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Suggested literature

* Robot Modeling and Control
* Robotics: Modelling, Planning and Control



Motivation

A large part of robot kinematics is concerned with the
establishment of various coordinate systems to represent the
positions and orientations of rigid objects, and with
transformations among these coordinate systems.

Indeed, the geometry of three-dimensional space and of rigid
motions plays a central role in all aspects of robotic manipulation.

A rigid motion is the action of taking an object and moving it to a
different location without altering its shape or size



Transformation

The operations of ROTATION and TRANSLATION.

Introduce the notion of HOMOGENEOUS
TRANSFORMATIONS (combining the operations

of rotation and translation into a single matrix
multiplication).
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Representing Positions

Y 2
The coordinate vectors that P
represent the location of the Yo v
point p in space with respect to
coordinate frames o0y xy Yo and vl
01 X1 V1, respectively are: .
L)

Two coordinate frames, a point p, and two vectors vy and va.



Representing Positions

Lets assign coordinates that
represent the position of the origin Yo
of one coordinate system (frame)

with respect to another.

Two coordinate frames, a point p, and two vectors v; and wva.



Representing Positions

)
What is the difference
between the geometric
entity called p and any
particular coordinate
vector v that is assigned Two coordinmte frames, & poit p. and two vectors o1 an o,
to represent p?

Yo

p is independent of the choice of coordinate systems.
v depends on the choice of coordinate frames.



Representing Positions

A point corresponds to a specific
location in space.

Yo
A vector specifies a direction and
a magnitude (e.g. displacements
or forces).

The point p is not equivalent to
the vector v4, the displacement
from the origin o,y to the point p
is given by the vector v4.

Two coordinate frames, a point p, and two vectors v; and wva.

We will use the term vector to refer to what are sometimes called free vectors, i.e.,
vectors that are not constrained to be located at a particular point in space.



Representing Positions

When assigning coordinates to
vectors, we use the same notational
convention that we used when
assigning coordinates to points.

Thus, v4 and v, are geometric
entities that are invariant with
respect to the choice of coordinate
systems, but the representation by
coordinates of these vectors
depends directly on the choice of
reference coordinate frame.

0 [ 5 ] 1 [ 7.77 ]
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Yo
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Two coordinate frames, a point p, and two vectors v; and wva.
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Coordinate Convention

In order to perform algebraic manipulations using
coordinates, it is essential that all coordinate vectors
be defined with respect to the same coordinate
frame.

In the case of free vectors, it is enough that they be
defined with respect to parallel coordinate frames.



Coordinate Convention

An expression of the form:
0 oyl

is not defined since the frames

09 Xg Yo and 04 x4 y4 are not
parallel.

5 o [T o[ -5 1 [ 289
6| LT o8] 2T L T 42
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Coordinate Convention

An expression of the form:

0,1 Yo

is not defined since the frames
09 Xg Yo and 04 x4 y4 are not
parallel.

Two coordinate frames, a point p, and two vectors vy and va.

Thus, we see a clear need, not only for a representation system that allows points to
be expressed with respect to various coordinate systems, but also for a mechanism
that allows us to transform the coordinates of points that are expressed in one
coordinate system into the appropriate coordinates with respect to some other
coordinate frame.
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Representing Rotations

In order to represent the relative
position and orientation of one rigid
body with respect to another, we will
rigidly attach coordinate frames to
each body, and then specify the
geometric relationships between
these coordinate frames.

Yo

o

Y1

|



Representing Rotations

In order to represent the relative
position and orientation of one rigid
body with respect to another, we will
rigidly attach coordinate frames to
each body, and then specify the
geometric relationships between
these coordinate frames.

~D 2
[

Yo

o

Y1

|



Representing Rotations

Y1
In order to represent the relative .
position and orientation of one rigid
body with respect to another, we will
rigidly attach coordinate frames to
each body, and then specify the
geometric relationships between

these coordinate frames.

Yo

o

How to describe the orientation of one coordinate frame relative to another frame?



Rotation In The Plane

Yo

cos b

Coordinate frame oyx1y1 is oriented at
an angle 6 with respect to opzoyo.
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Rotation In The Plane

Fram 04 x4 y; is obtained by rotating \\
frame 0y x¢ Yo by an angle 6. |

The coordinate vectors for the axes of N 7 A
frame 04 x4 Y4 with respect to coordinate \
frame 0y xg v are described by a rotation <
‘ .
L~

matrix:

RO — |::I:O ‘yO] cos b
1 1 1 Coordinate frame oyx1y1 is oriented at
an angle 6 with respect to opzoyo.

wherex(ll and y(ll are the coordinates in frame 0y xy Vo of unit
vectors x ; and y {, respectively.
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Rotation In The Plane

RY = [2}|y!] ]

I
I SR Ny
\\ ’/f’ :
\ - ' .
: sin ¢
S \9 |
\ _ .
w >To ~
Op, 01

cos

Coordinate frame o1x1y1 1s oriented at
an angle 6 with respect to opzoyo.

Rg is @ matrix whose column vectors are the coordinates of the (unit vectors along the)
axes of frame 01 x; y; expressed relative to frame 0y x4 Vp.
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Rotation In The Plane

R? = [x(l] ‘y?] 0 f

The dot product of two unit vectors gives the
projection of one onto the other

€
T
0 \ T
x(l} — Y1 = ' | sin 6
. /,,f’ \9
N e :
» -—-—IO X
Op, 01
i i -

0 cos b
R1 — Coordinate frame o1x1y1 1s oriented at
an angle 6 with respect to opzoyo.

Rg describes the orientation of frame 04 x; y; with respect to the frame 0y x¢ yy.

1 _
R} =2
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Rotation In The Plane

The orientation of frame 0y x( yo with Yo
respect to the frame 04 x4 y;. ”

\
The dot product of two unit vectors gives the
projection of one onto the other

0 -
Ry =

cos b
Coordinate frame o1x1y1 1s oriented at
an angle 6 with respect to opzoyo.

Since the inner product is commutative 1 AVA e
rerprosuctb ommE o) Ry = (Ry)T o
LiYj = Y5 Ly

: x(°
¢ e
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Rotations In Three Dimensions

Each axis of the frame 0,x;y2 is projected onto coordinate frame 0gxyy2y.

The resulting rotation matrix is given by:

Lo iy o
0 ,_ ,_
Ry = Yo Yo Yo
i 20 20 Z _

10/17/2017



Rotation About z, By An Angle 0

L1y Y-y =21°Io
0
Rlz 1Yo Y1 Yo Z1 Yo

T1-2Zo Y10 2120 T
-0 =[N v - 7o = [
Z0 " 21 _

S
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Rotation About z, By An Angle 6

cos) —sinf 0
) . “0, ~1
R} = sinf) cos 0 n
0 0 1

Called a basic rotation matrix (about the z-axis)
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Basic Rotation Matrix About The Z-axis

cos 6
sin @
0

—sinf 0 |
cos 0
0 1

(Rz,ﬁ)l

10/17/2017

20, ~1

|



Basic Rotation Matrix About The X-axis

L1-To Yi1-To 210
0
R, =

1Yo Y1 Yo Z1 Yo

T1Z0 Y120 2120 R
X,0

1 0 0
R, = 0 costl —sinf

0 sinf cos#
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Basic Rotation Matrix About The Y-axis

0 e _.
Ri=1 z1-y vi-Y 21 Y

r1-zZo Y120 2120

1Ty YTy 21T }

y,0

cos/# 0 sinf¥
Ryﬂ — 0 1 U

—sinf? 0 cos#
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Example

Find the description of frame 0,x;y,2z; with respect to the frame 0yx(y(2.

b ~
. ~,
1 N
1 A
. N,
..... o o/
To: @ 45°[ o
s ,
1 i
. 7
. /
. s
' _./‘
: 2 e T S
B Yo::i<
E '/'/ ----------
SR

10/17/2017



Example

Find the description of frame 0,x,y,2z, with respect to the frame 0yx(y(2.

r1-To Yi-Lo =1°To

~0
0 L . |
R, = L1-Yo Yi-Yo 21" Yo T A
120 Yi1-zZo Z1° %20 A S
The coordinates of xare ‘\‘\,\
1 g L ! 4 4 5/
V2T V2 - :
The coordinates of y;are /'/
2o =t)' 7 Y0, 21
2 ? ? \/§ E’/
. ]
The coordinates of z4 are

(0,1,0)"
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Example

Find the description of frame 0,x,y,2z, with respect to the frame 0yx(y(2.

- 1 1 0 )
0 vZ  v3 4
R, = 0 0 1 . A
1 ) 1 I
— 0 A N
L V2 V2 - AN
The coordinates of xare ‘\‘\,\
L0, L : T | 45° /
V27T V2 -
The coordinates of y;are /'/
2o =t)' 7 Y0, 21
2777 /2 ’/
. ]
The coordinates of z4 are

(0,1,0)"
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Rotational Transformations

A 20
S is a rigid object to which a coordinate frame 1 5/1
is attached. N BT
Given plof the point p, determine the coordinates S R
of p relative to a fixed reference frame 0. N % /,,’gl}'l'
=

pt = (u,v,w)"

P =ur1 + VY + Wz

The projection of the point p onto the o

coordinate axes of the frame 0:

P - Ly
po=1 P Yo
P Z0
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Rotational Transformations

(ury + vy +wzy) - g
(ury + vy +wz1) - Yo
(wrq + vy +wz1) - 29

S

<1

A 20

Rip'



Rotational Transformations

Rlp

Thus, the rotation matrix RY can be used not
only to represent the orientation of coordinate
frame 04 xq yq 2z with respect to frame
009 X0 Yo Zg , but also to transform the
coordinates of a point from one frame to
another.

If a given point is expressed relative to
01 X1 V1 Z, by coordinates pl, then R1p
represents the same point expressed relative
to the frame 0g x¢ Yo 2Z¢.-

Lo

\ZO




Rotational Transformations

Rotation matrices to represent rigid %0

motions o s

Do

Yo

Yo

Lo
(a) (b)
The block in (b) is obtained by rotating the block in (a) by 7 about zo.

It is possible to derive the coordinates for pj, given only the coordinates for
P, and the rotation matrix that corresponds to the rotation about zy.

Suppose that a coordinate frame 0g Xy Yo Zy is rigidly attached to the block.
After the rotation by 7, the block’s coordinate frame, which is rigidly attached

to the block, is also rotated by .



Rotational Transformations

Rotation matrices to represent rigid
motions

cos# —sinf 0
R) = sinf)  cos6 0
0 0 1

W

The coordinates of pp with respect to the reference frame 0y xg y¢ 2 :

p, = R

10/17/2017

Pa

J :

(a)
The block in (b) is obtained by rotating the block in (a) by 7 about zo.

z,'zrpa

Yo

Po

"

(

Yo

b)



Rotational Transformations

Rotation matrices to represent vector rotation with } 2o
respect to a coordinate frame. 7
0
0 __ T s
v’ = (0,1,1)" s rotated about yo by 5
T
2
+ -
"""""""""" 0]
Reminder: 0
cos/ 0 sinf Rotati t bout .
R,, = 0 1 0 otating a vector about axis yo.
—sinf# 0 cosf

10/17/2017



Summary: Rotation Matrix

1.1t represents a coordinate transformation
relating the coordinates of a point p in two
different frames.

2. It gives the orientation of a transformed
coordinate frame with respect to a fixed
coordinate frame.

3. It is an operator taking a vector and rotating it
to a new vector in the same coordinate system.



Similarity Transformations

The matrix representation of a general linear transformation is transformed from one
frame to another using a so-called similarity transformation.

For example, if A is the matrix representation of a given linear transformation in
0o Xo Yo Zg and B is the representation of the same linear transformation in
01 X1 Y1 Z1 then A and B are related as:

B = (R)) AR}

where Rg is the coordinate transformation between frames 04 x; y1 24 and
0o Xo Yo Zg - In particular, if A itself is a rotation, then so is B, and thus the use of

similarity transformations allows us to express the same rotation easily with respect to
different frames.



Example
B

)\ —
(Ry) ARy
Suppose frames 0g Xg Yo Zg and 01 X1 Y1 21 are related
by the rotation

| 0 0 1
RY = 0 1 0
1 0 0

If A = R, relative to the frame 0y xg Yo Zg, then, relative to frame 01 X1 y1 Z1 we have

o 1 0 0
B = (R)™A’RY =10 ¢y sy
i 0 —Sp  Cp il

B is a rotation about the z0 — axis but expressed relative to the frame 04 X1 y1 21 .



Rotation With Respect To The Current
Frame

The matrix R‘l’ represents a rotational transformation between the frames 0g xg Yo 2o
and 01X1Y144.

Suppose we now add a third coordinate frame 0, x;, Y5 z, related to the frames
0o X9 Yo Zg and 04 X1 Y1 Z4 by rotational transformations.
A given point p can then be represented by coordinates specified with respect to any of

these three frames: p°, p! and p?.

The relationship among these representations of p is:

P’ = Rip' p’ = RiRyp°

/- mp Ry =RiR,

where eachR]‘- is a rotation matrix



Composition Law for Rotational
Transformations

In order to transform the coordinates of a point p from its
representation p? in the frame 0, x, Y5 Z, to its representation
p? in the frame o0g X Yo Zo, We may first transform to its
coordinates pl in the frame 04 x; y; Z1 using R% and then

transform p! to p® using RY .

pO — R(l)pl po — R(l) R%pQ
101 = R%pQ e



Composition Law for Rotational
Transformations

0 0 pl
R — Rl R2
Suppose initially that all three of the coordinate frames are coincide.

We first rotate the frame 04 x, y, 2z, relative to 0g xg Yo Zo according to the
transformation RY .

Then, with the frames 04 X1 Y1 Z1 and 0, X5 Y, Z, coincident, we rotate 0, x, Y2 Z,
relative to 04 X1 Y1 Z4 according to the transformation R% :

In each case we call the frame relative to which the rotation occurs the current frame.

Coincident: lie exactly on top of each other



Example

Suppose a rotation matrix R represents

* arotation of angle ¢ about the current y — axis followed by

e arotation of angle O about the current z — axis.

R =

10/17/2017

R-I.G

R,

1 0 0

0 costl —sinf
0 sin# cos t/

cosd 0 sind |
0 1 0

_—sinl‘) 0 cosf

[ cosf —sinf 0 |

sinf/  cosf ()

0 0 |




Example

Suppose a rotation matrix R represents
* arotation of angle ¢ about the current y — axis followed by
e arotation of angle O about the current z — axis.

R

10/17/2017

R, 4R

.
------

1 0 0

0 costl —sinf
0 sin# cos t/

cosd 0 sind |
0 1 0

_—sinl‘) 0 cosf

cost)! —sinfl 0

sinf/  cosf ()

0 0 |




Example

Suppose a rotation matrix R represents
* arotation of angle ¢ about the current y — axis followed by
e arotation of angle O about the current z — axis.

1 0 0
R = RyaﬁbRZﬁ R,, = 0 cosf —sin#
Co 0 S4 Co  —Sp 0 I 0 sinf cost |
= 0 1 0 Sp Cop 0 T . [ cosf) 0 sinf ]
s 0 ¢y 0 0 1 [ Ry = 0 1 0

_—sinl‘) 0 cosf

. [ cosf —sinf 0 ]
Rz,@.:: = sinff cosfl 0
RETIRREL ’ 0 0 1
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Example

Suppose a rotation matrix R represents
* arotation of angle ¢ about the current y — axis followed by
e arotation of angle O about the current z — axis.

1 0 0
R = Rngszjg R, , = 0 cos# —siné#
_ ¢ 0 55 co —sp 0 | 0 sinf  cosf |
= 0 1 0 Sp Cop 0 T . [ cosf) 0 sinf ]
—S¢ 0 Ce 0 0 1 Py = 0 10
- R - I —sinf 0 cost |
CoCo  —CopSo 5o -‘ e [ cosf) —sinf 0
_ S Co 0 Rz,é),}_ sinff cosf 0
| —S¢Co SpSo Co et 0 0 1

10/17/2017



Example

Suppose a rotation matrix R represents
e arotation of angle O about the current z — axis followed by
* arotation of angle ¢ about the current y — axis

R' =

.
------

10/17/2017

1 0 0

0 costl —sinf
0 sin# cos t/

cosd 0 sind |
0 1 0

_—sinl‘) 0 cosf

[ cosf —sinf 0 |

sinf/  cosf ()

0 0 |




Suppose a rotation matrix R represents

/
R R.oR, 4
o —Sg

Sg  Cg
0 0

?

— ?

?

10/17/2017

0
0
1

Example

a rotation of angle @ about the current z — axis followed by
a rotation of angle ¢ about the current y — axis

.
------

1
0
0

0
cost
sin ¢

cos
0

—sin #/

0
1
0

0
—sin#
cost/

sinf |
0

cos t

cost)! —sinfl 0

sinf/  cosf ()

0 0 |




Example

Suppose a rotation matrix R represents
e arotation of angle O about the current z — axis followed by
* arotation of angle ¢ about the current y — axis

R' =

Rz,QRy,qb

i Co —S¢ 0
S0 Co 0

00 1

i CoCyp  —S0
S0Cqp Co

i —S5 0

CHSgp
S0S¢
Co

cee
....

.
''''''

1 0 0

_O sinfl  cosf

[ cosf 0

_—sinF) 0 cosft

cost)! —sinfl 0

0 cosf —sin#

sinf |
0 1 0

sinf/  cosf ()

0 0 |

/
Rotational transformations do not commute R # R

10/17/2017



Rotation With Respect To The Fixed
Frame

Performing a sequence of rotations, each about a given fixed coordinate frame, rather
than about successive current frames.

For example we may wish to perform a rotation about x followed by a rotation about
¥yo (and not y4!). We will refer to 09 x¢ Y 2z as the fixed frame. In this case the

composition law given before is not valid.
RO RV R
2 1-+-%2

ing the successive rotation matrices
is not valid.

The composition law that was obtained by multi
in the reverse order from that given by



Rotation with Respect to the Fixed Frame

Suppose we have two frames 0¢ xo Yo Zo and Reminder:
01 X1 Y1 Z1 related by the rotational transformation R(l’ :

If R represents a rotation relative to 0g x¢ Yo 2Z¢, the N ‘ .
representation for R in the current frame 04 x4 Y1 z1 is given Similarity Transformations

by: (R(l))_lRR(l) - B = (R?)_lAR-?

composition law for
rotations about the
current axis

Ry = RY[(R))"'RR{] =RR] RY=R'R!

With applying the composition law for rotations about the
current axis:




Example

Suppose a rotation matrix R represents
* arotation of angle ¢ about y, — axis followed by
* arotation of angle@about the fixed zy—axis

20

The second rotation about the fixed axis is given by
Yy,— Qb < 9 Y, (b

which is the basic rotation about the z-axis expressed relative
to the frame 04 X1 y1 2z using a similarity transformation.

Reminder:

Similarity Transformations

B = (R)) AR}

composition law for
rotations about the
current axis

Ry = R|R;

composition law for
rotations about the fixed
axis
RS = RY[(RY)RE)
= RR



Example

Suppose a rotation matrix R represents
* arotation of angle ¢ about y, — axis followed by
* arotation of angle@about the fixed zy—axis

p’ =

10/17/2017

Reminder:

Similarity Transformations

B = (R))"'AR)

composition law for
rotations about the
current axis

Ry = RVR}

composition law for
rotations about the fixed
axis
Ry = B[R RRY
= RR?



Example

Suppose a rotation matrix R represents

a rotation of angle ¢ about yo, — axis followed by
a rotation of angle@about the fixed zy—axis

p’ = R,.p

10/17/2017



Example

Suppose a rotation matrix R represents
* arotation of angle ¢ about yo, — axis followed by
* arotation of angle@about the fixed zy—axis

p’ = R,4p

Suppose a rotation matrix R represents
* arotation of angle ¢ about the current y — axis followed by
* arotation of angle @ about the current z — axis.

10/17/2017



Summary

To note that we obtain the same basic rotation matrices, but in the reverse order.

Rotation with Respect to
the Current Frame

| B - B

()1 L Yo, Y1

Rotation with Respect to
the Fixed Frame

R&:@@?

Ry =RRY

10/17/2017



Rules for Composition of Rotational
Transformations

We can summarize the rule of composition of rotational transformations by:

Given a fixed frame 0y xg Yo Zg a current frame 04 X1 y1 2z, together with rotation
matrix R‘l) relating them, if a third frame 04 x, Y5 z, is obtained by a rotation R
performed relative to the current frame then post-multiply R(l’ by R = R% to obtain

RS = R R

If the second rotation is to be performed relative to the fixed frame then it is both
confusing and inappropriate to use the notation R% to represent this rotation. Therefore,
if we represent the rotation by R, we pre-multiply R(l’ by R to obtain

Ry =RRY

In each case Rg represents the transformation between the frames 0¢ xo Yo zo and
02 X2 Y2 23.



Example

Find R for the following sequence of basic rotations: Reminder:

1. Arotation of © about the current x-axis Rotation with Respect to
2. Arotation of ¢ about the current z-axis the Current Frame

3. Arrotation of a about the fixed z-axis 0 0 1
4. A rotation of B about the current y-axis R p— R R
5. Arrotation of 6 about the fixed x-axis 2 1 2

Rotation with Respect to
R the Fixed Frame

Ry =RRj
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Example

Find R for the following sequence of basic rotations:

A rotation of © about the current x-axis
A rotation of ¢ about the current z-axis
A rotation of a about the fixed z-axis
A rotation of B about the current y-axis
A rotation of 6 about the fixed x-axis

uhwbh e

s
|

R:I:,Q

10/17/2017

Reminder:

Rotation with Respect to
the Current Frame

R

Rotation with Respect to
the Fixed Frame

Ry =RRj




Example

Find R for the following sequence of basic rotations:

A rotation of © about the current x-axis
A rotation of ¢ about the current z-axis
A rotation of a about the fixed z-axis
A rotation of B about the current y-axis
A rotation of 6 about the fixed x-axis

uhwbh e

s
|

RyeoR. o

10/17/2017

Reminder:

Rotation with Respect to
the Current Frame

R

Rotation with Respect to
the Fixed Frame

Ry =RRj




Example

Find R for the following sequence of basic rotations:

A rotation of © about the current x-axis
A rotation of ¢ about the current z-axis
A rotation of a about the fixed z-axis
A rotation of B about the current y-axis
A rotation of 6 about the fixed x-axis

uhwbh e

s
|

RzﬁaRm,Qszqb-

10/17/2017

Reminder:

Rotation with Respect to
the Current Frame

R

Rotation with Respect to
the Fixed Frame

Ry =RRj




Example

Find R for the following sequence of basic rotations:

A rotation of © about the current x-axis
A rotation of ¢ about the current z-axis
A rotation of a about the fixed z-axis
A rotation of B about the current y-axis
A rotation of 6 about the fixed x-axis

uhwbh e

s
|

R. ol oR: 1Ry s

10/17/2017

Reminder:

Rotation with Respect to
the Current Frame

R

Rotation with Respect to
the Fixed Frame

Ry =RRj




Example

Find R for the following sequence of basic rotations:

A rotation of © about the current x-axis
A rotation of ¢ about the current z-axis
A rotation of a about the fixed z-axis
A rotation of B about the current y-axis
A rotation of 6 about the fixed x-axis

uhwbh e

R = Rm,éRzﬁaR:’U,QRZﬁbRyﬁ

10/17/2017

Reminder:

Rotation with Respect to
the Current Frame

R

Rotation with Respect to
the Fixed Frame

Ry = RR)




Example

Find R for the following sequence of basic rotations:

A rotation of 6 about the fixed x-axis
A rotation of B about the current y-axis
A rotation of a about the fixed z-axis
A rotation of ¢ about the current z-axis
A rotation of © about the current x-axis

uhwbh e

10/17/2017

Reminder:

Rotation with Respect to
the Current Frame

R

Rotation with Respect to
the Fixed Frame

Ry =RRj




Reminder:

Rotations in Three Dimensions

Each axis of the frame 04 x4 y; z4 is projected onto the coordinate frame
0¢ X0 Yo Zo-

The resulting rotation matrix is given by

1o Y1 -To 21T

1Yo Y1 Yo Z1 Yo

| L1220 Yi1-=20 ~F1° %0

RY —

The nine elements r; in a general rotational transformation R are not independent
guantities.

Re SO(3)
Where $0(n) denotes the Special Orthogonal group of order n. 10 (ead;
Re°°‘.“(:\gﬂ“°g°“:\a\ Grov?
10/17/2017 spec® \oﬂ"‘°"?’o
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Rotations In Three Dimensions

For any Re SO(n) The following properties hold

RT =R 1eS0n)

The columns and the rows of R are mutually orthogonal
Each column and each row of R is a unit vector

detR = 1 (the determinant)

Where S0O(n) denotes the Special Orthogonal group of order n.

Example for RT = R~1 € S0(2):

cos(—0) —sin(—6) | cos® sinf

sin(—#)  cos(—#0) | —sinf cosf
[ cos® —sino "
~ | sin@  cosf




Parameterizations Of Rotations

The nine elements r;; in a general rotational transformation R are not independent
guantities.

Re SO(3)

Where SO(n) denotes the Special Orthogonal group of order n. ri11 T12 T3

R = 191 722 793
As each column of R is a unit vector, then we can

write: 4 31 732 733

.o{\
2: 2 : ‘ &
(r?’j — 1: ) € {123} “,0?

As the columns of R are mutually orthogonal, then

&
. o oQ
we can write: &
&0
NG

riiryy +rorey +rairs; = 0, 1F ]

Together, these constraints define six independent equations with nine unknowns, which
implies that there are three free variables.

10/17/2017




Parameterizations of Rotations

We present three ways in which an arbitrary rotation can be represented using only three
independent quantities:

* Euler Angles representation
* Roll-Pitch-Yaw representation
» Axis/Angle representation



Euler Angles Representation

.
A
Zb |
|
o
o
//,“
R
o ,
ray, T, ¥ T

(1) (2) (3)

We can specify the orientation of the frame 04 x4 y; z4 relative to the frameogy xg Yo z¢ by

three angles (¢, 8, ), known as Euler Angles, and obtained by three successive rotations as
follows:

1. rotation about the z-axis by the angle ¢
2. rotation about the current y-axis by the angle 6
3. rotation about the current z-axis by the angle Y
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Euler Angles Representation

A
Zb |
|
Lo
o
/.‘*- o G - ya.-. yb
//,“ H
ilia_/ ,
ray, ryr o xq
(1) (2) (3)
Rzyz = R, R,
N‘%\e Cyp —S¢ 0 co 0 sy cp —Syp 0
Q’\)\e( a(\o(\ = S Co 0 0 1 0 Sqp Cq)y 0
1:(1; s\o( 0 0 1 —sg 0 ¢p 0 0 1
W) _
<@ CHCHCY — 84Sy —CpCoSy — SeCy CpSa
= SHCOCYy, + CHSyy  —8pCoSy T CopCyy  SpSe
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xMathway

Basic Math Pre-Algebra Algebra Geometry Trigonometry Precalculus Calculus Statistics Finite I
Problem > <= > < = g e i o U 6 X Uz Oz m @ |= = N N, = V=
Graph . . i
cos(p) —sin(p) O cos(t) 0O sin(t) 1 0 mn ™
Worksheet sin (p) COS (p) 0]- 0 1 0 . 0 COSs (O{) —sin (O{)
0 0 1 —sin(t) 0 cos(t) 0 sin(a) cos ()
Glossary

Answer

cos(p) cos(t) —sin(p)cos(a) + cos(p)sin(t) sin(a)  sin(p) sin(a) + cos(p) sin(t) cos(a)
sin(p) cos(t)  cos(p) cos(a) + sin(p) sin(t) sin(a)  — cos(p) sin(a) + sin(p) sin(t) cos(a) ¢
— sin(t) cos(t) sin(a) cos(t) cos(a)

10/17/2017



Reminder:

Trigonometry (Atan vs. Atan2)

amﬂ(y/,z") .
arctan(-y)
S ) S
arctan(y) | STt

10/17/2017




Reminder:

Trigonometry (Atan vs. Atan2)

farcta,nf x>0
arctan £ 47 y=0x<0
atan2(y. ) = 4 arctan £ — y<0,z<0
+3 y>0,x=10
-3 y<0,x=10
| undefined y=0,z=10

amﬂ(f/ 2/

10/17/2017




Reminder:

Trigonometry (Atan vs. Atan2)

tan(angle) = opposite/adjacent

atan(opposite/adjacent) = angle . ! } *(2,3)
(-2.3),
atan2(3,-2)
”"\: 123.7° \ “ti”_sg: =
e I -
9 []
d
GG(\\\
2*5&?> ' '
’\G k)
°”
\OQ
oF
a‘a - -
/ N,/ atan2(-3,2)
/T atan2(-3,-2) N, e
(-2, _3}‘ ==123.7° "\.\ _
; o @-3)

10/17/2017




Euler Angles Representation

{ 11 T12 T13 -‘
R =1 ro1 7122 723
{ T31 T332 T33 J

Given a matrix Re SO(3)

Determine a set of Euler angles ¢, 0,and ¥ so that R = Ry,

CpCoCyy — SpSeyy  —CpCeSyy — SpCyy ChSe
Rzyz = SHCOCY + CpSy  —8pCoSy + CHCy SpS0
—S5 A CL” S 6 S lr ) C@

If ri3 # 0 and ro3 == 0,

it follow that: ¢p=Atan2(r,3, r13)

where the function Atan2(y, x) computes the arctangent of the ration y/x.

Then squaring the summing of the elements (1,3) and (2,3) and using the element (3,3)
yields:

0=Atan2(+\/r132 + 1ry3%,1r33) or O=Atan2(— \/r132 + 1,32, 133)
If we consider the first choice then sin(0) > 0 then: Y=Atan2(r3,, —131)

If we consider the second choice then sin(@) < 0 then: YP=Atan2(— r3,,131)
and ¢=Atan2(—ry3,—113)



Euler Angles Representation

{ 11 T12 T13
R =1 ro1 7122 723
{ T31 T332 T33

Given a matrix Re SO(3)

Determine a set of Euler angles ¢, 0,and ¥ so that R = Ry,

C@C@Cuﬁ; — S@Sﬁj} —C@CQS@ — S@Cﬂ_) C@S@
Rzyz = SpCoCY T CpSy  —8pCHSy T CopCyp S¢S0
—S59Cy) S50 S Co

If r13 = r23 = 0, then the fact that R is orthogonal implies that 733 = +1 and that r34
= r3, = 0 thus R has the form: { rii T 0 “

R = {T21 T'29 0

0 0 =+l J
If r33 = +1thencg = 1and sy = 0, sothatd = 0.

CHCoh — SpSyy  —ChpSeyy — SepCyy 0 Copidr  —Spty O
S Cafy + CopSeyy  —SpSay + CopCo)s 0 S p4-) Cp+1) 0
0 0 1 0 0 1

Thus, the sum ¢ + 1 can be determined as ¢ + Y = Atan2(r,1,7r11) = Atan2(— 11, 73)
There is infinity of solutions.

10/17/2017
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Euler Angles Representation

. . 11 T2
Given a matrix Re SO(3) {
R = ro1 1o
i { 31 732
Determine a set of Euler angles ¢, 8,and ¥ so that R = Rzy,
CpCoCyy — SpSeypy  —CpCeSyy — SpCyy CpSh
RZYZ — SpCHC Y, + Cq")sfzj; _S®CG Saf + Cgf)c-uf: SQDSQ
—S59Cy) S50 S Co

If r13 = r23 = 0, then the fact that R is orthogonal implies that 733 = +1 and that r34

= r3, = 0 thus R has the form: { rii T 0 “
R = ro1 122 0
[ 0 0 =+l J
If r33 = —1thencg = —1andsg =0,sothatd = .
—Cp—ap T Sp—1) 0
qu—~ﬂ} (LﬁAfﬁb 0
0 0 —1

Thus, the ¢p — Y can be determined as ¢ — P = Atan2(—r41,, —111) = Atan2( r,1,733)
As before there is infinity of solutions.

10/17/2017
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Yaw-Pitch-Roll Representation

A rotation matrix R can also be described as a product of successive rotations about the
principal coordinate axes 09 X¢ Yo Zg taken in a specific order. These rotations define
the roll, pitch, and yaw angles, which we shall also denote (¢, 8, )

We specify the order in three successive rotations as follows:

1. Yaw rotation about xy —axis by the angle ¥ A 20
2. Pitch rotation about y, — axis by the angle 0
3. Roll rotation about zy — axis by the angle ¢ QD Roll
Since the successive rotations are relative to the fixed (\
frame, the resulting transformation matrix is given by: Yaw v =
0
Rxyvz = Pitch
Lo

10/17/2017



Yaw-Pitch-Roll Representation

A rotation matrix R can also be described as a product of successive rotations about the
principal coordinate axes 09 X¢ Yo Zg taken in a specific order. These rotations define
the roll, pitch, and yaw angles, which we shall also denote (¢, 8, )

We specify the order in three successive rotations as follows:

1. Yaw rotation about xy —axis by the angle ¥ A 20
2. Pitch rotation about y, — axis by the angle 0
3. Roll rotation about zy — axis by the angle ¢ QD Roll
Since the successive rotations are relative to the fixed (\
frame, the resulting transformation matrix is given by: Yaw v =
0
RXYZ — Rz}quy,HR;r__d) PitCh
Lo

10/17/2017



Yaw-Pitch-Roll Representation

A rotation matrix R can also be described as a product of successive rotations about the
principal coordinate axes 09 X¢ Yo Zg taken in a specific order. These rotations define
the roll, pitch, and yaw angles, which we shall also denote (¢, 8, )

We specify the order in three successive rotations as follows:

1. Yaw rotation about xy —axis by the angle ¥ A 20

2. Pitch rotation about y, — axis by the angle 0

3. Roll rotation about zy — axis by the angle ¢ QD Roll
Since the successive rotations are relative to the fixed (\
frame, the resulting transformation matrix is given by: Yaw -

.
RXYZ — Rz}quy,HR;r__d) PitCh
{c@.-) —54 0}[@ 03@{1 0 OW

sy ¢y O 0 1 0 0 Lo

Clr’ _S'l;‘"?
L 0 0 1 J [ — Sy 0 Cop J \‘ 0 S»Q’; C-d_) J
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Yaw-Pitch-Roll Representation

A rotation matrix R can also be described as a product of successive rotations about the
principal coordinate axes 09 X¢ Yo Zg taken in a specific order. These rotations define
the roll, pitch, and yaw angles, which we shall also denote (¢, 8, )

We specify the order in three successive rotations as follows:

1. Yaw rotation about xy —axis by the angle Y A 20

2. Pitch rotation about yy — axis by the angle 0

3. Roll rotation about zy — axis by the angle ¢ QD Roll
Since the successive rotations are relative to the fixed [\
frame, the resulting transformation matrix is given by: Yaw -

v - Yo

RXYZ — RZEQR@;,HR;L@) PitCh

[y —54 OW [ cg 0 sd [1 0 0 W
= Sy Co 0 0 1 0 0 cp —Sy Lo
0 0 1 J [ —sg 0 cq J L 0 sy ¢y J

CC) Cf—) - 19 ('*) CL) —|_ CC‘) :9 9 19 qf;“'} 19 C) 19 1;"; —I_ C('*) 19 9 Cf./'
— S o) Co Cgb C*y": + S @ 565 - Cgﬁ Safs + S o) 56 Cq /)
- S 9 CH S 1 ;"") C 9 Crg‘_f')




Yaw-Pitch-Roll Representation

A rotation matrix R can also be described as a product of successive rotations about the
principal coordinate axes 09 X¢ Yo Zg taken in a specific order. These rotations define
the roll, pitch, and yaw angles, which we shall also denote (¢, 8, )

We specify the order in three successive rotations as follows:

1. Yaw rotation about xy —axis by the angle Y A 20
2. Pitch rotation about yy — axis by the angle 0
3. Roll rotation about zy — axis by the angle ¢ QD Roll
Since the successive rotations are relative to the fixed [\
frame, the resulting transformation matrix is given by: Yaw U =)
......................... 0
RXYZ :. RZORuﬂRl'g Pitch

. .
......
. .
-------
-----------

Lo



Yaw-Pitch-Roll Representation

A rotation matrix R can also be described as a product of successive rotations about the
principal coordinate axes 09 X¢ Yo Zg taken in a specific order. These rotations define
the roll, pitch, and yaw angles, which we shall also denote (¢, 8, )

We specify the order in three successive rotations as follows:

1. Yaw rotation about xy —axis by the angle Y A 20

2. Pitch rotation about yy — axis by the angle 0

3. Roll rotation about zy — axis by the angle ¢ ¢QD Roll

Since the successive rotations are relative to the fixed [\ 0

frame, the resulting transformation matrix is given by: Yaw v =

......................... 0
RXYZ :{:...Rz,@Ry,HR;IT,L’J Plt(‘h
X0 II}

Instead of yaw-pitch-roll relative to the fixed frames we could
also interpret the above transformation as roll-pitch-yaw, in
that order, each taken with respect to the current frame.

The end result is the same matrix.

10/17/2017



Yaw-Pitch-Roll Representation

[ "1 Ti2  T13 W
R =1 ro1 792 o3
{ 31 T32 133 J

Find the inverse solution to a given rotation matrix R.

qu) Co —S¢ C'l_j') + CpSoS P 5 o) S’(f) + CpSoCy

Rxyz —= SpCo  CoHCy + 846865y —CpSy + Sp56Cy, L 20
—Sp Co Sy CoCq
¢_| D Roll
Determine a set of Roll-Pitch-Yaw angles ¢, 8, and ¥ so that R [\ 0
— RXYZ Yaw v :yo
Pitch
Lo IIJ

10/17/2017



Axis/Angle Representation

Rotations are not always performed about the principal coordinate axes. We are often
interested in a rotation about an arbitrary axis in space. This provides both a convenient
way to describe rotations, and an alternative parameterization for rotation matrices.

Let k = [ky, ky, k,]T, expressed in the frame 04 x¢ V¢ 2o, be 20
a unit vector defining an axis. We wish to derive the rotation
matrix Ry, g representing a rotation of @ about this axis.

-

L.Z 1

A possible solution is to rotate first k by the angles necessary 3
to align it with z, then to rotate by @ about z, and finally to \
rotate by the angels necessary to align the unit vector with

the initial direction.

Yo



Axis/Angle Representation

Rotations are not always performed about the principal coordinate axes. We are often
interested in a rotation about an arbitrary axis in space. This provides both a convenient
way to describe rotations, and an alternative parameterization for rotation matrices.

Let k = [ky, ky, k,]T, expressed in the frame 0y X¢ Vo Zg, be -

a unit vector defining an axis. We wish to derive the rotation I _L
matrix Ry grepresenting a rotation of 8 about this axis. )
(D
The sequence of rotations to be made with respect to axes of 3 o
fixed frame is the following: \ K
* Align k with z (which is obtained as the sequence of a |
rotation by —a about z and a rotation of —f about y). i
* Rotate by 0 about z. | Ky
- Realign with the initial direction of k, which is obtained as = i L
the sequence of a rotation by 8 about y and a rotation by |
a about z. . A i

Rk,G = Rz,a Ry,ﬁRZ,ORy,—ﬁRz,—a

10/17/2017



Axis/Angle Representation

Rk,O — Rz,a Ry,ﬁRz,BRy,—ﬁRz,—a

ShiNe

COS v

sin 3

cos (3

hy
k2 + k2
ko
K2+ k2
\/ 2+ kg
'll'z




Axis/Angle Representation

Rotations are not always performed about the principal coordinate axes. We are often
interested in a rotation about an arbitrary axis in space. This provides both a convenient
way to describe rotations, and an alternative parameterization for rotation matrices.

Rk,O — Rz,a Ry,ﬁRz,BRy,—ﬁRz,—a s

k%@g -+ Cp kaul'H — kzsé? k‘;rkz?f“@ + k'ysf) @ i
+ + L] d ) 22‘ ] d + ] ) [ ’
Rk = /i-.xky'bg + k. Sg k-,y”tf@ + Cop /{-ykz vg — k. Sp 3

6 ‘

vg = vers § =1 — cg.

Yo

1o iz i3

|V -‘ o N
R = { ro1 7192 7“23J by Lo '

31 T32 T33



Axis/Angle Representation

k’fgve + Co kmky‘v@ — Fk.sg | kpk.vg + kySf) [ 11 T12 T13 -‘
Rk,f) = | K.k, v + k.S¢ ]{7,3?)9 + o ]{73;]{7?'1?3 — k.S R=1 r91 7190 793
k'xk'z'lf’g — k'ySQ kykz?}f) + ]{'LUSQ k'ﬁ?)f) + Cp \‘ 31 739 733 J
vg = vers § =1 — cp.
20
A
Any rotation matrix Re SO(3) can be represented by a single %z 77 )
rotation about a suitable axis in space by a suitable angle. Q
R = Ryp P
where k is a unit vector defining the axis of rotation, and @ is . ot
the angle of rotation about k. |
The matrix Ry g is called the axis/angle representation of R. i
|
: : 32 — 723 | .
Given R find @ and k: o= 1 e | L,
Y 2sind BTl R | JO
1 (TT(R) _ 1) = ro1 — 119 \\ :
= COS R |
2 I a o~ :
B 1 (7t o2+ sz —1 2
- o 5 g Reminder: )

trace(A) = tr(A) = Za,-,-

10/17/2017 =




Axis/Angle Representation

k2vg + co kokyve — k.so | kpk.vg + kySe
]%k — k$k@1W +'kz89 kilw + Cg kykévﬂ'_ kmsﬁ
kxk&t@ _'kysﬂ kykzvﬂ'+'km89 kﬁvﬂ + Co

— cos ! (TT(RQ) _ 1)

: - . Fao — 1o
_1 [ T11 T 122 + 133 — 1 1 32 23

9 2sinf ] -
21 — 112

The axis/angle representation is not unique since
a rotation of —@ about —k is the same as a
rotation of @ about k.

Ryo=R_j_¢

If @ = 0 then R is the identity matrix and the
axis of rotation is undefined.

10/17/2017

Vg = vers =1 — cy.

Yo
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Example

Suppose R is generated by a rotation of 90 about z, followed by a rotation of 30" about
y, followed by a rotation of 60 about x,. Find the axis/angle representation of R

R = R:r,GDRy.BO R, o9 Reminder:
The axis/angle representation of R

0 = cos ! (TT(R) _ 1)
) 2

1 (?‘11 + 1roo + 133 — 1)
= oS

2
32 — Ta3
I 1
v = ; r13 — T3l
2sinf , 1
ro1r —Tr12

10/17/2017



Example

Suppose R is generated by a rotation of 90 about z, followed by a rotation of 30" about
y, followed by a rotation of 60" about y,. Find the axis/angle representation of R

R = R:r,GDRy.BORz.QO Reminder:
i 0 _% % i The axis/angle representation of R
_ 1 3 3
B 2 _% 4 # = cos ! Ir(R) -1
v3 1 V3 - 2
| 2 1 1 _
s (?‘11 + rog + 13z — 1)
Tr(R) = 2
1 r32 — T3
ko= . r13 — 731
2sin 6
- 21 — 112
| —

10/17/2017



Example

Suppose R is generated by a rotation of 90 about z, followed by a rotation of 30" about
y, followed by a rotation of 60" about y,. Find the axis/angle representation of R

R = R:r,GDRy.BORz.QO Reminder:
i 0 _% % i The axis/angle representation of R
_ 1 3 3
B 2 _% 4 # = cos ! Ir(R) -1
v3 o1 V3 - 2
| 2 4 4
s (?‘11 + oo + 133 — 1)
Tr(R) = 0 2
1 r32 — T3
k= . r13 —Ta1
2sin 6
H — 721 — 1712
| S—

10/17/2017



Example

Suppose R is generated by a rotation of 90 about z, followed by a rotation of 30" about
y, followed by a rotation of 60" about y,. Find the axis/angle representation of R

R:

10/17/2017

R:r,GDRy.iBO R,Z.QO

Reminder:
The axis/angle representation of R

0 — cos-l (Tr‘(R) — 1)

2
1 (11t oo 3z —1
= COS
2
1 r32 — 7123
k= 3 — T3
2sinf , 1
r21 — 112




Example

Suppose R is generated by a rotation of 90 about z, followed by a rotation of 30" about
y, followed by a rotation of 60 about x,. Find the axis/angle representation of R

R = R:r,GDRy.BORz.QO Reminder:
i 0 _g % i The axis/angle representation of R
- % _g _% # = cos ! Ir(R) -1
v3 1L V3 - 2
| 72 4 4
1 (?‘11 + 1roo + 133 — 1)
= cos
Tr(R) = 0 2
1 32 — a3
k= : r13 —Ta1
1 2sinf | N
H = Cog_l (_) = 120° r21 — 712
2

10/17/2017



Axis/Angle Representation

The above axis/angle representation characterizes a given
rotation by four quantities, namely the three components
of the equivalent axis k and the equivalent angle 0.
However, since the equivalent axis k is given as a unit
vector only two of its components are independent.

The third is constrained by the condition that k is of unit
length.

Therefore, only three independent quantities are
required in this representation of a rotation R. We can
represent the equivalent axis/angle by a single vector r
as:

ro= (riﬂ?ryﬁ rz)T — (leé)ku@kz)T

since k is a unit vector, the length of the vector 1 is the
equivalent angle 0 and the direction of r is the equivalent
axis k.

Yo



Rigid Motions

A rigid motion is a pure translation together with a pure rotation.

A rigid motion is an ordered pair (d,R) where d € R3 and R
€ SO(3). The group of all rigid motions is known as the Special

Euclidean Group and is denoted by SE(3). We see then that
SE(3) = R3 x SO(3).



One Rigid Motion

If frame 04 x1 Y1 z; is obtained from frame 0y xy v zo by first applying a rotation
specified by R‘l)

\ 4

’ . g
el
s
7 4
oA y
] [
H 4
14

X0

Yo Yo
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One Rigid Motion

If frame 04 x1 Y1 z; is obtained from frame 0y xy v zo by first applying a rotation
specified by R(l) followed by a translation given (with respect to 0g x¢ Yo Zg) by d(l’

A V1
~ 4
\\ /
\ /
\\ II . P 4
R (1) Zn A ' / e xl
, -
Zo 0 NS et
g . -
/
\\ / D
\ / /,r [ \‘
| »11 ””~:.¢‘\II’ - 7
\\ 17 ’:.--"'"‘;'
el
A >
’ v’.;"* ' >
Pl >
e g ,1 y
] [}
/ Yo 0
X0 X0
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One Rigid Motion

If frame 04 x1 Y1 z; is obtained from frame 0y xy v zo by first applying a rotation
specified by R(l) followed by a translation given (with respect to 0g x¢ Yo Zg) by d(l’

10/17/2017



One Rigid Motion

If frame 04 x1 Y1 z; is obtained from frame 0y xy v zo by first applying a rotation
specified by R(l’ followed by a translation given (with respect to 0¢ Xo Yo Zo) by d ,
then the coordinates p° are given by:

Zq V1
~ 4
\\ ’, 1
\\ ! p,. /’/Y
Zoy N LT M
\ “:/z
p’
Yo
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One Rigid Motion

If frame 04 x1 Y1 z; is obtained from frame 0y xy v zo by first applying a rotation
specified by R(l’ followed by a translation given (with respect to 0¢ Xo Yo Zo) by d ,
then the coordinates p° are given by:

p’ =Ry p' +dj

V1 Z1 Y1

p " !
A NP
e Zogp N LT

0 \“'_/z

dj 0.

B4 Izg’
Yo Yo
X0
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One Rigid Motion

If frame 04 x1 Y1 z; is obtained from frame 0y xy v zo by first applying a rotation
specified by R(l’ followed by a translation given (with respect to 0¢ Xo Yo Zo) by d ,
then the coordinates p° are given by:

p’ =Ry p' +dj

V1 Z1 Y1

p " !
A NP
e Zogp N LT

0 \“'_/z

dj 0.

B4 Izg’
Yo Yo
X0
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Two Rigid Motions

If frame 0, x5, vy, z, is obtained from frame 04 x; y; z4 by first applying a rotation
specified by R% followed by a translation given (with respect to 04 x; y1 z1) by d% :

If frame 04 X1 Y1 z; is obtained from frame 0y xy Yo Zo by first applying a rotation
specified by R(l’ followed by a translation given (with respect to 0y xg yo Zg) by d!,

find the coordinates p°.
For the first rigid motion:

p’ =Rj p' +dj

// ZZ
X For the second rigid motion:
Z Y1 / 1_ pl 2 1
" A {:’i:z—::‘-\-"") Y2 P = RZ p + d2
\ , - “ \\ S
\\ / ’,f” 8 S s
Y\ ,/lix:/’.:"\l//’/vx \\\ .;5':7 p 101 1 1 [Yed]
Zy e X Both rigid motions can be described as one rigid
\V',’ > - X2 motion:
(S p° =R; p*+d;
pear o 3,
oV 0
/ p® =R} R; p* +R] dj + d
X0

10/17/2017



Two Rigid Motions

Rg The orientation transformations can simply be multiplied together.

dY The translation transformation is the sum of:

. d‘l) the vector from the origin o, to the origin 0, expressed with respect to 0y xg Vo Zg-

« RY dJ the vector from o0, to 0, expressed in the orientation of the coordinate system
0¢ X0 Yo Zo-

/
Z
/ 2
’
/
/
Z Y1 ,
» f2os - y
' ,ﬂ {_": S b - 2
\\ /I /,/'7‘\\ \‘\ DRNUNE
\ [ /."\ a4 S _;
NPT APt 12 X \ yb— p
Z N et r‘l 1 \-——
0 el S So
P “

X2
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Three Rigid Motions
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Homogeneous Transformations

A long sequence of rigid motions, find p°.

p’ =Ry p" +dx

........



Homogeneous Transformations

A long sequence of rigid motions, find p°

p’ =Ry p" +dp

10/17/2017



Homogeneous Transformations

A long sequence of rigid motions, find p°.

p’ =Ry p" +dy

H=[R d]; de R3, R e SO3)

10/17/2017



Homogeneous Transformations

A long sequence of rigid motions, find p°.

p’ =Ry p"+d;

H=[§ ‘ﬂ; de R3 R e SO(3)

Transformation matrices of the form H are called homogeneous transformations.

A homogeneous transformation is therefore a matrix representation of a rigid motion.

10/17/2017



Homogeneous Transformations

A long sequence of rigid motions, find p°.

p’ =Ry p"+d;

H = [R d]; d € R3, R € SO(3)
0 1
The inverse transformation H~1is given by
H-1 — [RT —RTd]
0 1

10/17/2017



Ex. :Two Rigid Motions

Rg The orientation transformations can simply be multiplied together.
dY The translation transformation is the sum of:
. d‘l) the vector from the origin o, to the origin 0, expressed with respect to 0y xg Vo Zg-
« RY dJ the vector from o0, to 0, expressed in the orientation of the coordinate system
70 %o oo 0 pl 0 41, 40
pO =R1 Rz p2+R1 d2+d1

,/, ZZ R d 3
7 ; H = ;de R° ReSO(3)
1 V1 , 0 1
. 4 L > Y
\\\ LI’I/ ::;"\7"‘: » D YO NN
20y GEES ™[R d°[RY dl
i -
/ ______ Yo
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Ex. :Two Rigid Motions

Rg The orientation transformations can simply be multiplied together.
dY The translation transformation is the sum of:
. d‘l) the vector from the origin o, to the origin 0, expressed with respect to 0y xg Vo Zg-
« RY dJ the vector from o0, to 0, expressed in the orientation of the coordinate system
70 %o oo 0 pl 0 41, 40
pO =R1 Rz p2+R1 d2+d1

,// Zz R d 3
7 ; H = ;de R° ReSO(3)

1 Y1 / 0 1

N 4 fo --> Yy

\\ I/ ey €08 :\

N LAy
5 \ g "x 1 R 0 d 0 R 1 d 1 R 0 R 1
0 1 0 1 0
i -
/ ______ Yo
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Ex. :Two Rigid Motions

Rg The orientation transformations can simply be multiplied together.

dY The translation transformation is the sum of:

. d‘l) the vector from the origin o, to the origin 0, expressed with respect to 0y xg Vo Zg-

« RY dJ the vector from o0, to 0, expressed in the orientation of the coordinate system
0¢ X0 Yo Zo-

p’ =R R; p*+R] d; +d]

/ Zy
; R d
z y / H=[ ; d € R3, ReSO(3)
1 1 / O 1
2 £ Y
\\\ I,’// f:;z\ 5 . s
\ e AT X 0 0 1 0 0 0
“0 X 1. |R1 dj ] R; d; ] Ry Rz R} d; +dj ]
R g
.?:'_f ’i >
/ ______ Yo
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Ex. :Two Rigid Motions

Rg The orientation transformations can simply be multiplied together.
dY The translation transformation is the sum of:
. d‘l) the vector from the origin o, to the origin 0, expressed with respect to 0y xg Vo Zg-
« RY dJ the vector from o0, to 0, expressed in the orientation of the coordinate system
70 %o oo 0 pl 0 41, 40
pO =R1 Rz p2+R1 d2+d1

/ IR d 3
Z1 V1 H_[O 1];dER,RESO(3)
\ f é'i:;::\-\:""’ Y2
\\\ Li,—’:::;.q;\;j:::,/Y \\, ) ~~: S
oy N L [R‘l’ d} ] [R% d3 ] _ [R(l’ RY RY dl+d!f ]
b A | , :
g We must augment the vectors p?, p! and p? by the addition
P 4 > of a fourth component of 1:
/ Yo
0 1 2
xO -
1 1 1
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Homogeneous Transformations

P° = H{P?
0 — yUp2
P® = H)P o _ [po]
P = HP"
p

........



Basic Homogeneous Transformations
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Homogeneous Transformations

d, |

ngny Sy ay dy =[n S a d]
d;
1.

n is a vector representing the direction of x4 in the 0g x¢ Yo Zp system
s is a vector representing the direction of y; in the 0g x¢ ¥y Z¢ system

a is a vector representing the direction of z; in the 0g x¢ Yo Z( system



Composition Rule For Homogeneous
Transformations

Given a homogeneous transformation H(l’ relating two frames, if a second rigid
motion, represented by H is performed relative to the current frame, then:

H9=HYH

whereas if the second rigid motion is performed relative to the fixed frame, then:

H9=HH®



Example

Find H for the following sequence of

a rotation by a about the current x — axis, followed by

a translation of b units along the current x — axis, followed by
a translation of d units along the current z — axis, followed by
a rotation by angle O about the current z — axis

W e

H =
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Reminder:

Transformation with
respect to the current
frame

Transformation with
respect to the fixed
frame

H 9= HH)




Example

Find H for the following sequence of

a rotation by a about the current x — axis, followed by

a translation of b units along the current x — axis, followed by
a translation of d units along the current z — axis, followed by
a rotation by angle O about the current z — axis

W e

H = Rot;.q
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Reminder:

Transformation with
respect to the current
frame

Transformation with
respect to the fixed
frame

H 9= HH)




Example

Find H for the following sequence of

W e

a rotation by a about the current x — axis, followed by

a translation of b units along the current x — axis, followed by
a translation of d units along the current z — axis, followed by
a rotation by angle O about the current z — axis

H =
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Rot, o Trans,

Reminder:

Transformation with
respect to the current
frame

Transformation with
respect to the fixed
frame

H 9= HH)




Example

Find H for the following sequence of
a rotation by a about the current x — axis, followed by
a translation of b units along the current x — axis, followed by

1
2
3. atranslation of d units along the current z — axis, followed by
4. arotation by angle O about the current z — axis

H = Rot, o Trans, ,Trans. q
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Reminder:

Transformation with
respect to the current
frame

Transformation with
respect to the fixed
frame

H 9= HH)




Example

Find H for the following sequence of
a rotation by a about the current x — axis, followed by
a translation of b units along the current x — axis, followed by

1
2
3. atranslation of d units along the current z — axis, followed by
4. arotation by angle O about the current z — axis

H = Roty,oTrans,yTrans, ¢Rot g
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Reminder:

Transformation with
respect to the current
frame

Transformation with
respect to the fixed
frame

H 9= HH)




Example

Find H for the following sequence of

W e

H = Roty,oTrans,yTrans, ¢Rot g

Co  —S50
CasSo) CalCh
SaS0 SaCh

0 0
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a rotation by a about the current x — axis, followed by
a translation of b units along the current x — axis, followed by
a translation of d units along the current z — axis, followed by
a rotation by angle O about the current z — axis

b
—ds,
dca

Reminder:

Transformation with
respect to the current
frame

Transformation with
respect to the fixed
frame

H 9= HH)




Example

Find the homogeneous transformations HY , HY , H%
representing the transformations among the three frames

Shown. Show that HY = H] HJ .




