On a conjecture of Treves and its generalization to
ultradistributions

Thomas Kalmes

Trier University

VIII Meeting on Functional Analysis Murcia-Valencia
Alcoi, April 13-15, 2011

Thomas Kalmes Treves’ conjecture and a generalization



Tréves' conjecture

Let Q C R? be open, P(D) = P(—z’ai ...,—ia%d) where
Pe (C[Xl, R ,Xd].
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Tréves' conjecture

Let Q C R? be open, P(D) = P(—ia%l, Cee —ia%d) where
Pe (C[Xl, R ,Xd].

Malgrange (1956): P(D) : C*°(§2) — C*°(2) is surjective if and
only if € is P-convex for supports.

Hormander (1962): P(D) : 2'(2) — 2'(Q) is surjective if and
only if  is P-convex for supports as well as P-convex for singular

supports.

Q) is P-convex for singular supports < for every p € &'(Q2) one has

dist(Q2°, sing supp 1) = dist(Q, sing supp P (D))
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Tréves' conjecture

Natural question:
P(D) surjective on C*°(Q2) 5 P(D) surjective on 2'(Q)
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Natural question:
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Q P-convex for supports = ) P-convex for singular supports.
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Tréves' conjecture

Natural question:

‘?
Q P-convex for supports = ) P-convex for singular supports.

General answer: No, for d > 3 there are QO C R? and P such that
-  P-convex for supports

- € not P-convex for singular supports

Thomas Kalmes Treves’ conjecture and a generalization



Tréves' conjecture

Natural question:
‘?
Q P-convex for supports = ) P-convex for singular supports.

General answer: No, for d > 3 there are QO C R? and P such that
-  P-convex for supports

- € not P-convex for singular supports

Treves' conjecture (1966): Yes, for d = 2.
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A sufficient condition for P-convexity for singular supports

For each u € &'(Q):

sing supp P(D)u C sing supp .
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If £ is a fundamental solution of P(D) then
p=PD)uxE,

hence
sing supp p C singsupp P(D)u + singsupp E.
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A sufficient condition for P-convexity for singular supports

For each u € &'(Q):

sing supp P(D)u C sing supp .

If £ is a fundamental solution of P(D) then
p=PD)uxE,

hence
sing supp p C singsupp P(D)u + singsupp E.

There is one fundamental solution of E(P) for which the location

of singsupp E(P) is well understood by means of localizations at
infinity:
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A sufficient condition for P-convexity for singular supports

Let Q € C[Xy,...,Xq], t > 1and V C RY subspace.
Set for £ € R?
Qu(&,t):= sup |Qz+¢),

z€eV,|z|<t

as well as

Q(§7 t) = QRd (Ev t)'
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A sufficient condition for P-convexity for singular supports

Let Q € C[Xy,...,Xq], t > 1and V C RY subspace.
Set for £ € R?

Qv(&,t) == sup |Q(z+8)],

z€eV,|z|<t

as well as

Q(§7 t) = QRd (Ev t)'

For & € RY set Q¢(z) == Q(z + &).
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A sufficient condition for P-convexity for singular supports

Let Q € C[Xy,...,Xq], t > 1and V C RY subspace.
Set for £ € R?
Qu(&,t):= sup |Qz+¢),

z€eV,|z|<t

as well as

Q(§7 t) = QRd (Ev t)'

For & € RY set Q¢(z) == Q(z + &).
The set of limits of the normalized polynomials

Pe(x)

P(0,1)

as ¢ tends to infinity is denoted by L(P).
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A sufficient condition for P-convexity for singular supports

Let Q € C[Xy,...,Xq], t > 1and V C RY subspace.
Set for £ € R?
QV(&?t) ‘= Sup |Q(.T + 6)’7

z€eV,|z|<t

as well as

Q(§7 t) = QRd (Ev t)'

For & € RY set Q¢(z) == Q(z + &).

For N € S9! the set of limits of the normalized polynomials

Pe(x)

P(0,1)

as ¢ tends to infinity and &/|¢| — N is denoted by Ly (P), L(P) =
UNesdflLN(P).
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A sufficient condition for P-convexity for singular supports

Non-zero multiples of elements of L(P) (resp. Ly (P)) are called
localizations of P at infinity (in direction N ).
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Not hard to see: Q € Ly(P) < Q € L_n(P)
In particular: Q € L(P) & Q € L(P).
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A sufficient condition for P-convexity for singular supports

Non-zero multiples of elements of L(P) (resp. Ly (P)) are called
localizations of P at infinity (in direction N ).

Not hard to see: Q € Ly(P) < Q € L_n(P)
In particular: Q € L(P) & Q € L(P).
Define

AQ):={neRL VzeRLteR: Qx+1tn) = Q(x)}
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Clearly
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o ( constant & A(Q)* = {0}

Thomas Kalmes Treves’ conjecture and a generalization



A sufficient condition for P-convexity for singular supports

Non-zero multiples of elements of L(P) (resp. Ly (P)) are called
localizations of P at infinity (in direction N ).

Not hard to see: QELN(V)@QEL N(P)
In particular: Q € L(P) & Q € L(P).

Define
AQ):={neRL VzeRLteR: Qx+1tn) = Q(x)}

Clearly

@ A(Q) subspace and A(Q) = A(Q)
o ( constant & A(Q)* = {0}

Hormander:

e singsupp E(P) C UQeL P)A(Q)
o N € A(Q) for all Q € Ly(P)
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A sufficient condition for P-convexity for singular supports

For u € &'(Q)
singsuppu C  singsupp P(D)u + singsupp E(P)

- singsuppP(D);H— U AQ)*
QEeL(P)
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A sufficient condition for P-convexity for singular supports

For u € &'(Q)
singsuppu C  singsupp P(D)u + singsupp E(P)
C singsupp P(D)u + U AQ)*+
QeL(P)

Non-constant @ € L(P) and their A(Q)'s might make singsupp p
larger than singsupp P(D)u.
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A sufficient condition for P-convexity for singular supports

For u € &'(Q)
singsuppu C  singsupp P(D)u + singsupp E(P)
C singsupp P(D)u + U AQ)*+
QeL(P)

Non-constant (Q € L(VP) and their A(Q)s might make singsupp p
larger than singsupp P(D)u.

How to recognize non-constant QQ € L(P)?
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A sufficient condition for P-convexity for singular supports

For u € &'(Q)
singsuppu C  singsupp P(D)u + singsupp E(P)

C singsupp P(D)u + U AQ)*+
QeL(P)

Non-constant @ € L(P) and their A(Q)'s might make singsupp p
larger than sing supp P(D) .
How to recognize non-constant QQ € L(P)?
Q€ L(P) non-constant = limy_, o, Q(O,t) = 0o while
Q@) (0,1) = sup,en(@) o<t |Q(z + 0)| = |Q(0)]
For suitable (&,)nen tending to infinity:
Inion (0, P nt
Qa@(0,7) it i TAQ (én, 1)

0 = inf — = Al
t>1 Q(O,t) t>1n—o00 P(&n,t)
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A sufficient condition for P-convexity for singular supports

For u € &'(Q)
singsuppu C  singsupp P(D)u + singsupp E(P)
C singsupp P(D)u + U AQ)*+
QeL(P)
Non-constant @ € L(P) and their A(Q)'s might make singsupp p
larger than sing supp P(D) .
How to recognize non-constant QQ € L(P)?
Q€ L(P) non-constant = limy_, o, Q(O,t) = 0o while
Q@) (0,1) = sup,en(@) o<t |Q(z + 0)| = |Q(0)]
For suitable (&,)nen tending to infinity:
P o
QA Qu(0,1) Cf L FAQ (€n,t)
t>1 Q(Q t) t>1n—o0  P(&,. 1)

t
> inf hmlnfﬁ
t>1 ¢5o00  P(E.t

0 =

V
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A sufficient condition for P-convexity for singular supports

Hormander: For {0} # V C RY subspace define

op(V) = g{ 11§H_1>i>rolf P((;:’ ))
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A sufficient condition for P-convexity for singular supports

Hormander: For {0} # V C RY subspace define

op(V) = inf lim inf P~V(£’t).
21 €500 P(E,1)

Above: Q € L(P), A(Q)* # {0} = 0p(A(Q)) = 0
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A sufficient condition for P-convexity for singular supports

Hormander: For {0} # V C RY subspace define

op(V) = inf lim inf P~V(£’t).
21 €500 P(E,1)

Above: Q € L(P),A(Q)* # {0} = op(A(Q)) = 0
Abbreviation: op(y) = op(span{y}) = op(y) =op(Ay) YA #0
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A sufficient condition for P-convexity for singular supports

Let ) # ' € R? be an open convex cone and
I°:={eREVrel: (z,6 >0}

its dual cone.
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A sufficient condition for P-convexity for singular supports

Let ) # ' € R? be an open convex cone and
I°:={eREVrel: (z,6 >0}
its dual cone.

I'° is a closed proper convex cone.

Conversely: Every closed proper convex cone C'is the dual cone of
a unique open convex cone I'.
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A sufficient condition for P-convexity for singular supports

Let ) # ' € R? be an open convex cone and
I°:={eREVrel: (z,6 >0}

its dual cone.
I'° is a closed proper convex cone.

Conversely: Every closed proper convex cone C'is the dual cone of
a unique open convex cone I'.

From now on always I'° ¢ {(), {0} }!
= T' # RY, in particular 0 ¢ T'!
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A sufficient condition for P-convexity for singular supports

Theorem (Exterior cone condition)

Let © C R? be open and connected. Then € is P-convex for
singular supports if for every xg € OS2 there is a closed proper
convex cone I'® such that (zg+T°)NQ =0 and op(y) # 0 for
every y € T
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A sufficient condition for P-convexity for singular supports

Theorem (Exterior cone condition)

Let © C R? be open and connected. Then € is P-convex for
singular supports if for every xg € OS2 there is a closed proper
convex cone I'® such that (zg+T°)NQ =0 and op(y) # 0 for
every y € T

We will show that in case of d = 2 and €2 being P-convex for
supports and connected the above sufficient condition is always
satisfied!
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A sufficient condition for P-convexity for singular supports

Let P be of degree m with principal part Pp,.

i) Let N € S9! and Q € Ly(P). If P,,(N) # 0 then Q is
constant.
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A sufficient condition for P-convexity for singular supports

Let P be of degree m with principal part Pp,.
i) Let N € S%!and Q € Ly(P). If P(N) # 0 then Q is
constant.
ii) If P is non-elliptic then for every subspace {0} # V c R¢

op(V) = inf inf e, S,
t>1 Nesd-1, QeLn(P) Q(O0, )
P (N)=0
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Proving Tréves' conjecture

One advantage of R? over R?, d arbitrary:

Theorem (Hormander)
Let Q C R? be open and connected, P a polynomial of degree m
with principal part P,,. The following are equivalent:

i) Q is P-convex for supports.

ii) For every xy € OS2 there is a closed proper convex cone I'°
with (zo + I'°) N Q = 0, such that no hyperplane
H ={z; (z, N) = a} with P,,(N) = 0 intersects z¢ + I'°
only in xg. |
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Proving Tréves' conjecture

One advantage of R? over R?, d arbitrary:

Theorem (Hormander)
Let Q C R? be open and connected, P a polynomial of degree m
with principal part P,,. The following are equivalent:

i) Q is P-convex for supports.

ii") For every zg € OS2 there is a closed proper convex cone I'°
with (zo +T'°) N Q = 0, such that P, (y) # 0 for all y € T..

v
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Proving Tréves' conjecture

Another advantage of R? over R, d arbitrary:

Let P € C[Xy, X2] be of degree m with principal part P,,. Then

{y e S% op(y) =0} C {y € S Pn(y) =0}
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Proving Tréves' conjecture

Another advantage of R? over R, d arbitrary:

Let P € C[Xy, X2] be of degree m with principal part P,,. Then

{y e S% op(y) =0} C {y € S Pn(y) =0}

SKETCH OF THE PROOF: W.l.o.g. let P be non-elliptic.
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Proving Tréves' conjecture

Another advantage of R? over R, d arbitrary:

Let P € C[Xy, X2] be of degree m with principal part P,,. Then

{y e S% op(y) =0} C {y € S Pn(y) =0}

SKETCH OF THE PROOF: W.l.o.g. let P be non-elliptic.
Let {N € S%; P, (N) =0} = {Ny,...,N;}.
For 1 < j <1 choose z; € S' with z; L N;.
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Proving Tréves' conjecture

Another advantage of R? over R, d arbitrary:

Let P € C[Xy, X2] be of degree m with principal part P,,. Then

{y e S% op(y) =0} C {y € S Pn(y) =0}

SKETCH OF THE PROOF: W.l.o.g. let P be non-elliptic.
Let {N € S%; P, (N) =0} = {Ny,...,N;}.

For 1 < j <1 choose z; € S' with z; L N;.

Let @ € L(P) non-constant
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Proving Tréves' conjecture

Another advantage of R? over R, d arbitrary:

Let P € C[Xy, X2] be of degree m with principal part P,,. Then

{y e S% op(y) =0} C {y € S Pn(y) =0}

SKETCH OF THE PROOF: W.l.o.g. let P be non-elliptic.

Let {N € S%; P, (N) =0} = {Ny,...,N;}.

For 1 < j < choose x; € S' with z; L N;j.

Let @ € L(P) non-constant | = . 31 <j<Il: Q€ Ly,(P).
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Proving Tréves' conjecture

Another advantage of R? over R, d arbitrary:

Let P € C[Xy, X2] be of degree m with principal part P,,. Then

{y e S% op(y) =0} C {y € S Pn(y) =0}

SKETCH OF THE PROOF: W.l.o.g. let P be non-elliptic.

Let {N € S%; P, (N) =0} = {Ny,...,N;}.

For 1 < j < choose x; € S' with z; L N;j.

Let @ € L(P) non-constant | = . 31 <j<Il: Q€ Ly,(P).

Show that for y € S*

Qspan{y}(07t> \|m
Q(O,t) ZCKy?xj)’ ’

where C' > 0 depends only on m.
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Proving Tréves' conjecture

Another advantage of R? over R, d arbitrary:

Let P € C[Xy, X2] be of degree m with principal part P,,. Then

{y e S% op(y) =0} C {y € S Pn(y) =0}

SKETCH OF THE PROOF: W.l.o.g. let P be non-elliptic.
Let {N € S%; P, (N) =0} = {Ny,...,N;}.

For 1 < j <1 choose z; € S' with z; L N;.

With Lemma 1 it follows for y € S*:

Qspan{y} (07 t)

— inf inf  inf "
op(y) ] Neligld—h Qelerlv(P) Q(0,1)

P (N)=0
) 0,t
= inf min  inf M}“ > C min [(y,z;)|™
t>11<j<IQELN, (P) Q(0,1) 1<5<1
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Proving Tréves' conjecture

Another advantage of R? over R, d arbitrary:

Let P € C[Xy, X2] be of degree m with principal part P,,. Then

{y e S% op(y) =0} C {y € S Pn(y) =0}

SKETCH OF THE PROOF: W.l.o.g. let P be non-elliptic.
Let {N € S%; P, (N) =0} = {Ny,...,N;}.

For 1 < j <1 choose z; € S' with z; L N;.

With Lemma 1 it follows for y € S*:

op(y) >C lrgji,gl Iy, )™,
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Proving Tréves' conjecture

Another advantage of R? over R, d arbitrary:

Let P € C[Xy, X2] be of degree m with principal part P,,. Then

{y e S% op(y) =0} C {y € S Pn(y) =0}

SKETCH OF THE PROOF: W.l.o.g. let P be non-elliptic.
Let {N € S%; P, (N) =0} = {Ny,...,N;}.

For 1 < j <1 choose z; € S' with z; L N;.

With Lemma 1 it follows for y € S*:

ap(y)zz(7lgggle,xjH”ﬁ

so if 0 = op(y) we have y L z; hence y € {N;, —N;} for some
1<j<l. O
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Proving Tréves' conjecture

Solution of Tréves' conjecture

Let P € C[X1, X2] and  C R? open. The following are
equivalent:

i) P(D):C*®(2) — C>(9) is surjective.
i) P(D):2'(Q) — 2'(Q) is surjective.
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Proving Tréves' conjecture

Solution of Tréves' conjecture

Let P € C[X1, X2] and  C R? open. The following are
equivalent:

i) P(D):C*®(2) — C>(9) is surjective.
i) P(D):2'(Q) — 2'(Q) is surjective.

PROOF: ii) = i) always.
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Proving Tréves' conjecture

Solution of Tréves' conjecture

Let P € C[X1, X2] and  C R? open. The following are
equivalent:

i) P(D):C*®(2) — C>(9) is surjective.
i) P(D):2'(Q) — 2'(Q) is surjective.

PROOF: ii) = i) always.
i) = 1) : w.l.o.g. Q connected.
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Solution of Tréves' conjecture

Let P € C[X1, X2] and  C R? open. The following are
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i) = ) P-convex for supports
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Proving Tréves' conjecture

Solution of Tréves' conjecture

Let P € C[X1, X2] and  C R? open. The following are
equivalent:

i) P(D):C*®(2) — C>(9) is surjective.
i) P(D):2'(Q) — 2'(Q) is surjective.

PROOF: ii) = i) always.
i) = 1) : w.l.o.g. Q connected.

i) = ) P-convex for supports
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Proving Tréves' conjecture

Solution of Tréves' conjecture

Let P € C[X1, X2] and  C R? open. The following are
equivalent:

i) P(D):C*®(2) — C>(9) is surjective.
i) P(D):2'(Q) — 2'(Q) is surjective.

PROOF: ii) = i) always.
i) = 1) : w.l.o.g. Q connected.

i) = ) P-convex for supports
= VaoedIlr’: (zo+I°)NQ=0and P,(y) #0Vy el
= Ve dQ3IT°: (zg+T°)NQ=0and op(y) #0Vy el
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Proving Tréves' conjecture

Solution of Tréves' conjecture

Let P € C[X1, X2] and  C R? open. The following are
equivalent:

i) P(D):C*®(2) — C>(9) is surjective.
i) P(D):2'(Q) — 2'(Q) is surjective.

PROOF: ii) = i) always.
i) = 1) : w.l.o.g. Q connected.

i) =
=

=
=

Q) P-convex for supports

Vag € dQIT: (zo+T°)NQ=0and Py(y) #0Vy el
Vag€e Q3T : (zo+T°)NQ=0and op(y) #0Vy €T
Q P-convex for singular supports
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Proving Tréves' conjecture

Solution of Tréves' conjecture

Let P € C[X1, X2] and  C R? open. The following are
equivalent:

i) P(D):C*®(2) — C>(9) is surjective.
i) P(D):2'(Q) — 2'(Q) is surjective.

PROOF: ii) = i) always.
i) = 1) : w.l.o.g. Q connected.

i) =
=

R

Q) P-convex for supports

Vag € dQIT: (zo+T°)NQ=0and Py(y) #0Vy el
Vag€e Q3T : (zo+T°)NQ=0and op(y) #0Vy €T
Q P-convex for singular supports

i7) O
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A generalization to ultradistributions of Beurling type

Let w : [0,00) — [0,00) be a non-quasianalytic weight function,
i.e. w is continuous, increasing and satisfies

() IK>1Vt>0: w(2t) < K(14+w(t)),
([))) 1+t2dt < 00,

() T logt _ o,

(0) ¢ = woexp is convex.
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A generalization to ultradistributions of Beurling type

Let w : [0,00) — [0,00) be a non-quasianalytic weight function,
i.e. w is continuous, increasing and satisfies
() IK>1Vt>0: w(2t) < K(1+w(t)),

)
(B) 1th2dt<oo
)

(v hmt_mO 1?(—5 =0

(0) ¢ = woexp is convex.
Extend w to C? via w(z) = w(|z]).
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A generalization to ultradistributions of Beurling type

Let w : [0,00) — [0,00) be a non-quasianalytic weight function,
i.e. w is continuous, increasing and satisfies
() IK>1Vt>0: w(2t) < K(1+w(t)),

)
(B) 1th2dt<oo
)

(v hmt_mO 1?(—5 =0

(0) ¢ = woexp is convex.
Extend w to C? via w(z) = w(|z|).For K C R% compact let

D(K) = {f€ C*®°(RY); supp f € K and
/ |f(x)| exp(Aw(z)) dz < oo for all X > 1}
R4

be equipped with its natural Fréchet space topology,
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A generalization to ultradistributions of Beurling type

Let w : [0,00) — [0,00) be a non-quasianalytic weight function,
i.e. w is continuous, increasing and satisfies
() IK>1Vt>0: w(2t) < K(1+w(t)),

)
(B) 1th2dt<oo
)

(v hmt_mO 1?(—5 =0

(0) ¢ = woexp is convex.
Extend w to C? via w(z) = w(|z|).For K C R% compact let

D(K) = {f€ C*®°(RY); supp f € K and
/ |f(x)| exp(Aw(z)) dz < oo for all X > 1}
R4

be equipped with its natural Fréchet space topology,and
= | 2K
KeQ

with its natural (LF)-space topology.
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A generalization to ultradistributions of Beurling type

.@(’w)(Q) are the ultradistributions of Beurling type over €.
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A generalization to ultradistributions of Beurling type

.@(’w)(Q) are the ultradistributions of Beurling type over €.

The associated local space
Sy () ={u e @('w)(Q); ou € P, (2) for all p € 7, ()}

is the space of wltradifferentiable functions of Beurling type over ().
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A generalization to ultradistributions of Beurling type

Theorem (Bonet, Galbis, Meise; Frerick, Wengenroth)

Let © C R? be open, w non-quasianalytic weight function and
P e C[Xy,...,X4]. The following are equivalent.

i) P(D): (’w) Q) — @(’w)(ﬂ) is surjective.

i) Q is P-convex for supports as well as P-convex for
(w)-singular supports.
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A generalization to ultradistributions of Beurling type

Theorem (Bonet, Galbis, Meise; Frerick, Wengenroth)

Let © C R? be open, w non-quasianalytic weight function and
P e C[Xy,...,X4]. The following are equivalent.

i) P(D): (’w) Q) — @(’w)(ﬂ) is surjective.

i) Q is P-convex for supports as well as P-convex for
(w)-singular supports.

<

In case of d = 2 is P-convexity for (w)-singular supports implied by
P-convexity for supports?
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A generalization to ultradistributions of Beurling type

Langenbruch: For {0} # V C RY subspace let

e P (€ tw(€)
op (V) = }/1215 hEH_l)g)lf m
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A generalization to ultradistributions of Beurling type

Langenbruch: For {0} # V C RY subspace let

. .. p\/(§7tw(£))
op (V) = g{ hgg)lf m

Theorem (Exterior cone condition for weight functions)

Let © C R? be open and connected, w a non-quasianalytic weight
function. Then X is P-convex for (w)-singular supports if for every
xo € 0N there is a closed proper convex cone I'° such that
(zo+T°)NX =0 and op,(y) # 0 for every y € T'.
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A generalization to ultradistributions of Beurling type

Langenbruch: For {0} # V C RY subspace let

op (V) = gg hgg)lf m

Theorem (Exterior cone condition for weight functions)

Let © C R? be open and connected, w a non-quasianalytic weight
function. Then X is P-convex for (w)-singular supports if for every
xo € 0N there is a closed proper convex cone I'° such that
(zo+T°)NX =0 and op,(y) # 0 for every y € T'.

Let P € C[Xy, X2] be of degree m with principal part P,,. Then

{y € S'; op(y) =0} C {y € S'; Pn(y) =0}

for any weight function w.
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A generalization to ultradistributions of Beurling type

Let P € C[X1, X2] and © C R? open. The following are
equivalent.

i) P(D):C*®(2) = C*°(Q) is surjective.
i) P(D):2'(Q) — 2'(Q) is surjective.
i) P(D) : @(’w)(Q) — @(’w)(ﬂ) is surjective for every
non-quasianalytic weight function w.
iv) P(D) : _@’w)(Q) — _@’w)(ﬂ) is surjective for some

( (
non-quasianalytic weight function w.
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