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Abstract. We investigate generalizations of the No-Three-In-Line prob-
lem in Z?. For several pairs (k,£) of given positive integers we give al-
gorithmic lower, and upper bounds on the largest sizes of subsets S of
points from the d-dimensional T' x --- x T-grid, where no ¢ points in S
are contained in a k-dimensional affine or linear subspace, respectively.

1 Introduction

The No-Three-in-Line problem, which has been raised originally by Dudeney [7],
asks for the maximum number of points, which can be chosen from the T" x T-
grid in Z?2, i.e., from the set {0,...,7 — 1} x {0,...,T — 1}, such that no three
points are on a line, see [5,14]. Erdés [9] observed that this maximum number
is O(T). The lower bound follows by considering for primes T the grid-points
(z,22 mod T), x =0,...,T — 1. The upper bound is derived from the fact that
each horizontal line may contain at most two grid-points. For constructions of
(near-)optimal solutions for small values of T' see Flammenkamp [10, 11].
Cohen, Eades, Lin and Ruskey [6] investigated compact embeddings of graphs
into Z* such that distinct edges (represented by segments) do not cross each
other in a point distinct from the endpoints. Compact embeddings minimize the
volume of an axis-aligned bounding box in Z3, which contains the drawing. The
endpoints of crossing edges in a drawing of a graph are coplanar. In connection
with this, it was proved in [6] that there exists a set of {2(T') points in the
T x T x T-grid, which does not contain four distinct coplanar points, and up to
a constant factor this lower bound is best possible. Thus, the minimum volume of
an axis-aligned bounding box for a crossing-free drawing of the complete graph
K, on n vertices in Z? is equal to ©(n?), see [6] and compare [15].

Pér and Wood [16] considered embeddings of graphs into Z3, where the line
segments, which represent the edges, do not cross any vertex distinct from its
endpoints. Then, n points in Z3 yield a crossing-free drawing of K,,, if no three
points are on a line. They proved in [16] that there are ©(T?) points in the
T x T x T-grid with no three collinear points, by considering the set of all triples
(z,y, (2> +y?>) mod T), x,y € {0,...,T — 1}, for T a prime with 7' = 3 mod 4.
This gives an upper bound of O(n?/?) on the minimum volume of a bounding
box of a drawing of K,, in Z3.

* A preliminary version of this work appeared in Proceedings AAIM 2008.



For higher dimensions, P6r and Wood [16] raised the question of determining
vol(n,d, k), which is defined as the minimum volume of an axis-aligned bound-
ing box for embeddings of n points in Z?, such that no (k + 2) points are
contained in a k-dimensional affine space. By partitioning of such a bounding
box into vol(n,d, k)(d_k)/ 4 many affine k-dimensional subspaces they observed
vol(n,d, k) > (n/(k+ 1))d/(d7k). Known from [6] is vol(n, 3,2) = ©(n?), and in
general, vol (n,d,d — 1) = O(n?).

For fixed integers d,k,£ > 1 with k < d let f4(¢,k,T) be defined as the max-
imum number of points in the d-dimensional T" x --- x T-grid, such that no ¢
of these points are contained in a k-dimensional affine subspace. A lower bound
of fa(k +2,k,T) = 2(T?) yields immediately the upper bound vol(n,d, k) =
O(n%?) on the minimum volume of a bounding box. In the following we fo-
cus on the investigation of the growth of the function f4(¢, k, T) rather than on
vol(n, d, £). In Section 2 we investigate (constructive) lower bounds on f4(¢,T) :=
fa(¢,1,T), i.e., no £ points are collinear. For fixed integers ¢ < d we prove
fa(6,T) = Q(max {792, T7¥=2/C=1) . poly(log T)}). In Section 3 we give new
upper bounds on f;(k+2,k,T) for integers k > 1, in particular fy(k+2,k,T) =
O(T?4/(*+2)) for k even. We also consider distributions of grid-points, where no
¢ points are contained in a k-dimensional linear subspace and give a counterex-
ample for a suggested order of the corresponding function f4"(k + 1,k,T), see
[4,5].

Moreover, in connection with a question of Fiiredi [12] for fixed integers ¢ > 3
we show for any finite set S C R2, |S| = N and N sufficiently large, which
does not contain ¢ collinear points, a lower bound on the largest size of a subset
S’ C S, where S’ does not contain k collinear points, 3 < k < ¢, i.e., |S| =

(N = poly(log N)). All of our arguments for proving lower bounds are of a
probabilistic nature, however, they easily can be made constructive in polynomial
time by using derandomization arguments.

2 No ¢ Collinear Points

For integers d,¢,T with d > 2 and 3 < ¢ < T let f4(¢,T) denote the largest
size of a subset .S of points in the d-dimensional T" x --- x T-grid, such that no
£ points of S are collinear. By monotonicity we have fq(¢ + 1,T) > fq(¢,T).
Well-known is the following upper bound on f4(¢,T):

Proposition 1. For integers d,,T withd > 2 and 3 < <T, it is
fale,T) < (= 1) - T4, (1)

Proof. Let S be a subset of points in the d-dimensional T x --- x T-grid, such
that no ¢ points of S are collinear. Partition the set of points in the 7' x - - - x T-

grid into 79! lines, where each line is of the form (ay,...,a;, z, a2, ...,aq) for
fixed a1,...,a4,ai42,...,aq € {0,...,T — 1}. Each line contains at most (£ — 1)
points from S, hence |S| < (£ —1) - T47L. O



Next we give lower bounds on fy(¢,T) for arbitrary integers ¢ > 3.

Proposition 2. For fized integers d > 2, there exists a constant ¢ = ¢(d) > 0
such that for all integers €, T with 3 < ¢ <T it is

c-0-T1 if (>d+1

fa6,7) >
mazx {Td_2,c . Tdﬁ} if  £<d.

Notice, that we have 7972 > TR for £ < (d+2)/2 and T sufficiently large,

and for d even and for £ = (d + 2)/2 it is T92 = 7971, The lower bound
on fq(d+ 1,T) in Proposition 2, i.e., £ = d + 1, is by Brass and Knauer [4].
They observed that for fixed primes T" and integers ¢ the set of all integer points
(z1,...,2q4) with 21 + 23+ -+ 29 = ¢ mod T in the d-dimensional T x - - - x T-
grid contains at most d collinear points, thus fq(d+1,7) = 2(T%1). Hence, by
Proposition 1 we have fq(d+1,T) = O(T41).

As mentioned in the introduction, Pér and Wood [16] obtained f3(3,T) = 2(T?),
which is bigger than the lower bound in Theorem 2. However, Proposition 2 holds
for all pairs (d, ¢) for fixed d, and the lower bounds match up to constant factors
the upper bounds (1) for every ¢ > d + 1.

Before proving Proposition 2, we introduce some useful notation.

For integers az,...,aq, which are not all equal to 0, let ged (aq,...,aq) > 0
denote the greatest common divisor of aq,...,aq. Let P = (p1,...,pq) and Q =
(g1, -.,4qa4) be distinct points in the d-dimensional T'x- - - x T-grid. Let PQ denote
the segment between the points P and @), including P and Q). The segment PQ
contains exactly (ged (p1 — q1,-..,Pd — qa) + 1) grid-points.

A hypergraph G is given by a pair (V, &) with V its vertex-set and £ C P(V) its
edge-set. A subset I C V of the vertex-set V' is called independent, if I does not
contain any edges from &, i.e., E € I for each edge ' € £. The largest size of an
independent set in G is the independence number a(G). A 2-cyclein G = (V, ) is
a pair {E, E'} of distinct edges E, E' € £ with |[ENE’| > 2. A 2-cycle {E,E'} is
called (2, j)-cycle if |[EN E’| = j. A hypergraph G without any 2-cycles is called
linear. A hypergraph G = (V, ) is called £-uniform, if each edge E € £ contains
exactly /¢ vertices.

In our arguments we use Tiran’s theorem for uniform hypergraphs, see [17]:

Theorem 1. Let G = (V, &) be an L-uniform hypergraph on |V| = N wvertices
with average-degree t*=1 := (- |&|/N > 1.
Then, the independence number o(G) of G fulfills:

(-1 N

a(g) > 7 (2)

An independent set I CV with |I| > (¢ —1)/¢) - (N/t) can be found in time
O(N + |&]).



Next we prove Proposition 2:

Proof. Due to the results in [4] we only have to consider the case ¢ # d + 1. Tt
is easy to see that fy(¢,7) > T9 2. Namely, consider for integers r, 0 < r <
(T —1)2, in the d-dimensional T x - - - x T-grid the spheres S,., which consist of all
grid-points P = (py, ..., pq) with Z?Zl(pi)Q = r. Clearly, SoU- - -US(_1)2 covers
the d-dimensional T x - - - x T-grid, hence for some R we have |Sp| > T9 2. Now
any sphere Sk does not contain three collinear points. Indeed, for contradiction,
assume that P, P+ A-V.P4+u-V € Sg, A # p and A\, u # 0, are collinear, where
P=(p1,...,pq) and V = (v1,...,vq) # (0,...,0). We infer

d d d
Z(pi)Q =) i+ Xrwv)= Z(pi +p-vi)? =R,
i=1 i=1 i=1
and therefore,
d d d d
Q'A'Zpi'vi+>\2'2(vi)2 :2'#'Zpi‘vi+,u2'2(vi)2:07
i=1 i=1 i=1 i=1

which implies Zle(vi)Q = 0, and this is not possible.

Next we prove the other lower bounds. Form an ¢-uniform hypergraph G = (V, &)
with vertex-set V consisting of all T¢ points in the d-dimensional T x --- x T-
grid. For distinct grid-points P, ..., Py let {Py,..., P} € & be an edge if and
only if Py, ..., Py are collinear. We want to find a large independent set I C V
in G, as I yields a subset of grid-points, where no ¢ points are on a line.

We upper bound the size |E| of the edge-set. Let Py, ..., Py be distinct, collinear
points in the T x --- x T-grid, where P5, ..., P;_; are contained in the segment
Py P,. There are T choices for the grid-point Py = (p1.1,...,p1,4). Any d-tuple
(81,...,84) €{-T+1,-T+2,...,T — 1} fixes at most one point P, = (p1 1 +
S1,-.-,P1,d+5q) in the T'x - - - x T-grid. By symmetry, which we take into account
by a factor of 2¢, we may assume that si,...,sq > 0. Given the grid-points P
and Py with P, — P = (s1,...,84) # (0,...,0), on the segment P; P, there are
(ng (851:‘2‘75”1)71) choices for the (¢ — 2) grid-points Ps,..., Py # Py, P;. By
using (JZ) < ((e- N)/k)* we obtain

T-1 T-1
gl <207t Y (ng(Slw'vsd)—l)

s1=0 sq=0
T-1 T-1

EPTI (e'ngg(S_l’Q'"’sd)Y_Q. 3)

51:() SdZO

For a given divisor g € {1,...,T — 1} there are at most 2 - T/g integers x €
{0,...,T — 1} which are divisible by g, hence (3) becomes

g=1 g




The sum ZQT:1 g~ 2is O(T*=9=1/¢) for £ > d+2, and O(logT) for £ = d +1,
and O(1) for ¢ < d. Thus, by (4) for fixed d > 2 for a constant ¢ = ¢(d) > 0 we
infer

T2+d71

c- 9 T if (>d+2

&) <
c- T2 if ¢<d.

Hence, the average-degree t~1 = (- |&|/T? of G fulfills for a constant ¢’ =
d(d) > 0:

-z if (>d+2
c-TT1 if ¢<d.

By Theorem 1 we find in time O(T¢ + |&|) an independent set I C V with

o £ T4 if >d+2
= R .
5z LT if  ¢<d.

The grid-points, which correspond to the vertices of the independent set I, satisfy
that no ¢ points are collinear. a

To improve the results from Theorem 2 for fixed d, ¢ with (d+2)/2 < ¢ <dbya
logarithmic factor, we use the following result of Ajtai, Komlds, Pintz, Spencer
and Szemerédi [1] in a version arising from work in [3] and [8].

Theorem 2. Let ¢ > 3 be a fized integer. Let G = (V, &) be an L-uniform, linear
hypergraph on |V| = N vertices with average-degree t'= = (- |&|/N.
Then, the independence number a(G) of G satisfies for a constant C = C(€) > 0:

a(g) > ¢ - (log ). (5)

An independent set I C V with |I| = Q2((N/t) - (logt)"/=1) can be found in
polynomaial time.

Theorem 3. Let d,{ > 2 be fized integers with (d + 2)/2 < ¢ < d. Then, there
exists a constant ¢ = c¢(d) > 0 such that for all integers T > 1:

a6, T) > ¢- T - (log T) =1 (6)

Proof. We form a non-uniform hypergraph G = (V, & U &Ep41). The vertex-set
consists of all T¢ points from the d-dimensional T' x --- x T-grid and for m =
0,0+ 1 and distinct grid-points Py, ..., Py, it is {P1,..., Py} € &, if and only
if P1,..., P, are collinear. By the remarks following (4), for £ < d we have for
constants ¢y, co > 0 that

& <1 -T?* and [Epyq| < co-T? -logT. (7



Set ¢ := d/¢? and select with probability p := T¢/T% ¢~ uniformly at random
and independently of each other points from the d-dimensional T" x - - - x T-grid.
Let V* be the random set of chosen grid-points, let £, := &, N [V*]™, and let
E(IV*)), E(|€%]), m = £,£ + 1, be their expected sizes. We infer with (7):

E(V*)=p-T% = met+d(e-2)/(4—-1)

E(&]) =p" - |&| < p'-er - TP < ¢y - TEHAED/ED)
E(€5]) = p - |€a | <P cp - TP log T < - TEEFDFAEIED) g T,
By Markov’s and Chernofl’s inequalities (this argument can be easily derandom-

ized in time polynomial in 7" by using the method of conditional probabilities)
there exists a subset V* C V of grid-points such that

|V*| _ (1 o 0(1)) . T&‘-‘rd(@—Q)/(Z—l) (8)
|gz<| <3.¢ . ebtd(e=2)/(4-1) (9)
|gz<+1| <3. ¢y e+ +d(0=3)/(¢-1) logT. (10)
By (8) and (10) with ¢ = d/¢? we have
(€1l = o([V7]). (11)

Let G* = (V*, & U&S, ) be the on the vertex-set V* induced subhypergraph of
G. We delete one vertex from each edge £ € &£, ,. For distinct edges E, £’ € £
with [E N E'| > 2, all points in F U E’ are collinear, as two distinct points
determine a line. Thus, we have destroyed all 2-cycles in G*. Let V** C V* be
the set of remaining vertices, where |V**| = (1 — o(1)) - |[V*| > |[V*|/2 by (11).
The on the vertex-set V** induced, uniform subhypergraph G** = (V**, £;*) of
G with £ := £ N[V**] is linear, and with (8) and (9) its average-degree ‘!
satisfies

jor_ Ll

= T <6y l-THD =g (12)

Since G** is linear, we may apply Thereom 2 and we infer with (12) for the
independence number a(G) for constants Cy, C) > 0:

a(6) > a(g™) > Co- =L (logt) /¢ > 0.

(1/2) - T=HlE=2)/(E-1) D) o
> . o '
2 C (6-cp -0/ . T= (log ((6 c1-4) T ))

> 0y U2/ | (1og T)H D),

1/(e-1)

and by Theorem 2 such an independent set can be constructed in time polynomial
in T. This shows fy(¢,T) = (T =2/ . (log T)1/(¢=1), O

Related here is a problem, which has been investigated by Fiiredi [12]. He con-
sidered finite sets S C R? of points, which for fixed ¢ > 3 do not contain ¢



collinear points. He investigated the largest size af (S) of a subset of S, which
does not contain any k points on a line, where k < ¢, and proved in [12] that
at(8) = 0(]8|*k=2/(k=1))  Moreover, for £ = 4 and k = 3 Fiiredi showed the
lower bound af(S) = 2(,/]S] - log|S]), while on the other hand by using the
density-result of Hales-Jewett’s theorem from [13] he obtained af(S) = o(|S]).
As asked for in [12], the lower bound on «f(S) given above can be improved by

a polylogarithmic factor as the following considerations show.

Theorem 4. Let d, k,f > 2 be fized integers with 3 < k < £. Let S C R be a
finite set with |S| = N, where S does not contain ¢ collinear points.

Then, one can find in time polynomial in N a subset 8" C S, such that S’ does
not contain k collinear points, with

' = 2 (NF5 - (log N)7T) . (13)

Proof. We construct a k-uniform hypergraph G = (S,&;) with vertex-set S.
For any k distinct points Py,..., Py € S let {P1,..., Py} € & if and only if
Py, ..., Py are collinear. We want to find a large independent set in G. The set
S with |S| = N generates at most (J;[ ) lines. Each line contains at most (¢ — 1)
points from .S, hence on each line the number of k-element sets of collinear points

is at most (Zil), and we infer for a constant ¢ = ¢(¢) > 0:

ws) (e o

Next we give upper bounds on the numbers s3 ;(G) of (2,j)-cycles in G, j =
2,...,k — 1. For a (2, j)-cycle {E,E'} in G all points in E U E’ are collinear.
Thus we have s, j(G) = 0 for j < 2-k—/, as the set S does not contain £ collinear
points. For j > 2 -k — ¢ we obtain as in (14) for some constant ¢’ = ¢/(¢) > 0:

52,5(9) < (Z;[) - (;k_lj) <d- N2 (15)

For ¢ := 1/(2 - k%), we select uniformly at random and independently of each
other points from S with probability p := N¢/NV(*=1 Tet S* C S be the
random set of chosen points, and let G* = (S*,&;") with & := &, N [S*]* be the
on the vertex-set S* induced subhypergraph of G. The expected numbers satisfy
E[S*[] = p-|S| = p- N, and E[|€}]] = p* - €], and E[ss;(G")] = 527 -52,,(G),
j=2,...,k—1. By Markov’s and Chernoft’s inequality with (14) and (15) there
exists an induced subhypergraph G* = (5*,&}) of G such that

1S*| > p- N/2 = Ni=i1¢/2 "
|52\§3~pk-\5k\§3.c.]\]%+sk an
52,4(07) <3-p™ 5y 4(G) <3¢ - NI, (18)

For j=2,...,k—1,and 0 <e < 1/(2-k?), by (16) and (18) we have
$2,4(G") = o(15°)). (19)



Discard one vertex from each (2, j)-cyclein G*, j = 2,..., k—1. The set $** C S*
of all remaining vertices satisfies by (19) that |S**| = (1 — o(1)) - |S*| > |S*|/2.
The on the vertex-set S** induced subhypergraph G** = (S**, £}*) of G* with
Err = & N[S™]F is linear. With |€;*| < |€;| and (17) we obtain for the average-
degree (t**)k—1 of G**:

_ k-1&r

(t**)k—l — X <12-k-c- Ne:=1) — (té*)k—l_ (20)

By Theorem 2 with (20) one can find in time polynomial in N an independent
set I C S**, such that, as € > 0 is fixed, for constants Cy, Cj, > 0 we have

Il > Cp - - (log t**)F=1 > Cf, - - (log t3*)F=1 >
ek Fr* 0
0
N2 4. . 1
>Ck - ((1/]2: évi N -<log((6-k‘~c)k71 ~N‘5))kf1
12 . -c)k-1 . €

, k=2 1
> Ck.Nk—l . (logN)k—l_

The set I does not contain k distinct collinear points. a

3 No (k + 2) Points in Affine k-Space or Linear
(k 4+ 1)-Space

Here we consider higher dimensional versions of Theorem 2. For fixed positive
integers k, £ with £ > k+2, let fq(¢, k,T) denote the maximum number of points
in the d-dimensional T X - -- x T-grid, such that no ¢ points are contained in a
k-dimensional affine subspace of RY. We have by monotonicity fq(¢ +1,k,T) >

fd (67 ka T)

The d-dimensional T x --- x T-grid can be partitioned into 79 % many k-
dimensional affine spaces, namely for fixed aq,...,aq— € {0,...,7 — 1}, into
the k-dimensional affine spaces given by all points (ai, ..., 04—k, Ta—k+1; - - - > Td),

hence it follows

For k = d — 1 and fixed ¢ > d + 1 the upper bound (21) is asymptotically
sharp, namely for primes T the set of points (x mod T, 2% mod T, ...,2%¢ mod T),
x=0,...,T—1, on the modular moment-curve meets every (d — 1)-dimensional
affine space in at most d points, compare [5, 18], thus

falt,d—=1,T) = O(T). (22)

We can improve on the upper bound (21) for pairs (¢ = k + 2, k) as follows.

Lemma 1. Letd, k > 1 with k < d—1 be fixed integers. Then, for some constant
c=c(k) >0 it is:

falk+2,k,T)<c-T (Gey (23)



For even k > 2, the upper bound (23) on f4(k + 2,k,T) is smaller than (21)
for k < d— 2, and for K = d — 2 in both bounds the exponents of T are equal,
and (21) is less than (23) only for k = d — 1. For odd k > 1, the upper bound
(23) is smaller than (21) for the range (d —1)/2 — \/(d—1)?/4—d < k <

(d—1)/2+/{d-1)2/1—d.

Proof. Let k > 2 be even and set g := k/2. Let S be a subset of points from the
d-dimensional T X - - - x T-grid, where no (k + 2) points in .S are contained in a
k-dimensional affine subspace, w.l.o.g. |S| > k + 2. Consider the set S;41 of all
(g+1)-term sums of pairwise distinct elements from S with addition component-
wise:

Sgr1:={s1+ -+ Sg+1 ] S1,-..,8441 € S are pairwise distinct}.

We claim that for distinct points s1,...,s441 € S and distinct ¢1,...,t541 € S
with {81, ey Sg+1} 7é {th PN ,tg+1} it is

81+"'+59+1§£t1+"'+tg+1. (24)

Otherwise, we have sy + -+ 4 5441 = t1 + -+ + tg41 for some distinct points
S1,...,8g+1 € S and distinct ¢1,...,t541 € S. Assume that for some integer
j=>1litiss; =t;,9=0,...,5—1, and that s;,...,544+1,%;,...,t541 are pairwise
distinct points. Then, it is s; 4+ -4+ 5441 = t; + - - + 1441, hence we have found
2-(g+2—-j) =k+4—2-j distinct points in S, which are contained in a
(k+ 2 — 2 - j)-dimensional affine space. Adding 2 - j further distinct grid-points
from S to sj,...,8g41,t5,...,tg41 yields (k + 2) grid-points in the set S, which
are contained in a k-dimensional affine space, a contradiction.

By (24) we infer |Sgqq1| = (glf_ll), and all points in Sy41 are contained in a
((g4+1)-T)x---x((g+1)-T)-grid, thus we obtain

S
(2 =150l < @+ vy
and with k = 2 - g for a constant ¢ = c(k) > 0 we have [Sy 1| < ¢ T24/(k+2),
hence fy(k +2,k,T) < ¢ T?4/(k+2),

Let k > 1 be odd. If a subset S of points from the d-dimensional T" x - - - x T-grid
does not contain (k + 2) points, which are contained in a k-dimensional affine
subspace, then S also does not contain (k + 1) points, which are contained in a
(k — 1)-dimensional affine subspace. With the already proved upper bound for

even values we infer for k > 1 odd that fy(k+2,k,T) < fa(k+ 1,k —1,T) <
c - T2d/(k+1), 0

Concerning lower bounds, Brass and Knauer proved in [4] for fixed integers
d,k,¢ > 2 by a random selection of points from the T x --- x T-grid that

fd(ea k,T) _ Q(Tdfkf(d(kﬂ*l)/(lfl))). (25)

Then (25) guarantees fq(¢, k,T) = 2(T) for £ —1 > d(k+1)/(d — k — 1) and
k < d—2. One can improve (25) a little by using a (slightly) different argument:



Lemma 2. For fized integers d,k,¢ > 1 with k < d—1 and { > k+ 2 and
integers T' > 1 it is:

Ja(l,k,T) = (k- (EFD/E=D)), (26)

Notice that (26) is bigger than (25) for k < d. However, (26) as well as (25) are
close to the lower bound (21) for ¢ large.

Proof. Form a (-uniform hypergraph G = (V, &) with vertex-set V' consisting of
all T points from the d-dimensional T x - - - x T-grid. For grid-points P, ..., P, €
Vet {Pi,..., P} € & if and only if Py, ..., Py are contained in a k-dimensional
affine subspace. We want to guarantee a large independent set in G. Each k-
dimensional affine subspace contains at most T points from the d-dimensional

T x -+- x T-grid. The number of k-dimensional affine subspaces, which intersect
d
the d-dimensional T' x --- x T-grid in at least (k + 1) points, is at most (13;1)

We infer for a constant ¢ > 0

k d
[ <1; ) : (ka— 1) < ¢ TREd(EED).

hence the average-degree t*~! of G fulfills for some constant ¢’ > 0:

(-1 0. c. Tkttd(k+1)
ot = Ll < B <o s, (27)

By Theorem 1 and (27) we can find in time polynomial in 7' an independent set
I CV in G, such that for a constant ¢’ > 0 it is

[Ety T S o L -k (k(d41) /(1))
=T U L pRa+h /(-1 = € :

O

Next we consider linear subspaces. Let fclli" (¢, k,T) denote the maximum number
of points in the d-dimensional T'x - - - x T-grid, such that no ¢ points are contained
in a k-dimensional linear subspace. From number theory it is known [5] that for
fixed d > 2 it is f4"(2,1,T) = ©(T%). Barany, Harcos, Pach and Tardos proved
in [2] that f¥"(d,d —1,T) = 6(T4=V) for fixed d > 2. Based on this, Brass
and Krauer [4] conjectured (stated as a problem in [5]) that

fglzm<k7 +1,k,T) = @(T%)- (7 (28)

However, we can show the following:

Lemma 3. For fized integers d,k with 1 < k < d — 1 there exists a constant
¢ > 0, such that for every integer T > 1 it is

lin (k4 1,k,T) < ¢ TTo2T, (29)
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For odd k the upper bound (29) is asymptotically smaller than the suggested
growth of fi(k +1,k,T) in (28) for 1 < k < d — 2 with equality for k = d — 2.
Similarly, for even k the upper bound (29) is smaller than in (28) for the range

d/2 —\/d?/4—2d+2 < k <d/2+ +/d?/4 — 2d + 2. Hence, (28) does not hold

for several values of k, d.

Proof. The proof is similar to that of Lemma 1, therefore we only sketch it. Let
k > 1 be an odd integer and set g := (k+1)/2. Let S be a subset of points from
the d-dimensional T' x --- x T-grid, where no (k + 1) distinct points from S are
contained in a k-dimensional linear subspace, w.l.o.g. |S| > k + 1. Let

Sg={s1+---+s4|51,...,50 €S are pairwise distinct}.

As in the proof of Lemma 1, for distinct grid-points s1,...,s, € S and distinct
t1,...,tg € Swith {s1,...,80} # {t1,...,tg}itiss1+---+s4 #t1+---+1t,, as
otherwise we can find (k + 1) distinct grid-points in .S, which are contained in
a k-dimensional linear subspace, a contradiction, hence |Sy| = (\il) < (g-7)%,
and we infer fin(k+ 1,k,T) = O(T?¥*+1) for odd k > 1.

For even k > 2 we conclude as in the proof of Lemma 1 that for a constant ¢ > 0
it is f57(k+1,k,T) < f57(k,k — 1,T) < c- T2/, O
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