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Continuous linear operator T on a Ics F is called

@ (topologically) transitive :<
VU,V C E open, non-empty 3m € No : T™(U) NV # ()
(E separable Fréchet, equivalent to T hypercyclic, i.e. there is
x € Esth. {T™x; m € Ny} is dense in E.)
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Continuous linear operator T on a Ics F is called
@ (topologically) transitive :<
VU,V C E open, non-empty 3m € No : T™(U) NV # ()
@ weakly mixing < T @ T transitive on E ® FE, i.e.
VU;,V; C E open, non-empty 3m € Ny : T™(U;)NV; #0(j =1,2)
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Continuous linear operator T on a Ics F is called
@ (topologically) transitive :<
VU,V C E open, non-empty 3m € Ng : T™(U) NV # ()
o weakly mixing < T @ T transitiveon E@ E, i.e.
VU;,V; C E open, non-empty 3m € Ny : T™(U;)NV; #0(j =1,2)
e power bounded < {T™; m € Ny} is equicontinuous, i.e.
Vpecs(E)Iqgeces(E)Vm e Ng,z € E: p(T™z) < q(x)

Albanese, Bonet, Ricker '09: E Fréchet-Montel, T power bounded

= T uniformly mean ergodic, i.e. Vx € E3 limy, o0 + - Z" Lmy
and convergence is uniform on bounded subsets of E.
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Continuous linear operator T on a Ics F is called
@ (topologically) transitive :<
VU,V C E open, non-empty 3m € Ng : T™(U) NV # ()
o weakly mixing < T @ T transitiveon E@ E, i.e.
VU;,V; C E open, non-empty 3m € Ny : T™(U;)NV; #0(j =1,2)
e power bounded < {T™; m € Ny} is equicontinuous, i.e.
Vpecs(E)Iqgeces(E)Vm e Ng,z € E: p(T™z) < q(x)

Albanese, Bonet, Ricker '09: E Fréchet-Montel, T power bounded
= T uniformly mean ergodic, i.e. Vx € E3 limy, o0 + - Z" Lmy
and convergence is uniform on bounded subsets of E.

Folklore (see e.g. Yoshida, 1980): E sequentially complete Ics,
T continuous, linear, power bounded = (exp(sT'))s>0 Co-semigroup,
where exp(sT)z = S.°°_ =Ty

mOm'
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Continuous linear operator T on a Ics F is called
@ (topologically) transitive :<
VU,V C E open, non-empty 3m € Nog: T™(U)NV #0
o weakly mixing < T @ T transitiveon E@ E, i.e.
VU;,V; C E open, non-empty 3m € No: T™(U;)NV; #0(j =1,2)
e power bounded < {T™; m € Ny} is equicontinuous, i.e.
Vpecs(E)Iqgecs(E)Vm e Ng,z € E: p(T™z) < q(x)

Several authors investigated these properties for weighted composition
operators Cy, 4 (f) = w - (f o 9) on various function spaces, e.g.
GroBe-Erdmann, Mortini '09; Zajac '16; Bonet, Domanski '12;
Przestacki '17; Beltran-Meneu, Gémez-Callado, Jorda, Jornet '16;...
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Continuous linear operator T on a Ics F is called
@ (topologically) transitive :<
VU,V C E open, non-empty 3m € Nog: T™(U)NV #0
o weakly mixing < T @ T transitiveon E@ E, i.e.
VU;,V; C E open, non-empty 3m € No: T™(U;)NV; #0(j =1,2)
e power bounded < {T™; m € Ny} is equicontinuous, i.e.
Vpecs(E)Iqgecs(E)Vm e Ng,z € E: p(T™z) < q(x)

Several authors investigated these properties for weighted composition
operators Cy, 4 (f) = w - (f o 9) on various function spaces, e.g.
GroBe-Erdmann, Mortini '09; Zajac '16; Bonet, Domanski '12;
Przestacki '17; Beltran-Meneu, Gémez-Callado, Jorda, Jornet '16;...

Objective: study these dynamical properties for weighted composition
operators Cy, 4 (f) = w - (f o 9) on function spaces "in a general framework".
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Q locally compact, o-compact, non-compact Hausdorff space, .% a sheaf of
K-valued functions on €2, i.e.
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Q locally compact, o-compact, non-compact Hausdorff space, .% a sheaf of
K-valued functions on (2, i.e.
VX C Qopen: #(X) is a K-vector space of K-valued functions on X s.th.

e VY C X CQopen: 7y : F(X) = Z(Y), f — fjy well-defined
o (Gluing) ¥ open cover (X,),cr of an open set X C Q

V(f)er € Il,er Z(X.) with f,1x.nx, = feix,nx, (1K € I) there is
feZ(X)with fix, = f. (v € ).
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Q locally compact, o-compact, non-compact Hausdorff space, .% a sheaf of
K-valued functions on (2, i.e.

VX C Qopen: #(X) is a K-vector space of K-valued functions on X s.th.
e VY C X CQopen: 7y : F(X) = Z(Y), f — fjy well-defined
o (Gluing) ¥ open cover (X,),cr of an open set X C Q

V(f)er € [1,e; 7 (X.) with fx,nx,. = feix.nx,. (¢, € I) there is
f e F(X) with fix, = f. (v € I).

= VX C Q open V (X, )nen, Open, relatively compact exhaustion of X:
F(X) = prof(F(Xps1),rx0,, Iners
= {(fa)nero € [[Z(Xn); VR eN: fux, , = fa1}
n

via f = (fix, )Jneno
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Q locally compact, o-compact, non-compact Hausdorff space, .% a sheaf of
K-valued functions on (2, i.e.
VX C Qopen: #(X) is a K-vector space of K-valued functions on X s.th.

e VY C X CQopen: 7y : F(X) = Z(Y), f — fjy well-defined

o (Gluing) ¥ open cover (X,),cr of an open set X C Q

V(fL)LEI S HLeI E(XL) with fL‘XLﬁXN = fm|XLﬂX,Q (Laﬂ € I) there is
f e F(X) with fix, = f. (v € I).

= VX C Q open V (X, )nen, Open, relatively compact exhaustion of X:
F(X) = prof(F(Xps1),rx0,, Iners
= {nnero € [[ Z(Xn); VR eN: fox, = fu1}
n
via f = (fix, )Jneno

Examples: Q = R?, #(X) = C*(X), F(X) = C(X), F(X) = #(X), or for
Q=C, #(X)=2(X). LP(X) is not a sheaf.
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We define the following properties for a sheaf of functions .% on €:

(#1) VX CQ: F#(X) is a webbed, ultrabornological Hausdorff Ics,
F(X)CC(X)withVz e X : §, € F(X),
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We define the following properties for a sheaf of functions .% on €:

(1) VX CQ: F(X) is a webbed, ultrabornological Hausdorff Ics,
F(X)CC(X)withVz e X : §, € F(X),
and V open, rel. comp. exh. (X, )nen, of X:
F(X)= proj(?(XnH),rig:H)neNo topologically
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We define the following properties for a sheaf of functions .% on €:
(#1) VX CQ: F#(X) is a webbed, ultrabornological Hausdorff Ics,
F(X)CC(X)withVz e X : §, € F(X),
and V open, rel. comp. exh. (X, )nen, of X:
F(X)= proj(ﬁ(XnH),rig:H)neNo topologically
(2) VK € Q3fx e FO)Vr e K : frx(z)#0
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We define the following properties for a sheaf of functions .% on €:

(#1) VX CQ: F#(X) is a webbed, ultrabornological Hausdorff Ics,
F(X)CC(X)withVz e X : §, € F(X),
and V open, rel. comp. exh. (X, )nen, of X:
F(X)= proj(ﬁ(XnH),rigZH)neNo topologically
Q)VKeENIfxke F(WYVre K: frx(x)#0
) Ve,ye Qua#ydfe F(Q): f(x)=0f(y) =1

(
(

F
F
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We define the following properties for a sheaf of functions .% on €:

(1) VX CQ: F(X) is a webbed, ultrabornological Hausdorff Ics,
F(X)C C(X) withVz € X : 0, € F(X),
and V open, rel. comp. exh. (X, )nen, of X:
F(X) = proj(ﬁ(XnH),rig:H)neNo topologically

(2) VK € Q3fx e FO)Vr e K : frx(z)#0

(F3) Va,yeQu#ydfeF(Q): f(x)=0,f(y) =1

Examples:
o F =C"(r e NgU{oc}) on Q = R? satisfies (#1) — (.#3) when equipped

with the seminorms || f[|; x := max|q|<;zex [0 f(z)] (I <7+ 1, K € X).
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We define the following properties for a sheaf of functions .% on €:

(1) VX CQ: F(X) is a webbed, ultrabornological Hausdorff Ics,
F(X)C C(X) withVz € X : 0, € F(X),
and V open, rel. comp. exh. (X, )nen, of X:
F(X) = proj(ﬁ(XnH),rig;‘H)neNo topologically

(F2) VK €3 fre FQYVr e K: fx(x)#0

(F3) Va,yeQu#ydfeF(Q): f(x)=0,f(y) =1

Examples:
o F =C"(r e NgU{oc}) on Q = R? satisfies (#1) — (.#3) when equipped

with the seminorms || f[|; x := max|q|<;zex [0 f(z)] (I <7+ 1, K € X).

o F = 4 on Q = C? equipped with compact-open top. satisfies
(£1) — (£3).
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We define the following properties for a sheaf of functions .% on €:

(1) VX CQ: F(X) is a webbed, ultrabornological Hausdorff Ics,
F(X)C O(X)withVz € X : 5, € F(X),
and V open, rel. comp. exh. (X, )nen, of X:
F(X) = proj(ﬁ(XnH),rig;‘H)neNo topologically
(2) VK € Q3fx e FO)Vr e K : frx(z)#0
(F3) Yo,y e Qo £y3f e F(Q): f(x)=0,f(y) =1
Examples:
o F =C"(r e NgU{oc}) on Q = R? satisfies (#1) — (.#3) when equipped
with the seminorms || f[|; x := max|q|<;zex [0 f(z)] (I <7+ 1, K € X).
o F = 4 on Q = C? equipped with compact-open top. satisfies
(Z1) - (£3).
o .F = o on Q = R? with the canonical locally convex top. satisfies
(Z1) — (£3).
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We define the following properties for a sheaf of functions .% on €:

(1) VX CQ: F(X) is a webbed, ultrabornological Hausdorff Ics,
F(X)C O(X)withVz € X : 5, € F(X),
and V open, rel. comp. exh. (X, )nen, of X:
F(X) = proj(ﬁ(XnH),rig;‘H)neNo topologically
(2) VK € Q3fx e FO)Vr e K : frx(z)#0
(F3) Va,yeQa#y3feF(Q): fla)=0f(y)=1
Examples:
o F =C"(r e NgU{oc}) on Q = R? satisfies (#1) — (.#3) when equipped
with the seminorms || f[|; x := max|q|<;zex [0 f(z)] (I <7+ 1, K € X).
o F = 4 on Q = C? equipped with compact-open top. satisfies
(£1) — (£3).
o .F = o on Q = R? with the canonical locally convex top. satisfies
(£1) — (£3).
o 7 € {&y, 8y} on Q= R? with the canonical locally convex top. satisfies
(£1) — (£3).

T. Kalmes (TU Chemnitz) Dynamics of weighted composition operators PDMC, Bedlewo, July 4, 2018 4/ 16



Additionally, in case of (.#1), Q = R? and .%(X) C C*(X) we define
(F4) VX CR%open, 1 <j<d z€X: fr 0;f(z) € F(X) and for each
h € RN\{0},\ € K:

d
kern (f = A f(z) — Zhjajf(x)) + 7(X)
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Additionally, in case of (.#1), Q = R? and .%(X) C C*(X) we define
(F4) VX CR%open, 1 <j<d z€X: fr 0;f(z) € F(X) and for each
h € RN\{0},\ € K:

d
kern (f M (z) — Zhjajf(x)) £ F(X)

Let © and .Z with (.#1) be given, fix X C 2 open and let w € C(X) and
1 : X — X be continuous such that

Cup+ F(X) = F(X), [ = (215 w(@) [($()))

is well-defined ((#1) = C,, continuous).
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Additionally, in case of (.#1), Q = R? and .%(X) C C*(X) we define
(F4) VX CR%open, 1 <j<d z€X: fr 0;f(z) € F(X) and for each
h € RN\{0},\ € K:

kern(f»—))\f Zhaf ) F(X)

Let © and .Z with (.#1) be given, fix X C 2 open and let w € C(X) and
1 : X — X be continuous such that

Cup+ F(X) = F(X), [ = (215 w(@) [($()))

is well-defined ((#1) = C,, continuous).

Cu,y acts locally on F(X) :&
VY C%(X) open: Cuy  F(Y) > FWTHY)), f = (20 w(@) f(4(a)))

is well-defined ((#1) = C, v is continuous)
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Additionally, in case of (.#1), Q = R? and .%(X) C C*(X) we define
(F4) VX CR%open, 1 <j<d z€X: fr 0;f(z) € F(X) and for each
h € RN\{0},\ € K:

d
kern (f 1=+ Af(x) = 30 hyd; (@) # F(X)

Let © and .Z with (.#1) be given, fix X C 2 open and let w € C(X) and
1 : X — X be continuous such that

Cup+ F(X) = F(X), [ = (215 w(@) [($()))

is well-defined ((#1) = C,, continuous).

Cu,y acts locally on F(X) :&
VY C%(X) open: Cuy  F(Y) > FWTHY)), f = (20 w(@) f(4(a)))

is well-defined ((#1) = C, v is continuous)
¢ run-away = VK € X3m e N: ¢y™(K)NK =10
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Additionally, in case of (.#1), Q = R? and .%(X) C C*(X) we define
(F4) VX CR%open, 1 <j<d z€X: fr 0;f(z) € F(X) and for each
h € RN\{0},\ € K:

d
kern (f 1=+ Af(x) = 30 hyd; (@) # F(X)

Let © and .Z with (.#1) be given, fix X C 2 open and let w € C(X) and
1 : X — X be continuous such that

Cup+ F(X) = F(X), [ = (215 w(@) [($()))

is well-defined ((.#1) = C,, continuous).

Cu,y acts locally on F(X) :&
VY C%(X) open: Cuy  F(Y) > FWTHY)), f = (20 w(@) f(4(a)))

is well-defined ((.#1) = Cy, .,y is continuous)

¢ run-away = VK € X3m e N: ¢y™(K)NK =10
(Xn)nen, open, rel. comp. exh. of X
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An almost characterisation of weak mixing
Assume .Z satisfies (F1) — (#3). If Cy, 4 acts locally on .Z (X)), i) = ii) = iv):

i) a) Vm € No, Y C ¢™(X) open, rel. comp. rg?m)_l(y)(f(X)) C
7 (W™ (v))

(Cw,w,(wm*l))*l(Y) 0.0 Cw,w,Y) (Y
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An almost characterisation of weak mixing
Assume .Z satisfies (F1) — (#3). If Cy, 4 acts locally on .Z (X)), i) = ii) = iv):

i) a) Vm € No, Y C ¢™(X) open, rel. comp. rg?’m)_l(y)(f(X)) C
7 (W™ (v))

(Cw7¢7(w(m71))71(y) ©...0 Cwﬂ/,,y
b) 3 (Xn)nen, V2 € NgIm € N :
bl) X, N¢™(Xn) =0, b2) ™ (X,) is open, b3) riﬁ"uwm(X") has dense range.

T. Kalmes (TU Chemnitz) Dynamics of weighted composition operators PDMC, Bedlewo, July 4, 2018 6 /16



An almost characterisation of weak mixing
Assume .7 satisfies (F1) — (F3). If C, 4 acts locally on # (X)), i) = i1) = iv):

i) a) Vm € No, Y C ¢™(X) open, rel. comp. rgg’m)_l(y)(f(X)) C
Z (™)

(Cw,w,(wmfw)*l(Y) o...0Cuyy)(

b) 3 (Xn)nen, V2 € NgIm € N :

bl) X, N¢™(Xn) =0, b2) ™ (X,) is open, b3) riﬁ"uwm(X") has dense range.
i) Cy.y is weakly mixing on #(X).

iv) a) from i) holds, w has no zeros, 9 is injective and run-away [and in case of
(Z4) and ¥ C1, additionally detJw(x) # 0,2 € X].
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An almost characterisation of weak mixing/transitivity
Assume .7 satisfies (F1) — (F3). If C, 4 acts locally on # (X)), i) = i1) = iv):

i) a) Vm € No, Y C ¢™(X) open, rel. comp. rgg’m)_l(y)(f(X)) C
Z (™)

(Cw,w,wm*“)*l(Y) o...0Cuyy)(
b) 3 (X )nen, Vn € Ngdm € N:
bl) X, N¢™(Xn) =0, b2) ™ (X,) is open, b3) riﬁ"uwm(X") has dense range.

i) Cy.y is weakly mixing on #(X).

iii) Cu,y is transitive on .Z (X).

iv) a) from i) holds, w has no zeros, 9 is injective and run-away [and in case of
(Z4) and ¥ C1, additionally detJw(x) # 0,2 € X].

Additionally, if #(Q2) is dense in C(Q) or if |w(x)| < 1,z € X, then it holds

i) = 1) = i) = v).
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Some thoughts on the condition a) Vm € Ny, Y C ™ (X) open, rel. comp.

my—1 F (™)~ (Y))
P ONF (X)) S (Coppipin)1(x) © -+ © Cunpy ) (F(Y))

for injective, open 1 (with detJy(z) # 0) and w without zeros:
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Some thoughts on the condition a) Vm € Ny, Y C ™ (X) open, rel. comp.

my—1 F((p™) 1Y)
P ONF (X)) € (Copppm-1)-1(v) © -+ © Curry ) (F(Y))

for injective, open 1 (with detJy(z) # 0) and w without zeros:
For f € Z((¢v™)"1(Y)),

f

Y 5K y— <_H;n=—01 w(wi ()

Jo ™)
is well-defined and continuous. In case of f € .Z(Y), we have

(Cupswim-1y-1(vy © -0 Cugp v ) (f) = f.
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Some thoughts on the condition a) Vm € Ny, Y C ¢™(X) open, rel. comp.

1y F(¥™) 7 Y))
P ONF (X)) € (Copppin-1)-1(v) 0 -+ © Carpy ) (F (V)

for injective, open v (with detJy(z) # 0) and w without zeros:
For f € .Z((¥™)~1(Y)),

f

Y 5K y— <H;-n:ol w(wi ()

Jo ™)

is well-defined and continuous. In case of f € .#(Y), we have
(Corpypm-1y-10v) 0+ 0 Cuiy ) (F) =
f € Z(Y) in many concrete cases for .# whenever w has no zeros and v is

injective (and open); for example: .% = continuous (X C R¢ open), smooth,
holomorphic, or real analytic functions
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Some thoughts on the condition a) Vm € Ny, Y C ¢™(X) open, rel. comp.

my—1y F((p™) 1Y)
P ONF (X)) € (Copppin-1)-1(v) 0 -+ © Carpy ) (F (V)

for injective, open v (with detJy(z) # 0) and w without zeros:
For f € .Z((¥™)~1(Y)),

I
175 w(wi(-)

is well-defined and continuous. In case of f € .#(Y), we have

Fiy =Ky ( ) e ™)

(Cupy(wm-1y-1(v) © -+ © Cupy ) (f) = f.

f € Z(Y) in many concrete cases for .# whenever w has no zeros and v is
injective (and open); for example: .% = continuous (X C R¢ open), smooth,
holomorphic, or real analytic functions

Moreover: Cy, 4 has dense range = condition satisfied (without any restrictions
on w and 1))
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¥ : X — X has stable orbits : = VK € X3ILEXVmeNy: v"(K)CL
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¥ : X — X has stable orbits : VK € XL € XVmeNy: v™(K)C L

Power boundedness
Assume that .% satisfies (.#1). Moreover, assume
a) Vo € X : kernd, # F(X).

b) 3 (X, )nen, V1,2 € X\X,,, W C X\X,, nbh. of z 3U C W open nbh. z:
rv""" has dense range.

c) Vm e Ny : {z € X; w®™(z)) # 0} is dense in X.
If we F(X), i) = i):
i) Cy,y is power bounded on .7 (X).
i) 1) has stable orbits and {C}! ,(w); m € No} is bounded in .7 (X).
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¥ : X — X has stable orbits : VK € XL € XVmeNy: v™(K)C L

Power boundedness
Assume that .# satisfies (.#1). Moreover, assume
a) Vo € X : kernd, # F(X).

b) 3 (X, )nen, V1,2 € X\X,,, W C X\X,, nbh. of z 3U C W open nbh. z:
rx"“Y has dense range.

c) Vm e Ny : {z € X; w®™(z)) # 0} is dense in X.
If we F(X), i) = i):
i) Cy,y is power bounded on .7 (X).
i) 1) has stable orbits and {C}! ,(w); m € No} is bounded in .7 (X).
In case .7 is equipped with the compact open topology the above are equivalent. )
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¥ : X — X has stable orbits : VK € X3IL € XVm e Ny: ¢"™(K) C

Power boundedness
Assume that .# satisfies (.#1). Moreover, assume
a) Vo € X : kernd, # F(X).

b) 3 (X, )nen, V1,2 € X\X,,, W C X\X,, nbh. of z 3U C W open nbh. z:
rx""Y has dense range.

c) Vm e Ny : {z € X; w®™(z)) # 0} is dense in X.
If we F(X), i) = i):
i) Cy,y is power bounded on .7 (X).
i) 1) has stable orbits and {C}! ,(w); m € No} is bounded in .7 (X).
In case .Z is equipped with the compact open topology the above are equivalent. )

c) satisfied if w=1(K\{0}) = X and ¥z 3 open nbh. U, : ¢y, injective, open.
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Apply (almost) characterisations of transitivity/ (weak) mixing and power
boundedness to kernels of differential operators:

Let P € C[Xy,...,Xq4],P(&) = Z|a\§m aa&® be non-constant, X C R? open
Ep(X) ={f € C*(X); P(9)f =0in X}, where P(O)f =", /<, @a0*f.
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Apply (almost) characterisations of transitivity/ (weak) mixing and power
boundedness to kernels of differential operators:

Let P € C[Xy,...,X4], P(§) = Z|a\§m aa&® be non-constant, X C R? open
Ep(X) :={f € C=(X); P(9)f =0in X}, where P(9)f =3, <, aa0”[.

&p(X) is a closed subspace of C°°(X), hence a separable nuclear Fréchet space
(thus Montel), and .# = &p defines sheaf on R? satisfying (#1) and (#2).
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Apply (almost) characterisations of transitivity/ (weak) mixing and power
boundedness to kernels of differential operators:

Let P € C[Xy,...,X4], P(§) = Z|a\§m aa&® be non-constant, X C R? open
Ep(X) :={f € C=(X); P(9)f =0in X}, where P(9)f =3, <, aa0”[.

&p(X) is a closed subspace of C°°(X), hence a separable nuclear Fréchet space
(thus Montel), and .# = &p defines sheaf on R? satisfying (#1) and (#2).

(#3) need not be satisfied: d =2, P(£1,&2) = &1 = &p does not separate points
in R2.
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Concrete examples:

o R? =C and P(&,&) = (& +i&) = P(0) = d Cauchy-Riemann operator
and ép(X) = A (X)

e P(&,...,¢8) = Z;l:l 5]2 = P(0) = A Laplace operator,
&p(X) ={f; f harmonic in X'}

° P(&,---58a) =& — E?Zl SJQ- — P(9) = a%) — A heat operator
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Concrete examples:

o R? =C and P(&,&) = (& +i&) = P(0) = d Cauchy-Riemann operator
and ép(X) = A (X)

e P(&,...,¢8) = Z’;:l 5]2 = P(0) = A Laplace operator,
&p(X) ={f; f harmonic in X'}

° P(&,---58a) =& — E?Zl SJQ- — P(9) = a%) — A heat operator
P(&) = X aj<m @al® elliptic 1= V& € RAN{0}:0 # Pr(€) i= 2 4= @ab®
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Concrete examples:

o R? =C and P(&,&) = 1(& +i&2) = P(9) = 9 Cauchy-Riemann operator
and ép(X) = #(X)

e P(&,...,¢8) = Z';:l £ = P(d) = A Laplace operator,
&p(X) ={f; f harmonic in X'}

o P(&,..., &) =¢& — Z?Zl §J2- — P(9) = 6%0 — A\ heat operator
P() = X jaj<m @al™ elliptic ¢ V& € RA{0} 1 0% Pru(€) = X0y @al®

P hypoelliptic 1< Yu e 2'(X) : (P()u=0=uec C®(X))

Then &p(X) = {u € 2/'(X); P(9)u = 0}, the relative top. from 2'(X) on
&p(X) coincides with the original top. on &p(X), and therefore: &p(X) is a
nuclear Fréchet space when equipped with the compact open topology.

P elliptic = P hypoelliptic = &p satisfies (F1) — (F4)
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Objective: Apply (almost) characterisation of transitivity/weak mixing and power
boundedness of C,, , to &p.
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Objective: Apply (almost) characterisation of transitivity/weak mixing and power
boundedness of C,, , to &p.

To apply both (almost) characterisations we need particular open, rel. comp. exh.
(Xn)nen, of open X C R? open such that rig"UB has dense range for all n and
suitable B C X\ X,, open.
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Objective: Apply (almost) characterisation of transitivity/weak mixing and power
boundedness of C,, , to &p.

To apply both (almost) characterisations we need particular open, rel. comp. exh.
(Xn)nen, of open X C R? open such that ri(("UB has dense range for all n and
suitable B C X\ X,, open.

This implies that necessarily P(9) : C*(X) — C*°(X) is surjective (<: X is
P-convex).
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Objective: Apply (almost) characterisation of transitivity/weak mixing and power
boundedness of C,, , to &p.

To apply both (almost) characterisations we need particular open, rel. comp. exh.
(Xn)nen, of open X C R? open such that r))g"UB has dense range for all n and
suitable B C X\ X,, open.

This implies that necessarily P(9) : C*(X) — C*°(X) is surjective (<: X is
P-convex).

True for elliptic operators and arbitrary open X C R? but not true for general
(hypoelliptic) operators and arbitrary X.
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Theorem (Power boundedness on &p)

Let X C RY be open, w € C®(X),% : X — X smooth s.th. w™!(C\{0}) is
dense in X and ¢ is locally injective, P hypoelliptic with P(0) = 0. Then in any
of the two cases

a) P is elliptic,

b) d >3, {¢€¢€ R%; P, (&) = 0} is a one-dimensional subspace, X is P-convex,
tfae:

i) Cuy.y is power bounded on &p(X).

i) 1 has stable orbits and {C]', (w); m € N} is bounded in C(X).
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Theorem (Power boundedness on &p)

Let X C RY be open, w € C®(X),% : X — X smooth s.th. w™!(C\{0}) is
dense in X and ¢ is locally injective, P hypoelliptic with P(0) = 0. Then in any
of the two cases

a) P is elliptic,

b) d >3, {£ € R% P,,(¢) =0} is a one-dimensional subspace, X is P-convex,
tfae:

i) Cuy.y is power bounded on &p(X).

i) 1 has stable orbits and {C]', (w); m € N} is bounded in C(X).
If w =1 the following are equivalent to i), ii).

i) Cy,yp is (uniformly) mean ergodic on &p(X).
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Theorem (Power boundedness on &p)

Let X C RY be open, w € C®(X),% : X — X smooth s.th. w™!(C\{0}) is
dense in X and ¢ is locally injective, P hypoelliptic with P(0) = 0. Then in any
of the two cases

a) P is elliptic,

b) d >3, {¢ € R%; P, (&) = 0} is a one-dimensional subspace, X is P-convex,
tfae:

i) Cuy.y is power bounded on &p(X).

i) 1 has stable orbits and {C]', (w); m € N} is bounded in C(X).
If w =1 the following are equivalent to i), ii).

i) Cy,yp is (uniformly) mean ergodic on &p(X).

b) applicable to non-degenerate parabolic operators like the heat operator
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Theorem (Weak mixing on &p)

Let X C R? be homeomorphic to R? and let P be elliptic. If Cu,y acts locally on
ép(X), tfae:

i) Cy,y is weakly mixing on &p(X).
ii) Cy .y has dense range, w has no zeros, and 1 is injective and run-away.
Moreover, detJiy(z) # 0 for all z € X can be added to ii).
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Theorem (Weak mixing on &p)
Let X C R? be homeomorphic to R? and let P be elliptic. If Cu,y acts locally on
ép(X), tfae:

i) Cy,y is weakly mixing on &p(X).

ii) Cy .y has dense range, w has no zeros, and 1 is injective and run-away.

Moreover, detJy(x) # 0 for all z € X can be added to ii). Additionally, if |w| <1
the above are equivalent to

i) Cy,y is hypercyclic on &p(X).
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Consider the elliptic operator P(9) = A — A\, A € C.
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Consider the elliptic operator P(9) = A — A\, A € C.

Given X C R? open and C?-functions w, . C,,  is well-defined on &p(X) if and
only if

o V1< j#k<d: wVy;]* =w|V |2, w(Vy;, Vi) =0

o V1<j<d: wAY; +2(Vw,Vip;) =0

o Aw — \w = —A\w|Vy|?
(= Cu,y acts locally on &p(X))
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Corollary
Let X C R? be open and homeomorphic to R¢, P(9) = A — X\, X € C, w, 1) be
C? such that C,y is well-defined on &p(X). Tfae
i) Cuw,y is hypercyclic on &p(X).
i) Cy.y is weakly mixing on &p(X).
iii) w has no zeros and 1) is injective as well as run-away.
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Corollary

Let X C R? be open and homeomorphic to R¢, P(9) = A — X\, X € C, w, 1) be
C? such that Cy, ., is well-defined on &p(X). Tfae

i) Cuw,y is hypercyclic on &p(X).

i) Cy.y is weakly mixing on &p(X).

iii) w has no zeros and 1) is injective as well as run-away.

Question: When is an arbitrary (injective) v satisfying
o V1< j#k<d: wVy;?=uwVigl*,w(Vi;, Vi) = 0
o V1<j<d: wAy;+2(Vw,Vi;) =0
o Aw —dw = \w|Vi |2

for a zero-free w run-away, resp. when does it have stable orbits?
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