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1 Convex Functions

Convex functions (functionals) play an important role in many fields of
mathematics such as optimization, control theory, operations research,
geometry, differential equations, functional analysis etc., as well as in
applied sciences and practice, e.g. in economics, finance.

They have a lot of interesting and fruitful properties, e.g. continuity
and differentiability properties or the fact that a local minimum turns out
to be a global minimum etc. They even allow to establish a proper and
general theory of convex functions, moreover together with convex sets,
the so-called theory of Convex Analysis, which is important not only for itself
but also for its many applications in the theory of convex and also non-convex
optimization.

Within this lecture on Convex Analysis we do not want to develop various
basic facts on convex sets, because our intention is more to come faster
to the relevant and essential results for convex functions. They will only
be summarized without proofs, sometimes at the point where we need them
within the representation of the lecture, as so-called ”Standard Preliminaries”.
One could also see them as material of an Appendix.

The main Chapters of our lecture are devoted to convex functions (func-
tionals, respectively), so-called conjugate functions, convex optimization,
subdifferential calculus, duality assertions and variational equalities
supplemented by some special topics (Cones, Convex Processes, saddle-
functions etc.).

The exercises proposed to the reader within this lecture are solved in the Ap-

pendix.

Definition 1.1. Let X be a given linear space (we consider only real linear

spaces), denote R = R U {—o0, +00} and consider a function f: X — R.
(a) fis called convex if (and only if)
F(L =Nz 4+ Aza) < (L= N)f(z1) + Af(x2) (Jensen’s inequality)
for all z1,x9 € X and X € (0, 1) for which the right-hand side is meaningful
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(i.e. x1, 9 with f(x1) and f(xa) simultaneously infinite with opposite signs
are not to be considered). If Jensen’s inequality is fulfilled without equality

for all x1 # x5, then the function f is called strictly convex. We call the

function f concave if —f is convez.
(b) The set defined by
dom f={z € X: f(z) < oo}
is called the effective domain of f (cf. Figure 1.1).
(c) The epigraph of the function f is the set (cf. Figure 1.1)

epif ={(z,a) € X xR: f(z) < a}.

Figure 1.1

(d) The function f is said to be proper if dom f # () and f(x) > —oc0 Vz € X.

Proposition 1.1. Let X be a given linear space and the function f : X — R.

Then the following statements are valid.
(a) f is convex if and only if epi f is conver.
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(b) If f is convex then dom f is conver.
Proof.

(a) Necessity. Let f be convex and (x1, 1), (2, a2) € epi f, that is f(z1) < o
and f(z2) < as. Let also be A € (0,1). From the convexity of f and the
definition of the epigraph we have

Fzr+ (1= Naz) < Af(z) + (1= X) f(22)
< Ao+ (1= Nas.

This means that (Azy + (1 — N)x2, Aoy + (1 — A)aw) € epi f or A(z1, 1) +
(1 = X)(z2,0a2) € epi f, i.e. epif is convex.

Sufficiency. Let epi f be convex and this implies (cf. (b)) that dom f is
convex. It is sufficient to verify Jensen’s inequality over dom f. Thus, let
us take 1, xo € dom f and choose a, b such that f(z1) < a and f(z2) <,
ie. (x1,a),(z2,b) € epif. By the assumptions follows (A(z,a) + (1 —
A)(22,b)) € epi f for all X € [0,1] and this implies

If f(x1) and f(xq) are finite, one can take a = f(z1) and b = f(x2) to

conclude the assertion of the proposition.

If either f(z1) or f(xs) is —oo one can let tend a or b to —oo and thus

Jensen’s inequality is also fulfilled.

(b) Clear, because epi f is convex and therefore dom f as its projection, too.O]

Remarks: Why do we allow the value +oco for proper functions?

(i) Let f be a functional f: A C X — R and define f : X — R by

i f(z), ifxe A,
I if v ¢ A.

The functional f is convex if and only if A is convex and f : A — R is
convex. Therefore we need only to consider functions defined on X every-

where.



(ii) Let A C X. Define the indicator functional of A

0, if x € A,

xa:X =R, yalz)=
4 4(@) {—l—oo, itz ¢ A
Then A is a convex subset if and only if x4 is convex (dom x4 = A).

Thus the study of convex sets can be reduced to the study of convex functions.
Remark: We do not prove trivialities within this lecture. Therefore we only
mention shortly some simple facts about convex functions.
(i) If f is convex and A > 0 then Af is convex.
(ii) If f, g are convex then f + g is convex.
(iii) If (fi)ies is any family of convex functions from X into R, their pointwise
supremum f : X — R, f(z) = sup fi(x) is convex, because epi f = () epi f;
iel

iel
that is convex as intersection of convex sets (see Figure 1.2).

Figure 1.2

Examples 1.1.



(i) Let X be a real normed space. Then f : X — R, f(z) = ||z||", n > 1 is
a convex function. If n=1 we can apply the triangle inequality; the case

n > 1 remains as an exercise for the reader.

(ii) Analogously for the function f : X — R, f(x) = |[z — Z||", where 7 is a
fixed point from X.

(iii) Let X be a reflexive real Banach space (i.e. X* = (X*)* = X). By
X* we denote the topological dual space to X, i.e. the space of linear
continuous functionals defined on X. The value of a functional z* € X* at

a point x € X is usually denoted by (z*, z) := x*(z).

The linearity of * € X* is obvious, for all o, 5 € R and x1, 9 € X it is sure that
(2%, axy + Pr2) = afa™, 1) + B(z", 22).

When X = R", by considering the value of the functional z* € (R™)* at some
point x € R™ we obtain actually the Euclidean scalar product (z*,x) = zn: ;T
If v = (v1,....,2,)7 € R* we have z* = (a},...,23)T € R" and thatl;rlnplies
R™ = R" and further R™* = R".

For X Hilbert space it follows that x*(x) = (z*,z) is a scalar product.
We have z* € X* = X and this leads to X™* = X.

Now (cf. above) let be X a reflexive real Banach space and let be B : X —
X* a linear bounded (continuous)(i.e. B € L(X, X*)) non-negative self-adjoint
operator (mapping), i.e. (Bz,z) >0Vx € X and B*: X** = X — X*, B* = B.

Exercise 1.1.
(i) The function f: X — R, f(z) = (Bx, z) is convex.

(ii) If we consider X = R", B = (b;;); j=1,..n» & n X n symmetric positive semi-

definite matrix and the quadratic function f(z) = (Bx,z) = (x, Bx) =

.....

n
3 bz >0, x = (21, ...,1,)7, then f is convex.
ij=1

The following result is well-known from the basic lecture courses of analysis and

optimization, respectively.



Proposition 1.2. Let f be a twice continuously differentiable real-valued

function on an open convex set C' in R™. Then f is convexr on C if and only

if its Hessian matriz Q. = (¢i;(x))ij=1..m, T = (T1,..., )" where q;(z) =
aZQBJ;j (11, ..., 1,) is positive semi-definite for every x = (xq,...,x,)" € C.

Definition 1.2. Let f1, ..., fin be proper functions on a linear space X. Then
we call the function
flx) =inf{fi(z1) + ...+ fu(zn) 21+ .. +Tp =2, v;,€ X, i=1,...,m}

infimal convolution, usually denoted f = f10f0..0f, = 61 fi-

Exercise 1.2. Show that the function f is convex. Hint: it comes from the
fact that for only two functions fi, fo, after setting xo — y and x; — x — y there
is

(fiDf2)(z) = inf{ fi(z —y) + fo(v) },
but this is analogous to the classical formula for integral convolution

([ fi(z —y) fa(y)dy).

Examples 1.2.

(i) Considering the indicator function of the set {a}
0, if © = aq,
5(la) = ifr=a
400, otherwise,
then f 0d(-|a) = f(x —a) (translation of the graph of f horizontally by a).
If a =0 then f OO 6(-|0) = f(z) (identity).

(i) If f(x) = ||z|| and g(x) = xc(z), x € X (the indicator function of the set

C), then (£ 0 g)(x) = inf{le—ll+ xc(w)} = inf o —y| = d(z, ), which
is actually a distance function. This means that the distance function for

a convex set C is a convex function.

Remark: There is another representation of fi[1fs,
fi0fy = inf{p : 3z € X such that (z,pu) € (epi f1 + epi fo)}.
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(iii)

In this way fif, may be defined even in the case when f; and f, are
not necessarily proper convex functions, i.e. for any functions mapping

from X to [—o0, +00].

The operation ”[J” has the following properties
. commutativity: fi(f, = follfi;

. associativity: fi0(fo,00f3) = (f10f5)0fs;

. preserves the convexity;

. 0(+,0) acts as its identity element.
Support functional of a convex set C C X

Sc(x) = 5(2|C) = sup(z,y).

yeC

Geometrical interpretation. (cf. Figure 1.3)

d=zup<x y=
! e

W

dz=d dEzup=t s
e[St

Figure 1.3

Consider a hyperplane in X, Hy 4 = {y : (x,y) = d}, with d = sup(z,y).
yel
The tangent hyperplanes are supporting the set C.

Sc(x) is convex as the pointwise supremum of a certain collection of linear
functions (i.e. convex) (-,y) as y ranges over C. (Family of functions

fy(x) = (z,y), y € C which is an index set.)
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(iv) A gauge of a set C is defined by

vo(z) =~|C)=inf{\: X >0,z € \C}, € X,
vo(x) = 400, if there is no A > 0 such that x € A\C,

and is also called Minkowski (gauge) functional (cf. Figure 1.4).
- X
2 ¥ix) C
AT

Figure 1.4

Exercise 1.3. If C' is convex, then y¢(x) is convex, too.

Definition 1.3. A functional p : X — R is said to be sublinear if
(1) p(tx) = tp(x) whenevert > 0 (positive homogeneousity),

(1t) p(x +y) < p(z)+p(y) (subadditivity).

Remark: Of course, it is trivial to show that a sublinear functional is also
convex.
In this sense a sublinear functional is a generalization of a norm in a

linear space.
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Remark: Usually, defining a gauge by a convex set C it is additionally
supposed that 0 € int(C') (the interior of C).

Let be C' C X, where X is a normed space (or more general a linear topolog-
ical locally convex space). Then, for all z € X we have yo(z) < oo. Otherwise
there are z € X with y¢(x) = +o0 (cf. Figure 1.5, where there is no A > 0 such
that x € AC' and Figure 1.6).

=
0 int(C
& int(C] r “J:Tc/‘—,ﬂ
C:cnnst
c By ‘
| ]
T L S
// (Htripe)
Figure 1.5 Figure 1.6

Exercise 1.4. Prove that ¢ is sublinear.

Exercise 1.5. If f is a positively homogeneous proper convex function, then

the following statements are true.
(a) fAMz1+...+Anxm) < Aif(x)+...+ A\ f(zm), whenever Ay > 0, ..., A, > 0.

(b) f(—=z) > —f(z) for every z € X.

The closure of a convex set C', 0 € int C', can be described using its gauge
C={re€X :v(x) <1, ie x€ \,C for a sequence \, — 1,\, >1 Vn € N},
that coincides to C' when it is closed, while the interior of C' is

intC ={ze€X:y(x) <1}
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and its boundary
0C ={x € X :yo(x) = 1}.

Thus C plays the role of the unit ball as for the case when the gauge is a norm
C=DBy;={ze X |z <1}

If from z € C follows —z € C for every x € C (C is symmetric), then
vo(—x) = ve(x) and therefore yo(x) = ||z||c defines a norm if 0 € int C' and
C is bounded because ||[\z||c = |A|yc(z) also for A < 0. Of course 0 € int C' is
supposed and C is bounded so 7¢(0) = |[0]] = 0 and yo(z) > 0, ye(x) # oo for
x # 0 (cf. Figure 1.7).

=

e

Figure 1.7

Let X be a normed space and ' C X convex, 0 € int C. Then there exists
M > 0 such that
Yo(z) < Mzl Vo e X,

i.e. ¢ is a bounded functional. To point out that, take a ball with radius r
centered at 0 and contained in C, By, = {x € X : ||z|| < r} C C (this is possible
because 0 € int C'). Since By, C C' it follows
vo(x) = inf{A: X >0,2 € \C}
]l

< Yy, =inf{A: A >0,2 € ABy,} = —
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If we take M = 1 we obtain yo(z) < M|z V& € X. From that follows that

vo(x) is continuous (see Figure 1.8).

[l

Figure 1.8

Let be the sequence z,, — = and we have vo(z, — z) < M|z, — x| — 0 when
n — o0o. This does not prove yet the continuity, as we need |yc(z,) —yc(x)| — 0
when n — oo.

But as for a norm, we can also for a gauge (or more general for a sublinear

function) estimate in an analogous manner
ve(rn) = vo(zn — 2 + ) < ye(tn — ) +v0(2n)
and from here
Ye(xn) —vo(z) < vo(z, —2) < M|z, — x|,n € N.

Moreover,

70(1:) = '70(1' —Tp+ xn) < rYC(x - xn) + 70(1'11)7
implying

ve(@) =vo(rn) < yo(r —wn) < Mz —2,[| = Mz, — zf|,n € N.
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From the above inequalities we obtain
M| — 2 < v0(en) = 10(z) < Mljza — 1]
which is nothing but the continuity of vy¢(z),
[ve(an) = ve(@)| < M|z, — zfl,n € N.

Exercise 1.6. Conversely, any positively homogeneous, subadditive (i.e. sub-
linear), non-negative and continuous function p on X is of the form ¢, i.e. is a

gauge.

Lemma 1.1. Let be X a real normed space, f a convex function over an open
set D (f is considered on int(dom f)). If zg € D, then for each h € X the "right

hand” directional derivative

0+ F(wo)(h) = Tim LE0H ) = J(@o)

t—0t t

exists and 1s a sublinear function on X.

Proof. We point out that the difference quotient is nonincreasing as t — 0

and bounded below by the corresponding difference quotient from the left. Thus

|/

fix ) | fe)=0

the limit exists.

Figure 1.9
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To prove this, we assume that o = 0 and f(xy) = 0 (possible by a translation
of X and f, cf. Figure 1.9). Let be 0 < t < s. By convexity, with th =
L(sh) + (1= 1) 0, we have

s

s—t

F(th) < S (sh) + =L 5(0) = Lot

and so ¢ f(th) < L f(sh). This proves the monotonicity of the difference quotient
flzo +th) — f(zo) _ f(th) _ f(sh) _ f(zo+ sh) — f(xo)

:<:
t t — s S

We apply this to (—h) in place of h (we see that f(xo+ t(—h)) = f(xo — th)).
It follows that —M is nondecreasing as t — 0. By convexity we have
fort >0

1 1 1 1
Therefore
2f (o) < flzo — 2th) + f(zo + 2th).
Transforming this inequality and dividing by 2¢, we obtain

—[f(wo — 2th) — f(x0)] < [f(zo — 2th) — f(w0)]
2t - 2t .

Because the left hand side is nondecreasing as ¢ — 07 and the right hand side
is nonincreasing as t — 07, this shows that the right hand side (the difference
quotient) is bounded below and the left hand side is bounded above. So both
limits exist.

The left limit is denoted by —d™ f(x¢)(—h) and it holds
¥ flao)(—h) < d* F(zo)() Vh € X.
Obviously d* f(h) is positively homogeneous (cf. definition of d* f(h))

d+f(x0)(>\h) _ tl_lgl f(x0+t>‘?) — f(wo)
~ lim /\f(ﬂfo + (tA)R) — f(o)
t—0+ tA

— Alim f(zo + Eh; — f(20)
t—0+

= A" f(zo)(h),

15



where A > 0 and ¢ = t\. The fact that d* f(h) is subadditive follows by convexity

f(ili'o + t(hl + hg)) = f (%(l’o + 2th1) + %(l’o + chg))

By subtracting from both hand sides — f(z¢) and dividing by ¢ > 0, we obtain

f(xo +t(h1 + ha)) — f(z0) < f(xo + 2thy) — f(w0) n f(wo + 2t(ha) — f(x0)
t - 2t 2t ‘

Taking limits as t — 07, follows
d* f(xo)(hn + ha) < d* f(w0)(h1) + d* f(x0)(he).C

Definition 1.4. If the functional h — d f(xo)(h) is linear (instead of only
sublinear) then the convexr function is said to be Gateaux differentiable at
xog € D. The functional is in this case denoted by df (xo)(h) and d(f(zo)) (as a
linear functional, continuity is not assumed) is called the Gateaux derivative

(differential) of f at .

carner
f

‘-\.\_\
no carner
] |

¥-th x+h
0 :“:n i
Figure 1.10

Remark: It is clear that f is Gateaux differentiable at x( if and only if

—d*t(z0)(—h) = dt(x)(R).
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What does this equality mean? Let us see (cf. Figure 1.10)
f(zo —th) — f(o)

—d" f(xo)(=h) =— Jim, —
~  lim f (o + fhf) — f(x0)
t—0—
—  lim f(m”ﬁ? — o)
t—0+
= d¥ f(z)(h),

i.e. the two-sided limit exists and so does the limit itself. Therefore we can say

that the convex function f is Gateaux differentiable at xy € D if and only if

o Jlwo+th)— f(ze) d
df(l‘(ﬂ(h) - tl_lgi f == E

fxo +th)|i=o

and the limit exists!

Exercise 1.7. Prove that a sublinear functional p is linear if and only if for
all z € X it holds p(—z) = —p(z).

17



2 Continuity of Convex Functions

Lemma 2.1. If a conver function f : X — R, with X a normed space (more
general locally convex space), has a neighborhood of a point v € X where [ is

bounded above by a finite constant, then f is continuous at x.

Proof. We reduce again the problem by translation to the case where x =0
and f(z) =0, too.

Let U be a neighborhood of the origin, such that f(z) < ¢ < oo for all z € U.
It follows that V = U N (=U) is a symmetric neighborhood of the origin.

Consider further ¢ € (0,1) and x € ¢ V ={y: y =¢ev, v € V}. Due to the

convexity of f and because x is a convex combination of 0 and %x, ie.

x:(1—€)0+€(§x>,

fo) < 1= +ef (1) <ee 2

one has

the last inequality taking place because %x €V CU andso f (%x) < ec.

Analogously we obtain from

1 € 1
0= T+ ——z |,
1+e¢ 1—|—€( 5>

i.e. 01is a convex combination of z and (—%x) e V C U, because from x € eV

follows that —z € €V, V' being symmetric, the following

1 € 1
10) = 1 +5f(x) + 1 +5f <_gz) '

Multiplying the last relation by (1 + €) we obtain
1
@) 2 (1420 - =f (o) 2 o0 2.9
From (2.1) and (2.2) we have that | f(z) |< ec Va € ¢V, and this means, by the
definition of continuity, that f is continuous at x = 0. O
Proposition 2.1. Let X be a normed space and f : X — R be a convex

function. The following statements are equivalent to each other.
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(i) There is a non-empty open set M on which f is not everywhere equal to
—o0 and is bounded above by a constant ¢ < +oo (i.e. M C int(dom f)

since M is open).

(ii) f is a proper function and it is continuous over the interior of its effective

domain int(dom f) which is non-empty.

Proof. It is clear that (ii) implies (i). Let us conclude (ii) from (i).

Let M C int(dom f) and x € M such that f(x) > —oo (cf.(i)). Lemma 2.1
shows that f is continuous at x (observe that from M open follows that x is an
inner point of M). Therefore, f is finite on a neighborhood U of x and hence
proper.

As U we can choose a ball B(z, p) around x with radius p. The reason is that
a convex function which takes the value —oco at T, f(Z) = —oo, has the property
that on every half-line starting from ¥ either f is identically equal to —oo or f
has the value —oo between T and a point ¥, any value at T, and +oo beyond 7.

Thus, a function which is finite in a neighborhood of a point z can take
nowhere the value —oo. If it would be —oo at T, i.e. f(T) = —oo, then connect T
with z by a straight line and so arises a contradiction to the fact that f is finite
on a neighborhood of z.

Let be T € int(dom f) an arbitrary point. It follows that there exists § > 1
such that y = x + 0(T — =) € int(dom f). (cf. Figure 2.1)

int{dom f)

Figure 2.1
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Then the closed ball B(Z, (1 —

explanation follows.

$)p) is included in int(dom f). A geometrical

tangent
tang

Figure 2.2

In Figure 2.2 one may notice some similar triangles, so it follows

oz — x| _ (6—-1)|z — |
p r '

The value of the radius of the small ball is

so y = = + 0||Z — z|| belongs to int(dom(f)).

These considerations can be modified in order to hold also for locally convex
topological vector spaces.

By convexity, let 2° € B(Z, (1 — 1p)). Then there exists a z € B(0x, p) such

that 2° =7 + (1 — %) z. It follows that

f(z%) = f(f—l—(l—%)z):f(fjt(l—%)xjt(l—%)(xjtz))
= f(%(x+5(f—x))+(1—%)(m+z)>
%f(x—l—é(f—x))—f—(1—%)f(x+z)§

IA

To obtain the last inequality we used the following facts = + §(T — ) = vy,
f(y) < oo (because y € int(dom f)) and f(z + 2) < c.

20



It is clear that o does not depend on z° € B (E, (1 — %) ,0). It follows that

f is bounded on the neighborhood B (%, (1 — 1) p) of T € int(dom f). Again by
Lemma 2.1, it follows that f is continuous at . But T is an arbitrary point of

int(dom f), hence f is continuous on the whole int(dom f). O

Proposition 2.2. Let X be a normed space, f conver and continuous at
xo € int(dom f). Then f is locally Lipschitzian at xo, that is, there exist L > 0
and 6 > 0 such that

B(zg,0) ={z € X : ||z — xo|| <0} C int(dom f)

and | f(x) = f(y) |< Lllz — yll, whenever z,y € B(zo, 0).

Proof. The continuity of f at zy implies that f is locally bounded there, i.e.
there exist Ly > 0 and ¢ > 0 satisfying | f |< L; on B(zy,2d) C int(dom f).
Now, let be z,y distinct points in B(zy,9), a := ||z — y|| and let

5 - 5 5
Z=y+—w—40=y+5y_x =({1+-)y——=
a ly — | a a

We have that

— X

||z—xo||=Hy—xo+a
ly —x

and hence z € B(xo, 29).

Because
« )

a+o i a+6 *
is a convex combination lying in B(zg,20), it follows that

« )
a+§f(z)+a—|—5

y:

fly) < f(x).

Subtracting from both left and right hand side f(x), we obtain

«
a+0

F) = @) < = 1)~ f@)] < $2L1 < 2 e~y

(since | f |< Lq). Interchanging x and y, yields

F@) = o) < 5w =l

21



This is equivalent to
21,
fly) = fl@) 2 == llz —y].

Hence we obtained | f(y) — f(z) |< L||ly — z||, with L = 2%- N

Corollary 2.1. Let f be a convex and continuous function at zy € int(dom f).
Then d* f(xo) is a continuous sublinear function on X and therefore df (xo) (if
it exists) is a continuous linear function (df(xo) is the Gateauz-differential or

Gateauz-derivative of f at the point xg).

Proof. With Proposition 2.2 follows for zy € int(dom f) and h € X
flxo+th) — f(xo) < L||xo + th — zo|| = Lt||h]|,

provided that ¢ > 0 is sufficiently small such that zo 4+ th € B = B(xg,9) (cf.
Proposition 2.2). It follows that

f(wo +th) — f(xo)

d* f(xg)(h) = lim < L||h|]| Vh € X.
t—0+ t
Hence d f(xg) is continuous. O

If the Gateaux-differential (Gateaux-derivative) df (z¢) (which is by definition
linear) is even continuous (which is true e.g. under the assumptions of Corollary
2.1), then the following representation formula is valid

iy T0 ’f’? — /(@) %f(xo - th) o= df (z0)(h) = (f'(z0), ),

i.e. df (z¢) is now also denoted by f’'(zq) € X*.
Thus f": X — X* defines a (in general nonlinear) mapping from X into X*.

f’ is also said to be the gradient of f, and f'(zy) is said to be the gradient of
f(xo) (f at zo).

We give now another Corollary, namely to Proposition 2.1.

Corollary 2.2. A finite convex function f on an open convex set D C R™

(n > 1) is continuous.
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Proof. We set f(z) = +oo for z ¢ D. Then f is a convex function (as a

function f: R® — R. Let € D and consider for example n = 2.

Figure 2.3

Choosing a triangle A (Figure 2.3) spanned by x1, 23,23 € D with z € int A C D,

we see that x may be represented as convex linear combination
$:A1$1+>\2$2+)\3I3, OS)\ZS 1, ’izl,...,3, )\1+)\2+>\3:1
Due to the convexity of f there holds

f(x) < A f(y) + Ao f(22) + As f(x3).

This means that f is bounded from above on the triangle D which is a neighbor-
hood of x and thus the assertion follows from Proposition 2.1.

For n > 2 (n = 1) the proof is analogous: = may be represented as a convex
linear combination of (n + 1) points z,...,%,+1 spanning a simplex S which

contains x in is interior. O
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3 Lower Semicontinuity of (Convex) Functions

Let X be a Banach space (more generally it may be a topological locally convex

space).

Definition 3.1. The function f : X — R is said to be lower (upper) semi-
continuous at 2° € X if for € > 0 there exists a neighborhood U(x°) of 2° such
that e < (>)f(z) — f(z%) for all z € U(zY).

Remark: Of course, if f is both lower and upper semicontinuous at z° then
f is continuous at z°; i.e. |f(z) — f(2°)| < € for all z € U(x).

Consideration of continuous functions turns out to be an unnecessary restric-
tion (limitation) in particular within optimization theory and convex analysis.
For example, regarding minimization of a continuous function f over a compact

set D (the minimum exists due to the Weierstrass theorem), we can define

400, otherwise.

f(x):{ f(z), if zeD,

Then argg flz) = gg)r(l f(x) (minimizing over the entire space X). Of course f is
not necessarily continuous on the whole X, but lower semicontinuous. Moreover,
for continuous functions, there are a lot of properties and assertions in convex
analysis and optimization which can be generalized to semicontinuous (lower or
upper and weakly semicontinuous respectively) functions. As an example consider
the Weierstrass theorem. It is true also for lower semicontinuous functions in
the sense that a lower (upper) semicontinuous function f on a compact
set B attains its minimum (maximum). The proof can remain as an exercise

for the reader.

Remarks: The following assertions result immediately from the definition.
(i) If f is continuous, then f is lower (upper) semicontinuous.

(i) If f, g are lower semicontinuous and A > 0, then Af and f + g are lower

semicontinuous.
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(iii) If f is upper semicontinuous, then —f is lower semicontinuous.

Exercise 3.1. The function f is lower semicontinuous at z° if and only if

lim f(x) > f(z°).

z—z0

Definition 3.2. The function f : X — R is said to be sequentially lower

semicontinuous at z° € X if and only if f(2°) < lim f(x,) holds for each

sequence (x,), ©, € X, satisfying lim z, = a°.

n——+00
Again, trivially by definition, for X Banach space (as supposed above) a se-

quentially lower semicontinuous function is lower semicontinuous at 2" and vicev-
ersa (as for continuous functions at z°, where the inferior limit has to be replaced
by the limit)(e.g. for X = R™). The lower semicontinuity can be characterized

in different ways as the following theorem says.
Theorem 3.1. Let be X a Banach space and f : X — R. The following
conditions are equivalent.
(i) The function f is lower semicontinuous on X (for all x € X).
(ii) The set {x € X : f(z) > k} is an open set for each k € R.

(1)) The set Ey == {x € X : f(z) < k} is an closed set (level set) for each
ke R.

(iv) The set epi f is closed (as subset of X x R).

Proof. 7(i) = (i1)” Let be 2 such that f(2°) > k, k € R. Because f is lower

semicontinuous at x°, to a given ¢ = 1(f(2°) — k) there exists a neighborhood

W (") of 2° such that (by definition) 2
f@) > f(a°) —e = f(a") — 5(f(z") — k) = %(f(xo) +k) >k Vo € W(a”).

This implies that the set {x € X : f(z) > k} is open.

7 (1) = ()7 Consider any 2" and any ¢ > 0. Because of (ii) the set
M={zeX: flx)>k=[f(z")—¢}
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is open and f(z°) € M since f(2°) > k = f(2°) —e. From here follows that there
exists a neighborhood U(z°) of 2 contained in M: U(z°) € M. That means
that for all z € U(z") holds f(x) > f(2°) — ¢, which is indeed the definition of
lower semicontinuity for f at 2°.

7 (i) <= (vii)” Trivial, because Ej is the complement set of the set from (ii).
"(i) <= (iv)” We define a new function F': X x R — R : F(x,\) := f(z) — \.

In order to continue the proof the following result is required.

Lemma 3.1. F' is lower semicontinuous if and only if f is lower semicon-

tinuous (on X X R and X respectively).

Proof. Sufficiency. Let f be lower semicontinuous on X. Assume F' is not
lower semicontinuous. Because of (i7) <= (iii) from the previous theorem (for
F) the set

M :={(z,\) € X xR: F(z,\) = f(z) —A < L}

is not closed for at least one L € R and that means that there exists a limit point
(% A\Y) € OM\M fulfilling f(2%) — A\ > L.

Thus for any neighborhood U(x°, A\°) of the point (2, \?) there exists a point
(@, \) € U% A\ N M, ie f(T) — X< L. Especially let |\ — \°| < § which
implies A < \° 4+ ¢ for a sufficiently small § > 0.

1

Because f is lower semicontinuous at z” for € := 1(f(2°) — (L+ X)) =6 >0

there follows the existence of a neighborhood V (z°) of z° such that

fla) > f@a") -«
_ oy _ |1 0y _ 0 _
= 1) = [5(76 - @4 x0)) - o]
1

= §<f(as0)+L+)\O>+5

> L+ XN +6§ Voe V().
Thus we can choose as U(z?, \%) the set U(x% \°) = V(20) x (A° — 4, \° + 9).
Then for all (z,\) € U(z® \°) there is f(z) > L+ X’ +d > L+ \. But for

(T, \) € U(z°,\°) holds f(Z) < L + X which is a contradiction.

Necessity. Let f be lower semicontinuous on X for all x € X. Assume that
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F' is not lower semicontinuous. Because of (i7) < (iii) (for F') the set
M={(z,\) e X xR: F(z,\) = f(x) =A< L}

is not closed for at least an L € R and that means that there exists a limit
point (2%, A%), i.e. boundary point of M, but not belonging to M, that yields
the existence of a sequence (x,,\,) € M with (z,,\,) — (2% \°) Vn € N,
ie. f(z,) — Ay <L Vn € Nand f(2°) — X\ > L. This is a contradiction

since lim f(x,) > f(2°) (because f is lower semicontinuous), but from the
Tp—T

inequalities above we get

lim (f(z,) — Ay) = lim f(z,) -\’ < L,

n—oo n—oo

followed by f(2°) — A\ < L, which contradicts f(z%) — \° > L. O

Continuation of the Proof of Theorem 3.1. ”"(i) <= (iv)” Let f be
lower semicontinuous, which means nothing but that F' is lower semicontinuous
(from Lemma 3.1). Because of (iii) F' lower semicontinuous implies that the level

set

{(z,A) - Fx, A) < p}
is closed for all 4 € R. But F(z,\) = f(x) — A < pimplies f(x) < u+ A and we
can write

{(2,A): Fz,A) < pp = {(2,A) (2, A + ) € epi f} = epi f — (0, ),

which is a translation of epi f and so this is equivalent with epi f is closed. [
Example 3.1. The indicator function

0, if reA,
xa(z) =

400, otherwise,

is lower semicontinuous if and only if A is closed (follows from (iii) in the theorem).

Remark: Let f;(z) be lower semicontinuous functions on X, ¢ € I. Then

f(x) = sup fi(x)

el
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(the pointwise supremum of a family of lower semicontinuous functions) is a lower

semicontinuous function.

Proof. Since f;, i € I are lower semicontinuous functions then epi f; is a
closed set for all 7 € I. But because the intersection of infinitely many closed sets
is closed we have that epi f = () epi f; is a closed set. U

iel

Definition 3.3. The largest lower semicontinuous minorant of the function
f: X — R is called the lower semicontinuous regularization of f and is
denoted by f.

Remark: It exists as the pointwise supremum of those lower semicontinuous
functions everywhere less than f (cf. Remark above). It can be characterized by

the following statement.

Proposition 3.1. Let be f : X — R and f its lower semicontinuous reqular-

ization. Then epi f = epi f and f(x) = lim f(y) Vz € X.
y—x

Proof. Because f(x) < f(z), as f is lower semicontinuous, we have epi f D

epi f.

Figure 3.1
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But epi f is closed and this implies that epi f O epi f.

Conversely, epi f can be considered as epigraph of a function g, epig = epi f
(see Figure 3.1).

Since epi g is closed, then g is a lower semicontinuous function with g(x) <
f(z) and this implies g(z) < f(z) because the definition of f is as the largest
lower semicontinuous minorant of f and from here follows epig = epi f D epi f.
Getting these two inclusions together, we obtain that epi f = epi f. Consequently
F=limf(y) VoeX. 0

\%/gxneed an even more general definition, so-called weak semicontinuity.

Consider X a real normed space (not necessary a Banach space). We intro-

duce the notion of weak convergence.

Definition 3.4. A sequence (z,)nen, Tn € X is said to be weakly con-
vergent to x € X if for all continuous linear functionals z* € X* we have

lim (x*, x,) = (x*,x). Moreover, x is called the weak limit of the sequence

n—oo

(x,) and the following notations are usually used x,, — x or w — lim x, = x.

n—oo

Example 3.2. Consider the Hilbert space I, of all real sequences x = (2%);en

with Y |z']? < oo, scalar product is (z,y) = Y. 2%y, z,y € I
. ]

=1 %
We study the special sequence in [y (i.e. a sequence of ly-sequences) z; =

(1,0,0,0,...), zo = (0,1,0,0,...), z3 = (0,0,1,0,...) etc. Then z, — 0, =
(0,0,0,...) because a continuous linear functional x* € [5 can be identified with

an element y = (y') € lp, i € N (H* = H for Hilbert spaces) and (x*, )

can be considered by the scalar product (z* z) = (y,z) = > y'z’. Since
i=1

ST |y']? < oo, we have lim (z* z,) = r}ingo<y,xn> = lim y® = 0. On the other

hand, (z*,02) = (y,0;2) = >_ 4" -0 = 0 and hence lim (z*,z,) = (z*,0;2) = 0
i=1

n—oo

and so x,, — 0p.

But z,, — 02 does not stand because |2,z = \/(Tn, Tn) = /> ()2 =1
i=1

VneN.

Definition 3.5. Let X be a real normed space (X, || -||). The function f :
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X — R is called weak (sequentially) lower semicontinuous at z° if for every
sequence (T )nen converging weakly to 2°, i.e. x, — 2°, holds f(2°) < lim f(z,).
Comparing this to the definition of sequentially lower semicontinuous func-

tions one may notice that the only difference consists in that there was x, — 2°

instead of z,, — 2.

Remark: Instead of ”weak sequentially lower semicontinuous” we simply say

”weak-lower semicontinuous”.

Definition 3.6. Let (X, | -||) be a normed space. A non-empty subset D of
X is called (cf. Figure 3.2)

(i) weakly (sequentially) closed if for every weakly convergent sequence

T, —x, x, €D, follows x € D,

(ii) weak sequentially compact if every sequence in D contains a weakly

convergent subsequence whose weak limit belongs to D.

closed sets

weakly closed
sets

Figure 3.2
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Remark: D weak (sequentially) closed implies that D is closed. To prove
this, let be z,, — x, x, € D which assures that z,, — x, so z,, € D and this
means that D is closed. The converse is, in general, not true. This leads to a

modification (generalization) of the Weierstrass Theorem as follows.

Theorem 3.2. Let be X a normed space, D a non-empty weak sequentially
compact set and f weak-lower semicontinuous on D. Then there exists at least
one T € D with f(T) < f(x) Y x € D, i.e. the optimization problem milljl f(z)

e

has at least one solution.

Proof. First, (z,)nen is assumed to be an infimal sequence in D,

lim f(z,) = inf f(x).

n—00 €S

Because D is weak sequentially compact, there exists a subsequence (z,,), i € N
with z,,, — @, where T is some T € D.
Since f is weak-lower semicontinuous we have
f(@) < lim f(x,,) = inf f(z)
i—o0 xzeD

and our proof is complete. O

Remark:  Obviously, f weak-lower semicontinuous (weak (sequentially)
lower semicontinuous) in a Banach space implies f is lower semicontinuous, but

not viceversa.

Proof. In a Banach space a sequentially lower semicontinuous function is
lower semicontinuous and viceversa. Let f be weak-lower semicontinuous and
r, — x° any sequence. Then x, — 2° and f(2°) < lim f(z,), which implies

n—oo

that f is lower semicontinuous. U

Example 3.3. Let be (X, | - ||) a Banach space. Then f(x) = ||z| is weak-

lower semicontinuous.
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To prove this, we need a conclusion of the famous Hahn-Banach Theorem.

Theorem 3.3. Let X be a real linear space and f : X — R a sublinear func-
tional. Then there exists a linear functional | on X such that l(x) < f(x) V z €
X.

This is a so-called basic version of the Hahn-Banach Theorem. There exist
some further versions of it. We give another formulation of the Hahn-Banach

Theorem a so-called Continuation Theorem.

Theorem 3.4. (Hahn-Banach Continuation) Let X be a real (or even
complex) linear space, p a seminorm on X and L C X a linear subspace of X.

Further, let f be a linear functional defined on L, fulfilling the estimation
[f(z)| <plz) VzelX

Then there exists a linear functional f defined on whole X (i.e. f e X', where
X' is the algebraic dual space to X ) such that

f

f(x) Ve e L and |f(z)| < p(x) VzeX.

Therefore f turns out to be a continuation of f from L to X which satisfies the

estimation by the semi-norm p on the whole X, too.

A proof is available in [2].
From this general version (the space X is only supposed to be a linear space
etc.) one can deduce the so-called Hahn-Banach- Continuation Theorem for

normed spaces.

Theorem 3.5. (Hahn-Banach-Continuation for normed spaces) Let
(X, || - ||) be a normed space and f a linear continuous functional on a linear
subspace L C X. Then there exists a linear continuous functional f on X (i.e.

fe X*) which is a continuation of f from L to X keeping the norm

f(z) = f(z) Yz € L and | f]

x+ = ||fllz-
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Proof. The function p(x) := || f||z||x|| defines a semi-norm on X. Indeed we
have p(z) > 0 ¥ z € X, p(Ax) = |[flcllhzll = [Alp(z), A € R and pz +y) =
Ifllzllz +yll < [[fllclzll + [lyll) = p(z) + p(y). From the definition of || - ||, we
obtain | f(z)| < ||fllzllz]| = p(z) V z € L. With the Hahn-Banach Continuation
Theorem (Theorem 3.4) follows the existence of a continuation f of f, f linear

functional on X, satisfying the estimation
f(x) = fz) Vo € Land |[f|| < p(a) = || fllellz] Yz € X.

This means that f is continuous, i.e. f € X* and ||f|
But we also have |f(x)| = |f($)\ < HJ?’
for all # € L) which means ||f|

x+ < ||fllz (by definition).
z|| for all z € X (in particular even
xe = [Iflle O

There is also an interesting conclusion of this statement (as announced above).

X*

x+ < |[fllz. Consequently, |f|

Conclusion 3.1. Let (X, || - ||) be a linear normed space, 0 # zo € X any
element. Then there exists a linear continuous functional f =z € X on X such

that ||x*||« = 1 and (x*,x0) = ||z0]|-

Proof. Let L = {azy} be a one dimensional linear subspace of X, a € R
(i.e. L is spanned by zg). Define on L the linear continuous functional f(z) =
f(axg) := al|lxo||, © = axg € L. Consequently f(z) = ||z|| Vz € X, especially
f(zo) = ||zo||. The functional f is linear because f(Az) = f(Aaxg) = Aal|zo|| =
Af(z), A€ Rand f(z+y) = flanro+agro) = f((a1 +ag)zo) = (a1 + ) |zol| =
ar[|zol| + azllzoll = f(x) + f(y).

Because || f(x)|| = ||z|| Yz € L, we have ||f||L = 1. Using Theorem 3.5 (Hahn-
Banach for normed spaces) follows the existence of a linear continuous functional

denoted f = z* fulfilling for each z € L

(2%, 2) = f(x) = =[],

in particular (z*, zo) = ||x¢||, since z¢ € L and

"]l = [l = I flle = 1.
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Now we return to Example 3.3. We need to prove that the norm attached to

a Banach space is a weak-lower semicontinuous function.

Proof. Considering a sequence x,, — xg, we show ||zo|| < lim ||z,
n—oo

Let us suppose the contrary, i.e.
[zo]] > Lim ||y ||.
n—oo
Consequently there exists ¢ € R such that
2ol > ¢ > lim [[z,]].
n—oo

By the definition of the limit there exists a subsequence (z,, )xen such that ||zq|| >
¢ > ||z, || From Conclusion 3.1 follows the existence of a functional z* € X*,

|z*||« = 1 and (z*,x9) = ||zo|| > ¢. On the other hand,
|27, Ty | < M@ [[ul|@n, [| = (20, ]l < e,

SO

(", x0) lim (2", x,,) < c (weak convergence).

Np—00
This contradicts the result obtained above, so the norm is weak-lower semicon-

tinuous indeed. U

Remark: Previously, we have remarked that a weak (sequentially) closed
set is also closed. The converse assertion is not true in general. A closed set is
also weak (sequentially) closed if and only if the set is also convex. The proof is
not trivial, but we omit it here, being available in [1].

The following conclusion follows from the last remark.

Conclusion 3.2. The indicator function x p(z) of a convex closed set D C X
(X normed space or, more general, locally convex topological vector space - in this
case weak-lower semicontinuity is defined by means of the weak topology) is weak-

lower (sequentially) semi-continuous .

Proof. Let z,, — zg.
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(i) If zg € D, we have xp(x¢) =0, so

+oo, ifx, & D,

0= xp(z0) < lim Tp) =
xole) < g Xplon) {0, if 2, € D.

(i) If o ¢ D, it follows that there is no ng such that for any n > ng, x, ¢ D.
Otherwise there would exist a subsequence z,, — x, such that z,, € D,
implying o € D (D is weak sequential closed, since is closed and convex)

and this is a contradiction. Hence
+00 = Xp(2o) = lim xp(z,) = +00,
0 Xp(zo) < lim xp(wy). U

Now we prove that a convex function f : X — R, which has a continu-
ous Gateaux-differential (gradient) is weak-lower semicontinuous (X is a normed

space). To show this we need the following statement first.

Proposition 3.2. Let X be a real linear normed space, f : X — R a Gateauz-

differentiable convex function, f': X — X* a linear continuous function. Then

fy) = f@) > (f'(x),y —x) Yo,y € X.
Proof. Let 0 < A < 1. Because f is convex, we have

fOy+(A=XNz) = flz+My—2)) < Af(y)+ A=) f(z) = f(z)+A(f(y) - f(2)).

It follows that £ A ) (@)
r+ANy—x)) — flx
5 < fly) — f(z)
We build the limit A — 0. By the definition of Gateaux-derivative, we obtain

(f'(x),y —x) < fly) — f(x). O

Proposition 3.3. Let X be a real linear normed space, f : X — R a Gateauz-
differentiable convex function, f': X — X* a linear continuous function. Then

f is weak-lower semicontinuous.
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Proof. Let be zy € X an arbitrary element, (x,) a sequence such that
x, — xg. From Proposition 3.2 follows f(x,) > f(x¢) + (f'(x0),x, — 7o) and

im f(zn) 2 f(wo) + _lim (f'(w0), 20 — o) = f(0),

n—-4oo n—-+o0o

as T, — xo implies (f'(xo), z, — xo) — f(x0). O

Exercise 3.2. Let X be a reflexive Banach space, B : X — X* a linear,
bounded, non-negative operator (i.e. (Bx,z) > 0 Vr € X), B* : X — X*
its adjoint operator and the function f : X — R, f(z) = (Bz,z). Then
f'(z) = Bx + B*x.

Exercise 3.3. Let be X a Hilbert space, f(z) = ||z|| = (z,z)z. Then
x
f,(.’L') BRETENTR) ZL‘%O
]

Example 3.4. Let be X a reflexive Banach space, B : X — X* a linear,
bounded, non-negative and self-adjoint operator (B = B*). Then f(x) = (Bz, x)
is weak-lower semicontinuous.

To prove this we apply Proposition 3.3., as f is convex (cf. above). From
Exercise 3.2 above, follows that f'(x) = Bx +B*x = 2Bz is gradient. Now, from
Proposition 3.3 it follows that f is weak-lower semicontinuous.

Now we are going to prove some properties (monotony) of the gradient f’.
Definition 3.7. Let X be a linear normed space. A : X — X* is said to be a
(i) monotone operator (mapping) if (Ax — Ay,x —y) >0 Va,y € X,
(ii) strictly monotone if (Ax — Ay,x —y) > 0Vr,y € X, = # vy,

(iii) strongly monotone if (Ax — Ay, x —y) > ||z —y|l%, 7> 0.

Theorem 3.6. Let be X a linear normed space, f : X — R a conver and
Gateauz-differentiable function, f': X — X*. Then the gradient f' is a mono-

tone operator.
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Remark: This is a generalization of the fact that for f : R — R convex and

differentiable, f' : R — R is monotonously increasing.

Proof. Because of Proposition 3.2, we have
(f'(x),y —x) < fly) — f(z) and (f'(y),z —y) < f(z) — [(y).

It follows (f'(z),y —x) < —(f(z) — f(y)) < (f'(y),y — ). Therefore (f'(y) —
f'(x),y —x) > 0Vr,y € X. Hence, f'is monotone. O

The reverse assertion stands, too.

Theorem 3.7. Let be X a linear normed space, f : X — R Gateauz-

differentiable and [’ : X — X* monotone. Then f is convex.
In order to prove the assertion, we need the following intermediate result.

Lemma 3.2. (Lagrange formula, mean value theorem) Let X be a
linear normed space and f : X — R have a gradient (Gateauz derivative) at each
point v € X: f': X — X*. Then for x,y € X there exists a § € (0,1) such that

fle+y) = f2) = ('(z + dy), ).
Proof. Define ¢ : R — R, ¢(t) := f(z + ty). Then

fle+ty+7y) — flo+ty)
T

@'(t) = %f(ﬁty) = lim = (f'(x +ty),y).

Applying the mean value theorem for function ¢, we get a § € (0,1) such that

flx+y) = f@) = (1) — (0) = ¢"(0) = (f'(x + dy),y).0

Remark: When X = R, the mean value theorem says

flx+y) = f(x) = f(x+dy)y,

where x + 0y is a point between z and y.
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Proof of Theorem 3.7. Let be given any x,y € X. We verify Jensen’s
inequality. First set

d:=Af(z) + (1 =N fy) — fAz+ (1= Ny).
We want to show that d > 0. We have
d=Af(z) = fQAz+ (1 =Ny + 1 =N[f(y) - fAz+ (1 =Ny)l. (3. 1)

There is x = [Ax + (1= N)y] + (1 = N)(z —y), as well as y = Az + (1 — \)y] +
Ay — ). Using Lemma 3.2, we obtain

d

AfAz+ (1 =Ny + (1 =Nz —y) — Az + (1= A)y)]
+ =Nz + (1 =Ny + Ay —2))] = fQz+ (1= Ny)
= Mf(Az+ 1 =Ny+al—-N(—y),1-N(z—y)
+ (I=N(f'Az+ (1 =Ny + 0y — 2)), Ay — z)),

where 0 < 61,02 < 1. Denote V := Ax + (1 — Ny + 6:(1 — A\)(z — y) and
W =Xz + (1 = XNy+ dA(y —z). It follows

V-W=061-XN(x—y)—daAy—12)=(01(1—=X)+d\(z—1y).

To ease the calculations we introduce another variable, p:= 61(1 — A) 4+ d2A and

d can be written as

d=M1=-N[{'(V),z=y)—(f'(W),z—y) = (ff(V)=f(W),V=Ww) =0,

since f is monotone. O

We come back to weak-lower semi-continuity.

Theorem 3.8. Let be X a linear normed space, f : X — R. Then the

following assertions are equivalent to each other
(i) f is weak-lower semicontinuous.

(ii) By, ={x € X : f(zx) <k} is weakly (sequentially) closed for each k € R.
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(1) epi f is weakly (sequentially) closed.

Proof. We omit the proof here because is a slightly modified version of the

proof of Theorem 3.1. It can remain as an exercise. O

Remark: Comparing Theorem 3.1 to the last one, it is not difficult to notice

that that was the analogous assertion for lower semicontinuous functions.
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4 Subdifferential

For convex Gateaux-differentiable functions, due to Proposition 3.2, one has

fly) = fz) =2 (f(z),y —x) Yo,y € X.

But this can be generalized by the so-called subdifferential (subgradient).

Definition 4.1. Let X be a linear normed space, f a proper function on X
(i.e. dom f # (), f > —o0). Then x* € X* is said to be subgradient of [ at
x € dom f if

fy) = f(x) = (&% y —x) vy € X.
The set of all subgradients of f at x is called subdifferential and is denoted by
Of(z),
Of (@) = {a* € X"+ fly)— f(z) > &,y — ) ¥y € X},
The function f is called subdifferentiable at z if Of (x) # 0.

Remark: Here f does not need to be convex.

Geometrical interpretation. (cf. Figure 4.1)

i

Figure 4.1
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f(z)+(z*,y—=x) is supporting f (and epi f) at (z, f(z)). Thus the subdifferential

generalizes the classical concept of derivative.

Example 4.1. Let X be a Banach space equipped with the norm || - || and
f: X =Ry, f(x)=|z]. Then

0f(@) = { {z* € X* 1 ||2*]

x+ < 1}, if x =0,

{z* e X*:||a*||x- =1, (z*, x) = ||z||}, ifz#DO0.

To prove this we slit into two cases. Let us consider first that x = 0. Then
x* € 9f(0) if and only if

lyll = 0l = {z*,y — 0) Vy € X,

that is equivalent to ||y|| > (z*,y). Further

* :c*,y
|y*|| x+ := sup < ) < 1.
2o ||yl
Take now = # 0. Let be z* € X* such that
("2} = allx and 1 = ||z = sup ¥
y#0 ?J”X

It follows ﬁi;]'? <1Vye X, ie (z%,y) <|y||xVy € X. Consequently

Iyllx = llzllx = (=%, y) = (&%, 2) = (2", y —2) Vy € X,

ile. z* € Of(x).

Conversely, for an z* in df(x) we have
—llzllx = 0llx = llzllx = (27,0 = 2) = = {z", 2),
so (z*,z) > ||z||. But on the other hand we have
lellx = l122][x = llzllx = (27,22 — 2) = (27, 2),
followed by ||z||x = («*,x). For some y € X and A > 0 it holds

lay + x| x = llzllx = (", Ay,
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1.e.

x 1
| > (g* X,
Hy+ /\HX A||96'||x > (z*,y) Yy €

Setting A to tend towards +oo we get for all y € X ||y|| > (z*,y), i.e. ||z*]

xe < 1.

According to a result obtained above the last expression turns into equality.

Especially for X = R it holds ||z|| = |z| and, as the scalar product

in R is

the usual product and the dual of R is also R, we can distinguish three cases (see

also Figure 4.2)

Figure 4.2

1. When z = 0, we have f(y) — f(0) > (z*,y—0) = |y|—0>za*y = z'y <

lyl = —1<2*<1 = |[2*<1 = |z*| <1

2. When = < 0, we have f(y) — f(x) =|y| —|z| > (-D)(y—z) =2 —y =

*

]

3. The case x > 0 gives analogously z* = 1 as subgradient.

x* = —1 is subgradient. Moreover (z*,z) = (—1)x = |z| = ||z|| and

Example 4.2. Let be X a reflexive Banach space, B : X — X* a linear,

bounded, non-negative, self-adjoint operator. Let be f(z) = (Bx,z) = 2T Br,x €

X = R". In the first chapter, we have shown that f is convex. Now, taking in

consideration the previous result

fly) = f(z) > 2Br,y —x) Vy € X,

it follows that 2Bz € df(x).
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Theorem 4.1. Let X be a real linear normed space and f : X — R a proper
functional having at each point of X a subgradient (f subdifferentiable on X ).

Then f is convex and weak-lower semicontinuous (over the whole X ).

Proof. Let z € X and z* € 9f(x). Then for z; and xzo € X we have

f(z1) > f(z) + (2", 21 — 2)

and
f(z2) = f(z) + (2%, 22 — x).

After multiplying the first expression by A € (0,1) and the second by (1 —\), we

sum up the two resulting relations. Hence
M(z1)+ (1= X)) f(xe) > f(x) + (2", Axy + (1 — Nzg — z).
Setting x = Azq + (1 — A\)x2 — 2, we obtain
Af(@1) + (1= A) fz2) = f(Azy + (1 = N2 — ),

so f is a convex function.
To prove that f is also weak-lower semicontinuous, consider a weakly conver-

gent sequence x, — = and * € df(x). Then f(z,) > f(x)+ (z*, z, — x) and

consequently
n—oo n—oo
Hence f is weak-lower semicontinuous. O

Now we will give a generalization to Theorem 3.6 (monotony of the gradient).
Theorem 4.2. Let X be a linear normed space and f : X — R a proper
function having at each x € X the subgradient x* = Ax € X* (A is in general a

nonlinear operator). Then A : X — X* is a monotone operator.

Remark: Because of Theorem 4.1 f is convex.
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Proof. We have

fly) = f(z) > (Az,y —2) Va,y € X
and
f(x) — fly) > (Ay,z —y) Yo,y € X.
By summing these two inequalities, we obtain
0> (Ax — Ay,y — ) Yo,y € X,
equivalent to
(Ay — Az,y —x) > 0 Va,y € X,

therefore A is monotone. O

Theorem 4.3. Let X be a linear normed space, A : X — X* a monotone
operator and Az the gradient of the proper function f : X — R. Then Az € X*
is a subgradient of f at x and O0f(x) = {Ax}.

Proof. Because of Theorem 3.7, it follows that f is convex. So when z is any
fixed element of X we have for all A € (0,1) and all y € X

flx+ My =) <Af(y) + (1 =N f(z) = fz) + M) = f(2)).

Hence
flz+ Ay —) — f(z)

T < fly) — f(2).

For A — 0 follows

(f'(x),y —x) = (Az,y —x) < f(y) — f(=),

therefore Az € 0f(z).
Let us consider a subgradient x* € df(z). It follows

f@+Xy) = fz) = (2%, 2 4+ Ay —x) = Ma", y).

Dividing by A and letting A\ — 0, we get (f'(z),y) > (z%,y) Yy € X, ie.
(f'(x) —a*,y) > 0Vy € X, hence z* = f'(x) = Ax. O
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Theorem 4.4. Let X be a linear normed space and f : X — R a convex
function finite and continuous at xo € X. Then Of(xg) # 0, i.e. f is subdiffer-

entiable at .

Remarks:

(i) This a central (main) theorem in Convex Analysis and Optimization, with

various applications.

(ii) With our former result (Proposition 2.1), we have df(z) # 0 for all z €
int(dom f), if f is bounded above in a neighborhood of x.

Proof. We divide the proof into five steps because of its complexity.

(i) From f convex and continuous at zg follows that int(epi f) # 0, because
there exists an open neighborhood U(zy) of o to any given € > 0 such that
|f(x) — f(zo)] < e Va € U(xp). Then the set

D:={(x,a) e X xR:a> f(xog) +¢&, v €U(xo)}
is open and
D Cepi f = int(epif) # 0.

Especially, there is zg € int(dom f).
(ii) Further, (xq, f(zo)) € depi f (by the definition of epi f).

(iii) The next step is to use a Separation Theorem, whose proof is available
in the literature ([3]).

Theorem 4.5. Let be X a linear normed space and V and W convex
sets such that int 'V # 0 and (int V) NW = (. Then there exists x* €
X* (x* #0) separating V' and W, i.e. there exists a c € R: (x*,y) <c¢ <
(x*,z) Vo € V Yy € W (so-called weak separation).

To apply this Separation Theorem, we set V' = epi f, that is a convex set, so
int V =int(epi f) # 0 (cf. above), W = (xq, f(x¢)) and X is replaced by
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X x R. Follows the existence of a functional (z*,a*) € (X xR)* = X* xR
such that V(z,a) € epi f we have

(=%, 0%), (xo, f(w0))) = (2%, x0) + " f(20) < (2", 2) + @’ (4. 1)

(iv) Now we conclude that a* > 0. It is true because a* = 0 means (z*, xy) <
(x*,z) Vo € epi f, i.e x* separates zy and dom f, which is a contradiction
since xy € int(dom(f)). For a* < 0 similar calculations guide us to another

contradiction. By (4.1) follows
(x*,x — x9) > ™ (f(x0) — @) V(x,) € epi f. 4. 2)

Consider a neighborhood U(zy) of xy where for given € > 0 holds |f(z) —
f(zo)| < €, so in particular also f(z) < f(zo) + . Choose @ such that
a > f(rg)+e> f(x) Ve € U(xg). So (z,@) € epi f Vo € U(xg) (cf. Figure
4.3).

epif

=21

Figure 4.3
Inserting this @ (or any a > @) into (4.2) leads to f(z¢) — @ < 0. For the

supposed o < 0 results o*(f(zo) — @) > 0, i.e. (cf. (4.2)) (2%, 2 — x) >
0 Vo € U(xp). But this is a contradiction (e.g. set z = x).
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(v) We divide in (4.1) by a*(> 0) and set a = f(z) (since (z, f(z)) € epi f).
It follows

<x_:,x0> + f(xg) < <x—:,x> + f(z) Vo € dom f.
a o}
Hence,

<—%,x _ x0> < f(x) — flao) Vo € X.

For x ¢ dom f this is trivially fulfilled, because f(x) = +oco there. The last
inequality means actually that —z—i € 0f(xg), so f is subdifferentiable at
Zo. ]

Now, we present some important properties of the subgradient (subdifferen-

tial), partially without proof.

Theorem 4.6. Let X be a linear normed space and f : X — R a subdiffer-

entiable function. Then Of(x) is conver and weak (sequentially) closed.

Proof.
(i) Let be a3, x5 € df(x) and X € (0,1). It follows
Ay) = Af(x) = Aap,y —a) Yy € X
and
(1= f(y) = (T =Nf(x) = (1= Nag,y —x) vy € X.
By summing up these two inequalities, we obtain
fly) = fz) = (Aai + (1= Mg,y —2) Yy € X,

Le. Azj+ (1 —N)zxj € 0f(x), so 0f(x) is a convex set.

(i) Let {x’} € 0f(x) be a sequence with the property that = — x*. It follows
fly) = f(2) = (. —2) vy € X.

Taking n — oo we have

fly) = f(z) > lim (x},y —x) = (", y — ) Yy € X.

n—oo

So z* € Of(x), i.e. the set Of(x) is weak (sequentially) closed. O
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What about the usual well-known rules for differentiation for (classical) dif-
ferentiable functions? These rules may be generalized to subdifferentials (sub-
gradients), partially with some modifications and additional assumptions. This
is called the subdifferential calculus.

For example, let be f : X — R and A > 0. Then we have (obviously, by the
definition of the subdifferential)

O (x) = A ().

By the definition of the subgradient also immediately follows

(fi+ f2)(x) = 0f1(x) + D fa(x).

Proof. Let be z7 € 0f1(z) and =} € df(x). By the definition of subgradient,

follows

fily) = fi(z) = (2, y —z) Vy € X
and

foly) = fo(x) = (a5,y — x) Vy € X.
By summing this two inequalities, one gets

(fr+ L)y) = (i + fo)(z) = (2] + 23,y —x) Vy € X,
so xf + x5 € (f1 + f2)(x). O
The following question arises, as a generalization of the same rule of the

classical differential calculus: When does equality O(f1 + f2)(z) = 0 f1(z)+0f2(x)

hold?

We use the algebraic sum of sets
ABCX: A+B={a+b: a€ A, be B}

and A+ ( = A.

Theorem 4.7. (Moreau, Rockafellar) The sum rule

Ifi+ ...+ fo)x)=0f(x) +...+0fu(z), n>2
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holds for all x € X (where X is a normed space or, more general, real locally
conver space) (cf. [4], p. 389), when the following assumptions are fulfilled

simultaneously
(i) fi,..., fn: X — R are proper and convex functions.

(i) There exists an xo € X such that all fi(xg), i = 1,...,n, are finite and
all f;’s, except at most one f;, j € {1,...,n} are continuous at xy (in

n
particular xy € () dom f;).
i=1

The proof is available in [4], so we omit it here.

Remark: The main idea and part of the proof consists in the usage of the

Separation Theorem 4.5 again!
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5 Conjugate Functionals

Conjugate functionals play an important role in Convex Analysis, in par-
ticular in the duality theory. They have useful and interesting properties and
important connections to subdifferentials.

Let X be a linear normed space and X* its topological dual space.

Definition 5.1. Consider the function f : X — R. The function f*: X* —
R
fH(@") i=sup{(z”, ) — f(x)}
zeX
is called conjugate functional to f (sometimes also denoted as polar func-
tional ).

Geometrical interpretation. (cf. Figure 5.1)

7

Figure 5.1

According to the definition we have

inf {f(z) — (2", 2)} = —sup{(z", 2) — f(2)} = —f"(z7).

reX reX

There is also another geometrical interpretation. Consider affine func-

tions less than f(x) (affine minorants) (z*, ) — a < f(x) Vx € X. This is

20



equivalent to

(%, 2) — f(z) < —a Vx € X.

The smallest such « exists for sup{(z*, z) — f(z)} which is f*(z*) and this holds

zeX

for the greatest —« which defines by (z*, x) — « the greatest affine function
less than f.

Examples 5.1.

(1)

(i)

(i)

Let f(x) = 2%, x € R. Its conjugate function is f*(z*) = sup{z*z — x*}.
z€R
To determine a simplified formula to it, denote h(z) = x*z — 22, that is

a derivable function. Then A'(z) = z* — 2z = 0 implies z = 1z*. The
second derivative is h”(zr) = —2 < 0 Vz € R, therefore the function h has
a maximum (global, since lirin h(z) = —o0) point at « = sz*. It follows

2 2 1
f(z) = 122, we have f*(2*) = 12*? hence f* = f, as functions defined on

2 2
R.

that f*(z*) = max h(z) = h(32*) = z*ia* — (32%)? = 12**. Moreover, for
Te

Let f(xz) = €*, o € R. Then f*(z*) = sup{az*z — e*}. Again we denote
the function used to compute the conjuggetﬂé function by h(z) = z*z — ",
a derivable function. Consequently, h'(z) = z* — e = 0 yields 2* > 0 and
x =1Inz*. Since h'(x) = —e” < 0 Vz € R, h has a maximum (global, since

lirin h(z) = —o0) at x = Inz*. Hence

*(Inz* — 1), if 2* > 0,
ff(z*)=4¢ 0, if 2% =0,
00, if x* < 0.

z(lnz —1), ifz >0,
Let f(x) = ¢ 0, if =0,
~+00, if x <0.
Then f*(z*) = s;glg{x*x — z(lnxz — 1)}. Let us introduce the function h

defined by h(x) = z*x — f(x) for x > 0, h(0) = 0 and h(x) = —o0 if z < 0.

It is derivable on (0, +00). For 2 > 0 we have h/(z) = 2* —(Inz —1) —21 =
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2* —Inz = 0 that implies z = ¢**. Because h”(e™) = ——== < 0 it follows
that e** is a point where h attains its maximum over (0, 4+00). But this is

a global maximum, because

- : « T —Inz+1
i hle) = Jim oe” = (Ine —1)) = lim ——7——
1
and lim h(z) = —oo = h(z) Vo < 0 Vz* € R. It follows f*(z*) =

T— 00

e — e (Ine*™ — 1) = ™ Va* € R.

Remark: From (ii) and (iii) follows for f(z) = e*, f*(z) = (f*)*(z) =
f@) (e £ = f).

Later we will see that this property (f** = f) is fulfilled for each weak-lower
semicontinuous and proper function on X.

(iv) Let us consider an affine function on R f(z) = max +n. Then f*(z*) = sup
zeR

{z*x —(mx + n)}. As before, denote h(z) = z*xr — (mx + n). Because it
is a derivable function, we can proceed to determine its maximum point by

the well-known method.

flx)=rmx+n

YHTH ST

Figure 5.2
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(vii)

Therefore h'(xz) = 2* —m = 0 implies z* = m, so f*(m) = —n. Consider
x* # m. If ¥ > m then h(x) tends to +oo when © — 400, while for

x* < m one has h(z) — +oo when z — —o0.

Hence (see also Figure 5.2)

F(at) = { —n, if z* =m,

400, otherwise .

— — if x =
LetF:RHR,f(:r;):{ o mEE

+00, otherwise.

It follows f*(z*) = sup{z*z — f(z)} = 2*m + n, hence f** = f.
zeR

Let f(z) = g2®,2 € R. This is a non-convex function. Then f*(2*) =

sup {x*x — %x3} Denote h(x) = xz*x — 323, that is derivable. Further
zeR

h'(z) = z* — 2% = 0 implies x = /z* for * > 0 supposed. Regarding the
second derivative one has h”(z) = —2x = —2v/z* < 0 if 2* > 0. Thus
x = v/x*, where z* > 0 is a maximum point, but it is only local, because

lim h(z) = kawx(x* —32?) = oo Va* € R hence f*(z*) = 400 Vz* € R,

r——00

i.e. f*is not a proper function.

If f(z) = 3|z* (a convex and weak-lower semicontinuous function), then

f** = f. Moreover, f*(z*) = %Hx*Hg

More general: let be f(x) = %]x\p, p > 1. Then (cf [3]) f*(z*) = %]m*\q, 1<
q < +00, }D + % = 1.

Let be A a convex set and consider its indicator function,
0, r e A,
XA = .
400, otherwise.

The conjugate function to x4 is

Xa@?) = sup{(z”, ) = xa(@)} = sup(z’, ¥) = Sa(a),

and this is actually the support functional of A (cf. Chapter 1).
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(x) Let (X,]| - ||) be a normed space and f(z) = ||z||,z € X. To calculate the

conjugate function to f,

[ (@%) = sup{(z”, ) — |||},

zeX

two cases are distinguished during calculations

(a) If |z|| < 1, then (z*, z) < ||z*|||z|| < ||z|| V& € X. Therefore (x* x)—
|z|| < 0, equality being attained for example at © = 0. Hence f*(z*) =

0 when ||lz]| < 1.

(b) If 2] > 1, then

]

0. Then

S (")

Therefore f*(z*) =

X+ 1= Ssup {<I ,x>} > 1,
a0wex ([l

so there is and 2o € X\{0} such that =200 > 1 je. (2% 20) — ||lzo|| >

0,

l[zoll

sup{(z*, ) — [lz[[}

zeX

sup{ (2", Azo) — [[Azoll}
A>0

sup A({x™, xg) — ||xo]]) = +o0
A>0

if fla*fl. < 1,

+oo, if [|z*]. > 1.
Hence f*(x*) = xp+(«*) the indicator functional of the dual unit ball

B*in X*, B = {z* € X*: ||]2*||, < 1}

(xi) Let be ¢ : R — R a proper even function, ¢* its conjugate and X a normed
space. Let be f(z) = ¢(||z]]),x € X. Then f*(z*) = ©*(||z*||+) because

fH (")

supi(e”, z) — ¢(llzll)}

sup sup {{z", ) —p(t)}

>0 ||zf|=t

sup !sup {{a",z) - w(t)}]

>0 | ||z||=t

sup{t[lz*|[. — ()}
>0
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Since ¢(t) = ¢(—t), we have

fr(@) = sttelﬂg{tllw*lh =)} =@ (|="[]).

For example, let be ¢(t) = $¢2. Then ¢*(¢*) = £t**. Consequently,

f(@) = e(ll=ll) = %HSL’H2 and f*(z") = ¢"(|2"]13).

Some Elementary Properties of Conjugate Functionals

Let X be a linear normed space and X* its topological dual space. The

functions that appear below are defined on X and have real values.

(1) (Young’s inequality) f(z) + f*(z*) > (z*,z) Vo € X Va* € X*.

This result follows immediately from the definition of f*.

(2) f*(0) = sup(0,z) — f(x)} = sup(—f(z)) = — 12)1“(]”(3:) Many applications
zeX zeX z
in optimization use the equivalent formulation in}f{ f(x) =—f*(0).
S
(3) f < g implies f* > g*.

(4) (sup fi)* < in§ f7, where I is any index set, because
i€l 1€

(sup fi)*(z*) = sup{(z”, x) — (sup fi(x)}

el zeX el
< sup{(z”,7) — fi(z)}
rzeX

= fi(a")VielVae e X"
Analogously, there holds (inf fi)* > sup f7.
S i€l

(5) (Af)*(z*) = Af*(52%) YA > 0, because

(A7) = sup{(z”,2) — (A\f(2))}

zeX

- () -] ()
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(6) Consider the translation function f,(z) = f(x — a),a € X, = € X. One

has
(fale?) = sup{(a",2) — f(z —a)}
= sup{(a’,e = a) = f(z — @)} + (2", 0)

— @) + (@ a).

Proposition 5.1. Let X be a linear normed space and f : X — R. Then f*

18 conver and weak-lower semicontinuous.

Proof.

(a) Let be a2}, 25 € X* and A € [0,1]. Concerning the convexity of f* we have

[rQep+ (1 =Ny = Sg}g{(/\ff + (1= Ay, x) — f2)}
< Ailel)lg{(%x) — fl@)} + 2161)1?{@33, z) — f(x)}

= A1) + (1= ) f*(a3).
(b) Let be 7 — z* (in X*). Applying Young’s inequality, we obtain
fr (@) > (a,x) — f(z) Vo € X.

n

Then follows

lim f*(z;) > lim {(z,,2) — f(2)} = (2", 2) = f(2) Yz eX.

Hence
lim_f*(zn) = sup{(a”, 2) — f(z)} = £*(z"),
n—oo xE
therefore f is weak-lower semicontinuous. O

Proposition 5.2. Let X be a linear normed space and f : X — R a proper

convex and weak-lower semicontinuous function. Then f* is a proper functional.

Proof. To help the reader acquire a better understanding of the proof we

divide it into four steps. A separation theorem is also being used.
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e Because [ is proper, it follows the existence of an x € X such that f(z) < oo
and so
£(@) = sup{(a",) = @)} = (a"2) = (@) > =00 V' € X",
ye

e Since epi f is (sequentially) weakly closed, epi f is closed (cf. Theorem 3.8).
For any d > 0 and = € X such that f(z) < 400 holds (z, f(z) —d) ¢ epi f.

Now we prove a Separation Theorem, which is a conclusion of the Separation
Theorem 4.5.

Separation Theorem 5.1. Let X be a linear normed space, W C X closed
and conver and xy ¢ W. Then there ezists x* € X*, x* # 0, strictly separat-
ing W and xq, i.e. thereis a ¢ € R such that (z*,x) < ¢ Vo € W and (x*, z¢) > c.

Proof. Since W is closed and z is not in W, it follows that there exists an
open convex neighborhood of zg V' = U(xg) such that WNV =W NintV = 0.
Thus we can use the Separation Theorem 4.5. It follows that there exist * € X*,
x* # 0 and d € R such that V' and W are weakly separated, i.e. (see also Figure
5.3) (z*,2) <d < (z*,y) Ve e W Yy € U(zy) = V.




This supporting hyperplane may be translated a little bit in the direction of x(

(because separates U(xg)) such that strict separation holds
deeR: (2" x) <c< (x% 29) Vo € WO
Now we continue with the proof of Proposition 5.2.

e Applying Separation Theorem 5.1 to W = epi f (epi f is a closed convex
set), g = (z, f(z) — d) ¢ W and X replaced by X x R, we obtain some
x* € X* and a € R such that

((@,a"), (2, f(x) —d)) = (&%) + " (f(x) —d)
> (@7, a"), (y, @)
(x*,y) + a*a V(y,a) €epi f. (5. 1)

We want to divide by —a*.

e We show that o* < 0.

To the contrary, let be o* > 0. It follows that the right-hand side of the
above relation tends to +oo (with @ — o00) and this is a contradiction to

the same relation.

For o* = 0 holds (z*,z) > (2*,y) Yy € dom f. Since x € dom f this is a

contradiction, too.

e Setting z} := —% and a := f(y) for y € dom f((y,a) € epif), (5.1)
leads to (z7,z) — f(x) +d > (23,y) — f(y) Yy € dom f and even y € X,
since f(y) = +oo if y ¢ dom f. Therefore +oo > (z3},2) — f(x) +d >
2161)13{@’{, y) — f(y)} = f*(a7), Le. [ is proper. O

There is possible to introduce also the so-called biconjugate of a function
(functional) f.

Definition 5.2. Let f*: X* — R be the conjugate function to f : X — R,

with X a linear normed space and X* its dual. Then the function

[ (@) = sup {(2%, ) — [7(27)}

TreX*
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15 called the biconjugate function to f.

Remark: From Young’s inequality it follows

f7 (@) = sup {{z%,x) = f*(z%)} < sup {(z%,2) — (27, 2) + f(2)} = [f(2),

r*eX* rreX*

therefore f**(x) < f(z) always stands.
The following statement gives an answer to the natural question regarding

the equality case between f and f**.

Theorem 5.2. Let f : X — R be a proper function and X a linear normed

space. Then f is conver and weak-lower semicontinuous if and only if f** = f

(i.e. f*(x)= f(z) Vo e X).

Proof. Necessity. Let the proper functional f be convex and weak-lower
semicontinuous. Then f**(z) < f(z) Vax € X (cf. remark above).

We show the reverse inequality f**(x) > f(z) Vo € X. Let be x ¢ dom f**,
i.e. f*(x) = oo. Because of Proposition 5.1 f* is convex and weak-lower semi-
continuous and so f** enjoys the same properties, too. Because of Proposition
5.2 f* is a proper function and again from Proposition 5.2 (replacing f by f*
and f* by f**) follows that f** is proper. Consequently f**(x) > —oco Vz € X.
Therefore for z ¢ dom f**, co = f** > f(z) is fulfilled.

Now, let be z € dom f** and suppose f(x) > f*(z). Let us introduce also
d = 3(f(z) — f*(z)) > 0. We apply the considerations from the proof of
Proposition 5.2, i.e. we use the Separation Theorem 5.1 to separate W = epi f
(closed and convex set) and (z, f(x)—d) ¢ W. Then there exists x] € X*, x7 # 0,
such that

(at.2) = F() + 5 (@) = (@) > ()

and therefore

1

(a1,2) = 5 7(x) — 51 (2) > f(at) > (o, a) — (o).

So f**(x) > f(x). But this contradicts our assumption = f** = f.
Sufficiency. Now consider f** = f and f proper. Then f**, as the conjugate of
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/*, is convex and weak-lower semicontinuous (cf. Proposition 5.1) and therefore

f is convex and weak-lower semicontinuous, too. 0

Remark: It is not necessary for the function f to be proper in order to prove

the sufficiency in Theorem 5.2.

Conclusion 5.1. For any function [ there is f** = f*. (If f* is proper,
then the assertion is straightforward, but if this is not the case the assertion is

not trivial).

Proof. Because of Proposition 5.1, f* is convex and weak-lower semicontin-
uous. Using Theorem 5.2 with f replaced by f*, we see that f** = f* if f* is

proper. When f* is not proper, we have to consider two cases.

(i) If there is an o such that f*(z) = —co one has
£7(@) = sup {(a"a) = (@)} = o0 Vo € X.
Moreover :
fr@) = ig}g{(x*,@ — f(x)} =2 —oo = f*(a5) = sup{(ag, z) — f(2)}
and so f(z) = co Vo € X. Therefore f*(a*) = sup{(z*,z) — f(z)}

reX
Vo* € X* ie. f*= —o0.

Finally, f**(z*) = sup{(z*,x) — f*(2)} = —o0 Vz* € X* leading to
reX
(ii) Suppose that there is no zj such that f*(zf) = —oo (otherwise f* would
be proper). It follows
F() = sup {{2,2) — [*(2")} = —o0 Vi € X.
T*reX*
Further we have
7 (x*) = sup{{a*, z) — f*(2)} = +oo Va* € X*
zeX
therefore
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Now we are going to derive assertions concerning the connections between

conjugate functionals and subdifferentials.

Theorem 5.3. Let X be a linear normed space, the function f : X — R
and its conjugate f* : X* — R. Then for all x € X, z* € Of(x) if and only if
fl@) + f(27) = (", z).

Remark: In general Young’s inequality asserts

flx) + [ (2%) = (27, 2).

Therefore, it is fulfilled here as equality.

Proof. Necessity. Let be x* € 0f(x). Then we have

fly) = f(x) > (@",y —x) Vy € X,
(%, 7) — f(2) > (z",y) — fly) Yy € X,

that implies
(z%,2) — f(x) = sup{(z",y) — f(y)} = [*(z).

yeX
On the other hand, because of Young’s inequality, we have (z*,z) — f(z) <

f*(x*), therefore one can conclude

f(@) + [ (27) = (@7, z).

Sufficiency. Assume that for an z € X and z* € X* we have f(z)+ f*(2*) = (27,
x). Then

(", 2) — f(z) = [ (27) = zgg{(x*,y) —fy)} = (% y) — fly) Vy € X.

Hence
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Conclusion 5.2. From Theorem 5.3 immediately follows
Of(@) = {z" € X" f(@) + ['(z") < (a",2) ).

This means f(x) + f*(a*) = (x*,x), since f(x)+ f*(x*) > (z*, ) is true in any

case.

Theorem 5.4. Let be X a linear normed space.
(a) Let be f: X — R a proper functional. If x* € Of(x), then x € Of*(x*).

(b) Letbe f : X — R a proper, convex and weak-lower semicontinuous function.
Then z* € Of (x) if and only if x € Of*(z*).

Proof.

(a) Let be z* € 9f(x). For any y* € X* by Young’s inequality follows

[ ) =sup{(y",v) — f(W)}) > W, 2) — f(2).

yeX
Theorem 5.3 yields f(x) = (xz*, z) — f*(x*), therefore f*(y*) > (y*—a*, )+
fr(z*), ie. x € Of*(x*).

(b) Let f be proper, convex and weak-lower semicontinuous. Because of (a) it
remains to point out that from z € 9f*(x*) follows z* € df(z). Therefore,
let be x € 0f*(x*). Theorem 5.2 implies f** = f. Applying assertion (a)
in this theorem to f* instead of f yields that from x € 0f*(z*) follows
x* e df**(x) =0f(x). O

Theorem 5.5. Let X be a linear normed space and f : x — R a function. If
Of(xo) # 0, then f(xo) = f**(xq) (i.e. [ is subdifferentiable at xq).

Proof. From a previous remark, we know that f**(z¢) < f(x¢). Therefore it
is enough to show f**(z) > f(zo). By assumption there exists an xf € 0f(xo).
With Theorem 5.3 we conclude f(zo) + f*(x§) = (x§, x0). Hence

[ (wo) = sup {7, wo) — f7(27)} = (w5, 20) — [ (25) = [ (20).00

TreX*
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Theorem 5.6. Let be X a linear normed space. If for xo € X applies
f(xo) = f*(x0), then Of (x0) = Of ().

Proof. Let xy € 0f(xp). Using Theorem 5.3 and Conclusion 5.1, as well as
f(xo) = f**(x0), we have
(g, o) = f(wo) + [*(20) = [ (o) + [ (7).

Again, by Theorem 5.3 (opposite direction and f** instead of f) follows zj €
Of**(xo), implying Of(zo) € If*(zo). Now, let z§ € 9f*(xy). As above,
(Theorem 5.3, applied to f** instead of f), follows

(20, w0) = [ (o) + f7" (20) = f(xo) + [ (p)-

Again, Theorem 5.3 provides z; € 0f (), that yields 0f**(xo) C 0f(zo). Fur-
ther this prompts 0 f**(z) = 0f(xg). O

Remark: If 0f(zq) # 0 follows f(xg) = f**(xz0) and by Theorem 5.6 one gets
9 f(wo) = O (o).
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6 Duality and Convex Analysis

6.1 Primal and Dual Optimization Problems

In this section we associate a so-called dual problem to a given convex opti-
mization problem, in this context called primal problem. For both problems
we will prove duality assertions. Conjugate functionals and subdifferen-
tials (and therefore implicitly and explicitly separation theorems) play an
important role for that together with the notion of stability.

Let us introduce first some general assumptions used within this chapter.

Let X and Y be linear normed spaces and f : X — R a proper function. We
consider an optimization problem called primal problem (P)

(P) inf f(z).

zeX

Definition 6.1. A function ® : X x Y — R is said to be a perturbation
function of f if ®(z,0) = f(x) Vz € X.
For all y € Y the problem

(Py) inf (I)(ZU, y)

rzeX

is called o perturbed problem to (P). The variable y is termed the pertur-

bation variable (or parameter). For y =0, clearly,
(Po) = (P),

i.e. (Po) is nothing but (P).
Now we are going to define a dual problem (P*) to (P). This is defined by
means of the conjugate function ®* : (X x Y)* =2 X* x Y* — R,

(2", y") = es;lpey{@*,w) + (Y y) — (7, )}
x )

Then we define the dual problem of (P) by
(P7) sup {—®"(0,47)}.
yrey*

This is a dual problem with respect to the perturbation function ®.
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Remark: We denote the infimum for problem (P) by inf(P) (analogously for
(P*) the supremum is termed sup(P*)).
Between (P) and (P*) there is the relationship stated in the following asser-

tion.

Proposition 6.1. (weak duality) For problems (P) and (P*) we have

—o0 < sup(P*) < inf(P) < +o0.

Remark: Convexity for (P) is not assumed.

Proof. Let be y* € Y*. It follows
*(0,y") = sup {(0,2) + (¥ y) — ®(z,y)}.
zeX,yey
Setting y = 0 we have ®*(0,3*) > (y*,0) — ®(z,0) Vx € X, so —P*(0,y*) <
®(z,0) Ve e X Vy* € Y*. Thus
sup {—®*(0,y")} < inf ®(x,0) = inf(P)
Jrey zeX
hence sup(P*) < inf(P). O
Of course, (P*) may be rewritten as infimum problem and interpreted as
primal problem. Then a dual problem (P**) to it and its relationship to the
original (P) are of interest, e.g. the question: are there conditions under which
(P**) may be identified with (P), i.e. (P**) = (P)?
Proceeding with this idea we get
(P*) yggg*{—@(f), ¥y} = —y}gﬁ*{@*(O,y*)}-
We consider the problem
(=P nf {27(0.y7)}
and use ®*(z*,y*) as perturbation function with the perturbation variable

x*. Following the above construction of the dual problem we obtain as dual to

(—=P*) the following problem

sup{—®**(z,0)}.

zeX
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Therefore we consider as bidual problem (P**) to (P)

(P*) — sup{—®"(z,0)} = 1£1)f( O**(x,0).

zeX

As perturbation to (P**) one can in a natural way consider the problem

(P,") inf ®**(z,y),

zeX

with the perturbation variable y € Y. The corresponding dual problem reads as

y*EY*

But because ®** = &* follows (P**) = (P*). Thus we see the following,.

Remark: When the perturbation function ®(z,y) is proper, convex and
weak-lower semicontinuous, then ®** = & (cf. Theorem 5.2), therefore in}“(
[AS

O(2,0) = in)f{ O** (2,0), i.e. (P) = (P*): the bidual problem coincides with the
re

primal problem, thus there is symmetry.

Remark: As we have remarked before, for X and Y Banach spaces and f
proper convex lower semicontinuous function, follows f weak-lower semicontinu-
ous. The reversed assertion holds in any case. If ®(x,y) is proper, convex and
lower semicontinuous we have ®* = ® and (P**) = (P). Of course, in this
case the original function f in (P) has to be convex (®(z,0) = f(x)) and lower

semicontinuous.

6.2 Stability

We define the infimal value function
h(y) = inf(P,) = inf &(z,y).

It follows h(0) = inf(P) = inf ®(z,0) = inf f(x).

zeX zeX

Proposition 6.2. Let ® : X xY — R be convex. Then h:Y — R is convex.
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Proof. We show that Jensen’s inequality holds. Consider a and b such that
h(y) < a < +o00 and h(z) < b < 400. Then there exist some points z and £ such
that h(y) < ®(z,y) < a and h(z) < (€, z) < b. Because ® is convex, it follows
that for o € (0,1) we have

hlay + (1 — a)z) ul)Ielg( O(w,ay + (1 —a)z)

IN

Slar+ (1 — ), ay + (1 — a)z)
CY(I)([E, y) + (1 - Oé)q)(f, Z)
aa+ (1 — a)b.

IN

IN

Letting converge a towards h(y) and b to h(z) we obtain
hay + (1 — a)z < ah(y) + (1 — a)h(z).

If h(y) = +o0 or h(z) = +oo the proof is trivial. O
Proposition 6.3. We have h*(y*) = ®*(0,y*) Vy* € Y.

Proof. The following calculations go naturally

h(y*) = sup{(y",y) — h(y)}

yey

= sup{(y",y) — inf ®(x,y)}
yeY reX

= supsup{(y*,y) — ®(z,y)} = ®*(0,y").0
yeY zeX

Lemma 6.1. Using the previous notations we have sup(P*) = h**(0).

Proof. Using the definitions we have

sup(P*) = sup {—®(0,y")}

y*eEY'*

= sup {=h"(y")}

y*EY*

= RB*(0).0

Remark: The well-known inequality 2**(0) < h(0) means but sup(P*) <
inf(P).
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Definition 6.2. The problem

(P) inf f ()

zeX

is said to be stable if h(0) is finite and Oh(0) # O (subdifferentiable).
Proposition 6.4. The set of solutions to problem (P*) is identical to Oh**(0).

Proof. Let z* € Y* be a solution to (P*). It follows that
—3*(0,2%) > —0*(0,y") Vy* € Y™
Because of Proposition 6.3, we have

—h*(2%)

v

> sup {{0,y7) — " (y")} = h(0).

y*ey*
Therefore
R*(0) + h*(z") < 0= (2", 0).

On the other hand, from Young’s inequality, we have
h**(0) + h* (") > (2%, 0).

Hence h*(0) + h*(z*) = 0. Theorem 5.3 implies z* € 0h**(0). If z* € 0h*™(0)
then all steps may be done in the reversed direction, yielding that z* solves (P*).
O

Theorem 6.1. (strong duality) The problem (P) is stable if and only if

the following two conditions are simultaneously fufilled.

(i) (P*) has a solution.

(i) inf(P) = max(P*) < oo.

Remark: That means there is no duality gap. Therefore this situation is

called strong duality.
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Proof. Necessity. Let (P) be stable. This means that h(0) is finite and
Oh(0) # (. Let be z* € 0h(0). From Theorem 5.3 we have h(0) + h*(z*) =
(z*,0) =0, i.e. h(0) = —h*(z*). Therefore

h™(0) = sup {=h*(y")} = —h"(z") = h(0).

y*ey*

On the other hand we have h**(0) < h(0), so h**(0) = h(0). We apply now
Theorem 5.6 and we get 0h**(0) = Oh(0). This implies z* € Oh™(0) and by
Proposition 6.4 we obtain that z* solves (P*), i.e. (i) is true.

Moreover, Lemma 6.1 says
sup(P*) = max(P*) = h**(0) = h(0) = inf(P) < oo,

so also (ii) is true.

Sufficiency. Let (i) and (ii) be fulfilled and z* a solution of (P*). Proposi-
tion 6.4, again, implies z* € 0h™(0) and (ii) with Lemma 6.1 tells us h**(0) =
max(P*) = inf(P) = h(0) < co. Using Theorem 5.6 we obtain dh(0) = dh**(0),
so z* € Oh(0) and thus (P) is stable. O

Remark: As one may notice within the proof
sup(P*) = h**(0) = h(0) = inf(P)

means strong duality (no duality gap). Another strong duality assertion is the

following.

Theorem 6.2. (strong duality) Let & : X x Y — R be proper, convex and
weak-lower semicontinuous. Then the following assertions are equivalent to each

other.
(i) Each of (P) and (P*) admits a solution and min(P) = max(P*) < co.
(ii) (P) and (P*) are stable.

(111) (P) is stable and has a solution.

Remarks:
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(a) For X Banach space a convex the lower semicontinuous functional f is weak-
lower semicontinuous (Satz 2.5 in [1], p. 91). The converse implication

always holds.

(b) Stability for (P*) is defined analogously as for (P).

Proof. 7 (i) <= (ii)” Necessity. From Theorem 6.1 (sufficiency) follows that
(P) is stable. We show the stability of (P*).

Because ® is proper, convex and weak-lower semicontinuous there is (P**) =
(P) since ®** = &. We apply Theorem 6.1 to (P*) instead of (P) taking into
consideration that (P**) = (P). Thus we obtain as Corollary to Theorem 6.1 the

following result.

Corollary 6.1. (strong duality) Let & : X xY — R be proper, convex and
weak-lower semicontinuous. Then (P*) is stable if and only if the following two

conditions are fulfilled concomitantly.

(i) Problem (P) has a solution.
(1) sup(P*) = min(P) < occ.

From Corollary 6.1 follows by Theorem 6.2(i) that (P*) is stable.
Sufficiency. If (P) and (P*) are stable, then Theorem 6.1 and Corollary 6.1

imply that (P) and (P*) have solutions, moreover
min(P) = max(P*) < oco.

7 (ii) <= (1ii)” Necessity. If (P) and (P*) are stable, then with Corollary 6.1
follows the existence of a solution to (P), i.e. (iii) is satisfied.

Sufficiency. Let (P) be stable and suppose it has a solution. From Theorem
6.1 we have min(P) = max(P*) < co. Because of Corollary 6.1 we obtain that
(P*) is stable. O

To prove the stability directly by means of the definition is not so easy in
many cases. Thus, so-called stability to more verifiable conditions are very use-

ful. We give now such a stability criterion.
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Theorem 6.3. (stability criterion) Let ® be convez, f proper and —oco <
in;f( f(x) < +o0. Further, let us suppose that there exists an xq € X such that the
[AS

functional ®(zg,-) : Y — R is finite and continuous at 0 € Y. Then (P) is stable.

Proof. The function h(y) = inf(P,) is convex and finite at y = 0. Since
®(zp, -) is convex and continuous at 0 € Y, then there exists a neighborhood U

of 0 € Y such that ®(zo,y) < ¢ < 400 for all y € U. From here follows
h(y) = inf &(z,y) < &(w,y) <c,
S

i.e. h(y) is convex and locally bounded above on a neighborhood of 0.

By Lemma 2.1 follows that h is continuous at 0 € Y. Theorem 4.4 assures
Oh(0) # (0, moreover h(0) is finite (by assumption) which implies that (P) is
stable by definition. O

6.3 Optimality Conditions

Theorem 6.4. (optimality conditions)

(i) Assume (P) and (P*) have as solutions z° and y, respectively, where
strong duality is fulfilled

—o0 < f(2°) = inf(P) = sup(P*) = —®*(0,3*) < +o0. (6. 1)
Then the following optimality conditions hold
D(a,0) + @*(0,5") = 0 (6. 2)

and

(0,y") € 0®(2°,0). (6. 3)

(ii) Let 2° € X and y** € Y* satisfy (6.2) or (6.3). Then z° is a solution to
(P) and y** is a solution to (P*). Moreover, (6.1) holds.

Proof.
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(i)

At first we show that (6.2) and (6.3) are equivalent. From (6.1) we have

®(2°,0) + @*(0,2”) = (0,2%x + (¥, 0)y
= <(07 yO*)7 (xou O))XXY =0.

But by Theorem 5.3 this is equivalent to (0,y%) € d®(z°,0), i.e. (6.3)

stands.

Because of Proposition 6.1 we have sup(P*) < inf(P). With

(P) inf ®(x,0) = inf f(x)

zeX zeX
and
(P7) sup {—®*(0, ")}
yreY*
follows
—d*(0,y") < P(z,0) Ve e X y* € V™. (6. 4)

From (6.1) holds with z° solution to (P) and y°* solution to (P*) —®*
(0,y%*) = ®(2,0), i.e. (6.2) stands.

Let 20, y%* satisfy (6.2) (equivalent to (6.3)), i.e. —®*(0,4%%) = ®(2,0).
Because of (6.4) we have that 2° solves (P), y* solves (P*) and obviously
strong duality holds, i.e. (6.1). O
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7 Lagrangians and Saddle Points

In this chapter we will define the so-called Lagrange functional in a general matter
and then show the relation between the conjugate duality (Fenchel-Rockafellar

duality) and the well-known Lagrange duality.

Definition 7.1. The function L : X x Y* — R defined by

L(z,y") = —sup{(y",y) — ®(z,y)}

yey

is said to be the Lagrangean of the problem (P) relative to the given perturbation.

Obviously, one can write

L(z,y) = —®,(y"),

where @, denotes the function y — ®(x,y) for a fixed x € X and @ denotes
the conjugate function of ®,. From Proposition 5.1 we have that ®* : Y* — R is

convex and weak-lower semicontinuous.

Lemma 7.1. The function L, : y* — L(z,y*), © € X, is concave and weak-
upper semicontinuous mapping Y* into R. If ® is convex, then for all y* € Y*,

the function L, : x — L(z,y*) is conver mapping X into R.

Proof. Because L,(y*) = L(z,y*) = —®%(y*), L, is convex and weak-upper
semicontinuous. We know L(z,y*) = iné{@(x, y){y*,y)}. Let be z1,25 € X and
ye
A€ (0,1). If L(xy,y*) = 400 or L(xs,y*) = 400 it holds

LAz, + (1 — Nzxo,y") < AL(x1,y") + (1 = A) L(ze, y¥).

Therefore assume L(z1,y*) < oo and L(zs,y*) < oo and choose a,b such that
a> L(xy,y*), b > L(z2,y*) (a and b are fixed).
Because of the definition of L there exist some 31,72 € Y such that

L(l’l,y*) S (D(wlayl) - <y*7y1> S a

and
L(ze,y") < ®(x2,12) — (¥, 12) < b.
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In the same time we have

LAz, + (1 = Nxg,y*) = ;glf/{@()\fl + (1= Nz2,y) — (" y)}

< D(Axy 4 (1 — N, Adys + (1 — AN)ye)
— WS A+ (1= Ny))
< MA@z, 1) — (@5 y)] + (1= N)[@(z2, y2) — (Y7, v2)]

< Aa+ (1= \b.

Setting a to tend to L(x1,y*) and b towards L(zq,y*), we get Jensen’s inequality
for L, so L is convex. O

Now we can represent (P) and (P*) in terms of the Lagrangian L

(2", y") = sup{(z*,z) + (v y) — ®(x,y)}

= 22)}3{(1’*,%) + zgyp[(y*, y) — @z, y)l}
= ig}g{(x*,aﬂ) — L(z,y")},

hence (setting z* = 0)

So, without assuming anything about ®, we have

(P*) sup {—®*(0,4*)} = sup inf L(z,y").

y*EY* y*EY* zeX

The assumption for & to be convex and weak-lower semicontinuous on X x Y
yields that for all x € X the function ¢, : y — ®(z,y) is convex and weak-lower

semicontinuous and therefore (cf. Theorem 5.2) ®** = ®,. Hence

O(z,y) = P (y)
= yggg{(y*,y) — O, (y")}
= §1€1$*{<y*,y> + L(x,y")},

and setting y = 0 we obtain

®(z,0) = sup L(z,y").

y*ey*
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Consequently (if @, : y — ®(z,y) is convex and weak-lower semicontinuous) we

can derive

(P) inf f(x) = inf ®(z,0) = inf sup L(z,y").

zeX zeX zeX y*ey*

Remark: Introducing the Lagrangian we see that (P) and (P*) are related

to min-max problems and the weak duality relation
sup(P*) < inf(P)
is actually the inequality

inf L(x,y") < inf L(x,y"*
b e Mo y) S Ju s Leny)

well known in game theory.

Definition 7.2. (z,5*) € X x Y* is said to be a saddle point of L if

L(z,y") < L(z,9") < L(z,y") Ve € X Vy* € Y™,

Theorem 7.1. (saddle point theorem) Let ® : X XY — R be convex and
weak-lower semicontinuous. Then the following conditions are equivalent to each

other.
(i) (Z,y*) is a saddle point of L.
(i1) Z solves (P), y* solves (P*) and min(P) = max(P*) (i.e. strong duality).

Proof.
7(i) = (i1)” We have

and

Therefore



Thus Theorem 6.4 demonstrates that Z solves (P), §* solves (P*) and strong
duality holds.
7(i1) = (i)” We know that

—0*(0,5%) = in)f(L(x,g*) < L(z,y")
TE

and
®(z,0) = sup L(z,y") = L(Z,7").

y*EY*

But since strong duality holds, Z solves (P), y* solves (P*) and we have
d(z,0) + ¢*(0,y%) = 0.
Therefore we can write

L(z,y") < sup L(z,y") = ®(z,0)

y*GY*

= —0%(0,y") = inf L(z,y")
< L(z,77),

that implies
sup L(z,y") = inf L(z,y") = L(Z, 7).

y*eY* rzeX

So we can conclude
L(z,y") < L(z,5) < L(z,5") Vy* € Y* Vo € X.O

Theorem 7.2. (saddle point theorem) Let ® : X x Y — R (® # +o0)
be conver and weak-lower semicontinuous and (P) is assumed to be stable. Then
T € X is a solution to (P) if and only if there exists an y* € Y™ such that (Z,y")
1s saddle point of L.

Proof. Necessity. Let T € X be a solution to (P). Because (P) is stable
(P*) has a solution y* and min(P) = max(P*). Theorem 7.1 implies that (z,y*)
is saddle point of L.

Sufficiency. This is a direct consequence of Theorem 7.1 (i) = (7). O
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8 Important Special Cases of Dual Optimiza-

tion Problems

81 Casel

Given XY normed spaces, A € L(X,Y) (linear continuous operator mapping
from X into V), A* € L(Y*, X*) transpose, f to be minimized has the form
f(z) := q(x, Ax) where ¢ : x x Y — R and our primal problem is

(P)  inf gz, Az).

To establish a dual problem we have to introduce a perturbation function ®(z,y).

Thus we propose
O(z,y) == q(z, Ax — y).
Now we deduce the dual problem according to the approach in Chapter 6. We
need
*(0,y%) = sup{{y",y) —q(z, Az —y)}

zeX
yey

= supsup{(y",y) — q(z, Az —y)}.
zeX yeY

Introducing a new variable p instead of y setting p := Az — y (for a fixed z) we

obtain

®*(0,y") = supsup{(y", Ar) — (y",p) — q(x,p)}

z€X peY

- §2§{<A*y*’ ) + (~=y",p) — q(z,p)}
peY

= ¢4y, —y)

and the dual problem is

(P) sup {—¢"(A™y", —y")}.
y*ey*

Remarks:

(i) g convex implies ¢ convex.
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(ii) g weak-lower semicontinuous with g # £oo implies ¢ weak-lower semicon-

tinuous and ® # +o0.

Theorem 8.1. (strong duality) Assume q convexr, —oo < inf(P) < +o0.
Moreover, let there ezist an xo € X such that q(xo, Axg) < +00 and let the func-
tion y — q(xo,y) be continuous at Axg. Then (P) is stable, (P*) has a solution
y* and inf(P) = max(P*).

Proof. The assumption says that y — ®(z¢,y) = q(zo, Azo — y) is finite and
continuous at 0 € Y. That means that Theorem 6.3 renders stability of (P) and

Theorem 6.1 implies the assertion. Il

Theorem 8.2. (optimality conditions) The following conditions are equiv-

alent to each other.
(i)

(ii) T € X and g* € Y* satisfy the optimality conditions (extremality relation)
q(z, AY)+q* (A*y*, —y*) = 0 which is equivalent to (A*y*, —y*) € 0q(z, AT).

solves (P), g* solves (P*) and min(P) = max(P*).

&I

Proof. Applying Theorem 6.4 yields that (0,5*) € 0®(z,0) is equivalent to

0 = &(z,0)+ *(0,7")
= q(2), A7) + ¢"(A"y", —y")
= ((2), A7), (A"y", =1")),

so Theorem 5.3 leads to (A*y*, —y*) € 9q(T, AZ). O

Remark: We consider the further specialization
q(z, Az) := f(z) + g(Ax)
(q is decomposed). The primal problem is in this case

(P)  if{/(x) +g(An)}.
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The conjugate of the primal objective function is

q (2" y") = msg)g{<x*,x>+<y*,y>—q(:v,y)}
= ig}g{@*,@ — f(x)} + zlelg{<y*,y> -9}

= f2")+g" ().
So the dual problem reads as
(P*) sup {—¢"(A"y", —y")}
y*ey*
that is in this case
(P) sup {—f"(A"y") — " (—y")}.
y*GY*

Remarks: We note that if
(i) f and g are convex then ¢ and hence ® is convex.

(ii) f and g are convex and weak-lower semicontinuous and f, g # +oo then ¢

and ® are convex and weak-lower semicontinuous and ¢, ® # 4o0.

The stability criterion from Theorem 8.1 can be written in the following way.

There exists zy € X such that f(z() < 400, g(Axy) < +00, g being continu-
ous at Az, f and g convex and inf(P) finite. Then can be applied Theorem 8.1
(strong duality) and Theorem 8.2 (optimality conditions).

The optimality conditions of Theorem 8.2 can be decomposed

0 = q(z), A7) + ¢ (A"y", —7")
= f(@)+g(Az) + f*(A"y") + 9" (—7")
= f(@)+ (A7) + 9(AZ) + g"(—7")

“(
= [f@) + /(AY") = (A7, D)) + [9(AT) + " (=9") — (=", AT)].

But because of Young’s inequality both expression in square brackets are greater
or equal to zero and the left hand side of the equation above is equal to zero,
we have that f(z)+f*(A*y*)—(A*y*, z) = 0 and g(AZ)+g¢*(—y*)—(—y*, Az) = 0.
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Corollary 8.1. (strong duality) Assume f and g are conver and —oco <
inf(P) < +oo. Let there ezist an o € X such that f(z) < +o0, g(Axg) < +00

and assume g continuous at Axy. Then (P) is stable, (P*) has a solution §* and

inf(P) = max(P*).
Corollary 8.2. (optimality conditions) The following conditions are
equivalent to each other.
(i) (z solves (P), y*) solves (P*) and min(P) = max(P*).
(1) T € X and y* € Y* satisfy the optimality conditions (extremality relations)
[(Z) + [F(Ay) = (A7, 7)
and
9(Az) + g"(=y") = (=¥, Az),

which are equivalent to A*y* € 0f(Z) and —y* € 0g(Az).

Exercise 8.1. Consider

(P)  inf {f (z) + Z gi<Aix)} :

Determine its dual problem and calculate the corresponding optimality condi-

tions.

8.2 Case Il

Let X be a linear space.

Definition 8.1. A set C' C X is said to be a cone if \C C C VYA >0 (cone
with vertex 0).
Let C be convex, additionally. Define a partial ordering ” <” (or 7 > ") by
setting
7 <1y = 19 — 11 € C.

Obviously z < x Vx € X and if 1 < x5 and x5 < 23 follows x7 < x3.
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The partial ordering is compatible with the structure of the vector space X
in the sense
e if x > 0 then \x >0 VA >0,
oifx; > xythen 1+ > 29+ VreX.

The partial ordering introduced above induces also the following sets
(i) C ={z € X : 2 >0} is the set of positive elements
and
(ii) —C ={z € X : z <0} is the set of negative elements.

Now let X be a linear normed space and X* its topological dual space.

Definition 8.2. Let C C X be a cone. The set
C*={z"e€ X" : (z",2) >0, Vx € C}

1s called the dual cone to the cone C.
In the dual cone the partial ordering is ] < 23 <= x5 — z] € C*. So one

may say that C* is the cone of positive elements in X*.
The Primal Problem

Let X and Y be linear normed spaces, D C X closed, convex, D # 0, f :
D — R convex weak-lower semicontinuous, C' closed convex cone in Y defining a
partial ordering relation ” <”, B: D — Y a mapping (Possibly nonlinear) such

that B is convex with respect to the relation 7 <7, i.e.
B()\I'l + (]_ — /\)l’g) S AB(ZEl) + (]_ — )\)B(l’g) ‘v’xl, To € D Vv c (0, 1)

Let further for each y* € Y*, y* > 0 the mapping x — (y*, Bx) of D into R
be lower semicontinuous. Finally, let {x € D : Bx < 0} # (). This set is convex.

Consider x1,x2 € D such that Bx; < 0 and Bxy < 0. We have for A € (0,1)
ABz; <0 and (1 —A)Bxg <0 thus Ax; + (1 — A)zy € D. Then

B(Az1 4+ (1 = Naxg) < ABxy+ (1 — A\)Bxy < 0.
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Consider the optimization problem

P) it fl).
Bz<0

We can rewrite this as

inf F(x),

zeX

setting

R 3 <
F:X —R, F(JC):{ f(z), ifx e D and Br <0,

400, otherwise.

Define a perturbation function

(z.y) f(z), if x € D and Bx <y,
T, y) =
Y 400, otherwise,

that proves to be proper. We observe that ® can be written as
¢: X =R, &x,y) = f(z) + x,(2),

where
f(x), ifxe D,

400, otherwise,

f:X—>]R, f(x):{

and xg, is the indicator functional of the set £, = {x € X : x € D, Bx < y}.

To specify the properties of ® we consider the following additional results.

Lemma 8.1.

(1) E, is closed and convex in X Yy €Y (and also weakly (sequentially) closed
because we have that in topologocal Hausdorff space X if E C X is convex
and closed then E is weakly (sequentially) closed).

(i) E={(z,y) € X XY :x € D, Bx <y} is closed and conver in X X Y.

Proof.

(i) Let be z € E,. Then Bx —y < 0 and using Proposition 8.1 we obtain
(y*, Bx —y) <0 Yy* € C* ie. Vy*>0.
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The function z — (y*, Bx —y), © € D is convex (since B is convex) for
y* > 0 fixed. Because for each A € (0, 1)

AB(z1) + (1= A)B(z) — B(Az, + (1 — \)B(x)) € C,
follows for y* € C*(y* > 0)
(Y™, Ab(21) + (1 = M) B(x2) = B(Az1 + (1 = A)B(z2))) = 0,
equivalent to
(y", Bz + (1= N)B(z2)) —y) < My", B(z1) —y) + (1= A\){y", B(22) —y),

which proves the convexity of the function.

Moreover, by assumption, this function = — (y*, Bz — y), © € D is weak-
lower semicontinuous (even lower semicontinuous if X is a Banach space)
and therefore the set {z € D : (y*, Bx —y) < 0} is closed (cf. Theorem
3.1) and convex for fixed y* > 0. Then same holds for the intersection of

all such sets which correspond to all y* > 0.

(ii) Note that the function (z,y) — (Bz — y,y*) is lower semicontinuous and
convex on D x Y — R Vy* > 0 fixed. Using analogous arguments as for
(i) yields the statement. O

Lemma 8.2. The function ® : X XY — R s convex and lower semicontin-
wous if f is lower semicontinuous (weak-lower semicontinuous if f is weak-lower

semicontinuous) and also ® # +oo.

Proof. Write ® in the form ®(z,y) = f(z) + xg(z, y), where f is convex and
lower semicontinuous (weak-lower semicontinuous if f is weak-lower semicontin-
uous).

Moreover, xg(z,y) is convex and lower semicontinuous since E is a closed

convex set in X x Y then {(z,y) : xg(z,y) < k} is closed for all constants k € R.

The dual problem
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We compute for y* € Y*

P*(0,y") = Sél)ﬁ(){@*,w—@(x,y)}
26Y7

= sup {(y"y) — f(2)}.

zeD,yeyY,
Bx<y

Setting p := y — Bx with p > 0 we obtain

®*(0,y*) = supsup{(y", Bx) + (y*,p) — f(x)}

€D pey,

p=>0

= sup(y",p) +sup{(y", Bz) — f(x)}.

peyY, zeD

p>0
Because
. 0, if y* <0, . .
sup (y*,p) = , = xo(=y")
pEY,p>0 +o00, otherwise,

we can write
~8°(0,7) = —Xo(—y") + inf {(—y", Ba) + (@)},
Therefore the dual problem is

(P*) sup inf{(—y", Bx) + f(z)},

y*<0 zeD

equivalent to
(P*)  sup inf {(y", Bx) + f(2)},

y*>0 zeD

but we prefer to use further the first formulation.

Theorem 8.3. In addition to the above assumptions (concerning D, f and

B (in particular convezity, closedness and {x € D : Bx <0} #0)), assume that

inf(P) is finite and moreover let the following reqularity condition (Slater condi-

tion) be satisfied, i.e. there exists xg € D such that Bxy < 0, i.e. —Bxg € intC.

Then (P) is stable.

Proof. From the regularity condition follows the existence of a neighborhood
U(0) of 0 in Y such that —Bzo+y € C Vy € U(0), followed by —Bzo+y > 0

and even Bxy <y Yy € U(0).
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Hence ®(zo,y) = f(x0) Vy € U(0) and the functional y — ®(xg,y) is finite
and continuous at 0 € Y. Therefore the assumption of Theorem 6.3 (stability
criterion) is fulfilled and (P) is stable. O

Now we can apply Theorem 6.1 (strong duality).

Theorem 8.4. (strong duality) Under the assumptions of Theorem 8.3
(P*) has a solution and strong duality is fulfilled

inf(P) = inf =max inf{f(z) + (~y", Bx)}-
Bz<0 B

Remarks:

(i) We may also apply the other strong duality assertions, like Theorem 6.2 and
Corollary 6.1 where we need weak-lower semicontinuity of ® which follows
from that of f.

(ii) Moreover, by Theorem 6.4 (optimality conditions) one can infer optimality

conditions for our present problem (P) and (P*).

If 2° solves (P) and y°* solves (P*) then ®(z*,0)+®*(0,y") = 0 (optimality

condition). In our case we have

0= f(2") + xo(=y™) — inf {{~y™, Bx) + f(2)}.

zeD

Because y* < 0 follows

F@) = inf{(—y", Ba) + f(2)}
< (—y™, Ba% + f(2°)

and we obtain
<y0*’ Bx0> — 0

as an optimality condition.

Computation of the Lagrangian
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By the definition of the Lagrangian we have

—L(z,y") = 21615{<y*,y>—<1>(:v,y)}

sup  {(v*y) — f(o)}, if ze€D,

= yeY,Bx<y
—00, otherwise.

Setting p = y — Bx with p > 0 for Bx < y gives us

—L(z,y*) = pesgf>0{<y*7p>+<y*,3w>—f(fv)}
= pes;15>0{<y*7p>} +(y*, Br) — f(2).

The case x ¢ D can be included by replacing f(x) by

f(z), ifxe D,
+00, otherwise,

f:XHsz{

With
. 0, ify* <0, o
sup (y*,p) = { } = xc(=y")

pEY,p>0 +o00, otherwise,

the Lagrangian is

L(z,y*) = f(z) — (y*, Bz) — x&(—y").

From the definition of a saddle point we see that (z,y*) is a saddle point of
L(z,y*) if and only if z € D and y* < 0. For all x € D and all y* < 0 we have

L(z,y*) = f(z)—(y", Br)

IA N
= =
ONC)
| |
)
\-* \.*
T @
o8
I
gy
&8 =
NS
* *
S~— S~—

Remark: If y* < 0, x € D, then also for z not in D we get L(x,y*) = +00

and for y* > 0 we have L(Z,y*) = —oo. Thus the saddle point property for (z, §*)

is also fulfilled.

Therefore we obtain from Theorem 7.2 the saddle point assertion (we replace

y* by —y* and we have y* > 0 as usual in convex programming).

Theorem 8.4. Consider X and 'Y normed linear spaces and
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e f: D — R isa convexr and weak-lower semicontinuous functional, where D

18 a non-empty closed convexr subset of X,
e C is a closed conver cone in'Y (defining "<”),
e B:D —Y is conver with respect to "<”,

o for each y* € Y*, y* > 0 the mapping x — (y*, Bx) of D into R is lower
semicontinuous,

e {reD:Bx<0}+#0,

o reqularity condition from Theorem 8.3 is fulfilled,

) :C%f)’ f(z) is finite.
Bz<0

(i) Then T is a solution to (P) if and only if there exists §* € Y*, y* > 0 such

that (z,y*) is a saddle point for the Lagrangian L(xy*) = f(m) + (y*, Bx) +
X&(y*), i.e. for all x € D and for all y* > 0 one has

f(@) + {y*, Bx) < f(Z) + (¥, Bx) < f(z) + (§", Bx).
In this case holds

(g*,Bx) = 0.

(i1) y* solves
(P*) max inf { f(z) + (y*, Bx)}.

y*>0 z€D

Proof. From Theorem 8.3 we know that (P) is stable. Thus Theorem 7.2
proves the claimed saddle point property. Setting y* = 0 in the saddle point

inequality follows

f(@) +{y", Bx) = f(z) < f(z) + (y", Bx) < f(2) + (y", B),

that implies
(y*,Bx) = 0.

The fact that g* solves (P*) follows immediately from Theorem 7.1 (saddle
point theorem). O
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Finite dimensional convex programming
Set X =R"=X*""Y =R"=Y" 2= (21,...2,), ¥y = (Y1,--,Ym), C =
{y = (y1, o' Ym) = yi = 0,0 = 1,....,m}, D C R" convex and closed and By =
(B1Y, ..., Bpy) with B; : D — R convex and lower semicontinuous, ¢ = 1,...,m.
The problem (P) is
(P) f  f(),

2€D,B;(x)<0,i=1,....,m
where f is a lower semicontinuous convex function of D into R. Let be given the
regularity condition: there exists o € D such that Bixg < 0,7 =1,...,m. For
y; > 0,4 =1,...,m, and x € D the Lagrangian is L(z,y) = f(z) + iyz-BZw.
i=1

Theorem 8.4 turns then into the following statement.

Theorem 8.5. (Kuhn-Tucker). Let be fulfilled the above introduced hy-
potheses. Then T € D is a solution to (P) if and only if there exists y € R™,

iy > 0 such that
L(z,y) < L(z,y) < L(z,y) Yx € D VYy; >0, i =1,...,m.

Then holds also .
i=1

For alli, 1 <1 <m, applies either B;t <0 and y; =0 or B;x =0 and y; > 0.
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9 Anexa

This section is dedicated to solutions for some exercises given in the lecture.

Examples 1.1.(i) Let X be a real normed space. Then f: X — R, f(z) =

|z]|™, n > 11is a convex function.

Solution. Let be z,y € X and A € (0,1). From the properties of the norms

we have
FO+ (1= Ny) = Az + (1= Nyl" < (Ml + (1= N)]lyl)" (9. 1)

Consider now the function g : (0,+00) — R, g(t) = t". Because ¢"(t) > 0Vt > 0,

g is convex, so for all a,b > 0 and A € (0,1) one has
(Aa+ (1= X)b)" < A" + (1 — A" (9. 2)

If a =0 or b =0 or both a and b are equal to 0 the inequality (9.2) is also true.
From (9.1) and (9.2) we may conclude, taking a = ||y|| and b = ||y||,

FO@+ 1 =Ny) < Azl + @ =Nlyl)™ < Al + 1 =Nyl
= M)+ 1 =N)f(y),

so f is convex. O

Exercise 1.1.

(i) Let X be a reflexive real Banach space and X* its dual. Then the function
f: X =R, f(z) = (Bzx,x), where B : X — X* is a linear bounded (con-

tinuous)(i.e. B € L(X, X*)) non-negative self-adjoint operator, is convex.

(ii) If we consider X = R", B = (b;;)i j=1
definite matrix and the quadratic function f(z) = (Bx,z) = (z,Bzx) =

n @ N X n symmetric positive semi-

-----

n
> byrir; >0, 2 = (21, ...,xn)T, then f is convex.
i,j=1

Solution.

89



(i) Let be y,z € X. Then
(By,y) — (Bz,2z) —2(Bz,y — 2) = (B(y —2),y —2) > 0 (9. 3)
because

(Bly—2),y—z) = (By,y—z —(Bzy—-2)
= (By,y) = (By,2) = (Bz,y) + (B2, 2)
(By,y) — 2(Bz,y) + (Bz, 2)
(By,y) — 2(Bz,y) +2(Bz,z) —2(Bz,z) +
+(Bz, z)
= (By,y) — (Bz,z) — 2(Bz,y — 2).
We have used here (By,z) = (y, B*z) = (y, Bz) = (Bz,y). Further, by
(9.3) follows f(y) > f(z) +2(Bz,y — z).

We substitute y by x; € X, then by x5, € X and we get
f(z1) > f(2) + 2(Bz,x1 — 2)

and
f(za) > f(2) +2(Bz, 25 — 2).
After multiplying the first inequality by A € (0, 1), the second one by 1 — A,
summing them and setting z := Az; + (1 — A)zy, we obtain
A1) + (1 =N f(z2) = f(2)+ (B2, Azy + (1 — A)y)
= f(z2) = f(Az1 + (1 = MNaa),
which implies that f is convex.
(ii) Consider z and y in R™ and A € (0,1). We have
fOr + (1=XNy) =Pz + 1 —=Ny]"CAx+ (1 — \)y]
= M2TCr+ M1 - N2"Cy+ (1 =Ny Cx + (1 - Ny Cy
= M(@) + (1 =Nfy) + A1 =Ny Cx + 2" Cy — 2" Cx — y" Cy]
= M(@)+ Q=N f(y) + M1 =Ny (Cz — Cy) — 2" (Cx — Cy)]
= M(@) + (1= Nf(y) + A1 =Ny —2)" Clz —y).
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Because (y — )7 C(y — z) < 0 the last term in the right-hand side above is

less than or equal to 0, so the convexity of f follows, i.e.
fAz+ (1 =XNy) <Af(z) + (1= A)f(y).0

Exercise 1.2. Show that the infimal convolution of the proper convex func-

tions f; : X - R, ¢ =1,...,m, is convex.

Solution. Take xz,y € X and X € (0,1). It follows

xzzm:xi,y: Zm:yi,a:i e X,y € X, 1= 1,...,m}
i=1

i=1

< Z fildz; + (1= Ny) < A Z filwi) + (1= X) Z fi(ys)
< A inf filz:) ) + (1= X) inf fi(y:)
15:21 ner (; ) igl vy (ZZ:; )

= M)+ (1 =N)f(y)0

Exercise 1.3. If C' is convex, then its gauge functional vo(z) is convex, too.

Solution. Let z,y € X and o € (0,1). We have
volar 4+ (1 — a)y) =inf{A > 0: (ax + (1 — a)y) € \C}.

If vo(ax + (1 — a)y) = 400, then if one of yo(z) and yo(y) is also equal to o0
Jensen’s inequality is fulfilled. Otherwise, there would exist some A} = yo(z) € R
and Ay = v¢(y) € R, such that

ar + (1 —a)y € aMC + (1 — a)XaC = (a1 + (1 — a)\2)C,

so the assumption above is denied.

More interesting is the second case, i.e. when vo(azx + (1 —a)y) = A € R.
Provided that vo(z) = +o00 or ye(y) = +oo, Jensen’s inequality is fulfilled.
Otherwise denote A\; = yo(z) € R and Xy = vo(y) € R. If Ay = 0, then
(azx+ (1—a)y) € 0C+ AC = X\C, s0 A = Ay. Analogously A\; = 0 yields A = ).
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In both cases Jensen’s inequality is fulfilled as equality. Now we may consider
A1 > 0 and Ay > 0. We have ax € aX\;C and (1 — a)y € (1 — @) 2C, so

(ax+ (1 — a)y) € (ar; + (1 —a)Ay)C.
From the definition of A follows A < aX; + (1 — @)X, i.e.

Yooz + (1 - a)y) < ayelr) + (1 — a)ye(y).O

Remark: According to a remark in the lecture any sublinear function is con-
vex and because the next exercise guarantees the sublinearity of the gauge of a

convex set, one may conclude easier that the gauge of a convex set is convex.

Exercise 1.4. For a convex set C', prove that its gauge functional ¢ is sub-

linear.

Solution. Proof. Let be given 1,25 € X and let the infimum be attained
(in case that infimum is not attained one has to modify the considerations a little

bit: consider ”infimum sequences” )
Yo(x;)) =min{A : A > 0,2; € \C} = \; < 00,1 =1,2.

From here we deduce that there exist ¢;,co € C such that 1 = A\ic1 , 20 = Aoy

and there exist ¢ € C' and A > 0 such that x1 + x5 = Ac. Namely A = A\; + Ay and

_ A1 Ao A1 Ao o . . .
= 30t nag e € C because YES v v 1 (convex linear combination).

Indeed, z1 + x2 = A1 + Ao and, on the other side Ac = (A1 + )\2>/\1>-\‘r1>\2 ¢+

Cc

/\1)\+2/\2 Co = A\c1 + Aaco. Therefore 1 + 9 = Ac.

By definition
vo(x1 + ) = inf{\ : A > 0,21 + x5 € \C'}.
Because 1 + 9 = A¢ where ¢ € C and A = \; + Ay it follows that
Yo(r1 +22) S A=A+ A = ye(1) + 70 (22)

and hence the subadditivity is fulfilled.
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Furthermore for p > 0
Yo(px) = inf{A: A >0,uzr € A\C}
A A
= inf{p=:X>0,2ze€ =C}
P "
= pinf{A: A > 0,2 € \C'}
= M’YC(:L‘)7

where we have denoted \ := 2
For p =0 we have 7¢(0 - z) = 7¢(0) = inf{A : A > 0,0 € A\C} =0 =0 yc(x).
If yo(x1) or yo(xe) is equal +oo then sublinearity is trivially fulfilled. O

Exercise 1.5. If f is a positively homogeneous proper convex function, then

the following statements are true.

(@) fMz1+ o+ AnZm) < Aif(21)+ ...+ A f(2,), whenever Ay > 0, ..., A, > 0
and forall z; € X, 1 =1,....m

(b) f(—z) > —f(x) for every x € X.

Solution.

(a) Let \; > 0,4 =1,...,m. Consider also some alternative parameters \; by

a; = i, i =1,..,m. It is easy to notice that oy; > 0, i = 1, ...,m, and

Zaz_l

As f is convex, we may write

m=1 m—1
Z (677} Z ;0

that becomes using that f is positively homogeneous

m m—1
f(zazxz) ]- - Qmp Z 1 _ ZEZ + amf xm Zazf :L‘z
i=1

Multiplying the inequality above by > A; we obtain exactly the require-
i=1

ment.

93



(b) We have f(z)+ f(—z) > f(zr —x) = f(0) =0, so f(—x) > —f(x) for every
reX. U

Exercise 1.6. Any positively homogeneous, subadditive (i.e. sublinear),

non-negative and continuous function p on X is a gauge of a convex function.

Solution. Consider C' := {z € X : p(z) < 1}. We will show that p = ~¢.
First we need to prove that C'is convex. Let z,y € C and a € (0, 1). Because of

its properties, p is convex due to a remark in the lecture. We have
plaz+ (1 —a)y) <ap(x)+ (1 —a)p(y) <a+(1-a) =1,

so C'is a convex set.

Further, using the definition of the gauge corresponding to C' we can conclude
that Vo € X either yo(z) = +00 or vo(z) = X € [0, +00). Let x € X. If the first
case applies, there is no A > 0 such that z € A\C, so § ¢ C' VA >0, ie. p(5) > 1,
followed by p(x) > A YA > 0. Consequently, p(z) = +00, so vo(z) = p(x).

If there is a A € (0,4+00) such that yo(z) = A, then x € AC. If A = 0,
then x = 0 and because p(0) = 0, we have y¢(z) = p(x). Otherwise, { € C,

Exercise 1.7. Prove that a sublinear functional p is linear if and only if for
all z € X it holds p(—x) = —p(x).

Solution. Necessity. p linear implies p(—z) = p(—1-2z) = (=1)p(x) =
—p(z) Vo € X.
Sufficiency. For all A > 0 and all z € X we have p(Ax) = Ap(z) due to the
sublinearity of p. Consider now a A < 0. It is clear that p(—A\z) = —p(—Az) =
—(=A)p(z) = Ap(zx). So for any real A it is true that p(Az) = Ap(z).

Further, consider z and y € X. We have

—p(z+y) =p(—r —y) < p(—2) + p(~y) = —p(x) — py) = —[p(x) + p(y)],
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so p(x +y) > p(x) + p(y). As p is sublinear it follows that it is also linear.  [J

Exercise 3.1. Let X be a Banach space and z° € X. The function f : X — R

is lower semicontinuous at z° if and only if

lim f(z) > f(2°).

z— 0

Solution. Necessity. Assume that lim f(x) < f(2°). Then there is an
x—zV
e > 0 less than f(z°) — lim f(x). As f is lower semicontinuous at z°, there is
z—zV

a neighborhood U of 2° where any point x satisfies — < f(z) — f(2°). As U is
a neighborhood of z°, there is a ball B(x°,§) included in U or equal to it. For
each x € B(z,0) it is sure that f(x) > f(2°) — ¢, so

inf > f(2°) —e > lim f(2).

z€B(20,6) z—1z0

Further follows

inf  >sup inf |
z€B(29,5) §>0 T€B(x9,9)

that is false, so the initial assumption fails.
Sufficiency. Let be ¢ > 0. We have lim f(z) > f(2°) > f(2°) — ¢, so
0

r—x

sup inf > f(2°)—e. Consequently, there is a § > 0 such that inf x) >
5>IO) z€B(29,5) f( ) 4 Y z€B(x0,0) f( )

f(2%) — €, so for all z € B(z°§) we have f(z) > ét(lf a)f(x) > f(2%) — e,
zeB(20,

followed by —e < f(z) — f(2), so f is lower semicontinuous at z°. O

Exercise 3.2. Let X be a reflexive Banach space, B : X — X* a linear,
bounded, non-negative operator (i.e. (Bx,z) > 0 Vr € X), B* : X — X*
its adjoint operator and the function f : X — R, f(x) = (Bz,x). Then
f'(x) = Bx+ B*x Vx € X.

Solution. We have for all z € X and all h € X
flx+th) — f(z) lim (B(x 4+ th),x 4+ th) — (Bz, x)

lim
t—0 t t—0 t

, (Bz,x) 4+ (Bx,th) + (Bth,z) + (Bth,th) — (Bz, )
= lim

t—0 t
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t(Bx,h) + t(Bh,z) + t*(Bh, h)

= lim

t—0 t

Y t(Bx,h) + t(B*z, h) + t*(Bh, h)
= lim

t—0 t

= (Bx + B*x,h) = (B + B*)x, h),

ie. /= Bx+ B*z. 0

Exercise 3.3. Let be X a Hilbert space and consider the function f : X — R,
f(x) = |lz|| = (x,z)?. Then

Xz

f'(x) =—, z#0.
]
Solution. For some z,h € X we have

f(xo+th) — f(xo) (x4 th,x +th)'/? — (x,z)1/?

lim = lim
t—0 t t—0 t
() + 2 )+ B — ()
t—0 t

i [z ]|* + 2¢(z, h) + [|A]* — ||=]”
i—0 t[((z, z) + 2t(x, h) + t2||h]|>)"/2 + (x, x)1/?]
_ lim 2t(x, h)

t—=0 t[({x, ) + 2t(z, h) + t2||h||?)V/2 + (z, 2)1/?]
+ lim i

=0 t[((z,x) + 2t(z, h) + 2[|h]|2)1/2 + (2, 2)1/?]
= lim 2z, 1)

t—0 ({x, x) + 2t{x, h) + t2||h]|2)/2 + (x, x)1/2

2(x, h)
({2, 2)) 2 + (z, )1/

- ()

so the assertion holds. O

Exercise 8.1. Consider the problem

(P) xlg)f( {f(x) + Z gi(Aix)} ;
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where A € L(X,Y;), X and Y;, i = 1,...,m, are normed spaces and f : X — R,
gi - Y; = R, i=1,...,m, functions. Determine its dual problem and calculate the
corresponding optimality conditions.

Solution. Consider the following perturbation function ¢ : X xY; x...xY,, —
R,

(2,1, ) = f(2) + > gil A — yi).
i=1

To deduce the dual problem to (P) we calculate the conjugate of the perturbation
function, ® : X* x Y x ... x V¥ = R,

@yt = s {(@he) + ) — f@) = Y gl Aw — )},
$‘E;Xi7yie}/i, i=1 i=1

where by ”x” we denote the duals of the corresponding spaces.
Introducing the new variables p; := A;x — y;, ¢ = 1,...,m, and considering

x* =0, we get after separating the terms in the expression above,

(0.7 v = sup { D0 Ar) = (@)D sup (= (o pi) — (i)}
e i—1 i=1 Pi€Yi
- (S ) S
=1 i=1

The dual problem to (P) is

(D) sup {—f* <ZAiTy£‘> —ng(—yf)}-
€Y i=1 i=1
i=1,....m
The optimality conditions arise easily. Considering z a solution to the primal
problem and (g, ..., 7,) one to the dual, we have strong duality, i.e.

m

03 aan - - (S ) - Sacw. 0

i=1
Young’s inequality yields
f(@) + f (Z AZ@I) > (> Aly;. z)
i=1 i=1
and

gi(AT) + gi (—yf) > (—y, Az),i=1,...,m.
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Summing them we obtain

m

@)+ gilAz) + I (Z AZ“y‘;") +2_ 0 (=5) =0,

=1

where (9.4) yields equality. So the inequalities obtained from Young’s one must

be also fulfilled as equalities, i.e. the optimality conditions are

@+ 5 (Z A?@:) ~ (> ata)

and

9:(A;2) + gi (—y)) = (—y], Aix),i =1,...,m.0
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