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Introduction

Dynamics concerns the motion of bodies

Includes
* Kinematics — study of motion without reference to the force

that cause it
 Kinetics — relates these forces to the motion

Dynamic behaviour of a robot: rate of change of
arm configuration in relation to the torques
exerted by the actuators.



Forward vs. Inverse

Forward dynamics
Given vector of joint torques, work out the resulting
manipulator motion.

T4 q4
o(t) = H»q(t)= H
Ty dn

Inverse Dynamics
Given a vector of manipulator positions, velocities and
acceleration. Find the required vector of joint torques.

q(t),q(®),4(t) - 7(¢)



Torques

The actuator has to balance torques from 4 different

sources.

e Dynamic torques (caused by the motion)
* I|nertial (promotional to joint acceleration, according to Newton’s law)
* Centripetal (promotional to square of joint velocity, direction toward the
centre of circular motion)
* Coriolis (vertical forces, interaction of two rotating links)

» Static torques (caused by friction)
e Gravity torques (caused by gravity)
* External torques (exerted on the end effector, caused by the task)



Centripetal Force

A centripetal force is a force that makes a body follow a curved path.
Its direction is always orthogonal to the velocity of the body and
towards the fixed point of the instantaneous center of curvature of
the path.

CENTRIPETAL FORCE

Velocity\, ~—~---"~
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Centrifugal Force

CENTRIFUGAL FORCE
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The Coriolis Effect




Manipulator Dynamics

Mathematical equations describing the dynamic behaviour of the
manipulator.

Why needed?
Simulation of the manipulator
Design a suitable controller
Evaluate the robot structure

Joint torques < Robot motion, i.e. acceleration, velocity, position



Approaches to Dynamic Modeling

Newton-Euler Formulation
Balance of forces/torques
Dynamic equations in numeric/recursive form.

Lagrange Formulation
Energy-Based approach
Dynamic equations in symbolic/closed form

Other Formulations



Joint Space Dynamics

M(q)g+V(q,q) +G(q) =T

q: Generalized joint coordinates

M (qg): Mass Matrix — Kinetic Energy Matrix
V(q, q): Centrifugal and Coriolis forces
G(q): Gravity force

I': Generalized forces
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Newton-Euler Formulation

In static equilibrium F, and N; are equal to 0.

Newton:
Linear motion
my. = F;

Euler:

Angular Moment = inertia. Acc. + Centrifugal and
Coriolis forces.

Ni = ICid)i + w; X ICiw,-

By projecting on each axis we eliminate
the internal forces acting on the links,
we find therefor the torques applied on
each joint axis.

-N;_4

T
n;".Z; Revolute

T:. =
“|f.".z; Prismatic _f
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Base

25.01.2018

Lagrange Formulation

Joint 3

o \, Joint n-1

Joint n ‘

Kinetic Energy of each link K;
Potential energy P;

The kinetic energy of the robot:

K=ZKL
{

1
K=—-qgT.M.c
54 q

By computing M, we can use it in:

Mg+V+G=rt
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Lagrange Formulation

d oL\ oL
dt\ag;, )] aq, "

Lagrange function is defined
L=K-P
K: Total kinetic energy of the robot.
P: Total potential energy of the robot.
q;: Joint variable of i-th joint.
q;: first time derivative of g;
T;: Generalized force (torque) at i-th joint.




Center of Mass

COM is the point on a body that moves in the same way
that a single particle subject to the same external force will
move.

1 1 :
Tem :Mfr.dm=MZmiri
1

T.m 1S the location of the centre of mass.

M is the total mass of the object

r is the location of the reference frame.

dm is the differential element of mass at point



Inertia

The tendency of a body to remain in a state of rest or
uniform motion.

Inertial frame: the frame in which this state is measured (a
frame at rest or moving with constant velocity).

Non-Inertial frame: a frame that is accelerating with respect
to the inertial frame.



Moment of Inertia

Moment of inertia is the rotational inertia of a body with
respect to the axis of rotation. Moment of inertia depends
on the axis and on the manner in which the mass is
distributed.

It is equal to the sum of the product between mass of
particles and the square of their distance to the axis of

rotation.
i
I — Z miriz
1

Where m; is the mass of particle i, and r; is the distance to
the particle i.



Moment of Inertia

For a rigid body with a continuous distribution of mass, summation
becomes integral over the whole body:

| = frzdm

Example: Inertia of a cylinder (length I, mass M):

Consider the cylinder made up of an infinite number of cylinders
thickness dr, at radius r, of mass dm, and volume dV.

dm = p.dV = 2nlprdr

r,* —rt % + 12
szrzdm=2nljpr3dr=2nlp2 7 L =2 1 !




Inertia Tensor

A rigid body, free to move in space, has an infinite number of
possible rotation axis.

The inertia matrix ( Inertia tensor) is the integral over the volume
of all the vectors r locating all the points dv on the rigid body and
scaled by the density of all the masses dm of the rigid body.

For a rigid body rotating about a fixed point, which is
not the centre of the mass, the inertia tensor is:

— Ixx _Ixy _IxZ-
="l L, -~y
__sz _Izy Izz |



Inertia Tensor

Ixx _Ixy _Ixz
I=|=lyx L, —ly

_sz _Izy IZZ

Mass moments of inertia (diagonal Mass products of inertia (off-
terms): diagonal terms):

I = ngr(yz +2z2) pdv I, = JGT xy p dv
I, = Jggr(xz +2z2) pdv I, = ngr xz p dv

I, = Jzzr(xz +y%) pdv L, = JGT yz p dv




Find the inertia tensor of a
rectangle rotating about a fixed

point A.
ﬂ (y2+z%)pdv

IXX:Jr fj (y? + z%) p dxdydz

0 J

I = jr (yz +z2)wp dydz

OJO

I

I

h l3
" j<§+zzl>wpdz
0

h y3
XX j [( +Zy>]0Wde
0 3

Example

—~
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Example

Find the inertia tensor of a I
rectangle rotating about a fixed ¢

point A.

I3h h31

7
Ixx:(3 + 3>wp
x
-

Since the mass of the rectangle:

m = (wlh)p

I, = % (12 + h?)

%,



Example

Find the inertia tensor of a

w
rectangle rotating about a fixed
point A. y
<~
—tt Z o
_ 5 5 -
M2 4 p?) Ml ym
Ar _ 2 2
I=| 2wl D(w+h?) 2
2 2
- Thw =hi (17 +w?) |
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Translation of Inertia Tensor

Parallel axis theorem.

Moments of inertia:

zZZ

Product of inertia:

Ly, =1Ly +mm)



Example

Find the inertia tensor of a ;"/

rectangle rotating about the
COM.

M1, = Afzz—m(ri+7“§)

=y



Example

Find the inertia tensor of a ;"/

rectangle rotating about the
COM.

CMI.., = AL, —m(r’ + 7“5)
— %(12 +w?) — %(l2 + w?)
= E(ZQ + w?)

12

25.01.2018 J.Nassour
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Example

Find the inertia tensor of a

rectangle rotating about the
COM.

CMp = =

7

=y



Example

Find the inertia tensor of a

rectangle rotating about the
COM.

CM]

m

= —(wl) — Z(wl) =0

4

25.01.2018
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ry A]Iy — m(r; Ty)

m™m
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Find the inertia tensor of a
rectangle rotating about the

COM.

CMI:

B

(I> + h?)

0

Example

7

0

(w? + h?)

(I* + w?)

=y



(17 + h?) 0 0
CM m 2 2
I = 5 0 (w” + h7) 0
0 0 (P+uw) ]
EJGERS Twl Rhw |
AT = Zwl w4+ h*) 2kl
- Zhw 2hl 27 +w?) |

Moving the axes of rotation to the centre of mass results in a
diagonal inertia tensor.
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Lagrange Formulation

d(oL\ oL
dt\og ) aq

Lagrange function is defined
L=K-P

K: Total kinetic energy of the robot.

P: Total potential energy of the robot.

q : Joint variable.

q : first time derivative of g

T : Generalized force (torque).




Lagrange Formulation

d(oL\ oL
dt\og ) aq

Lagrange function is defined
L=K-P

Since P = P(q)

d (0K dK oP
dt \ dq;
Inertial forces Gravity vector (gradient of

potential energy)

25.01.2018 J.Nassour
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Lagrange Formulation

d (0K oK _ . o) = O
dt\aq;) aq =~ T V= 3q

Inertial forces

This equation can be written in the following from:

Joint Space Dynamics

M(q)qg +V(q,q) +G(q) =T

M(q)qg+V(q,q) =T —G(q)

25.01.2018 J.Nassour 32



Lagrange Formulation

d(dK) 0K
—|——=1-G

dt \dq; daq
1., .
K=24q M(q)q
K d [1
: qgTM(q)¢ ] M(q)¢
34, aql[ q)q (q@)q
d (K d(M')—M"+M'
dt\ag;,) “dac- V-4
- OM
q"' —q
d (oK) oK _ . .. 1 "‘h M Vle
25.01.2018 q aqn q
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Lagrange Formulation

- OM
q'——q
d (oK) oK _ . .. 1 ‘7‘11 M Ve
_q aqnq Centrifugal and

Coriolis forces
fqg=0,V(q,q) =0

If M = CONSTANT,,V(q,q) =0

We need to compute M from the kinetic energy equations then we
have the dynamics of the robot.

25.01.2018 J.Nassour 34



Dynamic Equations

»OM
q"' —q
d (oK) oK _ . .. 1 ‘7‘11 M Ve

/ _q aqnq

M(q)g+V(q,q)+G(q) =1

1
K = EéITM(q)éI = M(q)

M(q) = V(q, q)

25.01.2018 J.Nassour 35



Dynamic Equations

Total kinetic energy

1. .
K =2Ku’nki =54 Mq

Link 2

Joint i+1‘

Link 1 Joint 2

25.01.2018 Base J.Nassour 36



Kinetic Energy

Work done by external forces to bring the system

from rest to its current state. v
K = 1mvz m &"F
2
W
1 T
K=—w"Irw T
5 C

I is @ matrix
@ IS a vector

25.01.2018 J.Nassour
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Dynamic Equations

The kinetic energy for link i:

1 T T
Ki — E (mivCivCi + W ICiwi)

Link 2
Link i

Joint i+1‘

Total kinetic energy:

n
K = z K; Link 1
i=1

Joint 2

25.01.2018 Base J.Nassour 38



Dynamic Equations

Kinetic energy in quadratic form of generalized velocities:

1. .
K =-4¢"Mq

Then we can write:

1

n
Tare L
EqTMq — EZ(miv’(I;ivCi + a)’lrICiwi)

=1

How extract the mass matrix M?

25.01.2018 J.Nassour
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Dynamic Equations

Kinetic energy in quadratic form of generalized velocities:

1. .
K =-4¢"Mq

Then we can write:

1

n
g 1
EC[TMCI — EZ(mivgivCi + w’lrICiwi)

=1

How extract the mass matrix M?
UCL' — Jviq ) Wi = Jwiq

25.01.2018 J.Nassour 40



Dynamic Equations

UC' — Jviq

l

Link i

Joint 2 Jointi+1 ™\

/
-

25.01.2018 Base J.Nassour 41
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Dynamic Equations

n
1 1
ECITMCI = EE(mich‘ivCi + (‘)LTICiwi)
=1
vCi — Jviq ) Wi = Ja)iq

1

n
o1 . o .
EqTM q= EZ(miqTJviTJviq + 4" T, 1, J 0. 0)
=1

1 1

n
~0"MG =201y (i, 0y, + e du) d
=1
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Dynamic Equations

_ ] T T
M = ;(muyvi Jvi +(7wi Icigwi)

The mass matrix is the sum of Jacobians transpose Jacobians scaled
by the mass properties (m;, I,).

If the robot has 1 DOF, M = ...

With multiple links, the Jacobian matrices of all links contribute in
the mass matrix.

Each link has an impact on the total mass matrix.



Dynamic Equations
M=) (i, 0o, + o, eyl )
=1

.— 0 ..0
dq, 0Jq, dqi

Ty,

[6 Pc; 0 Pc; dpc, ]

Joint 2 Jointi+1 ™\

!
-
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Dynamic Equations
M=) (i, 0o, + ey
=1

= [0,z Z: e D.Z;
Jw;= |P1Z0 P22 Pz, 1 0 ..0] w,

Link i

Joint 2 Joint i+1 ™\

/
-
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Mass Matrix

miq1 My -+ Myp
m21 m22 g mZn

M(q) =| .
mnl mnz TR mnn
m4 represents the inertia of the arm perceived at joint 1.
mi1 = f(q2:n)
M2 = f(q3:n)

m,, = constant



Mass Matrix

miq1 My -+ Myp

Mo1 Moy e Moy
M(q) =| . ; . o

mn 1 mnz nan mnn

mq, represents the coupling between the acceleration
of joint 2 on joint 1.



25.01.2018

Mass Matrix
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Mass Matrix
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Mass Matrix

miq1 My

50



Example RP

Work out the mass matrix M.

25.01.2018 J.Nassour
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Example RP

Work out the mass matrix M.

_ _ T T
M = ;(mujvi Jvi +<7a)i ICiJa)i)

dp. Op,. Jdp,-.
Jvl- — [ @ PG pc_l 0 0]
dq, 0q, dqi
Jw;=P1Zo  P2Z1 - PZi_1 0 ..
_ Ixx _Ixy _Ixz_
I'=|=hx Ly —ly
__sz _Izy Izz |

25.01.2018 J.Nassour 52



Example RP

Work out the mass matrix M.
n
M=) (i I, + Ju i)
i=1

M = mlrjvlTJvl + J(UlTIClel + mZJUZTJUZ + JwZTICZJwZ

In frame (0,Xq,Y0,20)

_l1C1 _d201-
Pcl — l151 ;pCz — szl \ ll \\
L O . L O . \\ \\\
—lis; O
Jv, = | licy O
L O O_
—d,s; €4
c7v2 = | dzcqg  sq
0 0

25.01.2018 J.Nassour




Example RP

Work out the mass matrix M.
T T T T
M = m1(7v1 Jvl + Ja)l Icltjwl + mZJvz Jvz + sz ICZsz

_—llsl 0

v, =| licy O
L O O_
——d251 C1-

Jv, = | dac;  sq
0 0

M2 0
Madv, I, = mcl)l 0]

T _
mZJvz (7172 -

‘m,d? 0 ]

25.01.2018 J.Nassour




Example RP

Work out the mass matrix M.
T T T T
M = m1(7v1 Jvl + Ja)l Icltjwl + mZJvz Jvz + sz ICZsz

Jw;=1P1Z0 P21 - PZi_1 0 ..0]
0 01
Jdw, =0 0
1 Ol
0 0] ‘ y A
Jw, =|0 0 '
11 0.
T |1 0]
‘-7(1)1 IC1(7(1)1 — Zgl O
T |1 0
(—7(1)2 IC2(7(1)2 - Zgz O
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Example RP

Work out the mass matrix M.
T T T T
M = m1(7v1 Jvl + Ja)l Icltjwl + mZJvz Jvz + sz ICZsz

— m1l% O] mzd% 0 llzzl O] [Izzz O]
M[o ol 7| o m2+0 ol Tl 0 o

v = Ml + Lo +mads + 1,5, 0
0 my

25.01.2018 J.Nassour




Dynamic Equations

»OM
q"' —q
d (oK) oK _ . .. 1 ‘7‘11 M Ve

/ _q aqnq

M(q)g+V(q,q)+G(q) =1

1
K = EéITM(q)éI = M(q)

M(q) = V(q, q)
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Centrifugal and Coriolis Forces

, 1
V(g,q) = Mq — >
mqi1 My
m m
M = 21 :22
Mpy1 Mp

25.01.2018

- OM

q —q
a‘h

aM

_q aqnq

sssssss
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Centrifugal and Coriolis Forces

. .1
V(q,q)=Mq—§ .

For robot with 2 DOF...

M(@g+V(qq +G6q =t
m .
2o a2 - [
mip Mpa| g5 U3 92 17
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Centrifugal and Coriolis Forces

OM
q"' —q
NP | B
Vig.) =Mq -3 aM
_CI aqnq o
. qT miqqq
N _[mu1 me]. 1 Mi21
V(q,q)—[m mn]q 2|, My1y
| © [My22
ﬁmij
Mijk = dqk

25.01.2018

mi; = M;j1q1 + Mjjaqz +

J.Nassour

myzq]
my21 |
svyl
m322 |

e T m,;jqu
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Centrifugal and Coriolis Forces

[ [M111 Ma21]
T o T
’ mqo moo 2 T mqq2 UEVY;

M122 My22|

1 X
2 (Mq11 + My — Myqq) 2 (Mygp + Mypy — Myyq) qz

V(g,q) = 1
14 1 1 qZ
B (myq1 + My — Myq3) 5 (M3 + Myp,y — mzzz)_ 2

mqqp + My — Myyq

My +Myyq — m122] [9142]

25.01.2018 J.Nassour



Centrifugal and Coriolis Forces

1 1
5 (My11 + My —Myqq) 5 (My22 + Mypy — Myyq) G2
V(q,q) = 1
q' q 1 1 qZ
B (My11 + Myq1 — Myg2) 5 (Mg +Myyp — mzzz)_ 2

My1p + My — Mypq

My +Myq — m122] [9:42]

_|_

Christoffel Symbols: bijr = %(mijk + My j — Mj;)

: b b 2b
= [ b0 ]

by11 by22 217212

C(q) B( )
Terms of the type ql are called centrifugal. q

Terms of the typeq;q are called coriolis.



Example RP

Work out the Centrifugal and Coriolis Vector V.

25.01.2018 J.Nassour
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Work out the Centrifugal and Coriolis Vector V.

bijk =

Mmijk =

Example RP

C(q) B(q)
bi11 b122[ ] [217112
V(q, =
(@) = by11  baz 217212
> (Mmyj + My — M)
amij
dqx

B =

C =

2b112 [2m2d2]

i 0 b122] ’ ]
b211 —myd, 0

2mee) o1ds) + g, o 2]

J.Nassour

25.01.2018
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mll% + Izzl + mzd% + Izzz
0
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Dynamic Equations

M(q)qg+V(q,q) +G(q) =7

v v ?

Gravity vector?

sssssssss



Potential energy:

P, =m;goh; + Py

P, =m;(—g7.p,)
P = z Pi
i

25.01.2018

Gravity vector

Pc;

Link i

J.Nassour
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Base

25.01.2018

Gravity vector

a ~“,.kﬁnti

6=-|2," a2,

J.Nassour

Tv," |

‘Mg

myg
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Example RP

Work out the gravity vector G.

25.01.2018 J.Nassour
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Example RP

Work out the gravity vector G.

‘m.g
m
G=_[(7”1T Jva J”"T] Zg
; . |Mn§ |
G = —Jvl m.g — Jvz my§g
0
In frame (0y,Xo,Y0,Z0): g = —g]
0
The gravity vector is:
_ l O-T 0 - d 1T 0
—l1s4 —dz51 O
myly + myd,)gc
G =— l161 0 _mlg] _ dzcl S1 [_ng = ’( ! 1ng§'1 Z)g '
0 0 0 0 0 0

25.01.2018 J.Nassour 69



Example RP

Work out the equation of motion.

25.01.2018 J.Nassour
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Example RP

Work out the equation of motion.

lmll% + IZZl + mzd% + IZZZ O ] [01]
O mz dz

Zmzdzl . [ 0 0] 6?2
R+ g, o iz

[(m1l1 + m2d2)9C1] _ [Tll
_I_ =
mzgsy, f2

(mﬂ% + 1,1 + myd5 + IzzZ)él + (2m,dy)0,d, + (myly + mydy)ge, = 14

myd; —m, d,07 + mygs, = f

25.01.2018 J.Nassour 71



Example PR

Work out the mass matrix M.

_ q T T
M = ;(mlavi o, + Jo e J )

T T
T T \ \\
My, Iy, + Jo, e, dw, /

In frame (0,X4,Y0,20)

(g1 — 1 q1 + dc;
e, =] O ]:PCZ =1 ds;
L0 0
1 0
‘7”1 =10 O] ._ ) E Xo
o o e
1 —ds, i : |
(71)2 =10 dCz L ’E
0 0 | q, |

25.01.2018 J.Nassour 72



Example PR

Work out the mass matrix M.

_ q T T
M = ;(mlavi o, + Jo e J )

T T
T T \ \\
Moy, Iy, + Jo, e, dw, /

In frame (0,X4,Y0,20)

q; — 1 -CI1 + dCz-
pCl = O ’pCZ — dSZ

0 0

Jw, =

o ocooo

Jw, =

_o OO0 O O

A
Y

o

25.01.2018 J.Nassour 73



Example PR

Work out the mass matrix M.

T T
T T \
m2(7v2 J‘Uz + (7(1)2 ICZJ(UZ \\

d
\ \
\\ \\
v |™ +m; —myds, \ \,

—myds, 1,,, + m,d? Yo \

1

A
Y

25.01.2018 J.Nassour 74



Example PR

Work out the gravity vector G.

‘m.g
m
6=—=[7" 3, ~ 2,
. . -4
G = _Jvl mlg _ JUZ ng
0
In frame (0¢,%q,Y0,20): g = —g]
0
The gravity vector is:
1 01" © 1 —ds,
G=—[O O] —-mg|— 1|0 dcy
0 O 0 0 0

25.01.2018

1

A
Y

J.Nassour
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Example PR . /
Work out the Centrifugal and Coriolis ™ \\

Vector V. \\ N

~ [b111 b122 [217112 "
V(q,CI) b211 bZZZ sz 2 q1q2

bijk = > (myjx + myj — mjki)

_ aml] |_ | | X0
mijk B ﬁqk : 1 I . E

L q,
C = 0 —mde2]

_O 0 M = m4 + m, —mzdSZ

—m, dSz IzzZ + m, dz

v [0] i1o] [0 —mzdczl [qll

25.01.2018 J.Nassour 76



Example PR . /
Work out the equation of motion. ™ \\

my +m, —m,ds, G1]
_mzdSZ IZZZ + mzdz qz_ my
—— : Xo
0l,. . 0 —mzdczl G2 ! AR
+[o] [q1q2]+[o o 1|42 | | 5
P ,E
Lol 14 %
dc,m -
2Myg T2

(my + my){§; — myds, i, — mydc,q5 = f

—mydsy iy + (1,52 + myd?){; + dcymyg = 1,5

25.01.2018 J.Nassour 77



Example PP

Work out the equation of motion.

| 42 |
M_[m1+m2 O] 1
= 0 m, C— T

(my +my)q, + g(my + my) = f4

myq, = f> ChI

25.01.2018 J.Nassour
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Example RR l ‘

Work out the equation of motion.

-
”

="
-
-
(d

M(q)g+V(q,q)+G(q) =1

25.01.2018 J.Nassour 79



Example RR

Work out the mass matrix M.
n
M=) (i I, + Ju i)
i=1

M — ml(jvlTJvl + Ja)lTICl(jwl +

T T
mZJvz Jvz + (:7(1)2 ICZJ(,()Z
In frame (0,X4,Y0,20)

le,c1 le,c12 + L1y X,
Pc, = |le,S1|:Pc, = |lc, 512 + 1151

ol L o

—le,sy O
Jv, = | le,er O

- O 0‘ -

—lc2512 — 1151 _lc2512
Jv, = | le,c12 + licy  lgc1n

0 0

25.01.2018 J.Nassour 80



Example RR

Work out the mass matrix M.
n

M=) (i I, + Ju i)
i=1

M =m1Jy, Ju, + Ju, lcyJw, +
MaJv, Joy + Juoy e, Js

In frame (0,X4,Y0,20)

le,c1 le,c12 + L1y X,

Pc, = |le,S1|:Pc, = |lc, 512 + 1151

| 0 i 0

Jw, =

Jw, =

-0 O O O
= © 9o o o
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Example RR

Work out the mass matrix M.
n
M=) (i I, + Ju i)
i=1

M=mJy, Jp, + Jw, lc,dw, +
mZJUZTJvz + JwZTICZJ(,OZ

Xo

2 2 2 2
_ [mzll + 2m2l1l02cz + mllcl + mleZ + Izzl m21c2 + llmleZCZ + IzzZ

2 2
mZIcz + l1m21c202 + IzzZ mZIcz + IzzZ
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Example RR

Work out the gravity vector G.

(M1 8 Yo
m
G —_ — [JvlT (YUZT JvnT] ;zg \
T T T8 |
G = _Jvl mlg — JUZ ng
0
In frame (04,X,Y0,20): g= —g] X0
0
The gravity vector is:
_ AT - 1T
—le,;sy O 0 —le,$12 = lisy —lg, 812 0
G=—|1l,c. Of [-mig|—] I, c12+ iy le,C12 —myg
0 0] 0 0 0 0
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Example RR

Work out the gravity vector G.

(M1 8 Yo
m
G = — [(-71)1T JUZT JvnT] Zg ‘
T T M. |
G = _Jvl mlg _ JUZ ng
0
In frame (04,X,Y0,20): g= —g] X0
0

The gravity vector is:

C = gmz(chclz) +licq + gmllclcll

gmyl.,cqiy
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Example RR

Work out the Centrifugal and Coriolis

Vector V.
bi11 b122 [ ] [217112
V(qg, =
(@) = by11  baz; 2by, 2 19242
bijr = > (Mmyj + My — M) Y
_ aml]
ml]k — aqk \\\
B = _—2l1l62m2$2]
i 0 »
0 — m,s
- 1le,m; 2] o
_lllszSz 0
. —2141 mzszl . 0 lllcszSZ q1
V(g,q) = c2
(q.9) 0 41021+, L, m;5;
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Example RR

Work out the equation of motion.

[mzllz + 2mylyle,co + m1lc12 + mleZZ +1,,4 mZ[sz + limyle, ey + 1,4 [qll
Tnzlcz2 + l1m21c2C2 + 1,2, mzlczz + 1, qz
[ lelczmzszl [q q ] 0 _lllCZmZSZ CI%
0 Lz l11.,m,s; 0 g2

n [gmz(lczcu) + licp + gm1lc1C1] [ ]
gmyle ciy
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Example RR

Work out the equation of motion.

m2l12 + 2mylyle,co + m1l012 + mleZZ +1,,4 mzlczz + limyle, ey + 1,4 [Ch]
mzlczz + l1m21c2C2 + 1,5 Tnzlcz2 + 1,5 4>
N [ 211l62m282] 6101 + 0 —lile,mys,] g%
0 1z lile,m;ys, 0 15

n [gmz(lczcu) + licp + gm1lc1C1] _ [ ]
gmzlc2C12

The centrifugal terms on one joint are
proportional to the square of the velocity "
of the other joint, and are at a maximum
when the two links are perpendicular.

\

25.01.2018 J.Nassour

87



Example RR

Work out the equation of motion.

[mzllz + 2mylyle,co + m1l012 + mleZZ +1,,4 mzlczz + limyle, ey + 1,4 [Ch]
mzlczz + l1m21c2C2 + 1,5 Tnzlcz2 + 1,5 4>

[ 211l62m252] (6:6,] + 0 —lile,mys;( g%

0 d19>2 lllCZmZSZ 0 )

n [gmz(lczcu) + licp + gm1lc1C1] _ [ ]
gmzlc2C12

The Coriolis term is proportional to the
product of the two joint velocities, and is
also at a maximum when the two links
are perpendicular.
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