Surjectivity of augmented differential operators

Thomas Kalmes

Trier University

Functional Analysis: Applications to Complex Analysis
and Partial Differential Equations

Bedlewo, May 2012

Thomas Kalmes Surjectivity of augmented differential operators



Statement of the problem

Bonet, Domariski (2006): Let P € C[X1,...,X,4] and X C R? be
open such that
P(D): 2'(X) — 2'(X)

is surjective.
Does it follows that

PT(D): 7' (X xR) = 2'(X x R)

is surjective? (Here Pt (z1,...,24,xq41) := P(21,...,24).)
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Statement of the problem

Bonet, Domariski (2006): " Yes" iff
Pp(X) ={ue 2'(X); P(D)u=0} has (PQ).
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Statement of the problem

Bonet, Domariski (2006): " Yes" iff

Pp(X) ={ue 2'(X); P(D)u=0} has (PQ).

Recall: P(z) = 3 j4j<m @ax™ with aq # 0 for some |a| = m is
elliptic iff Py (2) := 32|42 Ga®® # 0 Vo € RA\{0}.

O -6 d 02
Examples: P(D) = %(3%1 +Za%2)vP(D) =7, 807@‘
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Statement of the problem

Bonet, Domariski (2006): " Yes" iff
Pp(X) ={ue 2'(X); P(D)u=0} has (PQ).

For P elliptic: Z,(X) € C*°(X) and the topologies induced by
2'(X) and C*°(X) coincide on Z,(X)
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Statement of the problem

Bonet, Domariski (2006): " Yes" iff
Pp(X) ={ue 2'(X); P(D)u=0} has (PQ).

For P elliptic: Z,(X) € C*°(X) and the topologies induced by
2'(X) and C*°(X) coincide on Z,(X).

= Z5(X) is a nuclear Fréchet space, hence 75, (X) has (PQ) iff
it has ().
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Statement of the problem

Bonet, Domariski (2006): " Yes" iff
Pp(X) ={ue 2'(X); P(D)u=0} has (PQ).
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Statement of the problem

Bonet, Domariski (2006): " Yes" iff
Pp(X) ={ue 2'(X); P(D)u=0} has (PQ).

Vogt (1986): P elliptic = Z5(X) has (€2) for any open X
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Statement of the problem

Bonet, Domariski (2006): " Yes" iff
Pp(X) ={ue 2'(X); P(D)u=0} has (PQ).

Vogt (1986): P elliptic = Z5(X) has (€2) for any open X
= "Yes" for every elliptic P and any X
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Statement of the problem

Bonet, Domariski (2006): " Yes" iff
Pp(X) ={ue 2'(X); P(D)u=0} has (PQ).

Vogt (1986): P elliptic = Z5(X) has (€2) for any open X
= "Yes" for every elliptic P and any X

X convex = P(D): 2'(X) — 2'(X) surjective for any P # 0
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Statement of the problem

Bonet, Domariski (2006): " Yes" iff
Pp(X) ={ue 2'(X); P(D)u=0} has (PQ).

Vogt (1986): P elliptic = Z5(X) has (€2) for any open X
= "Yes" for every elliptic P and any X

X convex = P(D): 2'(X) — 2'(X) surjective for any P # 0
= "Yes" for any P # 0 and every convex X
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Statement of the problem

P(D): 2'(X) — 2'(X) surjective & P(D) : C®(X) — C>(X),
P(D): 2'(X)/C>®(X) = 2'(X)/C>®(X) both surjective
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Statement of the problem

P(D): 2'(X) — 2'(X) surjective & P(D) : C®(X) — C>(X),
P(D): 2'(X)/C>®(X) = 2'(X)/C>®(X) both surjective

Malgrange (1956): P(D): C*(X) — C*(X) surjective & X is
P-convex for supports.

X is P-convex for supports < for every u € & (X):
dist(X¢, supp p) = dist(X¢, supp P(D)p),

where P(z) = P(—x).
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Statement of the problem

P(D): 2'(X) — 2'(X) surjective & P(D) : C®(X) — C>(X),
P(D): 2'(X)/C>®(X) = 2'(X)/C>®(X) both surjective

Malgrange (1956): P(D): C*(X) — C*(X) surjective & X is
P-convex for supports.

Hérmander (1962): P(D) : 2'(X)/C®(X) — 2'(X)/C>(X)
surjective < X is P-convex for singular supports.

X is P-convex for singular supports < for every p € & (X):

dist(X ¢, sing supp u) = dist(X ¢, sing supp P(D)p)
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Statement of the problem

Reformulation of the problem of Bonet and Domanski:

Let X be P-convex for supports as well as P-convex for singular
supports.

Is X x R PT-convex for supports and P*-convex for singular sup-
ports?
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Statement of the problem

Reformulation of the problem of Bonet and Domanski:

Let X be P-convex for supports as well as P-convex for singular
supports.

Is X x R PT-convex for supports and P*-convex for singular sup-
ports?

Proposition

If X is P-convex for supports then X x R is P*-convex for
supports.
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Statement of the problem

Reformulation of the problem of Bonet and Domanski:

Let X be P-convex for supports as well as P-convex for singular
supports.
Is X x R P*-convex for singular supports?
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Conditions for P-convexity

X P-convex for singular supports <

V€ &'(X): dist(X, singsupp i) = dist(X¢, singsupp P(D)p).
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Conditions for P-convexity
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Conditions for P-convexity

X P-convex for singular supports <
Ve &' (X): dist(XC singsupp p) = dist(X¢, singsupp P(D)pu).

For all € &'(X) : singsupp P(D)u C singsupp j

Let E be any fundamental solution for P(D), i.e. P(D)E = §.

Vpue&'(X): p=pxd=p*xP(D)E=P(D)u*E
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Conditions for P-convexity

X P-convex for singular supports <
Ve &' (X): dist(XC singsupp p) = dist(X¢, singsupp P(D)pu).

For all € &'(X) : singsupp P(D)u C singsupp j

Let E be any fundamental solution for P(D), i.e. P(D)E = §.
Vpue&'(X): p=pxd=p*xP(D)E=P(D)u*E

= Vue & (X): singsupp p C singsupp P(D)u + singsupp E
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Conditions for P-convexity

X P-convex for singular supports <
Ve &' (X): dist(XC singsupp p) = dist(X¢, singsupp P(D)pu).
For all € &'(X) : singsupp P(D)u C singsupp j

Let E be any fundamental solution for P(D), i.e. P(D)E = §.
Vpue&'(X): p=pxd=p*xP(D)E=P(D)u*E
= Vue & (X): singsupp p C singsupp P(D)u + singsupp E

For a specific fundamental solution E(P) the location of its
singular support is well understood by means of localizations at
infinity:
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Conditions for P-convexity

Let Q € C[Xy,...,Xg4], t > 1 and V C R? subspace.
For £ € RY set Q¢(z) == Q(z + &) and

Qu&t):= sup [Q+&)l(= sup [Qe(x)] = (Qe)v(0,1)),

zeV,|z|<t zeV,|z|<t

as well as

Q(gv t) = QRd (63 t)'
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Conditions for P-convexity

Let Q € C[Xy,...,Xg4], t > 1 and V C R? subspace.
For £ € RY set Q¢(z) == Q(z + &) and

Qu&t):= sup [Q+&)l(= sup [Qe(x)] = (Qe)v(0,1)),

z€V,|z|<t z€eV,|z|<t

as well as

Q& 1) == Qga(&,1).
The set of limits of the normalized polynomials
e
P¢(0,1)
as ¢ tends to infinity is denoted by L(P).



Conditions for P-convexity

Non-zero multiples of elements of L(P) are called localizations of
P at infinity.
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Non-zero multiples of elements of L(P) are called localizations of
P at infinity.
Not hard to see: Q € L(P) < Q € L(P).
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P at infinity.

Not hard to see: Q € L(P) < Q € L(P).

Define

AQ)={neRL VzeRLteR: Qz+tn) =Q(x)}
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Conditions for P-convexity

Non-zero multiples of elements of L(P) are called localizations of
P at infinity.

Not hard to see: Q € L(P) < Q € L(P).

Define

AQ)={neRL VzeRLteR: Qz+tn) =Q(x)}

Clearly
o A(Q) subspace and A(Q) = A(Q)
e ( constant & A(Q)* = {0}
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Conditions for P-convexity

Non-zero multiples of elements of L(P) are called localizations of
P at infinity.

Not hard to see: Q € L(P) < Q € L(P).

Define

AQ)={neRL VzeRLteR: Qz+tn) =Q(x)}

Clearly

o A(Q) subspace and A(Q) = A(Q)
e ( constant & A(Q)* = {0}

Hormander:
e singsupp E(P) C Uger( P)A(Q)
o dimA(Q)t <d—1
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Conditions for P-convexity

For u € &'(Q)
singsupppu € singsupp P(D)u + singsupp E(P)

C singsupp P(D),u + W
QEL(P)

N
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Conditions for P-convexity

For u € &'(Q)
singsupppu € singsupp P(D)u + singsupp E(P)

C singsupp P(D)u+ ) A(Q)*
QEL(P)
Non-constant @ € L(P) and their A(Q)"s are responsible if

Ju € &'(X): dist(X,singsupp ) < dist(X,singsupp P(D)u).

N
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Conditions for P-convexity

For u € &'(Q)
singsupppu € singsupp P(D)u + singsupp E(P)

C singsupp P(D),u + W
QEL(P)

Non-constant @ € L(P) and their A(Q)"s are responsible if
Ju € &'(X): dist(X,singsupp ) < dist(X,singsupp P(D)u).

Q € L(P) non-constant = lim;_,«, Q(O,t) = oo while
QaQ)(0,1) = sup,ep (@), |z1<t |Q(z + 0)| = |Q(0)]

N
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Conditions for P-convexity

For u € &'(Q)
singsupppu € singsupp P(D)u + singsupp E(P)

C singsupp P(D),u + W
QEL(P)

Non-constant @ € L(P) and their A(Q)"s are responsible if
Ju € &'(X): dist(X,singsupp ) < dist(X,singsupp P(D)u).

Q € L(P) non-constant = lim;_,«, Q(O,t) = oo while
QaQ)(0,1) = sup,ep (@), |z1<t |Q(z + 0)| = |Q(0)]

N

) 0,t
0 — ing @00

t>1  Q(0,t)
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Conditions for P-convexity

For u € &'(Q)
singsupppu € singsupp P(D)u + singsupp E(P)

singsupp P(D)u+ | A@Q)*
QeL(P)

N

Non-constant @ € L(P) and their A(Q)"s are responsible if

Ju € &'(X): dist(X,singsupp ) < dist(X,singsupp P(D)u).
Q € L(P) non-constant = lim;_,«, Q(O,t) = oo while
Qa@)(0,t) = Supep(),<t |Q(z + 0)[ = |Q(0)]

For suitable (&,)nen tending to infinity:

) 0,t P ot
0 = inf 7QA~(Q)( ) = inf lim 7/\(@(5 )

1 Q(0,1t) t>1n—00 ]5@“,5)
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Conditions for P-convexity

For u € &'(Q)
singsupppu € singsupp P(D)u + singsupp E(P)
C singsupp P(D)u+ ) A(Q)*
QEL(P)
Non-constant @ € L(P) and their A(Q)"s are responsible if
Ju € &'(X): dist(X,singsupp ) < dist(X,singsupp P(D)u).
Q@ € L(P) non-constant = limy_, Q(O,t) = 0o while

Qa(Q)(0, 1) = sup,ep (), z<t |Q(x + 0)| = |Q(0)]

For suitable (&,)nen tending to infinity:

N

0 — QA Qu@(0,1) ot L PAEQ)(fmt)
t21 Q(O t) t>1n—oo P(gn t
@ (& t)

> 1nfhm1nf
t>1 £—oo P(§,t)
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Conditions for P-convexity

Hormander: For V' C R? subspace define

op(V) = g{ 11511_1>1£f P((é’ ))
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Conditions for P-convexity

Hormander: For V' C R? subspace define

op(V) = inf lim inf P~V(§’t).
t>1 g—o0  P(&,1)

Above: Q € L(P),A(Q)* #R? = op(A(Q)) =0
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Conditions for P-convexity

Hormander: For V' C R? subspace define

op(V) = inf lim inf P~V(§’t).
t>1 g—o0  P(&,1)

Above: Q € L(P),A(Q)* #R? = op(A(Q)) =0
Abbreviation: ¥V y € RA\{0} : op(y) = op(span{y})

Thomas Kalmes Surjectivity of augmented differential operators



Conditions for P-convexity

Let ) # ' € R? be an open convex cone and
I°:={eR:vVeel: (z,¢ >0}

its dual cone.
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Conditions for P-convexity

Let ) # ' € R? be an open convex cone and
I°:={eR:vVeel: (z,¢ >0}
its dual cone.

I'° is a closed proper convex cone.

Conversely: Every closed proper convex cone C'is the dual cone of
a unique open convex cone I.
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Conditions for P-convexity

Let ) # ' € R? be an open convex cone and
I°:={eR:vVeel: (z,¢ >0}

its dual cone.
I'° is a closed proper convex cone.

Conversely: Every closed proper convex cone C'is the dual cone of
a unique open convex cone I.

From now on always I'° ¢ {0, {0} }!
=T #R%and 0 ¢TI
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Conditions for P-convexity

Let I° ¢ R? be a closed proper convex cone, X := Rd\FO and let

P be a polynomial.
X is P-convex for singular supports if and only if op(z) # 0 for all

zel.
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Conditions for P-convexity

Let I° ¢ R? be a closed proper convex cone, X := Rd\FO and let

P be a polynomial.
X is P-convex for singular supports if and only if op(z) # 0 for all

zel.

When is (R\I°) x R P*-convex for singular supports?
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Conditions for P-convexity

For a subspace V C R? let

0 - : pV(‘Sat)
T L Pl

Again: Yy € RN\{0} : o%(y) := o%(span{y}).
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Conditions for P-convexity

For a subspace V C R? let

0 L . pV(‘Sat)
orV)= e Pt
Again: Yy € RN\{0} : o%(y) := o%(span{y}).

Notation: For z = (z1,...,2q, 24+1) € R4 let
x = (z1,...,0q) € R For W C R set W' := {a/; x € W}.
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Conditions for P-convexity

For a subspace V C R? let

pV(‘Sat)

0
V)= = .
7PV e B )

Again: Yy € RN\{0} : o%(y) := o%(span{y}).
Notation: For z = (z1,...,2q, 24+1) € R4 let
x = (z1,...,0q) € R For W C R set W' := {a/; x € W}.

Lemma (L. Frerick, K. )

For a subspace W C R?*! the following are equivalent.
I) O p+ (W) = 0,
i) o%(W’) =0.
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Conditions for P-convexity

Let I° ¢ R? be a closed proper convex cone, X := Rd\FO and let
P be with principal part P,,.

i) X is P-convex for singular supports if and only if op(z) # 0
forall z € T'.

i) X x R is P*-convex for singular supports if and only if
o%(x) #0 for all z € T.
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Conditions for P-convexity

Let I° ¢ R? be a closed proper convex cone, X := Rd\FO and let
P be with principal part P,,.

i) X is P-convex for singular supports if and only if op(z) # 0
forall z € T'.

i) X x R is P*-convex for singular supports if and only if
o%(x) #0 for all z € T.

iii) X is P-convex for supports if and only if P, (z) # 0 for all
rzel.
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Conditions for P-convexity

Let X C R? be open and connected and let P be with principal
part Pp,.

i) X is P-convex for singular supports if for every xg € 0X
there is a closed proper convex cone I'° such that
(xo+T°)NX =0 and op(y) # 0 for every y € T

i) X x R is PT-convex for singular supports if for every
xo € 0X there is a closed proper convex cone I'° such that
(w0 +T°)NX =0 and 6%(y) # 0 for every y € T.

iii) X is P-convex for supports if for every xg € 90X there is a

closed proper convex cone I'° such that (zg+T°)N X = ()
and P, (y) # 0 for every y € T.
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Solution of the problem

Let P have principal part P, and let V C R? be a subspace.
i) o%(V) <op(V)and Vk € N: 0%, (V) = (a%(V))F.
i) o%(V) < o, (V).
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Solution of the problem

Let P have principal part P, and let V C R? be a subspace.
i) o%(V) <op(V)and Vk € N: 0%, (V) = (a%(V))F.
i) o%(V) < o, (V).

Let d >3, A(z) =2 — 23 — ... —22= A(eq) # 0,04(eq) =0
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Solution of the problem

Let P have principal part P, and let V C R? be a subspace.
i) o%(V) <op(V)and Vk € N: 0%, (V) = (a%(V))F.
i) op(V) < UP (V).

Let d >3, A(z) =2 — 23 — ... —22= A(eq) # 0,04(eq) =0
LYEeN: 0% (eq) =0
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Solution of the problem

Let P have principal part P, and let V C R? be a subspace.
i) o%(V) <op(V)and Vk € N: 0%, (V) = (a%(V))F.
i) op(V) < UP (V).

Let d >3, A(z) =2 — 23 — ... —22= A(eq) # 0,04(eq) =0
LYEeN: 0% (eq) =0

:; Each P with principal part P, = A" satisfies 0%(eq) = 0 and
Py (eq) # 0.
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Solution of the problem

Let P have principal part P, and let V C R? be a subspace.
i) o%(V) <op(V)and Vk € N: 0%, (V) = (a%(V))F.
i) o%(V) < o, (V).

Letd >3, A(z) =2 —23 — ... — 22
= Each P with principal part P, = A" satisfies 0%(eq) = 0 and
Py (eq) # 0.
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Solution of the problem

Let P have principal part P, and let V C R? be a subspace.
i) o%(V) <op(V)and Vk € N: 0%, (V) = (a%(V))F.
i) o%(V) < o, (V).

Letd >3, A(z) =2 —23 — ... — 22
= Each P with principal part P, = A" satisfies 0%(eq) = 0 and
Py (eq) # 0.

= 3T C R? open proper convex cone,eq € I'Vz € I': Py, (x) # 0
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Solution of the problem

Let P have principal part P, and let V C R? be a subspace.
i) o%(V) <op(V)and Vk € N: 0%, (V) = (a%(V))F.
i) o%(V) < o, (V).

Letd >3, A(z) =2 —23 — ... — 22
= Each P with principal part P, = A" satisfies 0%(eq) = 0 and
Py (eq) # 0.

= 3T C R? open proper convex cone,eq € I'Vz € I': Py, (x) # 0

X := RNI® is P-convex for supports and X x R is not PT-convex
for singular supports for every such P.
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Solution of the problem

Let P have principal part P, and let V C R? be a subspace.
i) o%(V) <op(V)and Vk € N: 0%, (V) = (a%(V))F.
i) o%(V) < o, (V).

Letd >3, A(z) =2 —23 — ... — 22
= Each P with principal part P, = A" satisfies 0%(eq) = 0 and
Py (eq) # 0.

= 3T C R? open proper convex cone,eq € I'Vz € I': Py, (x) # 0

X := RNI® is P-convex for supports and X x R is not PT-convex
for singular supports for every such P.

Hoérmander: 3polynomial R,deg R < 6: P(z) := A*(z) + R(x) is
hypoelliptic, i.e.Vy € RA\{0} : op(y) #0
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Solution of the problem

Theorem

For every d > 3 there are X C R open and a polynomial P such
that

P(D): 2'(X) - 7'(X)

is surjective but

PY(D): 2'(X xR) - 2'(X x R)

is not surjective. P can be chosen to be hypoelliptic.
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Solution of the problem

Theorem

For every d > 3 there are X C R open and a polynomial P such
that
P(D): 2'(X) = 2'(X)

is surjective but

PY(D): 2'(X xR) - 2'(X x R)

is not surjective. P can be chosen to be hypoelliptic.

By hypoellipticity and Bonet, Domanski:
{f € C®(X): P(D)f =0} does not have () for such P.
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Solution of the problem

What about d = 27
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Solution of the problem

What about d = 27

Let X C R? be open and P € C[X1, X3]. Then the following are
equivalent.

i) P(D):2'(X) — 2'(X) is surjective.
i) PT(D): 2'(X xR) = 2'(X x R) is surjective.
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Solution of the problem

For d > 3 there are some positive results, too.
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Solution of the problem

For d > 3 there are some positive results, too.
Part i) of the following theorem is a well-known classical result.

Theorem

Let X C R? be open with C'-boundary, P with principal part P,,.
Denote by N(x) the exterior normal vector at x € 0.X.
i) If Pp(N(x)) # 0 for every x € 0X then X is P-convex for
supports.
i) If op(N(x)) # 0 for every x € 0X then X is P-convex for
singular supports.

i) If % (N(z)) # 0 for every z € X then X x R is PT-convex
for singular supports.
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Solution of the problem

Corollary

Let X C R be open with C'-boundary, P with principal part P,,.
i) If P is semi-elliptic then P (D) : 2'(X xR) = 2'(X xR) is
surjective if P, (N(z)) # 0 for every z € 0.X.
ii) If P is homogeneous or of principal type then
PH(D): 2'(X xR) = 2'(X x R) is surjective if
P (N(x))op(N(z)) # 0 for every z € 0X.
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Solution of the problem

Theorem

Let I'°  R? be a closed proper convex cone, X := RN\I'® and P
homogeneous, semi-elliptic, or of principal type. Then the
following are equivalent.

i) P(D): 2'(X) — 2'(X) is surjective.
i) PT(D): 2'(X xR) = 2'(X x R) is surjective.
i) Pp(x)op(z) #0 forall z €T,
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Solution of the problem
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