HYPERCYCLICITY AND MIXING FOR COSINE OPERATOR
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T. KALMES

ABSTRACT. For Q C R? open, we characterize when cosine operator functions generated
by second order partial differential operators on LP (2, 1) and Cop,,(€2), respectively, are
hypercyclic and prove that this happens if and only if they are weakly mixing. In the
case of d = 1 we give an easy to check characterization of when this happens. Moreover,
mixing of these cosine operator functions is also characterized.
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1. INTRODUCTION

A continuous linear operator T on a separable Banach space X is called hypercyclic if
there is a hypercyclic vector € X for T which means that {T"z; n € N} is dense in X.
There are a number of articles dealing with hypercyclic operators, for a survey see e.g. [I1],
[12].

Analogously, a family (T,),e; of continuous linear operators on X, is called hypercyclic
if there exists an element € X such that {T,x; ¢« € I} is dense in X. In this case z is
again called hypercyclic vector for the family (T,),c;. Apart from single operators, there are
various results on hypercyclic Cy-semigroups, see e.g. [8], [2], [5], [, [6], [13], [14] [, [7].

A notion closely related to hypercyclicity is that of transitivity. A family of continuous
linear operators (7,),c;r on a Banach space X is called transitive if for each pair of non-
empty, open subsets U,V of X there is ¢ € I such that T, 1(U) NV # 0. It was shown by
Grosse-Erdmann that (7),),es is transitive if and only if (7},),es is hypercyclic and the set
of hypercyclic vectors is dense [I0, Satz 1.2.2 and its proof]. Moreover, Peris proved that a
commuting family of continuous linear operators (7,),cs for which each T, has dense range
is hypercyclic if and only if the set of hypercyclic vectors is dense [I1, Proposition 1]. In
particular, an arbitrary commuting family of continuous linear operators (7,),c; for which
each T, has dense range is hypercyclic if and only if it is transitive.

A family of continuous linear operators (T,),c; on a Banach space X is called weakly
mizing if (T, ® T,),es is transitive on X & X. And finally, a family of continuous linear
operators (T})ter is called mizing if for each pair of non-empty, open subsets U,V of X
there is to € R such that T, 1 (U) NV # () for every t > to.

A cosine operator function on a Banach space X is a strongly continuous mapping C from
the real line into the space of continuous linear operators on X satisfying C'(0) = id and the
d’Alembert functional equation 2C(¢)C(s) = C(t+s)+C(t—s) for all s,t € R. If T is a Co-
group it is easily seen that C(t) := $(T'(t) + T(—t)) defines a cosine operator function. The
generator of a cosine operator function is defined as Af := lim;_,o 2 (C(t) f—f) for f € D(A),
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i.e. for those f for which the limit exists. If T is a Cy-group with generator (A, D(A)) then
the cosine operator function defined by C(t) = £(T'(t) + T(—t)) has generator (A2, D(A?)).

Transitive cosine operator functions on Banach spaces were first considered by Bonilla
and Miana in [3]. Among other things they gave a sufficient condition for the translation
cosine function on LF(R) and Cj ,(R), respectively, to be transitive and characterized when
it is mixing. Moreover, they showed that there is a topologically mixing cosine operator
function on any separable infinite dimensional Banach space.

The paper is organized as follows. In section 2 we show that at least for cosine opera-
tor functions stemming from strongly continuous groups hypercyclicity and transitivity are
equivalent. In section 3 we give sufficient conditions for hypercyclicity of cosine operator
functions generated by second order partial differential operators on space of integrable
functions and continuous functions, respectively. Moreover, we show that under some mild
additional conditions these sufficient conditions are also necessary and that then hyper-
cyclicity is equivalent to weak mixing. Furthermore, mixing of the same cosine operator
functions is characterized as well. Since the given conditions might be difficult to check for
concrete examples we concentrate on the one-dimensional case in section 4 and considerably
simplify the conditions characterizing hypercyclicity and mixing. Several examples are given
to illustrate the given results.

2. A GENERAL OBSERVATION

In this short section we show that for cosine operator functions defined via a Cy-group
hypercyclicity is indeed equivalent to transitivity. We begin with a general proposition.

Proposition 1. Let T be a Co-group on the Banach space X and define C(t) := L(T'(t)
T(—t)), t € R. If the cosine operator function C = (C(t))ier is hypercyclic then op,(T'(t)*)
0 for all t > 0, where o,(T(t)*) denotes the point spectrum of the transpose of T(t).

I+

PROOF: Assume there is to > 0 such that o,(T(tg)*) # 0. Let (4, D(A)) be the generator
of T. Since T'(to) is one-to-one and onto it follows from the spectral mapping theorem for
the residual spectrum (cf. [9, Theorems IV.3.7 and 3.8]), that there are A € o,(A4*) and
x' € X'\{0} such that e € o,(T(t)*) and T(t)*2’ = e*2’ for all t > 0. From this we get
C(t)*z’ = cosh(t\)z’ for t > 0.

Let x be a hypercyclic vector for C. Then, since z’ # 0 we get

K = {2/(C(t)z); t > 0} = {cosh(t\)z’(z); t > 0} = {cosh(t\); t > 0}z’ (x)

giving a contradiction. O

Corollary 2. Let T be a Cy-group on the Banach space X and let C(t) := 2(T'(t) +
T(-t)), t € R. If the cosine operator function C' = (C(t))icr is hypercyclic then the set of
hypercyclic vectors for C is a dense Gs-set in X. In particular, C is hypercyclic if and only

if C is transitive.

Proor: We have C(t) = $(T'(2t) + id)T(—t). Because T((—t) is one-to-one and onto,
C(t) has dense range if T'(2t) + id has dense range, i.e. if —1 ¢ o,(T(2t)*) which is true
by the above proposition. Since C(s)C(r) = C(r)C(s) for all r,s € R it follows from [I1]
Proposition 1] that the set of hypercyclic vectors for C is dense in X. From [3] Theorem
1.1] we obtain that C' is hypercyclic if and only if C is transitive. O

Remark 3. It seems to be still unknown whether for general cosine operator functions
hypercyclicity and transitivity are equivalent properties.
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3. CHARACTERIZATIONS OF HYPERCYCLICITY AND MIXING IN ARBITRARY DIMENSIONS

In this section we characterize when cosine operator functions generated by second order
differential operators are hypercyclic or mixing, respectively. Observe that by taking ¢t = 0
in the d’Alembert equation we get C'(s) = C(—s) for all s € R so that C is hypercyclic
(mixing) if and only if (C(s))s>0 is hypercyclic (mixing).

We consider an open subset Q of R? and a locally Lipschitz continuous vector field F on
Q) such that for every xy € Q the unique solution ¢(-, z¢) of the initial value problem

&= F(z),z(0) = x¢
is defined on R. Moreover, let h : 2 — R be a continuous function.
We call a locally finite Borel measure p on Q p-admissible for F' and h, if T'(t)f(z) :
exp(fot ho(r,z)) dr)f(p(t,z)),t € R, defines a Cy-group on LP(u), where p € [1, 00).
For t € R we define the Borel measures v, ,(B) = fw(—t B) Y du, where hy(z) =
exp(fot h(p(r,z))dr) for t € R. Note that these are well defined since ¢(t,-) is a home-
omorphism of Q with ¢(¢,-)~*(B) = ¢(—t, B) for each t € R and B C 2 Borel measurable.

Moreover, a function p : @ — (0, 00) is called Cy-admissible for F and h, if T(t) defined
as above gives a Cy-group on Cj ,(f2), where

Cop():={feC(Q);Ve >0: {x € Q|f(z)|p(x) > e} is compact}

is equipped with the norm || f|| := sup,ecq |f(z)|p(x). Since Q is locally compact and p is
locally finite the subspace C.(€2) of compactly supported continuous functions is dense in
LP(p). The same obviously holds for Co ,(£2).

As [13], Theorem 4.7, Proposition 4.12, Remark 3.10 and the remark following Theorem
4.11] one proofs the following theorem which we give only for completeness’ sake. Observe
that by our hypotheses we have ¢(t,2) = Q for all ¢ € R and that {hi(z)p(z) > 6} N
o(—t,K),d > 0, is always compact if p is upper semicontinuous. Recall that x — o(t,z) is
continuously differentiable if F' is continuously differentiable. In case of existence we denote
the Jacobian of x — ¢(t,x) by De(t, z).

Theorem 4. Let p be a locally finite Borel measure on ) and let F' and h be as above.

a) The following are equivalent.
i) p is p-admissible for F' and h.
ii) vp has a p-density g, € L>(un) and there are constants M > 1,w € R such
that || gp.illeo < Me?ltl for all t € R.
b) Assume that v has a positive Lebesgque density p. If F' is continuously differentiable
the following are equivalent.
1) p is p-admissible for F' and h.
ii) There are M > 1,w € R such that for t € R and \%-almost all z €

K (x)p(x) < Me“l! p(p(t, z))| det Dop(t, )|,

where \* denotes d-dimensional Lebesque measure.
¢) Let p be p-admissible for F and h and assume that u has a positive Lebesque density
p. If F is differentiable a u-density of vpy, resp. vp ¢, is given by

p(‘P(_ta ))‘ det D(p(—t, )l
ph?, 7

resp.
p(e(t, )| det Do(t, -)|
phy '
d) Let p: Q — (0,00). Then i) implies ii).
i) p is Cy-admissible for F' and h.
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ii) There are constants M > 1 and w € R such that for allt € R and x €

hi(z)p(x) < Me“p(p(t, x)).
Moreover, if p is upper semicontinuous the above are equivalent.
e) Let F and h be twice continuously differentiable, u be p-admissible, and p Cp-
admissible for F' and h. Let X be either LP(u) or Co ,(2). The generator of the
cosine operator function on X defined via

(@) f)(z) = %(ht(x)f(w(tvx)) + h_t(z) f(p(—t, x)))
s given by the closure of the operator
C%(Q) = X,

d d d d
fr Y FiFd;0cf + > (20F;+ Y | Fu0iFy)0;f + (h* + Y Fj0;h)f.

jk=1 j=1 k=1 j=1

In particular, if F = a € R? and h = o € R it follows that for a p-admissible mea-
sure p, respectively a Cy-admissible p, the generator of the cosine operator function under
consideration is the closure of the operator

C2(Q) = X, f = (a,Vf a) + 2a(a, V) + o f,
where V2 denotes the Hessian of f.

Theorem 5. Let p be p-admissible for F' and h. For the cosine operator function C(t) :=
L(T(t)+T(—t)) with T(t)f(z) = h(z) f(¢(t, x)), among the following, i) implies ii) and ii)
implies 1i1).

i) For each compact subset K of Q there are sequences (L} )nen and (L, )nen of Borel
subsets of K and a sequence (t,)nen of positive numbers such that for L, := L} UL,
one has

nh—>H;o p(K\Ly) = nh—>H;o Vp,t, (Ln) = nh—>120 Vp,—t,, (Ln) =0

and

nh—>néo Vp.2t, (L:) = nh—>H;o Vp,—2t, (L’V:) =0.

i) C is weakly mizing on LP(u).

iii) C is hypercyclic on LP(u).
Moreover, if for every compact subset K of 2 one has limy oo (K N(t, K)) = 0 the above
are equivalent.

PROOF: In order to show that i) implies ii) let U;, Vj, j = 1, 2, be open, non-empty subsets
of LP(pu) and f; € U; N Ce(2), gj € V; NCe(R),7 = 1,2. Then K := supp fi Usupp fo U
supp g1 U supp g2 is compact. Choose (L), (L;, Jnen and (t,)nen as in i) for K. We can
assume without loss of generality that L} N L, = 0.

Setting for n € N, j = 1,2

Vjin = hae, ()95 (0(tns )X+ (0(tn, ) + het, ()i (o(—tn, )X (0(—tn: "))

n

it follows from

1/p
losall < </ hi,'gj(@(tm'))"’xwtmﬂmd“)

1/p
+ </ W2y 195 (@ (=tns NPX e 1) du)

< Ngslloo (vt (L)MP 4 vt (22)7)

where by || - [|cc We denote the sup-norm) that (f;xr, + v;n)nen converges to f; in ).
h b d h h JXLn Js j in LP
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Moreover,

1
C(tn)(fiXL, +Vjn) = giXL, + 3 (Pt () f5 (0t ) Xp(—tn L)

+ het, ()i (e(=tns ) Xo(tn. L)
+ h2tn (')Qj(@(?tn, .))XW(*ztn,Lj{)

oo (52t ) Xeat 1))
so that

IO (Fixza +vin) = g3l < Nlgjlloon(E\Ly) P

—i—% (V;D,Qtn (LYP +vp o, (L;)l/p) '

Hence, (C(tn)(fjXL, +Vjn) —gj)nen converges to g; in LP(u) which shows that C(t,,)(U;) N
V; # 0 for j = 1,2 and sufficiently large n, i.e. C' is weakly mixing.

Obviously, ii) implies iii).

Now, assume that lim;|_,o (K Ne(t, K)) = 0 for every compact subset K of 2. In order
to show that iii) implies i) let K be a compact subset of Q and ¢ € (0,1). By Corollary
there are v € LP(p) and ¢ > 0 such that |[v—xg|P < €% and ||C(t)v+xk]||P < €2 and without
loss of generality we can assume that u(KNp(2t, K)) < &2 as well as u(KNp(—2t, K)) < &2

By the continuity of the mapping L?(u,C) — LP(u,R), f — Ref and the fact that C
commutes with it, we can assume without loss of generality that v is real-valued.

Furthermore, for measurable subsets B C 2 we have |C(¢)(fxB)| < [|C(t) f|| for arbitrary
t € Rand all f € LP(u). Obviously the mapping LP(u,R) — LP(u,R), f + f*, where
/1= max{0, f}, satisfies ||(f + ¢)T|| < [|f/T 4+ ¢7|| and commutes with C so that for
measurable A C

CO @ xp)xal < ICEHV)T] = (CE)v = (=xx) + (=xx)) "
< CHv = (=xx )T+ 1(=xx) Tl
= (C®)o = (=xx)) Tl < IOt + xxc|| < >/
and |lv — xg||P < &2 implies
lo™xsl < o7l === l(xx —v—xx)"l
< e = vl + I(=xr) Tl = e — vl <27,

where v~ := max{0, —v}.
Setting L := K N{|1 —v|P <e}N{|1+ Ct)v|’ < e} it follows that u(K\L) < 2¢ as well
as vy > 1 — /P > 0 and (C(t))L < e/P -1 <0.
Now, define L~ := {z € L; (T(t)v)(z) < e'/? —1} and LT := L\L".
Using the fact that [ fdv, = [hY(-)f(¢(t,-)) du for positive, measurable f we obtain
? ICE) @ x)|?

£
> / WPt (8, ) (ot ) dp + / W (Yot (o(—t, )X (p(—t, ) du

- /(U+)p dvp,t + / (U+)p dvp,—¢ > (1= El/p)p(l’p,t(L) + vp,—t(L)),
L L

so that the first part of condition 7) follows, since € was arbitrary.

By definition of L™ we have (T(t)v)(z) < €'/ — 1 for x € L™ and it follows from
(Ctyw) L < eV/P —1 that (T(—t)v)(z) < /P — 1 for € LT. These inequalities give
1—el/r < (T'(t)v™ )~ which implies by bijectivity of ¢(—t,-) and hi(p(—t,-)) = 1/h_; that

1P < (D0 )(o(—t,2) = ho(p(—t, ) (2) = v~ (@) /hos(a)

V
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for x € p(t, L™). Analogously it follows that v=(x)/hs(z) > 1 — /P for x € o(—t, LT).
Using this, h.(z)hs(o(r,x)) = hrys(x) for all 7, s € R, and the positivity of the operator
T(—t) we have
(1= /P, 0 (LY) = / (1= /P)PhE, () x i+ (0(21, 2)) dia(z)
- / (1= /P)PRE (@) h(p(t, 2)Px oo (0l 2)) dia(z)
- / (1= /PYPhE (@)Xt () ()
< / (0 )P (@) /12 (@) B (2) Xt (&) e ()
- / B (@) (0 (ot 2) X o a1 (0 (8, ) dia()
- / (T(t)o )P () du(z)
p(—2t,L+)
< vt / (C(t) )P () dp(x)
p(—2t,L+)

= 2p+1”(c(t)v_)X¢(—2t,L+) 1P
27 (C(1) (v = v))xp(—2t,.L0) P
= 22PN(C(t)vT)Xp(—2t,2+) — (C()V + XK ) Xop(—2t,+)

X Knp(—2t,.+) I

< 2HRC)t P 4 27 (|C(H + x|
+2° (X kg (—26,.0) 1)
< 2926 4 (K N p(—2t, K)))

< 232,
In the same way one shows
(1 —eY/P)Py, o (L7) < 230+,
so that the second part of condition i) follows as well. O

Remark 6. Note that in the above proof we did not need neither the strong continuity of
t — T(t) nor the group law T(t)T'(s) = T(t + s).

In fact, we only need p to be a locally finite Borel measure on a locally compact, o-
compact Hausdorff space © such that T'(¢)f = h:(-) f(p:(+)) is a continuous operator for
every t from some index set, where h; is a positive continuous function on Q and ¢; a
homeomorphism of 2. For example, one could equip 2 = Z with the discrete topology and a
measure 4 with a positive counting density (3, )nez on Z, define ¢i(n) = n+t,n € Z, for all
t € Z. Then T(t)(xn)nez = (Tntt)nez. Obviously, T := T'(1) is a well-defined operator on
¢P(B3) if and only if sup,,cy, Bn/Bn+1 < 00. An analogue of the above theorem then reads that
under the assumption of sup,,cz Bn/Bnt1 < 0o the sequence of operators (T" 4+ T~")pen
is hypercyclic on ¢,(Z, 8) if and only if for each finite subset K of Z there are a strictly
increasing sequence (n;);en of natural numbers and a sequence (0;);en in {—1,1} such that

=00 =00 =00
keK keK keK

From sup,,cz Bn/Bnt1 < o0 it is easily deduced that the last condition is equivalent to that
for every k € Z there are a strictly increasing sequence (n;);cn of natural numbers and a
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sequence (07)en in {—1,1} such that
lim ﬂkJrnl = lim ﬁkfnl = lim BkJrQJLnl = O»
l—o0 l— o0 l—o00
(compare [13, Example 2.7]).
An obvious modification of the proof of Theorem [5| gives the following result.

Theorem 7. Let u be p-admissible for F and h. For the cosine function C defined by
C(t) := 3(T(t) + T(—t)) with T(t) f(x) = he(x) f((t,2)), the following condition i) implies
i),
i) For each compact subset K of Q there are families (Lj )i>0 and (L );>o of Borel
subsets of K such that with Ly :== L U L;

tlir&u(K\Lt) - tlggo vpt(Lt) = tlggo vp,~t(Le) =0
and
tlggo vpae(Ly) = tliglo Vp—2(Li) =0

ii) C is mizing on LP(u).

If additionally limy o (K N@(t, K)) = 0 for all compact subsets K of Q) the above are
equivalent.

Corollary 8. Let p be p-admissible for F' and h such that lim)y . (K Np(t, K)) =0 for
every compact subset K of Q.

a) If the cosine operator function C defined by C(t) := $(T(t)+T(—t)) with T(t) f(z) =
he(z) f(o(t, z)) is hypercyclic on LP(p) then the Cy-semigroup (T'(t))i>o0 is hyper-
cyclic, too.

b) If the cosine operator function C defined by C(t) := (T (t)+T(—t)) with T(t) f(x) =
hi(z) f(e(t, z)) is mizing on LP(u) then the Co-semigroup (T (t))i>o is mizing, too.

PROOF. From hypercyclicity, resp. mixing, of C it follows from Theorem 5] resp. Theorem
[0 that
lim p(K\L,) = lim v,4, (L,) = lim vp 4, (Ln) =0
n—oo

n—00 t—o00
for suitable (t,,)nen and (Ly,)nen, resp.
tlggo P(K\Lt) = tli)rgo Vp,it(Lt) = tlggo Vp,—t(Lt) =0

for suitable (L;);>0. Applying [I3] Theorem 4.10], resp. [I3} Theorem 5.1 a)], now gives the
corollary. 0

For the case of continuous functions one has the following result.

Theorem 9. Let p be a Cy-admissible function for F' and h on Q. For the cosine operator

Junction C defined by C(t) := 3(T(t) + T(—t)) with T(t)f(z) = hi(z) f(p(t,x)), among the
following i) implies ii) and i) implies #i1).

i) For every compact subset K of Q there are sequences of positive numbers (tn)nen

and open subsets (U )nen, (U, Jnen of Q with K C U,f UU,; for every n € N such

that . t
lim sup M = lim sup M -0
n—00 pc K h—tn (.13) n—00 pc ¢ htn (.T)
as well as
_2tn7 . 2tn7
lim  sup M = lim sup M =0
nOO L kAU h_ot, (x) o o hot,, (x)

ii) C is weakly mizing on Cy ,(Q).
ili) C is hypercyclic on Cy ,(£2).
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Moreover, if for every compact subset K of Q0 limy| 00 SUPe kgt i) P(T) = 0 and infre i p(z) >
0 hold, the above are equivalent.

PROOF: In order to show that i) implies ii) let W}, V; C Cy ,(2) be open and non-empty,
j=1,2. Let f; € W; NCe(N),9; € V;NC(Q),5 =1,2 and define K := supp f1 Usupp f2 U
supp g1 Usupp g2. Choose (U, )nen, (U, Jnens, and (¢, )nen as in i) for K. Since K C U,fUU,;
there are C'*°-functions ;" > 0 and 1, > 0 such that supp«,;” C U, supp+, C U,  and
¥ 4+, =2 in a neighbourhood of K.

We define forn €e Nand j =1,2

i = ht, ()95 (0(tn, )W (0(tn, ) + het, ()95 (0(=tn, )P (0(—tn, ).

Then, v;, € Cy () and taking into account that ;" + 1, = 2 in a neighbourhood of K,
a straightforward calculation gives

Clta)uin = (P, (V3520 )y (o(280,)
+hoot, ()95 (9(=2tn, )Wy (9(=2tn, ) + gj-
Since hoy, (¢(2t,, ) = 1/h_g, () it follows that
sup hat,, (2)19;((2tn, ) [thy, (9 (2tn, x))p(x)

= sup  hay, (2)|9;((2tn, 2)) [y, (0(2tn, ) p(2)
z€P(—2ty,K)

= sup har, (p(=2tn, 2))lg; (@) [ (2)p(2(~2tn, )

zeK
ple(=2tn, z))
gl sup L2 t))
t€KNU;, ~2t, (%)

IN

and analogously

p(p(2tn, )
sup h_oy,, ()| ((=2tn, ) |15t (o(=2tn, 2))p(x) < 2|lgjllee  sUP ———F,
zeQ zeKNU;T ha, (x)
which implies lim,, o0 C(tn)v;n = g; in Cy ,(92).
In the same way one shows that lim, . v, = 0 in Cy ,(Q2).
Because

sup |t () f5(p(tn, ) + ety (2) £ (0 (=tn, 2)) ()

< sup e, (@) fj(@(tn, x))|p(x) +  sup  hoy, (2)|fi(p(—tn, ))|p(x)
z€P(—tn,K) z€P(ty,K)

plp(—tn, 7)) plp(tn, )
< oo +
< illoo(sup =522 4 sup =)
we have lim, o C(t,)f; = 0in Cp ().
Altogether this gives

lim (f] + Uj,n) = fj

n— oo

and
Jim C(tn)(f5 +vjm) = 955 = 1,2

so that C(t,)(W;) NV, # 0 for j = 1,2 and sufficiently large n so that ii) follows.

Trivially, ii) implies iii).

Now we assume that lims| o0 SUP, e kot k) P(¥) = 0 and infiek p(z) > 0 hold for every
compact subset K of Q. In order to prove that iii) implies i) let K be a compact subset
of Q and € € (0,infzex p(x)). Let f € Ce(Q2) be such that 0 < f < land f =1in a
neighbourhood of K.
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By Corollary [2| there are t > 0,v € Cy ,(Q) with |[v — f|| < € and ||C(t)v + f|| < e.
Without loss of generality we can assume that

sup  p(z) + sup  p(z) <e
zeEMN(2t,M) zeEMNe(—2t,M)

where M := supp f.

As in the proof of Theoremwe can assume v to be real-valued and we obtain ||C(¢t)vT|| <
eand |[vT] <e.
Because of

e>||Cw+f] > sup |IC(t)v + 1]p(x)
EAS

and the choice of € we get

€ 1
Vee K: C(t)v(z) < m—1< ~3

In the same way one derives from ¢ > ||v — f|| that
VeeK:v(z)>1l—-——>

ie.vt >1/2 0on K.
From this we obtain

e > |C']= %igg(ht(ﬂs)ﬁ(w(t,x)) +hoe(z)v (p(—t,2)))p(@)

1
> 70 sup Dy(2)ot (ot 2))p(@) + sup ho(@)t(p(=t,2))p(x))
z€p(—t,K) z€p(t,K)
Lo ple(=t @) ple(t, z))
> —(sup ——————= + sup ———-).
8(906112 h_i(z) mefg hi(x) )
Since T'(t)v and T(—t)v are continuous functions it follows that the sets U := {z €

Q; (T(t)v)(z) < =1/4} and U™ := {x € Q; (T'(—t)v)(xr) < —1/4} are open and because of
C(t)v < —1/2 on K we have K CUTUU".
Because of ¢(t,-) and ¢(—t, ) are one-to-one and onto we obtain

and
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Having in mind that h,(z)h_;(p(t,x)) = 1 for every = € 2 we get

1 sup ple(=2t,z)) 1 sup p(e(=t,x))
2 pexru-  hoo(x) 2 pep(—t,knu-) h—2t(p(t, 7))
)

z€p(—t, KNU~ )ht( )h Qt(@(tvx))

— U hi(p(—t,z))v™ (p(t, o(—t,x))) L
= €p(— tllsz )ht( ( ))h t(SO( ( t,a:)))p<<p( tv ))
_ e (MO0 etae)pe—to)

w€p(—t, KNU~)

= sup — (T(t)v™)(z)p(x)
z€p(—2t,KNU™)

< 2 sup (C(t)v7)(x)p(x)
z€p(—2t,KNU ™)

= 2 sup  (C(t)(v" —v))(2)p(2)
z€Q(—2t,KNU )

< 20 sup (O (a)p(2)
z€p(—2t, KNU ™)

+  sup [(C(t)v)(x) + f(z)|p(x)
rz€P(—2t,KNU~)
+ sup £ (@)]p(x))

z€Q(—2t,KNU~)

2(|C T+ ICEH)w + fI| + sup p(z))
zEP(—2t, M)NM

IN

< 6e.
In the same way one verifies

1 sup ple(2t, x))

< 6e.
2 gexnu+  hai()

Since € was chosen arbitrarily small, i) finally follows. O

Obvious modifications of the above proof yield the next result.

Theorem 10. Let p be a Cy-admissible function for F and h on Q). For the cosine operator
function C(t) := 3(T(t) + T(—t)) with T(t)f(z) = he(2) f(p(t, z)), the following condition
1) implies ii).
i) For every compact subset K of Q there are open subsets (U;")¢>o0, (U] )i>0 of Q with
K C U UuU; for every t >0 such that

plp(—t x)) ple(t, )
lim sup ———% lim sup ————= =0
treger ho(z)  tomaen  hi()
as well as
lim  sup plo(=2t,2)) _ . sup plo(2t,2)) _
b2 pe kU h—2t(x) b2 pe kUt hau(x)

ii) C is mizing on Cy ,(2).

Moreover, if for every compact subset K of € limy) 00 SUP,c (¢, i) p(x) =0 andinf,c i p(x) >
0 hold, the above are equivalent.
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4. THE ONE-DIMENSIONAL CASE

In case of d = 1, that is 2 C R, we can considerably simplify the conditions characterizing
hypercyclicity, resp. mixing, derived in the previous section. One tool for this will be the
next lemma. For a proof see [14], Lemma 7]. In this section we simply write 02 (¢, x) for
the Jacobian of z — (¢, x).

Lemma 11. Let Q C R be open and [a,b] C {F # 0}. Assume that p : Q& — (0,00)
is measurable and satisfies hY (z)p(x) < Me“ p(p(t, z))|02p(t, z)| for some constants M >
1,w > 0 and for every t > 0,z € [a,b].

Then there is C > 0 such that 1/C < p(y) < C for all y € [a,b] and
h?(‘ﬂ(_tv c))p(p(=t,c))|02p(—t, C)|Xg:(t,ﬂ) (c)
Chi (e(=t,9))p(p(=t, Y0201, Y) X 1.y (¥)
= C2h€(§0(_ta d))p(cp(—t, d))‘aQQO(_tv d)‘XLp(t,Q) (d)

ANVAN

as well as

hi P (c)p(e(t, c))|Dagp(t, c)| Chy P (y)p(p(t, y))]0200(t, )|
C?h; P (d)p(p(t, d))]Oa(t, d)].

Jor allt >0, where ¢ := a,d := b if Fjjqp) > 0, respectively ¢ := b,d := a if Fljqp < 0.

<
<

Now we come to a characterization of hypercyclicity on LP(u) which is more applicable
in concrete situations than the one given by Theorem [5| We denote by A™ m-dimensional
Lebesgue measure and simply write A instead of A!.

Theorem 12. Let Q) C R be open and F continuously differentiable. Assume the locally
finite p-admissible measure p has a positive Lebesgue density p. Then the following are
equivalent.

i) The cosine operator function C defined via

(C()f)(x) = %(ht(l‘)f(@(t,w)) + hoi(2) f(p(—t, 2)))

is weakly mizing on LP(u).

ii) The cosine operator function C is hypercyclic on LP(u).

iii) A({F = 0}) = 0 and for every m € N for which there are m different components
Q.o Q of Q\{F = 0}, for X™-almost all choices of x; € Q;,7 = 1,...,m,
there are a sequence of positive numbers (t,)nen tending to infinity and a sequence
(0n)nen € {1, =1} such that

n—oo
3 -p ) _ . — L) =
Jim hZy (25)p(o(=tn, 25)) 20 (=t 25) = 0,

and

lim hy? , (2;)p(0(20ntn, 7;))020(20ntn, ;) =0

n—oo

forg=1,...,m.

PRrROOF: That i) implies ii) is again trivial. In order to show that ii) implies iii) observe
that p(t,z) =  if F(x) = 0 so that he(z) f(o(t, 2)) = exp(th(z)) f(z) for every f € LP(u) on
{F = 0}. From this it follows easily that C' cannot be hypercyclic if A({F = 0}) > 0. Hence,
LP(u) = LP(O\{F = 0}, ). Because of o(t, Q\{F = 0}) C Q\{F = 0} we can therefore
consider C' on LP(Q\{F = 0}, ) rather than on LP(x). Obviously, C is hypercyclic on
LP(O\{F = 0},p) by ii). But for a compact subset of Q\{F = 0} we obviously have
K N(t, K) = 0 for |t| large enough, in particular lim . u(K No(t, K)) = 0.
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Let x1,..., %, be from different components of Q\{F = 0} which, by Theorem [4| b), we
assume without loss of generality to satisfy

he(zj)p(a;) < Me p(p(t, ;)02 (t, ;)]

forallt > 0,5 =1,...,m. Since Q is open there is 7 < 0 such that (t, z;) is well defined for
all t € [r,00),7 =1,...,m and the aforementioned inequality is valid for ¢(r,z;) in place of
xj, too. For j =1,...,m we define K, := {p(t,z;);0 <t < 1} if F(z;) > 0, respectively
K; = {o(t,z;);r <t <0} if F(z;) < 0. Then the K,’s are compact intervals contained
in Q\{F = 0} satisfying A\(K;) > 0, since F(z;) # 0, and K; = [z}, ¢(1,z;)] if F(z;) > 0,
respectively K; = [z}, ¢(r, z;)] if F(x;) < 0. In particular p(K;) > 0.

For the compact set K := Uj<j<,,, K; choose measurable subsets (L} )nen, (L;, )nen and
a sequence of positive numbers (¢,)nen according to i) of Theorem Without loss of
generality we can assume that L} N L, =0 for all n € N. Set L,, := L} UL,

Since C' is weakly mixing, it follows from Theorem [4 b) that w > 0, because otherwise
{IIT(t)|l;t € R} was bounded, implying the boundedness of each orbit under C. Defining
L,:=L{ UL, and L, ; := L, N K;,n € N,1 < j < m we obtain from Theorem c) and
Lemma [T1] that for some constant C; > 0

L B () p(p(t, 1)) |20t )
Vpor(Luy) = / . dpu(y)

Cihy,! (w5)p(p(tn, 25))|02p (b, 25) (L 5)-

Because lim,, o0 t(Ln ;) = p(K;) > 0 it follows from lim, o vpt, (Ln ;) = 0 that

Y

Jim oy P (25)p((tn, 7)) |02t ;)] = 0
for all j = 1,...,m and the continuity of (s,y) — hs(y), p, and 92 together with Lemma
imply that (t,)nen has to converge to infinity.
Furthermore, we get from Theorem [4] ¢) and Lemma

;f —ln, —ln, 62 “ln,
Voo (Lns) = /L .hn(w( t y))p(wf()(yt) y)I92p(—t y)ldﬂ(y)
> Cjhy, (p(—tn, 27)) p(@(—tn, ©;))|020(=tn, 25)|1t(Ln, 7).

Observing that h:, (¢(—ty, ) = 1/h_s, this shows by the same arguments as above that

lim A= (z;)p((—tn, 2;))|020(—tn, 2;)| = 0.

n— oo

Moreover, by the same reasoning we obtain for some other C; > 0

Vpat, (L) > Cihal (25)p(0(2tn, 1)) 020 (2tn, ;) | u(L)
and
Up,—2t, (Ly, ) > CihZh, (27)p(p(—2tn, x7))|020(—2tn, 25) (L, ).

Since u(Ly) = p(L}) + u(L;,) tends to u(K) > 0 for n to infinity, iii) follows.

In order to show that iii) implies i) let K be a compact subset of €. Since obviously
L (Q,p) = LP(Q\{F = 0}, ) and o(t, Q\{F = 0}) € Q\{F = 0} for all t > 0 we can
assume without loss of generality that K C Q\{F = 0}.

Therefore, there are finitely many intervals [a;,b;] C Q\{F = 0} such that each [a;, b;]
is contained in a different component of Q\{F = 0} and K C Ui<;<m[a;j,b;]. We define
xj = aj if Fijq, p,) > 0, respectively x; := b; if Fj[4,5,) < 0, where without loss of generality
we assume iii) to be true for xy,..., 2. Let (t,)neny be a sequence of positive numbers
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according to iii) for z1, .. . From Lemma 11 it follows that for some C; > 0
ple(tn, y))|02p(tn, y)l
Vp,—t, (K) < ZVP t. ([a5,b; Z/ o(y) du(y)
aJ,

< ZCm([apbmh;”(xj)p(so(tmxm\aw(tmxj)\

so that limy, e vp ¢, (K) = 0.

Analogously, one shows that lim,,—, o vp¢, (K) = lim, o0 Vp 20,¢, (i) = 0 as well. Setting
L} :=K,L, :=0in case of 0,, = 1 and L} := (), L, := K in case of 0, = —1 now shows
that condition i) of Theorem [5|is satisfied so that i) follows. O

Using the same arguments one gets the following result.

Theorem 13. Let Q C R be open and F continuously differentiable. Assume the locally
finite p-admissible measure i has a positive Lebesque density p. Then the following are
equivalent.

i) The cosine operator function C defined via

(CB))(x) = %(ht(l‘)f(@(tvx)) + hi(@) f(p(=t, 2)))

is mizing on LP(p).

iil) M({F = 0}) = 0 and for every m € N for which there are m different components
Q.o Qpy of O\{F =0}, for X™-almost all choices of zj € Q;,5 =1,...,m, there
is a family (o¢)ier € {1, —1}® such that

Jim A2 () p(e(—ts 25)) 020t 25) = 0,
and
Jim o (25)p( (200, 25)) 020 (2048, ) = O
forj=1,...,m

Using the next lemma instead of Lemma [11| one can derive analogously to Theorem [12]a
result for the case of continuous functions. A proof of the next lemma can be found in [I3]
Lemma 10].

Lemma 14. Let Q C R be open and [a,b] C {F # 0}. Assume that p: Q — (0,00) satisfies
hie(z)p(x) < Me*p(p(t,x)) for some M > 1,w € R and all x € [a,b],t > 0.
Then there is C > 0 such that 1/C < p(y) < C for all y € [a,b] and

hf(@(—tvC))P(@(—t,c))xwm(@ < Chf(@(_tvy))p(cp(_tvy))Xﬂa,Q)(?J)

< Ch(p(—t, d)p(o(—t, d)X o0 (d)
as well as
heP(@p(e(tic)) < Chy"(y)p(e(t,y))
< C*nP(d)p(e(t,d)).

for allt >0 and all y € [a,b], where ¢ := a,d := b if Fjjqp) > 0, respectively ¢ :=b,d := a if
F\[a,b] < 0.

Having at hand the above lemma the proofs of the next results are so similar to the one
of Theorem [[2] that we omit them.

Theorem 15. Let Q C R be open, F' continuously differentiable and p be a positive function
on Q Cy-admissible for F and h. Then the following are equivalent.
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i) The cosine operator function C defined via

(C1)) = 5 @) f(olt,2)) + hoy(2) f(p(~t,2))

is weakly mizing on Cy ,(12).

ii) The cosine operator function C is hypercyclic on Cy ,(Q).

iii) {F =0} = 0 and for all x € Q, there are a sequence of positive numbers (t,)nen
tending to infinity and a sequence (0,)nen € {1, =1} such that

o PPt ) L p(e(tns 7)) _
A he () = h_,(x) !

and )
lim M =0.
n=oo  hag,t, (2)
is
Theorem 16. Let Q C R be open, F' continuously differentiable and p be a positive function
on Q Cy-admissible for F and h. Then the following are equivalent.
i) The cosine operator function C defined via

(CB)f)(x) = %(ht(l‘)f(@(t ) + h—i(x) f(p(=t, x)))

is mizing on Cy ,(£2).
ii) {F =0} =0 and for all z € Q, there is a family (o¢)ter € {1, —1}* such that

= 1 —_— L =
L e L N S

and
lim p(@(QUtta m))
t—00 hQO'tt(x)

=0.

For the special case of FF = 1 and h = 0 we obtain the so-called left translation group
(T()f)(x) = f(x +t). Since the generator of the corresponding cosine operator function is
given by the closure of the operator

2

C2R) = L), f =

it is closely related to the wave equation. For this special case we have the following corollary
which should be compared with [3, Theorem 2.2]

Corollary 17. Let pu be p-admissible for F = 1 and h = 0 on R, admitting a positive
Lebesque density p. Then for the cosine operator function C defined by (C(t) f)(z) = %(f(a:Jr
t) + f(x —t)) the following are equivalent.
i) C is hypercyclic on LP(u).
ii) For almost all x € R there are a sequence of positive numbers (t,)nen tending to
infinity and a sequence (0 )nen € {1, =1} such that
lim p(x +t,) = lim p(z —t,) = lim p(x + 20,t,) = 0.
n—r00 n—00 n—00
Clearly, if in the above corollary for p there are M > 1 and w € R such that for all t € R
p(z) < Me“Mp(z + 1)
not only for A-almost all z but for all = (as is the case in [3, Theorem 2.2]) then ii) is
equivalent to

ii’) There are a sequence of positive numbers (¢, )nen tending to infinity and a sequence
(0n)nen € {1, -1} such that

nl;rrgo p(tn) = nhﬁn;c’ p(—tn) = nhﬁngo p(20,t,) = 0.
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Example (perturbed wave equation). Let F = 1,h=a € Rand u = Aon R. Tt
follows that ¢(t,z) = x +t and h¢(z) = exp(alt|) so that by Theorem [4]b) A is p-admissible
for F' and h for arbitrary p € [1,00). By Theorem W] e) the generator (A, D(A)) of the
corresponding cosine operator function is given by the closure of the operator

CZ(R) = LP(N), f = f" +2af" + o f,
i.e. for f € D(A) we have
i C _ C 2 0 C c
30T (@) = 307 () + 205 O @) +a*C(0)f (2)
in a generalized sense.

Since h; ¥(z) = exp(—palt]) it follows immediately from Theorem [12] that the cosine
operator function is mixing, in particular hypercyclic on LP(u) for every p € [1,00) if and
only if this is true for some p € [1,00) if and only if o > 0.

In the same way one shows that p = 1 is Cy-admissible for F' and h and that C' is hyper-
cyclic on Cy ,(R) if and only if it is mixing if and only if a > 0.

Example (exponential translation). Let Q = (0,00) and F(z) = x,h = 0, so that
@(t,x) = we'. Let p be the measure on (0,00) with Lebesgue density p(z) = x(o,1)(x) +
712)([1,00) (z). Using Theorem (4| b) it is not hard to see that the locally finite measure p is
p-admissible for F' and h. By Theorem [4| e) the generator (A, D(A)) of the corresponding
cosine operator function is given by the closure of the operator

C%(0,00) = LP(N), f = (z — 22" () + zf'(x)),
i.e. for f € D(A) we have

4 C _ 27 C 0 C
SCOf(2) = 2 C(0) (@) + v5-C(0f(2)
in a generalized sense.

Since lim;_, o p(xet)e! = limy_o p(ze e ! = limy_ o0 p(xe?) = 0 for every z €
(0, 00) it follows immediately from Theorem (12| that the cosine operator function is mixing,
in particular hypercyclic on LP(u) for every p € [1, 00).

Moreover, p is Cy-admissible for F' and h but it follows from Theorem [15| that C' is not
hypercyclic on Cj,,(0, 00).

6215
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