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Path vs. Trajectory

Path: is an ordered locus of points in the space
(either joint or operational), witch the manipulator
should follow.

It is a pure geometric description of motion.

Trajectory: a path on which timing law is specified,
e.g., velocities and accelerations in each point.



Robot Motion Planning

# Tasks
Path planning: Tas}lplan
* Geometric path Action Plan
* |ssues: optimal path. '
Path Plan

Trajectory: Traj:ctory
* Interpolate or approximate the desired P'f”

path by a class of polynomial functions. —» Controller
 Generate a sequence of time-based Y

“control set points” for the control of Rofm

manipulator from the initial configuration Sensor

to its destination.



Trajectory Generation

The aim of the trajectory generation is to generate inputs to the
motion control system which ensures that the planned trajectory is
executed.

The user or the upper-level planner describes the desired trajectory

by some parameters, usually:

* [nitial and final point (point-to-point control).

* Finite sequence of points along the path (motion through
sequence of points).

Trajectory planning/generation can be performed either in the joint
space or operational space.



Minimal Requirements

Capability to move robot arm and its end effector from the
initial posture to the final posture.

Motion laws have to be considered in order not to:

* violate saturation limits of joint drives.

e excite the modeled resonant modes of the mechanical
structure.

Generation of smooth trajectories.



Joint Space vs. Operational Space

Joint-space description:

 The description of the motion to be made by the robot
by its joint values.

* The motion between the two points is unpredictable.

Operational space description:
e The motion between the two points is known at all
times and controllable.

* |tis easy to visualize the trajectory, but it is difficult to
ensure that singularity does not occur.



Joint Space vs. Operational Space
Example

Cartesian-space trajectory

(a) The trajectory specified in Cartesian coordinates
may force the robot to run into itself, and (b) the
trajectory may requires a sudden change in the joint
angles.

Sequential motions of a robot to
follow a straight line.



Trajectory in the Operational Space

e Calculate path from the initial point to the final point.
* Assign a total time T, to traverse the path.

* Discretize the points in time and space.

* Blend a continuous time function between these points.
* Solve inverse kinematics at each step.

Advantages:

* Collision free path can be obtained.

Disadvantages:

 Computationally expensive due to inverse kinematics.
* Itis unknown how to set the total time T ..



Trajectory in the Joint Space

* C(Calculate inverse kinematics solution from initial point
to the final point.

* Assign total time T, using maximal velocities in joints.

* Discretize the individual joint trajectories in time.

 Blend a continuous function between these point.

Advantages:

* Inverse kinematics is computed only once.

 (Can easily take into account joint angle, velocity constraints.
Disadvantages:

 Cannot deal with operational space obstacles.



Trajectory Planning

(continuity, Path

smoothness)

constraints

l l joint space

1q(1),q(1),q(1)}
Path TrajeCtory or sequence of control set points

SPECificatiDn > Planner » along desired trajectory

(), v(1),a(1)]

cartesian space




Best Planning Approach

 Combination of via points (global plan) and point
to point (locally between two points).

* Via points provides an approximation of the
path.



Trajectory Planning

A
Joint i

Set down

e Path Profile

Lift-off

* Velocity Profile b oo

10 i © tf Time

 Acceleration Profile / \ \J




Candidate Curves For Interpolation

Straight line (discontinuous velocity at path points).
Linear functions with parabolic blends.

Cubic polynomials (splines).

High order polynomials (quantic: polynomial of
degree 5, ..).



Candidate Curves For Interpolation

Straight line (discontinuous velocity at path points).
Linear functions with parabolic blends.

Cubic polynomials (splines).

High order polynomials (quantic: polynomial of
degree 5, ..).
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Candidate Curves For Interpolation

Straight line (discontinuous velocity at path points).
Linear functions with parabolic blends.

Cubic polynomials (splines).

High order polynomials (quantic: polynomial of
degree 5, ..).

D
/. B .\ C Cubic: o]der3

A/o <o’ /\
BV

11.01.2017 J.Nassour 15



Basics for Trajectory generation

Different approaches will be demonstrated on a simple example.
Let us consider a simple 2 degree of freedom robot.

We desire to move the robot from Point A to Point B.

Let’s assume that both joints of the robot can move at the
maximum rate of 10 degree/sec.



Non-Normalized Movement

30
40
50
60
70
80

Move the robot from A to B, to
run both joints at their
maximum angular velocities.
After 2 [sec], the lower link
will have finished its motion,
while the upper link continues
for another 3 [sec].

The path is irregular and the
distances traveled by the
robot’s end are not uniform.



Normalized Movement

20
24
28
32
36
40

30
40
50
60
70
80

Let’s assume that the motions
of both joints are normalized
by a common factor such that
the joint with smaller motion
will move proportionally
slower and the both joints will
start and stop their motion
simultaneously.

Both joints move at different
speeds, but move
continuously together.

The resulting trajectory will be
different.



Straight Line Movement

* Let us assume that the robot
Y hand follows a straight line
between points A and B.
* The simplest way is to draw a

20 130 line (interpolate) between A, B.
1415« Divide the line into five
16 | 69
21 | 7 segments and solve for
29 | 81 necessary angles a and B at
40 | 80 .
each point.

—x * Thejoint angles do not change
uniformly.




Straight Line Movement

* Again interpolation between A,
, B by a straight line.
The aim is to accelerate at the

beginning and decelerate at the
end.

* Divide the segments differently.
=  The arm move at earlier
segments as we speed up at the
beginning.
Go at a constant cruising rate.
= Decelerate with later segments
as approaching point B.




Continuous Transition Between
Points

Stop-and-go motion through the via-point list creates jerky
motions with unnecessary stops.

Solution: take multiple neighbouring trajectory into account and
enforce constraints on the same tangent and acceleration on the
trajectory point.

How? Blend the two portions of the motion at point B.

y y
A A ’”
B B

(b)



Continuous Transition Between
Points

Alternative scheme ensuring that the trajectory passes through
control points.

* Two via points D and E are picked such that point B will fall on the
straight-line section of the segment ensuring that the robot will
pass through point B.

(b)



Cubic Polynomials

Consider the problem of moving the tool frame from its initial position to a desired
goal position. The initial position of the manipulator is known in the form of a set of
joint angles. The set of joint angles for the terminal position is calculated by means
of inverse kinematics.

What is required is a function for each joint whose value at ¢, is the initial position
of the joint and whose value at ¢ is the desired goal position of that joint.

As shown in the figure, there are many smooth
functions, 8(t), that might be used to interpolate 200
the joint value.

In making a single smooth function, at least four
constraints of 8(t) are evident:

* Initial value 8(0) = 6,,

* Final valued(t;) = 6,

* Initial velocity 8(0) = 0,

* Final velocity é(tf) = 0.




Cubic Polynomials

These four constraints can be satisfied by a polynomial of third order:
0(t) = a, + a,t + a,t* + a,t3

Joint velocity and acceleration along this path are
0(t) = a, + 2a,t + 3ast?

6(t) = 2a, + 6a,t

Applying the four constraints gives four equations for the unknown a;:
0, = a,
0=aq
0, =ay+ at; + at,” + asty’
0 = a; + 2a,t; + 3ast,*
The solution:

3 2
f f



Cubic Polynomials

The solution:

3 2
f f

This cubic polynomial can be used to connect any initial joint-angle position with
any desired final position.

This solution is valid only for the case when the joint starts and finishes at zero
velocity.

The single Cubic Polynomial equation that satisfies these conditions is:
0(t) = a, + a,t + a,t* + a,t3

3 2
o(t) = 0, + g(ef —9,)t2 — g(ef —9,)t?
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Example

A single-link manipulator with a revolt joint stopping at 8 = 15 degrees.
It is desired to move the joint in a smooth manner to 8 = 75 degrees in 3 seconds.

Find the coefficients of a cubic that accomplishes this motion and brings the
manipulator to rest at the goal.

11.01.2017 J.Nassour 26



Example

A single-link manipulator with a revolt joint stopping at 8 = 15 degrees.

It is desired to move the joint in a smooth manner to 8 = 75 degrees in 3 seconds.
Find the coefficients of a cubic that accomplishes this motion and brings the
manipulator to rest at the goal.

Solution:

3 2
f f

a, = 15,
a, = 0,

3
a2=§(75—15) = 20,

2
ay = —5- (75~ 15) = —4.44
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Joint position:
0(t) =15+ 20t>—4.441¢t3

Joint velocity along this path:
6(t) =40t —13.32¢?

Joint acceleration along this path:
0(t) =40 —26.4t v

Velocity[*/s]
P Lad
= =

—
=]
T

]

Acceleratinn["“!sz]

Time
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t = 0:0.01:3;

thEtEl_t = 15 + 20.%C.*t — 4.449.%C.*C.*C
theta d t = 40.%t - 13.32.%C.%t;
theta 2d t = 40 - 26.4.%t;

subplot (3,1,1);
plot(t,theta t); grid on;
ylabel ("Positcion[®*]");

subplot(3,1,2):
plot(t,theta d t); grid omn;
yvlabel ("Velocitcy[®/=2]"):

subplot (3,1, 3);
plot(t,theta 2d t); grid on;
ylabel ("LAoceleration[®*/3™2]");
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Cubic Polynomials With via
Points

If the desired velocities of the joints at the via points have non-zero values, then we
can construct cubic polynomials as before with considering new constraints:

* Initial value 8(0) = 6,,

* Finalvaluef(t;) = 6y,

« Initial velocity 8(0) = 90,
* Final velocity H(tf) = Hf

Applying the four constraints gives four equations for the unknown a;:

0, = a,
b, = a,
O0r = ag + aity + azty® + asty’
0; = a; + 2a,t; + 3ast,?



Cubic Polynomials With via
Points

0o = ay
90 = a4
oy = ap+at; + azlfff2 + a3tf3
0, = a; + 2a,t; + 3ast,*
The solution:
a, = 0,
a, = 6,

3 1, .
2 1.,

a;=—— ;-6 +ﬁ(90+9f)
f f

Now we are able to calculate the cubic polynomial that connects any initial and final
positions with any initial and final velocities.



Velocities at via Points

There are several ways to work out the desired velocity at the via points:

The user specifies the desired velocity at each via point in terms of a Cartesian linear
and angular velocity of the tool frame at that instant. Cartesian velocities at the via

points are mapped to the desired joint velocity by using the inverse Jacobian of the
manipulator at that point.

The system automatically chooses the velocities ¢
at the via points. Desired velocities at the points e v
are indicated with the tangents. The via points c '
are connected with straight line segments. If the o, |~
slope of these lines changes the sign at the via
point, choose zero velocity (point A and B), else, :,\ | —
choose the average of the two slopes as the via

velocity (point C).

-
-
-
-




Velocities at via Points

The system automatically chooses the velocities at the via points in such a way that
acceleration is continuous at the via points.

To do this, a new approach is needed. We will replace the two velocity constraints at
the connection of two cubics with the two constraints that velocity and acceleration
be continuous.



Example

Solve for the coefficients of two cubics that are connected in a two-segment spline
with continuous velocity and acceleration at the via point. The given values are:
e the initial angle 6,
e the via point 0,
* the goal point 6, .
0,(t) = a,y+ a it + a,t? + a5t3
0,(t) = a,, + a,;t + a,,t* + a,;t3

Angular constraints for first cubic:
Initial position 8,=a,,
Terminal position 8, = a,q + @y tp; + aqptp* + ag3tsy°

Angular constraints for second cubic:

Initial position 8 =a,,
Terminal position 8, = @y + Ay s + Ayoten* + aysts,’
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Example

Solve for the coefficients of two cubics that are connected in a two-segment spline
with continuous velocity and acceleration at the via point. The given values are:
e the initial angle 6,
e the via point 0,
* the goal point 6, .
0,(t) = a,y+ a it + a,t? + a5t3
0,(t) = a,, + a,;t + a,,t* + a,;t3

Angular velocity constraint for first cubic: Start from rest:
0=ay,

Angular velocity constraint for second cubic: End at rest:
0=a,;+2ayt;,+3 a23tf22

Both cubics must have the same angular velocity and acceleration at the via point:
A, +2a5,t,+3 a13tf12 = Ay,
2a,,+6 Ay3teg = 2a,,
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Example

0,=a,,

0,=a,+a;ty+ a12tf12 + a13tf13

0.~a,,
g
0=ay,
0 = a,; + 2 ayty, + 3 a3ty
Ayy + 2 Qpptpy + 3 agts® = ay,

2a,,+6 Ay3te = 2a,,

11.01.2017

0, = ayo + Ay sy + Ayten* + aystp,’

If we consider t; =t = t,, solution:

a0 = Y
a;, =
a;, =
80, + §9 +580,
a3z =
4tf3
20" gve 30
o 0
a;, = g4t
~120, + 66, + 60,
a,, =
412
86, —50,— 36,
a,; =

3
At

J.Nassour 36



11.01.2017

=
=)
Q
]
o
- |
=2
Acceleratiun[‘!s?‘] Velocity[°/s] \ Position[°]

: : : a2

terminal point

= . =

_/ \via point
o

Time

J.Nassour 37



Quintic Polynomials

If we wish to be able to specify the position, velocity, and acceleration at the
beginning and end of a path segment, a quintic polynomial is required:
0(t) = a, + a,t + a,t? + a;t3 + a,t* + a-t®

Where the constraints are given as:

0, =aqa,

0= ay+ at; + ayt + ast + agtt + ast

A0

Of=a,+2a,t,+3ast”+4a,t+5astt
0,=2a,

O;=2a,+6ast;+12 a,t/* + 20 ast;

These constraints specify a linear set of six

equations for the six unknowns

11.01.2017 J.Nassour




Quintic Polynomials

The solution of this system of six linear equations is:

. ©)
% =0y, 2=0,, &=—"
a - 200, - 200, - (80, +120,)t, — (30, — ©,)t
2t ° ’
. 300,300, +(1 40, +160,)t, + (30, — 20, )t °
4 — 4 !
2t

120, -120, — (60, +60,)t, — (0, — O, )t
a; = E :
f




Linear interpolation

Another choice of joint-path shape is linear.

That is, we simply interpolate linearly to move from the present joint position to the
final position.

Remember that, although the motion of each joint in this scheme is linear, the end-
effector in general does not move in a straight line in Cartesian space.

However, straightforward linear interpolation would
cause the velocity to be discontinuous at the
beginning and at the end of the motion.

To create a smooth path with continuous position
and velocity, we start with the linear function but
add a parabolic blend region at each path point.

h
v

3

f



Linear Int. with Parabolic
Blends

During the blend part of the trajectory, constant acceleration is used to change
velocity smoothly.

The linear function and the two parabolic functions are “splined” together so that
the entire path is continuous in position and velocity.

We will assume that the parabolic blends have 20
the same duration; therefore, the same constant |
acceleration is used during the blends. O g b
0,
o,
6,




Linear Int. with Parabolic
Blends

The velocity at the end of the blend region must equal the velocity of the linear
section, and so we have:

g 6,—0
ot, = 22
L, — Ly
where @, is the joint angle at the end of the blend region, and 0 is the joint
acceleration acting during the blend region. A0
The value of 8, is given by 8,= 0, + %9tb2 N
Combining the two equations and taking into ,

account the symmetry of the path and its
duration t, = 2t,, we get: 0

.. 1.




Linear Int. with Parabolic
Blends

.. 1.

1. ) ;
= S0t~ 0t,t, + (6, — o) = 0 s o

1.. 2 .o tf 1 . H,-

where t; is the desired duration of L , H

the motion.



Linear Int. with Parabolic
Blends

Given B, 8, and t, we can follow any of the path given by the choices of 0 and t,

that satisfy the previous equation. N,
The solution of the equation for the 9
blend duration is: S e
02t,2 — 46(0, — 0,) O,
tf f f 0
20 0,
. L 0,
A real solution exists if: .
é > 4 (szeo) & | 6
t, f, t, t, {1, l,
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Example

A single-link manipulator with a revolt joint stopping at 8 = 15 degrees.
It is desired to move the joint in a smooth manner to 8 = 75 degrees in 3 seconds.

Show two examples, one with high acceleration and one with low acceleration of a
linear path with parabolic blends.

11.01.2017
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Example

gg — Degrees 2(5) — Degrees
Position, velocity, and acceleration oI ®r
. . . . . 50— 50 —
profiles for linear interpolation with ast- s
parabolic blends. The set of curves géz §§E
on the left is based on a higher WA 1 1 1 iseconds BLA 10 1 Seconds
. . 6 12 18 24 30 6 12 18 24 30
acceleration during the blends than Position Position
is that on the right. S
20
15—
10
5
0 J i l L Seconds Seconds
6 12 18 24 30 6 12 18 24 3¢
Velocity Velocity
36 | Degfsec? %(5) [ Degfsec?
1 | s
12 5
= o -
-12- S0l
241~ 15
36 20—
l | ! l Seconds 25 | l I 1 Seconds
6 12 18 24 30 6 12 18 24 30
Acceleration Acceleration
@ (b)
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Linear Int. with Parabolic Blends
for Several Segments




Linear Int. with Parabolic Blends
for Several Segments

Given:

* Positions 6,,6,,0,,0,, 0,
* Desired time durations ty;, ty, ty taim
* The magnitudes of the accelerations |0, |6/, |0], |6,

Compute:

* Blendstimest, t, t, t, t,

* Straight segment times t;, t;, ty, t,
* Slopes (velocities) 8, 0, 0, 6,
* Signed accelerations

9() ¢




Linear Int. with Parabolic Blends
for Several Segments

For inside segments:

The duration of the blend region at path point k is tx.
The duration of the linear portion between points jand kis t;

. 0,-0
®jk_ kt ja

djk
®, =SGN(©,-9,)0,], K
; _®k/_®jk
k — . y

®k

1 0

tjkztdjk—E(thrtk). |




Linear Int. with Parabolic Blends
for Several Segments

For the first segments:

0,=SGN(0,-0,)|d, { =rd12—\/r§12—2(®2.._®1)
®1
: ®,-06
0, =—32 11 NG
rd12_§r1

1 0, |

Ly = Ly — 1, _Efz




Linear Int. with Parabolic Blends
for Several Segments

For the last segments: R

©,=SGN(©,,-0,)d,|.
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Example

The trajectory of a particular joint is specified as follows: Path points in degrees: 10,
35, 25, 10. The duration of these three segments should be 2, 1, and 3 seconds,
respectively. The magnitude of the default acceleration to use at all blend points is

50 degrees/second?. Calculate all segment velocities, blend times, and linear times
and sketch the resulting trajectory.

Exercise 7.4: Path with via points

35
30_ ............. .............. ............. i

T 28 i B - W - S

@ :

== .

c g

=L :

E :

g 20 .......................................................... R R
15_ .............. .............. .............. ............. i
108 ' i )

] 1 2 3 4 5 b
Time [s]
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Example

For the first segment we apply:
®,=SGN(0,-0,)|0,/,

t :td _\/tg _2(®2_®1)
1 12 12 d ’
®1

®2 _®1
—1 .
td12 _2t1

®12 =

11.01.2017

6, =503%9,
S
2(35°-10°
t =25 4522 _ ):2—\/5:0.2685
505
O, = 351 —10° _ 43398999
2—0.268s S
2
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For the second segment we use:

. 9,-0,
Q) =——

11.01.2017

= td12

O,

tcﬁk
B, = SGN(,,-6,)|,]
_ ®k! _®jk

)

]

1

_t1__

2

t,.

Example

®,-0, 25°-35°

10389

®23 =

td23
®,=SGN(0,, -0

10989 _

t, = 2

13.

1s S
deg

) CAR
deg
S —0.468s,

398 —=

-50
s°

35

30

=25

deg

t,=2-0.268s —%0.4868 =1.489s.

J.Nassour
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Example

For the last segment we apply:
én - SGN(®n—1 o ®n)

®n

b}

11.01.2017

deg

®,=SGN(0,-0,)|6,|=6, = 50—,

2(@ -0 )
ty = lyaa _\/t§34 + 2@ -
4

2(10°-25°)

5082

__10°-25° _ g0gede9.

t,=3s— [9s®+ =0.102s,

1, 1 S
2 2
Exercise 7.4: Path with via points
3B T
I -0 ............ .......... |
S N A - — S — ]
E | ............ ........... ............ .......... d
15_, . ...................................
. i
1 2 3 4
Time [s]
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Next we use:

6, = SGN(6,-0,)|6,]

®k! o ®jk

[, = =
k o,

11.01.2017

Example

®, = SGN(0,,

= SGN[—S 086——=

deg

-0,

deg

deg]50
S S s? s?

deg deg
s S

-5.086 —=
=0.098s.

J.Nassour

50deg
s?

35

30 [ ................... .......... o

25_ .......... ............ ............. i

Joint Angle [°]

| ............. s 5 gl N .......... d
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Example

Finally we have

1
U :toff‘k_E(tf+tk)

1
fog = Tyog _E(te + ts)

=15 %(0.4863 +0.098s) =0.708s

and and
B 1 1
t(n—1)n - td(n—1)n _ tn _Etn—1 . t34 = td34 _ t4 _EtB

to calculate the linear parts of the
trajectory between points 2, 3 and 3, 4,
respectively.

=35-0.102s —%0.0988 =2.849s.

Exercise 7.4: Path with via points
3B T T
o1 | o e TR Ry o SR ....................................
L S P ......................................
Ezﬂ .................................... R R IRV SR BN SR SRR SRV
15,,. ....................................
10 i
1 2 3 4 5
Time [s]
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Example

Exercise 7.4 Trajectory with Parabolic Blends, Path with via points

35 ; ? ; ! ;
30- ............. .............. ............. -
EZS ................................................................................... -
o
fayl
=
T
E
g 20 ................................................................................... -
(G ) - A, .............. . ............. |
v ; i ; i : &
] 1 2 a 4 a b
Time [s]

Note that in these linear-parabolic-blend splines the via points are not actually reached
unless the manipulator comes to a stop.
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Pseudo Via Points

If we wishes to specify that the manipulator pass exactly
through a via point without stopping, we should
introduce “Pseudo Via Points”
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