(X x R) is surjective if
i) P acts along a subspace W and is elliptic as a polynomial on
w.
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Surjectivity of some augmented partial differential operators

Theorem 3
Let P have principal part P, and let X C R be open such that
P(D): 2'(X) — 2'(X) is surjective. Then the augmented
operator PT(D) : 2'(X x R) — 2'(X x R) is surjective if
i) P acts along a subspace W and is elliptic as a polynomial on
w.
ii) P is a semi-elliptic polynomial with {x; Py, (z) = 0} being a
one-dimensional subspace (e.g. Py (§) = i€q — E?;i §J2)
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Surjectivity of some augmented partial differential operators

Theorem 3

Let P have principal part P, and let X C R be open such that
P(D): 2'(X) — 2'(X) is surjective. Then the augmented
operator PT(D) : 2'(X x R) — 2'(X x R) is surjective if
i) P acts along a subspace W and is elliptic as a polynomial on
w.
ii) P is a semi-elliptic polynomial with {x; Py, (z) = 0} being a
one-dimensional subspace (e.g. Py (§) = i€q — E?;i §J2)

i) P(€) =& — Y971 €2.
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Surjectivity of some augmented partial differential operators

Theorem 3

Let P have principal part P, and let X C R be open such that
P(D): 2'(X) — 2'(X) is surjective. Then the augmented
operator PT(D) : 2'(X x R) — 2'(X x R) is surjective if
i) P acts along a subspace W and is elliptic as a polynomial on
w.
ii) P is a semi-elliptic polynomial with {x; Py, (z) = 0} being a
one-dimensional subspace (e.g. Py (§) = i€q — E?;i §J2)

i) P(€) =& — Y971 €2.

Sketch of the proof of i): {z;0p(z) =0} = {z;0%(z) = 0} = W+
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Surjectivity of some augmented partial differential operators

Theorem 3

Let P have principal part P, and let X C R be open such that
P(D): 2'(X) — 2'(X) is surjective. Then the augmented
operator PT(D) : 2'(X x R) — 2'(X x R) is surjective if
i) P acts along a subspace W and is elliptic as a polynomial on
w.
ii) P is a semi-elliptic polynomial with {x; Py, (z) = 0} being a
one-dimensional subspace (e.g. Py (§) = i€q — E?;i §J2)

i) P(€) =& — Y971 €2.
Sketch of the proof of i): {z;0p(z) =0} = {z;0%(z) = 0} = W+

Hormander: X P-convex for supports < dx satisfies minimum
principle in x + W for all x
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Surjectivity of some augmented partial differential operators

Theorem 3

Let P have principal part P, and let X C R be open such that
P(D): 2'(X) — 2'(X) is surjective. Then the augmented
operator PT(D) : 2'(X x R) — 2'(X x R) is surjective if
i) P acts along a subspace W and is elliptic as a polynomial on
w.

ii) P is a semi-elliptic polynomial with {x; Py, (z) = 0} being a
one-dimensional subspace (e.g. Py (§) = i€q — E?;i §J2)

i) P(€) =& — Y971 €2.

Sketch of the proof of i): {z;0p(z) =0} = {z;0%(z) = 0} = W+
Hormander: X P-convex for supports < dx satisfies minimum
principle in x + W for all x

Theorem 1 = X x R P'-convex for singular supports. O
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