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A strategy profile is a vector § = (sp),cp With
sp € Sp: a choice of strategy for every player.

RN

he load of r under Sisload(7,5) := [{p € P | r € sp}|.
he delay at r is delay, (load(r,5s)).

The cost for p is cost(p,s) = Z delay, (load(r,5s))

resy
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- J

Theorem. This is NP-hard because we can use it
to find a maximum independent set.
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S,:={{e€ E|uce},{DNB}}

n — [Max-IS|.

(Observation. The social optimum is

J

‘But. It’s usually not the
social optimum we are

looking for.

S« ={{e f, g}, {DNB}}

(Corollary. Computing the \
social optimum is NP-hard.
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Collective farm holiday, A. A. Plastov, 1937

.I.‘ Image source: https://rusmuseumvrm.ru

» | Outcome in the real
== world

Unemployed men queued outside a depression soup kitchen opened in Chicago by Al Capone

Image source: wikimedia
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fle o°.

...and so proceed ad infinitum...

Yes, there is the concept of a mixed Nash equilibrium

using randomness, but we will not consider this in this
talk.

image source: wikimedia
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train ride can take exponential time
edges can be taken multiple times
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[Question. Is every train flow a train ride profile?

...this is a train flow but not a train ride protfile...
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Lemma (Dohrau, Gartner, Kohler, Matousek, Welzl). If a
train flow f exists then the train reaches the destination ¢.

Theorem (Dohrau, Gartner, Kohler, Matousek, Welzl).
ARRIVAL is in NP.

(Proof. Given f : E — IN, verify that it is a train flow from
s to 1.

If yes, then f is a certificate that the train reaches the
station.

\Thus, ARRIVAL is in NP.
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Theorem (Dohrau, Gartner, Kohler, Matousek, Welzl).
ARRIVAL is in co-NP.

|

A vertex u is a trap if G contains no path from u to t.

Observation. If train reaches a trap, it will never reach
the destination ¢.

Less obvious Observation. If the train does not
eventually reach ¢, then it will reach a trap.

A train flow from s to a trap is a certificate that the

train does not reach destination t.
So ARRIVAL is in co-NP.
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‘Theorem (Karthik C.S.). ARRIVAL is in PLS. That is,
computing where the train ends up (destination t or

some trap) can be phrased as a quest for finding a local
mintntam of a certain function.

maximum

J: set of configurations, all train flows from s to some u
val : F = IN, Y. f(e).
succ C F X F, what would happen next

Goal. Find a local maximum. That is, a configuration
f € F with val(g) < val(f) for all successors g of f.
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train flow s-v

48 73 ®U  succ 48 24 @
U
u 24 24

Exception: succ(f) := f when f is a train flow
from s to t or to some trap.

train flow s-u

\

‘Theorem (Karthik C.S.). Deciding ARRIVAL is no
harder than finding a local maximum of the succ
function.

\Thus, ARRIVAL is in PLS.
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Informal. A PLS-problem asks us to compute a
solution that is locally optimal with respect to some
neighborhood relation and a valuation / cost / revenue

function. )
(Congestion Games: ) [ARRIVAL )
e Solutions: all strategy profiles e Solutions: trains flows from
e Neighbors: when one player s to some u
switches strategy: s — §’ e Neighbor: successor flow
e Cost: total potential ® _ ® Value: sum of numbers )

. J
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computing the value
Efficient algorithm Goal: Find s such that
computing list of neighbors no successor t; is better.

| should be polynomial in |s|.

| polynomial in |s| for every “reachable” t.
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. . val(s)
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computing the value
Efficient algorithm Goal: Find s such that
computing best neighbor successor t isn’t better.
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. e . . . Val S
foedback Efficient circuit computing (5t) >
7y value and successor
succ(sy)

The “standard algorithm”:
This t can become exponential.

Goal: Find s such that
val(s) > val(succ(s))

PLS C P not known, conjectured to be false.
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a propositional formula in conjunctive normal form
(a CNF formula)

largest clause: 3
(x1 V) A(Z2Vx3) A (%1 V X3V Xy)

x1— 1 x1— 1
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(a 3-CNF formula)

largest clause: 3
(x1 V) A(Z2Vx3) A (%1 V X3V Xy)

x1— 1 x1— 1
Xy — 1 Xy — 1
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a truth assignment « a truth assignment 3
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Problem (k-SAT). Given a k-CNF formula F, find a truth
assignment « such that F(a) = 1.

Problem (CIRCUIT-SAT). Given a Boolean circuit C, find a truth
assignment & such that C(a) = 1.

(Theorem (Cook-Levin). CIRCUIT-SAT can be reduced to 3-SAT.
In particular: we can transform a circuit C(x) into a 3-CNF
formula F(x,y) such that

Vx € {0,1}": C(x) =1 <= Jy € {0,1}" : F(x,y) = 1.
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CIRCUIT-SAT to 3-SAT

can solve 3-SAT — can solve CIRCUIT-SAT

[Theorem (Cook-Levin). 3-SAT is NP-complete.

C(x,y,z,w) =

13 : F(x,y,z,w, %) =1
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I / How hard can it be???
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0 00| 13
1 1 0| 55
1 0 1| 59
01 1| 62 = global optimum

NP-hard to find (Max-SAT)
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Local Max-k-SAT

(Theorem (Johnson, Papadimitriou, Yannakakis). Local Max—k—SATj

is PLS-complete.

Proof. Take an instance C of ITERATECIRCUIT and build a
k-CNF-formula F so that “locally optimizing” F mimics
iterating the circuit.

Warmup. Given a circuit C(¥) and an input 4 € {0,1}™, build a
formula F(g,Z) such that every local optimum for F sets Z to
C(a).

In words: finding a local optimum of F implicitly evaluates the
circuit C.

First step: make sure C uses only NAND gates.
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This is a configuration of the circuit
Wait, what?
Yes! We allow gate outputs to be incorrect.

1 1
0, D
1| , 1,30—14_'

Incorrect gate = thick u 0 w
0 0] 1
0 1 1
1 0 1
1 11 0
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We can click a gate to invert its output
This toggles its thickness
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L Other gates may become incorrect
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But ultimately we want all
gates to be correct, so we
click here



When all gates are correct, then the output is correct.

01, . >
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When all gates are correct, then the output is correct.

01, : -
11, -1 1 1
1. 0 o

Now build a 3-CNF formula to simulate this!
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Here, every gate output is also a circuit output. But that need not
the case in general.

X1 O__,
X2 1 >
X3 1

(1) (x2) (x3) (21 < =(x1 Ax2))

(Z3 < ﬂ!zl/\xgn

(z2 ¢ =(x3 A z3))



Here, every gate output is also a circuit output. But that need not
the case in general.

X1 O——> 1 A ,121
X2 1 > A >>_‘ 1
B >oﬁ—>122

1, 0
x3 ]' o 1> C Z3 >OZ3

(1) (x2) (x3) (21 < =(x1 Ax2))

(23 < ﬂ!zl/\xgn

(z2 ¢ =(x3 A z3))



Here, every gate output is also a circuit output. But that need not
the case in general.
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X2 1 > A >>_‘ 1
B >oﬂ—>122

1, 0
x3 ]' o 1> C Z3 >OZ3

(%1) (x2) (x3) (21 ¢ ~(x1 Ax2))
(23 <> =(21 A x3))
(22 < —I(X3 /\23))



21




As long as a gate as violated, click the leftmost violated gate.
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As long as a gate as violated, click the leftmost violated gate.
This will satisty its clause C.
Downstream clauses might become violated.
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X1 O——> 1 2 ,121
X2 1 > A P 1 Z9 0
: 1 1 B>Of 2

As long as a gate as violated, click the leftmost violated gate.
This will satisty its clause C.
Downstream clauses might become violated.

It’s fine because C is more valuable than all downstream clauses
combined.




Values of Z in the local optimum are the correct evaluation of C.

X1 O——> 1 A ,121
X2 1 > A P 1 Z9 0
: 1 1 B>Of—> 2

As long as a gate as violated, click the leftmost violated gate.
This will satisty its clause C.
Downstream clauses might become violated.

It’s fine because C is more valuable than all downstream clauses
combined.
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its value

Y1
—»
—»
Y2

w..... 1ts best neighbor

circuit

Want: Once U and Z are correct, the “user” should have
an incentive to flip the x; to match the z; to iterate the
evaluation. But this will violate gates!

And should only work if val(Z) is better than val(X)!

But we haven’t evaluated val(Z) yet. How could we?
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Let’s build a formula encoding all of this mechanism. Design four
clause groups:

e Group 1: All gates in the release circuit should be correct.

e Group 2: The output of the release circuit should be big.

e Group 3: The input of the beta version circuit is the output of the
release circuit

e Group 4: The beta version circuit should be correct.
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From k-SAT to Congestion Games

Theorem (Rosenthal). Every congestion game has a
pure Nash equilibrium.

players
dp(1)
da(2)
O
resources
Ip(4) de(3)
O O
© o
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equilibrium in congestion games is PLS-hard.

Proof. Consider an instance of L.ocal Max-k-SAT:
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Now suppose switching to 1 reduces the delay of Player y

A 2-Nash equilibrium will give us a locally optimal truth assignment!
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