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Multidimensional Fourier methods

We consider Fourier methods in more than one dimension d. We
start with Fourier series of d-variate, 27-periodic functions

f: T9 — C. In particular, we present basic properties of the
Fourier coefficients and learn about their decay for smooth
functions. Then we deal with Fourier transforms of functions on
RY. We show that the Fourier transform is a linear, bijective
operator on the Schwartz space S(R?) of rapidly decaying
functions as well as on the space S'(R?) of tempered distributions.
Using the density of S(R?) in L1(R?) and Lo(R?), the Fourier
transform on these spaces is discussed. The Poisson summation
formula and the Fourier transforms of radial functions are also
addressed. As in the univariate case, any numerical application of
d-dimensional Fourier series or Fourier transforms leads to
d-dimensional discrete Fourier transforms. We present the basic
properties of the two-dimensional and higher dimensional DFT,
including the convolution property and the aliasing formula.
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Multidimensional Fourier series

We consider d-variate, 2m-periodic functions f : RY = C, ie.,
functions fulfilling f(x) = f(x + 2w k) for all x = (xJ-)J‘f:1 € R? and
all k = (kj)j’:1 € R?. Note that the function f is 27-periodic in
each variable x;, j = 1,...,d, and that f is uniquely determined by
its restriction to the hypercube [0, 2m)?. Hence f can be
considered as a function defined on the d-dimensional torus

T¢ = R9 /(2w Z4). For fixed n = (nj)jlz1 € 79, the d-variate
complex exponential

d
eln~x:1_[elnjxj7 XERd,
j=1

is 2m-periodic, where n - x := ny x3 + ...+ ng x4 is the inner
product of n € Z9 and x € R,
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Further, we use the Euclidean norm ||x||2 := (x - x)'/2 of x € RY.
For a multi-index & = (ax)9_; € N§ with |a| = a1 + ... + a4, we

use the notation
d
o 2NN Qg
o
k=1

Let C(T9) be the Banach space of continuous functions
f : T9 — C equipped with the norm

f = f .
11l c(rey 2%>§| ()|

By C’(T9), r € N, we denote the Banach space of r-times
continuously differentiable functions with the norm

fllcr = ax |D*f(x)|,
11l ¢ ey ;rQT{;! (x)]

where o1 5o
D*f(x) i= — ... —a~
)= e xge P
denotes the partial derivative with the multi-index
o= (aj)j-’zl €Ng and |a| <r.

o
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For 1 < p < oo, let L,(T9) denote the Banach space of all
measurable functions f : T — C with finite norm

1/p
(ﬁ Jio. 2m¢ |f(X)|de> 1<p< oo,

esssup {|f(x)| : x € [0, 27]9}  p=o0,

11l 1ey =

where almost everywhere equal functions are identified. The spaces
L,(T?) with 1 < p < oo are continuously embedded as
L1(T9) D Ly(T9) D Loo(TY).

By the periodicity of f € L;(T9) we have

6
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For p = 2, we obtain the Hilbert space L>(T9) with the inner
product and norm

1 N
el L L RV e

for arbitrary f, g € Lp(T?). For all f, g € Ly(T9) it holds the
Cauchy—Schwarz inequality

I(f18) Lorey| < 1l (rey 1811 o (o) -



The set of all complex exponentials {etk* : k € Z?} forms an
orthonormal basis of Ly(T9). A linear combination of complex
exponentials

with only finitely many coefficients ax € C\ {0} is called d-variate,
27-periodic trigonometric polynomial. The degree of p is the
largest number ||k||1 = |ki| + ... + |kq| such that ax # 0 with

k = (kj)J‘f":1 € Z9. The set of all trigonometric polynomials is
dense in L,(T?) for 1 < p < oo (see [16, p. 168]).

For f € L1(T9) and arbitrary k € Z9, the kth Fourier coefficient of
f is defined as

ik-x 1 —ik-x
a(f) := (f(x),ek >L2(Td):(27r)d/[02]d f(x)e **dx.

As in the univariate case, the kth modulus and phase of f are
defined by |ck(f)| and arg ¢c(f), respectively. Obviously, we have

1

%) < gz [ 1FO0Idx = e




The Fourier coefficients possess similar properties as in the
univariate setting.

Lemma 1
The Fourier coefficients of any functions f, g € L1(T9) have the
following properties for all k = (kj)jlzl SYAE

1 Uniqueness: If c(f) = ck(g) for allk € Z9, then f = g

almost everywhere.

2 Linearity: For all a, p € C,
al(af +pg)=aal(f)+Balg)-

3 Translation and modulation: For all xo € [0, 27)? and
ko S Zd,

ck(f(x - xo)) = e k%0 g (),
(€% F(x)) = o).



Lemma 1 (continue)

4 Differentiation: For f € L1(T9) with partial derivative
5L € Ly(T9),

ck<g:;> =ik a(f).

5 Convolution: For f,g € L1(T?), the d-variate convolution

1
(f*g)(x) :Zw/[o’zﬂ]df(y)g(x—y)dy, x € RY,

is contained in L1(T9) and we have

a(f * g) = al(f) alg) -

The proof of Lemma 1 can be given similarly as in the univariate
case and is left to the reader.
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Remark 2

The differentiation property 1 of Lemma 1 can be generalized.
Assume that f € L1(RY) possesses partial derivatives

D>f € L1(T9) for all multi-indices o € N§ with |a| := ||e||1 < r,
where r € N is fixed. Repeated application of the differentiation
property 1 of Lemma 1 provides

(D) = (k) e (f) (1)

for all k € Z9, where (ik)* denotes the product (i ki)™ ... (i kqg)*
with the convention 0° = 1. [
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Remark 3

If the 27-periodic function

d

f(x) =[] £i(x)

j=1
is the product of univariate functions f; € L1(T), j =1,...,d, then
we have for all k = (k;)i_, € 29

d
a(f) =L ex(6). O
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Example 4
Let n € Ny be given. The nth Dirichlet kernel D, : T¢ — C

Dp(x) := Z Z etkx

ki=—n kg=—n

is a trigonometric polynomial of degree d n. It is the product of
univariate nth Dirichlet kernels

Do(x) = [[ 2al) . O

Jj=1
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For arbitrary n € Ny, the nth Fourier partial sum of f € L1(T9) is
defined by

(Saf)(x) == D .. > adf)eltr. (2)

ki=—n kg=—n

Using the nth Dirichlet kernel D, the nth Fourier partial sum S,f
can be represented as convolution S,f = f * D,,.
For f € L1(T9), the d-dimensional Fourier series

D adf)elk (3)

kezd

is called convergent to f in Ly(T9), if the sequence of Fourier
partial sums (2) converges to f, i.e.,

n"_)”;@ I = 5nf||L2(1rd) =0.
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Then it holds the following result on convergence in Ly(T9):
Theorem 5

Every function f € Ly(T%) can be expanded into the Fourier series
(3) which converges to f in Ly(T?). Further the Parseval equality

1
Hfuig('ﬂ‘d) = W /[0’271-](:’ ‘f(x)’2 dx = Z ‘Ck(f)|2 (4)

kezd

is fulfilled.
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Now we investigate the relation between the smoothness of the
function f : T9 — C and the decay of its Fourier coefficients ci(f)
as ||k||2 — co. We show that the smoother a function f : T¢ — C
is, the faster its Fourier coefficients ¢ (f) tend to zero as

||k|]|2 — oo (cf. Lemma of Riemann-Lebesgue and Theorem of
Bernstein for d = 1).

Lemma 6
1. For f € L1(T9) we have

lim a(f)=0. (5)

lIk][2—c0

2. Let r € N be given. If f and its partial derivatives D*f are
contained in L1(T9) for all multi-indices o € N§ with || < r, then

lim (1 + [|k[2) a(f) = 0. (6)

l[kll2—o0

16
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Proof:

1. If f € Lp(T9), then (5) is a consequence of the Parseval
equality (4). For all £ > 0, any function f € L1(T?) can be
approximated by a trigonometric polynomial p of degree n such
that ||f — pl|;,(rey < €. Then the Fourier coefficients of

ri=f —pe Li(T9 fulfill [a(r)| < ||rll,(rey <& for all k € Z.
Further we have ¢(p) = 0 for all k € Z9 with ||k||; > n, since the
trigonometric polynomial p has the degree n. By the linearity of
the Fourier coefficients and by ||k||1 > ||k||2, we obtain for all

k € Z9 with ||k||2 > n that

la(F)] = la(p) + a(r)| = |a(r)| < €.



2. We consider a fixed multi-index k € Z9 \ {0} with
|ke| = maxj—1,.._ 4 |kj| > 0. From (1) it follows that

(i) (f) = ck<g;;> |

Using ||k||2 < v/d |k¢|, we obtain the estimate

o f
Ikll3 lac(F)] < d7? e (a )| < d? max [ag(D*F)|

Then from (5) it follows the assertion (6). W
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Now we consider the uniform convergence of d-dimensional Fourier
series.

Theorem 7
If f € C(T9) has the property

Y la(f)] < oo, (7)

kezd

then the d-dimensional Fourier series (3) converges uniformly to f
onTY, ie.,
Jim |[f = Snfllc(rey = 0.
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Proof: By (7), the Weierstrass criterion ensures that the Fourier
series (3) converges uniformly to a continuous function

g(x) = Z ad(f) e,
kezd

Since f and g have the same Fourier coefficients, the uniqueness
property in Lemma 1 gives f =g on TY. W
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Now we want to show that a sufficiently smooth function
f : T¢ — C fulfills condition (7). We need the following result:
Lemma 8

If2r > d, then
> IklIz?" < oo (8)

kezd\ {0}



Proof: For all k = (kj)j-’:1 € 79\ {0} we have |k||2 > 1. Using the

inequality of arithmetic and geometric means, it follows

d d
(d+1) [kl > d + (kI3 =1+ k) > d (T](1+ &))"

j=1 j=1
and hence
d+1yr 1
—2 —r/d
Iklz? < (=) TTa+&)~".
j=1
Consequently, we obtain

S klz?r < (%)r SRS (kG

kezZd\{0} ki€Z ka€Z

= () (D < (T 2 ok <

k€EZ k=1

22
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Theorem 9

If f € C"(T9) with 2r > d, then the condition (7) is fulfilled and
the d-dimensional Fourier series (3) converges uniformly to f on
Te.

Proof: By assumption, each partial derivative D*f with |a| < r is

continuous on T9. Hence we have D*f € L»(T?) such that by (1)
and the Parseval equality (4),

Z Z la(F)IP k2™ < o0,

|a|=r kezZd

where k2 denotes the product k2** ... k3¢ with 0° := 1. Then
there exists a positive constant ¢, depending only on the dimension
d and on r, such that

> K= ckl3"

lex|=r



By the Cauchy-Schwarz inequality in £2(Z9) and by Lemma 8 we
obtain

Yo odals S a2 k|

kezs\{0} kezs\{0} lad|=r

Z Z |C |2 k2a 1/2( Z ||k||£2r)1/2 C—1/2 < 00, m

|a|=r kezd keZI\{0}



Multidimensional Fourier transform

Let Co(R?) be the Banach space of all functions f : RY — C,
which are continuous on R? and vanish as ||x||2 — oo, with norm

f = f .
11l co(re) ;2%3;! (x)]

Let C.(RY) be the subspace of all continuous functions with
compact supports. By C'(R9), r € NU {co}, we denote the set of
r-times continuously differentiable functions and by C/(R9) the set
of r-times continuously differentiable functions with compact
supports.
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For 1 < p < oo, let L,(R?) be the Banach space of all measurable
functions f : RY — C with finite norm

(Jaol FO)IP )17 1<p<oo,
esssup {|f(x)| : x € R} p=00,

11, ey ==

where almost everywhere equal functions are identified.
In particular, we are interested in the Hilbert space L»(RY) with
inner product and norm

([ 1Fx)Rax)"?

(.8 = [P . [Fls = ( [



Fourier transform on S(RY)

By S(R?), we denote the set of all functions ¢ € C>(RY) with
the property x* DBy(x) € Co(RY) for all multi-indices , 3 € N¢.

We define the convergence in S(RY) as follows:

A sequence (¢k)ken of functions i € S(RY) converges to
p e S(Rd), if for all multi-indices o, 3 € Ng, the sequences
(xa D'@gok)keN converge uniformly to x® DBy on RY.

We will write @y ? p as k — oo.

Then the linear space S(R?) with this convergence is called
Schwartz space or space of rapidly decreasing functions. The name
is in honor of the French mathematician L. Schwartz (1915 —
2002).
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Any function ¢ € S(R?) is rapidly decreasing in the sense that for
all multi-indices «, B € NY,

lim x® DPyp(x) =0.

[[x[[2—o00

Introducing the seminorms

lllm := max [[(1+ [Ixll2)™ DPe(x)llgyrey, mE€No, — (9)
IBI<m

we see that [l¢llo < |loll1 < [l¢ll2 < ... for ¢ € S(RY). Then we

can describe the convergence in the Schwartz space by means of

the seminorms (9):



Lemma 10
For ok, p € S(RY), we have oy 5 Pas k — oo if and only if for
all m € Ny,

lim ok~ @llm = 0. (10)

Proof:

1. Let (10) be fulfilled for all m € Ny. Then for all

o= (aj)j-’:l € NZ\ {0} with || < m, we get by the relation
between geometric and quadratic means that

x| /2
\xalg(a1X12+“"‘+adX§>a <
a

2
(2 + .. +3) % < (1+x|2)™

so that

[x*DP(x — ) (X)| < (1 + [Ix[[2)™ [DP ok — @) (X)]-
Hence, for all 3 € N¢ with |3| < m, it holds

Ix*DP (o =2) (%)l oy < sup (L+x[12)" 1D (ox=2)(%)] < llpk—llm

xeRd
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2. Assume that ¢y ? pas k —o0,ie, forall o, B € Ng we have

. anb =
Jim {1x*DP(ox = ) (Xl oy = 0-

We consider multi-indices «, 8 € N with |a| < m and |B| < m
for m € N. Since x™ is convex, we use

m
(1 +X> <14+x™
2
and obtain for x = ||x||2, with x € R,

(14 [Ix[l2)™ < 27(1 + [[x[|2") -

Since Z}j:l x;| > [|x]|2 and

d
_ 1
J(1/2=1/m) (Z |Xj|m) /m > x|
j=1
for m > 2 (see e.g. [19, formula (6.4)]), we see that
Z‘-”Zl Ix;|™ > ¢ ||x||5" for all x € RY with some positive constant

J
c<1.
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Hence we obtain

d

1 2m
m m m m |m o
(1ixll2)™ < 2m(1+x)5) < 27 (142 D2 l™) < = ; x
[T

Jj=1 m
(11)
This implies that

m 2m (6%
12+ 11xl12)™ DP ok =) ()|l cy(rey < < Y ¥ DP(ok=0)(X)ll o)

|| <m

and hence

H<pk—gon§7‘g?ax > 11x* DP ok — ) ()|l ¢y ey
T Jal<m

such that limyg_,o [0k — @|lm=0. N
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Remark 11

The Schwartz space S(R?) is a complete metric space with the
metric

— 1 ||90_¢Hm d
E:*— S(R
P Tt eyl 2 VSR,

since by Lemma 10 the convergence i ? pask — o0 is

equivalent to
lim p(pk, p) =0.
k—o0

This metric space is complete by the following reason: Let (pk)ken
be a Cauchy sequence with respect to p. Then, for every «,

B e Ng, (xa Dﬁgpk)keN is a Cauchy sequence in Banach space
Co(RY) and converges uniformly to a function Ya,3. Then, by
definition of S(RY), it follows 1bq, g(x) = x& DP)g o(x) with

Yo, € S(RY) and hence @i ? Yo,0 as k — o0o. Note that the

metric p is not generated by a norm, since p(c p, 0) # |c| p(p, 0)
for all c € C\ {0} with |c| # 1 and non-vanishing ¢ € S(R9). O
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Clearly, it holds S(RY) C Go(R?) and S(RY) C L,(RY),
1 < p < o0, by the following argument: For each ¢ € S(RY) we
have by (9)

()| < llpllara (14 [Ix]2)~¢*

for all x € RY. Then, using polar coordinates with r = ||x|
obtain

2, We

/ o(x rpdx<uso||d+1 / (1+ x]l2) P dx

C/ (1+r (d+1) C/ dr<oo

with some constant C > 0. Hence the Schwartz space S(RY) is
contained in L1 (RY) N Ly(RY).

Obviously, C°(R?) C S(R?). Since C°(R9) is dense in L,(R9),
p € [1,00), see e.g. [64, Satz 3.6], we also have that S(R9) is
dense in L,(RY), p € [1,00). Summarizing we find that

C(RY) ¢ S(RY) ¢ C§°(RY) ¢ C=(RY). (12)
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Example 12
A typical function in C°(R9) C S(R?) is the test function

1
o(x) == eXp( 1_||x|\§) x|l <1, ”
0 |x]]2 > 1.

The compact support of ¢ is the unit ball {x € RY : ||x|» < 1}.
Any Gaussian function e=2IXI3 with a > 0 is contained in S(RY),
but it is not in C°(RY).

For any n € N, the function

f(x) = (1+[x]3)~" € G5°(R7)

does not belong to S(R?), since ||x||3" f(x) does not tend to zero
as ||x|]|2 = c0. O



Example 13

In the univariate case, each product of a polynomial and the
Gaussian function e /2 is a rapidly decreasing function. The
Hermite functions hn(x) = Hn(x)e>*/2, n € Ny, are contained in
S(R) and form an orthogonal basis of Lp(R) (see lecture last year).
Here H, denotes the nth Hermite polynomial. Thus S(R) is dense
in Lp(R). For each multi-index n = (nj)Jd , € N¢, the function

x" e lIx3/2) (x) ' | € R, is a rapidly decreasing function. The
set of all functions

(%) _enxu/zﬂH j) € S(RY), neNg,

is an orthogonal basis of L(R9). Further S(RY) is dense in
L(RY). O



For f € L1(R?) we define its Fourier transform at w € R? by
Ff(w) = f(w) = / f(x) e X« dx. (14)
Rd
Since
) < [ 1F60ldx = 1Fllae
the Fourier transform (14) exists for all w € RY and is bounded on
RY.
Example 14

Let L > 0 be given. The characteristic function f(x) of the
hypercube [—L, L]¢ € RY is the product HJ‘-LI X[-L, (%) of
univariate characteristic functions. The related Fourier transform
reads as follows

d
f(w) = (20)? [ sinc(Lwj). O
j=1

36
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Example 15

The Gaussian function f(x) := e~ 9XI3/2 with fixed o > 0 is the
product of the univariate functions f(x;) = e~ %/? such that

~ 2w\ d/2 _ wll2 /(202
f(w): (?) e llewll3/(2 ) J



By the following theorem the Fourier transform maps the Schwartz
space S(RY) into itself.

Theorem 16
For every ¢ € S(RY), it holds Fp € S(RY), i.e.,
F : S(RY) — S(RY). Furthermore, D*(F¢) € S(RY) and
F(D*p) € S(RY) for all o € N§, and we have
D*(Fyp) = ()% F(x* o), (15)
w® (Fp) = ()™ F(D*¢). (16)

where the partial derivative D* in (15) acts on w and in (16) on x.
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Proof: 1. Let a € N§ be an arbitrary multi-index with |a| < m.
By definition, each rapidly decreasing function ¢ € S(R9) has the
property
lim (%) (1+ [|x]2)™* = 0.
[[x]l2—>00
Therefore we can change the order of differentiation and
integration in D*(F ) such that

DH(Fp)(w) = /Rd(iX)o‘ p(x) e X dx = (—1)l* F(x* p)(w).

Note that x® ¢ € S(RY). Thus F¢ belongs to C*(RY).
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2. For simplicity, we show (16) only for a = ey = (;— 1) . From
the theorem of Fubini it follows that

w1 (Fo)(w) = /dwl e Tixw ©(x) dx
R
d
= — i Wi —ixwn dxy ) dxe...dxyg.
/Rdl exp( 1jzngwj)(/Rwle o(x) Xl) X0 X4

For the inner integral, integration by parts yields

/ wi e Y po(x)dx; = lim / idi(e_ixl“’l) o(x) dxq
R

r—o0 —r X1

.
= lim (iefl’““’1 go(x)}i;rr—i/ e 9t D p(x) dx1>

r—00 —_r

=0-1i / e 1wt DRy (x) dxg .
R
Thus we obtain
w1 (Fp)(w) = -1 F(D"p)(w) .

For an arbitrary multi-index o € N¢, the formula (16) follows by
induction.
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3. From (15) and (16) it follows for all multi-indices ¢, B € Ng
and each ¢ € S(RY),

W [DP(Fo)] = (-1)l w* F(xp) = (=) P FID* ()]
(17)
Hence w® [DP(F)](w) is uniformly bounded on RY, since

jw* [DP(F)l(w)| = |FID*(x%9)](w)] < /Rd D% (%)  dx < oo

Thus we see that Fp € S(RY). W
Based on the above theorem we can show that the Fourier
transform is indeed a bijection on S(RY).
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Theorem 17

The Fourier transform F : S(RY) — S(RY) is a linear, bijective
mapping. Further the Fourier transform is continuous with respect
to the convergence in S(RY), i.e., for ¢y, ¢ € S(RY), @i S s

k — oo implies F oy p Fo as k — co. For all p € S(R?) and all

x € RY, the inverse Fourier transform F~1 : S(RY) — S(RY) is
given by

(Flo)(x) = (;T)d /R o) do. (18)

The inverse Fourier transform is also a linear, bijective mapping on
S(RY) which is continuous with respect to the convergence in
S(RY). Further for all ¢ € S(RY) and all x € RY it holds the
Fourier inversion formula

1 ixw
o) = g [ (Foe) e dw,
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Proof: 1. By Theorem 16 the Fourier transform F maps the
Schwartz space S(R9) into itself. The linearity of the Fourier
transform F follows from those of the integral operator (14). For
arbitrary ¢ € S(RY), for all @, B € N¢ with || < m and |3] < m,
and for all w € RY we obtain by (17)

|w? DX(F)(w)| = [F(DP(x* p(x))) (w)] < /Rd DA (x* p(x))] dx

gc/ 1+ [xll2)™ > |DYep(x)| dx

[v|<m

(14 x]2)m+e+1
< D7p(x)|d
SC L @ a2 1Pl dx

dx

<C o x '
N Rd (1 + HXH2)d+1 ”(p‘|m+d+1

lyI<m
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By

[ Fellm = max [[(1+ |lwl2)” DY Fp(w)ll ¢ (r)
lvI<m

we see that
[Fellm < C l@llmdi (19)

for all ¢ € S(RY) and each m € Ny, where C’ > 0 is a constant.
Now we show the continuity of the Fourier transform. Assume that
o ? @ as k — oo for i, ¢ € S(RY). Applying the inequality

(19) to vk — ¢, we obtain for all m € Ny
IF ek = Fllm < C'llok — @llmrd -
From Lemma 10 it follows that Fyy ? Fp as k — oo.
2. The mapping
7 1 ixw d
= — d S(R
(FOX) = g [ olw)e™ o e SRY).

is a linear continuous mapping on S(RY) into itself by the first
step of this proof, since (F¢)(x) = (2i)d (Fo)(—x).
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Now we demonstrate that F is the inverse mapping of F For
arbitrary ¢, ¥ € S(RY) it holds by Fubini's theorem

L Fa@e@eemao= [ ([ aweieray) iw)dds

= [ [ vlw)e = dw)ay
— [ e EO -0y = [ oz +x) (Fo)) iz
Rd Rd
For the Gaussian function w(x) = ¢ I=xlI3/2 with £ > 0, we have

by Example 15 that (Fu)(w) = (2)¥/? e7IwI8/C=") and
consequently

. d/2
/ (Fo)(w) e lewlz/2giwx gy — (zi) / / o(z + x) e 1213/ gz
Rd g2 Rd

— (2m)9/2 /d ooy +x)e W32y
R
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Since |(Fo)(w) e Iewl2/2] < | Fip(w)| for all w € RY and
Fo € S(RY) c L1(RY), we obtain by Lebesgue’'s dominated
convergence theorem

(FENC) =y iy /Rd(f p)(w) e IvB/2 elex gy

= (2m)"9/2 Iim/ go(x+sy)e_”y”§/2 dy
e—0 Jrd

= @n) () [ ey = olx).

since by the Fourier transform of the Gaussian function

/ o I¥IB/2 gy — (/ 2 dy)? = (2m)92.
Rd R

From F(Fy) = ¢ it follows |mmed|ately that F(Fp) = ¢ for all
¢ € S(RY). Hence, F = F~1 and F is bijective. M
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The convolution f % g of two d-variate functions f, g € L1(R?) is
defined by

(f+ g)(x) == /Rd f(y)g(x —y)dy.
The convolution theorem of Young carries over to the multivariate
setting. Moreover, by the following lemma the product and the
convolution of two rapidly decreasing functions are again rapidly
decreasing.

Lemma 18

For arbitrary ¢, 1 € S(RY), the product @ and the convolution
@ * 1 are in S(RY) too and it holds F(p * 1) = ¢ .



Proof: 1. By the Leibniz’ formula

p(eu) = 3 (§) (0% (0% #0)

BLa

with a = (ozj) ' | € Ng, where the sum runs over all
8= (51')1:1 € N¢ with 8; < aj for j=1,...,d, and where

<a> L 041! ad!
B)  Bil...Bal(e1—B) ... (g — Ba)!’

we obtain that x¥ D*(p(x) ¥(x)) € Go(RY) for all o, v € N¢, ie.,
e e S(RY).

2. By Theorem 17, we know that ¢, ¥ € S(RY) and hence

oY e S(Rd) by the first step. Using Theorem 17, we obtain that

F(@9) € S[RY).
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Otherwise we receive by Fubini's theorem
Floru)w) = [ ([ ol)vlx=y)dy) e ax
= / ply)e Ve ( / P(x —y) e @ dx) dy
Rd Rd
= ([ ew)e dy) d(w) = o) ).
Rd

Therefore ¢ 1) = F~1($ ) € S(RY). W

The basic properties of the d-variate Fourier transform on S(RY)
can be proved similarly as in the univariate case. The following
properties 1, 3, and 4 hold also true for functions in Ll(Rd),
whereas property 2 holds only under additional smoothness
assumptions.

49 /302



Properties of the Fourier transform on S(RY)

Theorem 19

The Fourier transform of a function ¢ € S(R?) has the following
properties:

1. Translation and modulation: For fixed xq,wq € R,

(1o(x = x0))"(w) = €™ B(w),
(e 0™ (%)) "(w) = @(w + wo).

2. Differentiation and multiplication: For @ € Ng ,

(D*p(x))(w) =il w™ p(w)
(x*¢(x))"(w) = il (D*¢)(w) .
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Theorem 19 (continue)

3. Scaling: For c € R\ {0},
1 il

(e(ex)(w) = =g (e w).

el
4. Convolution: For ¢, 1 € S(RY),

(o * ) (w) = G(w) P(w) -
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Fourier transform on L;(R?) and L,(RY)

Similar to the univariate case, we obtain the following theorem for
the Fourier transform on Ly (RY).

Theorem 20

The Fourier transform F defined by (14) is a linear continuous
operator from Li(R9) into Co(R?) with the operator norm

1 F | Ly (rey— co(re) = 1-
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Proof: By (12) there exists for any f € L1(RY) a sequence

(#k)ken with o € S(R?) such that limy o [|f — x|, gey = 0.

Then the Co(R9) norm of Ff — Fy can be estimated by

177 = Forllcoray = max |F(F = 9)(@)] < IIF = oulliyza)
weRrd

i.e., limg_ oo Fpx = FF in the norm of Go(R?). By

S(RY) C Co(RY) and the completeness of Co(R?) we conclude
that Ff € Co(RY). The operator norm of F : L1(R9) — Co(RY)
can be deduced as in the univariate case, where we have just to
use the d-variate Gaussian function. W
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Theorem 21 (Fourier inversion formula for L;(R?) functions)

Let f € Ly(RY) and f € L1(R?). Then the Fourier inversion

formula
1

f - = 7? iw-x 2
()= Grga [, Fl)emaw (20)
holds true for almost all x € RY.

The proof follows similar lines as those of Theorem in the
univariate case. Another proof of Theorem 21 is sketched in
Remark 42.

The following lemma is related to the more general Lemma proved
in the univariate case.

54 /302



Lemma 22

For arbitrary o, 1 € S(RY), the following Parseval equality is
valid:

(2m) {2, ¥) 1wy = (Fr FP) Ly mery -

In particular, we have (2r)9/2 el Lo ey = [Fll 1y (re)-

Proof: By Theorem 17 we have ¢ = F~1(Fyp) for ¢ € S(RY).
Then Fubini's theorem yields

d = (2m)¢ x) 1 (x) dx
(2m)7 (o, ¥) 1y mey = (27) /Rd p(x)¥(x)d
:/ w(x)(/ (.Fcp)(w)eix""dw) dx

Rd Rd

= [ Fw) [ viee dxds
:/Rd;r@(w)ﬁz)(w)dw:@% Folpe - W
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We will use the following extension theorem of bounded linear
operator, see e.g. [1, Theorem 2.4.1], to extend the Fourier
transform from S(RY) to L(RY).

Theorem 23 (Extension of a bounded linear operator)

Let H be a Hilbert space and let D C H be a linear subset which is
dense in H. Further let F : D — H be a linear bounded operator.
Then F admits a unique extension to a bounded linear operator
F:H — H with equal operator norms

IFllo=t = [IFll ot -

For each f € H with f = limy_,o fx, where f, € D, it holds
Ff = Iimk_wo ka.
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Theorem 24 (Plancherel)

The Fourier transform F : S(RY) — S(RY) can be uniquely
extended to a linear continuous bijective transform
F 1 Ly(RY) — Ly(RY), which fulfills the Parseval equality

(277)d (f, g>L2(]Rd) = (Ff, ]:g>L2(Rd) (21)

for all f, g € La(RY). In particular, it holds
(27T)d/2 ||fHL2(Rd) = H]:fHLg(Rd)-



The above extension is also called Fourier transform on Ly(R9) or
sometimes Fourier—Plancherel transform.

Proof: We consider D = S(R9) as linear, dense subspace of the
Hilbert space H = Lp(IR?). By Lemma 22 we know that F as well
as F~! are bounded linear operators from D to H with the
operator norms (277)9/? and (27)~9/2. Therefore both operators
admit a unique extensions F : Lo(R%) — Lp(R9) and

F1: [(RY) = Lr(RY) and (21) is fulfilled. W
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Fourier transforms of radial functions

A function f : RY — C is called a radial function, if f(x) = f(y)
for all x, y € R? with ||x||2 = |ly||2. Thus a radial function f can
be written in the form f(x) = F(||x||2) with certain univariate
function F : [0,00) — C. A radial function f is characterized by
the property f(Ax) = f(x) for all orthogonal matrices A € R9*9
The Gaussian function in Example 15 is a typical example of a
radial function.
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Lemma 25
Let A € RY%9 be invertible and let f € L1(RY). Then we have

1
 |det A

(F(Ax))"(w) F(ATw).

In particular, for an orthogonal matrix A € RY*? we have the

relation )
(f(A x))A(w) = f(Aw).

Proof: Substituting y := Ax, it follows

(f(Ax))(w) = /Rdf(Ax)e_i“"xdx

1 O A—T
_ Fiy) ot (A Tw)y gy —
ot A] o TO)E y

If A is orthogonal, then AT = A and |detA|=1. W
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Corollary 26

If f € L1(RY) is a radial function of the form f(x) = F(r) with
r :=||x||2, then its Fourier transform f is a radial function too. In
the case d = 2, we have

flw)=2r /OOO F(r) Jo(r ||w|2) rdr, (22)

where Jy denotes the Bessel function of order zero

oSG
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Proof: The first assertion is an immediate consequence of Lemma
25. Let d = 2. Using polar coordinates (r, ¢) and (p, ¥) with
r=|x||2, p = ||wl||2 and ¢, ¥ € [0, 27) such that

x=(rcosp, rsing)’, w=(pcosy, psiny)’,

we obtain

flw) = /R ) e dx

o) 27
= / / F(r)e ir? cos(p—) rdedr.
0 0

The inner integral with respect to ¢ is independent of 1), since the
s

integrand is 2m-periodic. For 1) = —7% we conclude by Bessel's
integral formula

2m 2 .
/ e—irp cos(p+m/2) dy = / eirp smapd(p — o Jo(l’,O) )
0 0

This yields the integral representation (22) which is called Hankel
transform of order zero of F. N



Remark 27

In the case d = 3, we can use spherical coordinates for the
computation of the Fourier transform of a radial function
f € L1(R3), where f(x) = F(||x||2). This results in

~ 41
) —
)= 1ol

/ F(r)rsin(rlwl2)dr, w e R3\{0}. (23)
0
For an arbitrary dimension d € N\ {1}, we obtain for w € R?\ {0}
Pw) = @n)2 fwla=2 [~ F(r) 2 dypp s ) dr,
0

where
B ad (=1 X\ 2k+v
I (x) '_kz%k!l‘( Yu+1) (5)

denotes the Bessel function of order v > 0 , see [61, p. 155]. O
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Example 28

Let f : R?2 — R be the characteristic function of the unit disk, i.e.,

f(x) :=1 for ||x|]2 < 1 and f(x) := 0 for ||x||2 > 1. By (22) it
follows for w € R? \ {0} that

2

[wll2

1
f(w)_2ﬂ/() Jo(r wlla) rdr = —22— si(

jwll2)

and £(0) = .
Let f : R3 — R be the characteristic function of the unit ball.
Then from (23) it follows for w € R3\ {0} that

flw) = (sinllwll2 = [lwll2 cos [|wll2) ,

T
lwl]3
4

and in particular £(0) = =
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Poisson summation formula

Now we generalize the one-dimensional Poisson summation
formula. For f € L1(RY) we introduce its 27—periodization by

F(x):= ) f(x+2rk), xeR’. (24)
kezd

First we prove the existence of the 2m—periodization f € L;(T9) of
fe Ll(Rd).

Lemma 29

For given f € L1(RY), the series in (24) converges absolutely for
almost all x € RY and f is contained in L;(T).
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Proof: At first we show that the 27-periodization ¢ of |f| belongs

to L1(T9), i.e.

=) If(x+27k)|.

kezd

For each n € N, we form the nonnegative function

Then we obtain

/[0 .- ©n(x) dx

n—1 n—1
= > ) [f(x+2mk)|

ki=—n kg=—n

|F(x + 27 k)| dx

S EE

kl—fn 0,274
S SR ol
ki——n ~ J2rk+[0, 27r]d

= /[2 , ]d\f(x)|dx
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and hence

lim / ©n(x) dx :/ |f(x)|dx = Hf”Ll(Rd) <oo. (25)
[0,2n]¢ RY

n—o00

Since (¢n)neN is @ monotone increasing sequence of nonnegative
integrable functions with the property (25), we receive by the
monotone convergence theorem of B. Levi that

limp 00 9(X) = pn(x) for almost all x € R? and ¢ € L1(T9),
where it holds

/[0 274 plx) dx = Jim, /[o 274 n(x) dx = [|]]1, o) -

In other words, the series in (24) converges absolutely for almost
all x € R?. From

F)l =] fx+2rk)| < D [F(x+ 27k)| = o(x),
kezd kezd
it follows that £ € L;(T9) with
o= [0l [ ebdx = [flle. @
[0, 27]d [0, 27]d

)
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The d-dimensional Poisson summation formula describes an
interesting connection between the values f(n) neZ9 of the
Fourier transform f of a given function f € L;(R?) N Gy(R?) and
the Fourier series of the 2m-periodization £,
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Theorem 30

Let f € Co(RY) be a given function which fulfills the decay
conditions

F(x)] <

C ~ C

. fw)| < — 26
1+ |IxlIg** e 1+ flwlig*e =

for all x, w € RY with some constants e > 0 and ¢ > 0.
Then for all x € R?, it holds the Poisson summation formula

2m)? f(x) = (2m)? > f(x+2rk) = Y f(n)e™, (27)
kezd nezd

where both series in (27) converge absolutely for all x € RY. In
particular, for x = 0 it holds

9N ferk) = Y f(n)

kezd nczd
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Proof: From the decay conditions (26) it follows that f,
f € L1(RY) such that f € L1(T9) by Lemma 29. Then we obtain

1 ~

a(f) = fF(x)e ™ dx
[0, 27]d
= / Z f(x+ 27k "'(x+2ﬂk)> dx
27T [0,2n) N

= (2ﬂ_) /Rdf(x)emxdx:(zﬂ_)df(n).

From the second decay condition and Lemma 8 it follows that
2 nezd |f(n)| < co. Thus, by Theorem 7, the 2r-periodization
f € C(T9) possesses the uniformly convergent Fourier series

x ) Zf ”‘X.

nezd

Further we have f € C(T9) such that (27) is valid for all x € R¢.
|
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Remark 31

The decay conditions (26) on f and f are needed only for the
absolute convergence of both series and the pointwise validity of
(27). Note that the Poisson summation formula (27) holds
pointwise or almost everywhere under much weaker conditions on f
and f, see [17]. [

Finally, we will see that the Fourier transform can be generalized to
so-called tempered distributions which are linear continuous
functionals on the Schwartz space. The simplest tempered
distribution which cannot be described just by integrating the
product of some function with those from S(RY), is the Dirac
distribution & defined by (6, ¢) := ¢(0) for all ¢ € S(RY).
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A tempered distribution T is a continuous linear functional on
S(RY). In other words, a tempered distribution T : S(RY) — C
fulfills the following conditions:
(i) Linearity: For all a1, ap € C and all p1, ¢2 € S(RY),
(T, a101+ a2 p2) = ar(T,¢1) + (T, ¢2) .
(ii) Continuity: If ¢; 7Y as j — oo with ¢j, ¢ € S(RY), then

lim <T7 30j> = <T7 30>'

Jj—o0
The set of tempered distributions is denoted by S’(R9). Defining
for Ty, T, € S'(R9) and all ¢ € S(RY) the operation
(a1 T1 + a2 To, ) := a1 (T1, ) + a2 (T2, @),

the set S’(RY) becomes a linear space. We say that a sequence
(Tk)ken of tempered distributions Ty € S'(R?) converges in
S'(RY) to T € S'(RY), if for all ¢ € S(RY),

k“—>moo<Tk’ 90> = <T’ 90> .

We will use the notation Ty ? T as k — oo.



Lemma 32 (Schwartz)

A linear functional T : S(RY) — C is a tempered distribution if
and only if there exist constants m € Ng and C > 0 such that for
all o € S(RY),

(T @) < Cllllm- (28)

Proof: 1. Assume that (28) holds true. Let ¢; 5¢ as j — 00,

i.e., by Lemma 10, limj ||¢j — ¢||m = 0 for all m € Ng. From
(28) it follows

(T, i =) < Cllpj — @llm
for some m € Ng and C > 0. Thus limj_,o(T,p; —¢) =0 and
hence limj_,oo (T, ¢;) = (T, ¢).
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2. Conversely, let T € S'(R9). Then ¢; 7Y as j — oo implies
Assume that for all m € N and C > 0 there exists ¢, ¢ € S(RY)
such that

(T, emc)l > Cllemclim.

Choose C = m and set ¢, := @m.m. Then it follows
(T, ©m)| > ml|[¢m|m and hence

Pm ©m
1=KT, >m
T o> I oy I
We introduce the function
Do = <T‘p;’ ; € S(RY)
bl m

which has the properties (T,9m) = 1 and ||[¢)m||m < . Thus,
Um ;) 0 as m — oo. On the other hand, we have by assumption
T € 8'(RY) that limp 00 (T, %m) = 0. This contradicts
<T7¢m> = 1 .
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A measurable function f : RY — C is called slowly increasing, if
there exist C > 0 and N € Ny such that for all x € R,

F(x)] < C(1+ |x]l2)" (29)

These functions grow at most polynomial as ||x||2 — co. In
particular, polynomials and complex exponential functions e!“* are
slowly increasing functions. But the reciprocal Gaussian function
f(x) := el*l2 is not a slowly increasing function.

For each slowly increasing function f, we can form the linear
functional Tr : S(R?) — C,

Tr) = [ e, pes@). (0
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By Lemma 32 we obtain T; € S'(RY), because for every
p € S(RY),

(T 01 < [ s (4 Il oo o

dx
=¢ /Rd AT 32, (@ )™ fe(l)

xeR
dx
<C ﬁ lolntdst -

re (14 [x]12
In the following, we identify a slowly increasing function f and the
corresponding functional Tr € S’(R9). Then Ty is called a regular
tempered distribution. In this case we also say that f € S'(R9). A

tempered distribution, which is not a regular tempered distribution,

is called a singular tempered distribution. The constant function 1
and any polynomial are in S'(R9), but the function el is not in
S'(RY).
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Example 33

Every function f € L,(R9), 1 < p < oo, is in §’(R?) by Lemma
32. For p =1 we have

[(Tr, o) < /Rd [FC ()| dx < [IF]l, ey llllo < 00

For 1 < p < oo, let g be given by%+%:1, where g =1 if
p = 0o. Then we obtain for m € Ny with mqg > d + 1 by Holder's
inequality
[(Tr )] < /Rd [FIL A+ [Ixl12) "™ (1 + [Ix]|2)" |e(x)] dx
< [lllm /Rd [FI(L + []x][2) "™ dx

—am 1
< el IFlygeey (14 Iel) ™)™/



Example 34
The Dirac distribution ¢ is defined by

(6, ) == ¢(0)

for all ¢ € S(RY). Clearly, the Dirac distribution § is a continuous
linear functional with (5, )| < |l¢[lo for all » € S(R?) so that

§ € 8'(RY). By the following argument the Dirac distribution is a
singular tempered distribution: Assume that ¢ is a regular
tempered distribution. Then there exists a slowly increasing
function £ with

©(0) = /]Rd f(x) p(x) dx

for all ¢ € S(RY). By (29) this function f is integrable over the
unit ball. Let ¢ be the compactly supported test function (13) and
©vn(x) := p(nx) for n € N.
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Example 34 (continue)
Then we obtain the contradiction

— n(0)] = | / x) on(x) dx| < / ()] ()] lx
1/

n

ge_l/ |f(x)|dx -0 as n— oo,
Bl/n(o)

where By /,(0) = {x € RY : ||x|] < 1/n}. O

Important operations on tempered distributions are translations,
dilations, multiplications with smooth, sufficiently fast decaying
functions and derivations. In the following, we consider these
operations.
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The translation by xg € RY of a tempered distribution T € S’(RY)
is the tempered distribution T(- — x¢) defined for all ¢ € S(RY) by

(T(-=x0),) == (T, (- + x0)) -

The scaling with ¢ € R\ {0} of T € S'(R?) is the tempered
distribution T(c-) given for all ¢ € S(RY) by

(T(c)g) = = (Too(cL)).

<]
In particular for ¢ = —1, we obtain the reflection of T € S'(RY),
namely

(T(="),p) =(T. )

for all ¢ € S(RY), where 3(x) := p(—x) denotes the reflection of
¢ € S(RY).
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Assume that 1 € C>(RY) fulfills
ID¥9(x)] < Ca (1+ |Ix[|2)"=

for all a € Ng and positive constants C, and N, i.e., D% has at
most polynomial growth at infinity for all a € Ng. Then the
product of ¢ with a tempered distribution T € S’(R9) with is the
tempered distribution ¥ T defined as

<77Z} T,QO> = <T77/“:0>7 (pGS(Rd).

Note that the product of an arbitrary C*°(R?) function with a
tempered distribution is not defined.
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Example 35

For a regular distribution T € S’(RY) with a slowly increasing
function f, we obtain

Tr(- —x0) = Te(—x0) 5 Te(e) = Teey, ©Tr= Tyr.
For the Dirac distribution ¢, we have
(51— x0), #) = (5, (- +x0)) = p(x0),
(6e2,0) = 77 (6 () =
(6. ) = (5. ¥9) = ¥(0)¢(0)

for all p € S(RY). O
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Another important operation on tempered distributions is the
differentiation. For av € Ng, the derivative D™ T of a distribution
T € S'(RY) is defined for all ¢ € S(RY) by

(DT, ) = (~1)*(T, D¥p). (31)

Assume that f € C"(R9) with r € N possesses slowly increasing
partial derivatives D®f for all || < r. Thus Tpar € S'(RY).
Then we see by integration by parts that Tpas = DTy for all
o< Ng with |a| < r, i.e., the distributional derivatives and the
classical derivatives coincide.
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Lemma 36

Let T, T; € S'(RY) with k € N be given. For A1, A2 € R and c,
B € N¢, the following relations hold true:

® DT c S'(RY),

O D*MT1i+XT2)=MD¥T1+ X2 D* T3,

© D*(DPT)=DP(D*T)=D**AT.

(4] Tk?Task—)ooimp/iesDaTk?Do‘Task—)oo.

Proof: The properties 1 — 3 follow directly from the definition of
the derivative of tempered distributions. Property 4 can be derived
by

lim (D™ Ty, @) = lim (=1)'*(Ty,, D* ) = (=1)I*(T, D* )
k—o00 k—00

= (DT, ¢)

for all o € S(RY). W
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Example 37

For the slowly increasing univariate function

0 x <0,
f(X)::{x X;O

we obtain
(DTr, @) = —{F, o) = - /R F(x) o/ (x) dx

:—/oooxgo’(x)dx:—xgo(x)‘go+/o p(x) dx

=/ p(x) dx
0
0 x <0,

DTf(X):H(X)Z:{l >0

so that
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Example 37 (continue)

The function H is called Heaviside function. Further we get

(D Tr g) = —(DTr. )= /0 "/ (x)dx
= —o(x)|g° = #(0) = (4, ¥)

so that D? Tf = D Ty = §. Thus the distributional derivative of
the Heaviside function is equal to the Dirac distribution. [

For arbitrary 1) € S(RY) and T € S'(RY), the convolution 1) * T is
defined as

(W*T,p):=(T,dxp), ¢8R, (32)

where 1) denotes the reflection of 1.
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Example 38

Let f be a slowly increasing function. For the regular tempered
distribution Tr € S’(R9) and ¢ € S(RY) we have by Fubini's
theorem for all ¢ € S(RY),

(1 * T, s0>:<Tf,1Zw>=/Rd F(y) (4 * ©)(y) dy
:/Rd f(y)(/Rdw(’(—Y)W(X)dX)dy:/Rd(w*f)(X)SO(X)dX,

i.e., ¥ * Tr = Tyyr is a regular tempered distribution generated by
the C>°(R?) function

L Y(x —y) f(y)dy = (Tr, Y(x— ).



Example 38 (continue)

For the Dirac distribution ¢ and 1 € S(RY), we get for all
¢ € S(RY)

(W %0, p) = (5, Y * p) = (P x p)(0) = L (x) p(x) dx

e, vxd=1. [
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The convolution 1 * T of ¢ € S(RY) and T € S'(RY) possesses
the following properties:

Theorem 39

For all 1y € S(RY) and T € S'(RY), the convolution v x T is a
regular tempered distribution generated by the slowly increasing
C>®(R?) function (T, ¥(x — -)), x € R?. For all o« € N§ it holds

D¢« T)=(D*Y)« T = (D*T). (33)
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Proof: 1. For arbitrary ¢ € S(R?), T € §'(R?), and o € Ng, we
obtain by (31) and (32)

(D*(# T), @) = (—1)* (@« T, DY) = (=1)*(T, §x D),
where 1(x) = 1)(—x) and

(1 D) (x) = | P(y) D¥p(x —y)dy.

Rd

Now we have
(0= Dp)(x) = / B(y) D*o(x — y) dy = D (i + 0)(x)

—D"‘/ P(x—y) dy—/RdDalﬁ(x—y)w(y)dy
= (D9 * )(x),

since the interchange of differentiation and integration in above
integrals is justified, because ) and ¢ belong to S(RY).
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From o
D% = (~1)/ 5%

it follows that

(DX + T), @) = (~1)l* (0« T, D) = (DT, J x )
— (x DT, ¢)
= (~1)I21(T, DY} ) = (T, D% * ) = (DY) * T, ).

Thus we have shown (33).

2. Now we prove that the convolution ¥ * T is a regular tempered
distribution generated by the complex-valued function

(T, 9(x — -)) for x € R, In Example 38 we have seen that this is
true for each regular tempered distribution.

Let ¢, ¢ € S(RY) and T € S’(RY) be given. By Lemma 18 we
know that ¢ x ¢ € S(RY).
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We represent (1 % ¢)(y) for arbitrary y € R a limit of Riemann
sums

(0 )y /wx—y)soudx— im 3™ w(xe — y)o(%)

keZd

1
7

where X := JK k € 79, is the midpoint of a hypercube with side
length } Indeed, since ¢ x ¢ € S(R?), it is not hard to check that

the above Riemann sums converge in S(R?). Since T is a
continuous linear functional, we get

(T, %) = I|m T, Z (xk — - )_j];I>
kezd
fim 3 () JL<T, U )
kezd

i.e., the convolution v * T is a regular tempered distribution
generated by the function (T, ¥)(x — -)) which belongs to C>(R9)
by (33).



3. Finally, we show that the C*°(R9) function (T, ¢(x — -)) is
slowly increasing. Here we use the simple estimate

L+ [x —yll2 <1+ [Ixl2 + llyll2 < (1 + [Ix[l2) (1 + llyll2)

for all x, y € RY.

For arbitrary fixed xo € RY and every m € Ny, we obtain for
Y € S(RY),

[(x0 = )llm = max. 12+ [Ix[12)™ DP4(x0 — x)ll cy(e)

= max max(1+ ||x]]2)" |D5 ¥(xp — x)|

IB|<m xeRd
= max max(1l + ||xg — m|pB
max yeRd( [xo — yll2)™ [DP4(y)|
<1+ HX0H2)'”|SUP sup (1 + [lyll2)™ [D? 4 (y)|

B|<m yeRd

= (14 [Ixoll2)™ 1l m -
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Since T € §'(RY), by Lemma 32 of Schwartz there exist constants
m € Ng and C > 0, so that |(T, )| < C||¢||m for all ¢ € S(RY).
Then we conclude

(T (= DI < Cllplx = )llm < A+ Ixl[2)" [9]lm -

Hence (T, ¢(x — -)) is a slowly increasing function. W
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The Fourier transform FT = T of a tempered distribution
T € S'(RY) is defined by

<-FT790>:<7A_790> = <T,f§0>:<T,gﬁ> (34)

for all ¢ € S(RY). Indeed T is again a continuous linear functional
on S(RY), since by Theorem 17, the expression (T, Fy) defines a
linear functional on S(RY). Further, ¢y S ees k — oo, implies

F ok 2 Fpas k = oo so that for T € S’(RY), it follows

lim <7A_>80k> = lim <Ta ]:(:Ok> = <T’ ]:90> = <7"—7<p>.
k—00 k—o0
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Example 40

Let f € L1(RY). Then we obtain for an arbitrary ¢ € S(R9) by
Fubini's theorem

FTrd) = Tn @)= [ ([ oo i) fle)dw
— [ et dx=(T7, ).
Rd
i.e., F Tf = T]:f.

Let xo € RY be fixed. For the shifted Dirac distribution
dxo := (- — xg), we have

(Foar ) = (600 8) = (ay | l)e" )
= [ p@)eom do = (e, plw)).
Rd

so that Foy, = e 19X and in particular, for xo = 0 we obtain
Fo=1 [O
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Theorem 41

The Fourier transform on S'(RY) is a linear, bijective operator

F: S'(RY) — S'(RY). The Fourier transform on S'(RY) is
continuous in the sense that for Ty, T € S'(RY) the convergence
T ? T as k — oo implies F Ty ? F T as k — oco. The inverse

Fourier transform is given by
(F7IT, 0) =(T, F o) (35)
for all p € S(R?) which means

_ 1
flrz@mepy

For all T € S'(R?) it holds the Fourier inversion formula

FYFT)=F@F'T)=T.



Proof: By definition (34), the Fourier transform F maps &’(R9)
into itself. Obviously, F is a linear operator. We show that F is a
continuous linear operator of S’(R9) onto S’(R9). Assume that
T ? T as k — oo. Then, we get by (34),

(F T o) = lim (Ti, Fo) =(T, Fo) =(F T, ¢)

lim
k—o00
for all ¢ € S(RY). This means that F T 5 FTask— oo, ie,

the operator F : S'(R?) — S'(R7) is continuous.
Next we show that (35) is the inverse Fourier transform, i.e.,

FYFT)=T, F(F'T)=T (36)

for all T € S'(RY).

98 /302



By Theorem 17, we find that for all ¢ € S(RY),

FUETL ) = g (FFT). 0)

= Gyt F T Fo) = g (F T (F (=)

= (FT, Flo)=(T, F(F ) =(T. 9).

By (36), each T € S'(RY) is the Fourier transform of the
tempered distribution S = FIT,ie, T=FS. Thus both F
and 7~! map S'(R?) one-to-one onto S’(R9). W
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Remark 42

From Theorem 41 it follows immediately Theorem 21. If
f € Li(RY) with f € L1(R?) is given, then T¢ and T; are regular
tempered distributions by Example 33. By Theorem 41 and
Example 40 we have

Trap=F ' T, =F NFTf)=T¢

so that the functions f and

-1z _L "w eix-w s
(F0) = e [, Flw)e*a

are equal almost everywhere. []
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The following theorem summarizes properties of Fourier transform
on S'(R9).
Theorem 43 (Properties of the Fourier transform on S'(RY))

The Fourier transform of a tempered distribution T € S'(R9) has
the following properties:

1. Translation and modulation: For fixed xg, wo € RY,

FT(-—x0) = e iwxo FT,
F(e 10X T) = FT(- + wo).

2. Differentiation and multiplication: For a € Ng ,

F(DoT)=il*w* FT,
F(xeT) =il perFT.
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Theorem 43 (continue)

3. Scaling: For c € R\ {0},

4. Convolution: For ¢ € S(RY),

F(Txe)=(FT)(Fp).

The proof follows in a straightforward way from the definitions of
corresponding operators, in particular the Fourier transform (34)
on S’(R9) and Theorem 19.



Finally, we present some additional examples of Fourier transforms
of tempered distributions.

Example 44

In Example 40 we have seen that for fixed xo € R,
Foy,=e 9%  F§=1.

Now we determine F~11. By Theorem 41, we obtain

1 1
G T U = e F L

Fhil =

since the reflection 1(—-) is equal to 1. Thus, we have
Fl= (27r)d 5. From Theorem 43, it follows for any o € N¢,

F(D*0) = (iw)*Fo=(lw)*1l=(iw)",
F(x¥) = Fx*1)=ip*F1=n)di*D>s. O
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The spaces S(RY), Ly(R?) and S’(R9) are a typical example of a
so-called Gelfand triple named after the mathematician

[.M. Gelfand (1913 — 2009). To obtain a Gelfand triple (B, H, B’),
we equip a Hilbert space H with a dense topological vector
subspace B of test functions carrying a finer topology than H such
that the natural inclusion B C H is continuous. We consider the
inclusion of the dual space H' in B’, where B’ is the dual space of
all linear continuous functionals on B with its topology. Applying
the Riesz representation theorem, we can identify H with H’
leading to the Gelfand triple

BCH>=H cB.
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We are interested in
S(RY) C Lr(RY) = L(RY) < S'(RY). (37)

We already know that S(RY) is dense in Lo(R?). Moreover, the
first natural embedding is continuous, since @ ? pas k — oo

implies
ek — 012, gy = /R (X)) (%) = () dx

dy
< sup (14 [xl]2)oe(x) — o(x)? / S A
x€RY rd (1+ [lyl2)d+t

<C suﬂ@(l + [Ix[I2) 9t ok (x) — p(x)[* = 0
Xe

as k — oo.
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Let F be a continuous linear functional on Ly(R9). Then we can
identify F with the unique function f € Ly(RY) fulfilling

F = (-, f)1,(re) and consider the mapping ¢ : L>(RY)" — &'(R7)

defined by +F := Ty, see Example 33. Indeed ¢ is injective by the
following argument: Assume that F, = (., ﬁ,)L2(Rd), n=1,2, are
different continuous linear functionals on Ly(R?), but Ty = Ty,.

Then we get (T, ) = (Tg, ¢) for all p € S(RY), i.e.,
(0, ) ) = () ) 1y(me)

which is impossible, since S(R?) is dense in Ly(RY).
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Corollary 45

If we identify f € Lo(RY) with Tr € S'(RY), then the Fourier
transforms on Ly(RY) and S'(R9) coincide in the sense
FTr = Trr.

Proof: For any sequence (f;)xen of functions f, € S(RY)
converging to f in Lp(R9), we obtain

<‘F807 ﬁ(>L2(Rd) = <~F<)07 f>L2(]Rd) = <Tf7 .,F(P> = <]:Tf7 Q0>

lim
k—o0

for all ¢ € S(RY). On the other hand, we conclude by continuity
of F that

k”—>n2>o<]:¢’ i) Ly(re) = k”—>moo

for all ¢ € S(RY). Thus, FT¢ = Txr and we are done. M

(0 Fhi) yre)y = (0, FF) 1yre) = (TFr, )



Multidimensional discrete Fourier transforms

The multidimensional DFT is necessary for the computation of
Fourier coefficients of a function f € C(T9) as well as for the
calculation of the Fourier transform of a function

f € L1(RY) N C(RY). Further the two-dimensional DFT finds
numerous applications in image processing. The properties of the
one-dimensional DFT can be extended to the multidimensional
DFT in a straightforward way.

108 /302



Computation of multivariate Fourier coefficients

We describe the computation of Fourier coefficients ¢c(f),

k = (kj)J‘-’:1 € 79, of a given function f € C(T9), where f is
sampled on the uniform grid {37 n: n € I}, where N € N is even,
In:={0,...,N—1}, and

I,‘\f, ={n= (nj)Jd:1 :nj € ly,j=1,...,d}. Using the rectangle
rule of numerical integration, we can compute ¢ (f) for k € Z¢
approximately. Since [0, 27]? is equal to the union of the N9
hypercubes % n+ [0, 2i]d, ne lﬁ, we obtain

_ 1 Cikx gy o L 2T\ oni(kn)/N
a(f) = (@) /[0,27r]d f(x)e dx ~ G Z f( N n)e

neld
1 2m "
= 2 F(G ) wii

nelﬂ

with wy = e 2m/N
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The expression

2 ‘n
> F(S ) wh

is called the d-dimensional discrete Fourier transform of size

Ny % ... x Ng of the d-dimensional array (f(3F "))neld' where
N

Ny =...= Ny := N. Thus we obtain the approximate Fourier
coefficients ) )
2o i k-
ho= 1 > f(W n) wh". (38)
nelg

Obviously, the values fi are N-periodic, i.e., for all k, m € Z9 we
have

firNm = fic.
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But by Lemma 6 we know that lim|,—o0 ck(f) = 0. Therefore we
can only expect that

o~ alf), ki=-— —1;j=1,....d.

g ooy

N N
2772

To see this effect more clearly, we will derive a multidimensional
aliasing formula. By 6y, m € Z9, we denote the d-dimensional
Kronecker symbol

S 1 m=0,
™10 mez?\{0}.
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Lemma 46

Let N; € N\ {1}, j=1,...,d, be given. Then for each
m= (mj) ' €79, we have

Np—1 Ny—1 d

m1k wm k
> Z 2w = T (NG Oy moa n)
ki=0 j=1

szle meMZx...x NyZ,
mecZI\(MZx...x NgZ).

If Ny =...= Ny =N, then for eachm € 79,

Z W/I\ﬁllﬂl.k = Nd(sm mod N =

{ N me NZ,
keld

0 mec 79\ (NZ9),

where the vector m mod N := (m; mod N)J‘-j:1 denotes the
nonnegative residue of m € 79 modulo N, and
5 =110

m mod N — Hj:l m; mod N -
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Proof: This result is an immediate consequence
Ni—1  Ng—1

d
2 : 2 : m1ky mgky § mjk;
WN1 ...WNd = H( WNj )
kg—=0 '

ki=0
d
= H(Njémj mod Nj)- n

The following aliasing formula describes a close relation between
the Fourier coefficients ¢c(f) and the approximate values .
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Theorem 47

Let N € N be even and let f € C(T?) be given. Assume that the
Fourier coefficients c(f) satisfy the condition Y |c(f)| < o.

kezd
Then we have the aliasing formula
o= atnm(f). (39)
meZd
Thus for kj = —%,...,%—1 and j=1,...,d, we have the error

estimate

h—a)l < D laenm(dI.

meZ9\{0}
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Proof: By Theorem 7, the d-dimensional Fourier series of f
converges uniformly to f. Hence for all x € T9, we have

F(x)= ) cm(f)e™.

mecZd

In particular for x = 2,\7; n, nec Id we obtain

FCTm) = 3 (A N = ST g (F) wy™
meZd meZd

Hence due to (38) and the pointwise convergence of the Fourier
series,

o= 2 (X ) wgmm) wh

nely  mezd
1 k—m)-
= @ 2 (M) 3wy
meZd neld

which yields the aliasing formula (39) by Lemma 46. W
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Now we sketch the computation of the Fourier transform fofa
given function f € L1(RY) N Co(R¥). Since f(x) — 0 as
|Ix||]2 — oo, we obtain for sufficiently large n € N that

f(w):/ f(x)eix""dx%/ f(x)e ™**dx, weR9.
Rd

[=nm, nm]d

Using the uniform grid

{2’Tk ki = — LIS 2 —1;,j=1,...,d} of the hypercube
[—nm, mr)d for even N € N, we receive by the rectangle rule of
numerical integration

/ f(x) e ¥ dx
[—nm, nm]d

nN/2—-1 nN/2—-1

- 27\ d 2 —27i(k-w)/N

ki=—nN/2  kg=—nN/2
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Forw:%mwith mj:—%,...,ﬂ—landjzl,...,d, we

obtain the following values

nN/2—1 nN/2—1
27

() X o X (R wa ~

ki=—nN/2 kg=—nN/2

which can be considered as d-dimensional DFT(Ny x ... x Ny)
with Ny =...=Ng=nN.



Two-dimensional discrete Fourier transforms

Let N1, Np € N\ {1} be given, and let Iy, := {0,..., N; — 1} for
j =1, 2 be the corresponding index sets. The linear map from
CNxNe into itself which maps any matrix

— N1 —1,Np—1 Nyx N ;
A = (aky,ko)ky ko € CT772 to the matrix

A _ (4 Ni—1,Np—1 |
A= (am,nz)nl,nzzo = FN1 A FN2 )

is called two-dimensional discrete Fourier transform of size Ny x N,

and abbreviated by DFT(N; x N,). The entries of the transformed
matrix A read as follows

Ni—1 Nr—1

A _ kiny | kanp L

any,np = E E Ak ko W, W, s N S INJ., j=1,2. (40)
ki=0 ko=0

If we form the entries (40) for all ny, n, € Z, then we observe the
periodicity of DFT(Ny x Nb), i.e., for all {1, {5 € Z, one has

§n1,n2 — é\nl—i—ﬁl Ni,na+40y Ny » nj S INj 7.j = 17 2.
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Remark 48

The two-dimensional DFT is of great importance for digital image
processing. The light intensity measured by a camera is generally
sampled over a rectangular array of pictures elements, so-called
pixels. Thus a digital grayscale image is a matrix

Ny —1,Np— :
A = (i k)i oos - of Ny Ny pixels (ky, ko) € Iy, x I, and
corresponding grayscale values ay, x, € {0, 1, ..., 255}, where
zero means black and 255 is white. Typically, N1, N» € N are
relatively large, for instance Ny = Ny = 512.
The modulus of the transformed matrix A is given by
|A| = (|§n17n2‘)rﬁ17;21;%12_1 and its phase by
Ny —1,Np—1
ny,n;=0

atan2 (Im A, Re A) := (atan2 (Im &p, ,n,, Re 8n;.n,))

)

where atan2 is defined in Matlab. In natural images the phase

contains important structure information as illustrated in Figure 1.

O
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Figure 1: Top: Images Barbara (left) and Lena (right). Bottom: Images
reconstructed with modulus of Barbara and phase of Lena (left) and
conversely, with modulus of Lena and phase of Barbara (right). The
phase appears to be dominant with respect to structures.
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For the computation of DFT(N; x N,) the following simple
relation to one-dimensional DFT's is very useful. If the data ay, ,
can be factorized as

Aky ko = bk1 Cky » k_,' S INJ-; j = 1, 2,

then the DFT(N; x Ny) of A = (akl,k2)l,xlk21 %’2 '—bc' reads as
follows

A LA \Ni—1,No-1

A= FNleTF—I\l—/g = (bnl Cn2)n11,n2;O2 ’ (4]‘)
where (by, ),IYLOI is the one-dimensional DFT(/N;) of b = (bkl)N1 01

and (c,,2),')’2_01 is the one-dimensional DFT(/N,) of ¢ = (ckz),’:i:%.



Example 49
For fixed s; € INJ., Jj =1, 2, the sparse matrix

. Ni—1,No—1
A L (6(/(1751) mod N1 5([(2752) mod N2)k1,k2:0

. - Ny —1,Np—1

is transformed to A = (wp® wyz®) ' " 27" Thus we see that a
Ny N> /) ny,ny=0

sparse matrix (i.e., a matrix with few nonzero entries) is not

transformed to a sparse matrix.

i — —siki  —sokp\ N1—1,N>—1 .
Conversely, the matrix B = (wy ™" wy, )kl,k2:0 is mapped to

A Ni—1,Nr—1
B = Nl N2 (5(n1—51) mod N; 5(n2—52) mod Nz),,117,,2:02 . g
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Example 50

Let Ny = Np = N € N\ {1}. We consider the matrix
A = (ay a;Q)kl_ki:o, where ay; is defined by

a. {% ki =0,
ki +— ki
’ s k=1..,N-1.

Thus by (41) we obtain the entries of the transformed matrix A by

. A 1 TNy Ny )
dny,n, = dmy anZZ—Z COtW Cotw, nJEINJ,le,2 ]



The DFT(N;y x Ny) maps CM1*N2 one-to-one onto itself. The
inverse DFT(Ny x Np) of size Ny x N is given by

A= Fﬁll AF;Vj = Iy, Fny AFp, Iy,

N1 N>
such that
1 Ni—1 Nr—1
_ A —kinm  —kon . .o
Ay ko = VN g E Anym Wy Wy, ki€ =12,
1742 n1=0 ny=0

In practice, one says that the DFT(N; x Ny) is defined on the time
domain or space domain CN1*N2 The range of the DFT(Ny x Nb)
is called frequency domain which is CM1*N2 too.



In the linear space CN1*N2 we introduce the inner product of two

. Ni—1,Nr—1 Ni—1,Np—1
complex matrices A = (akh;@)kl oo +B= (bkhkz)kl,kzzo ,
Ni—1 Nr—1
E : E : Aky ke bkl ko
ki =0 ko=
and the Frobenius norm
Ni—1 Np—1

IAllg = (A, A2 = (D0 D laikl)

k1=0 k=0



Lemma 51

For given N1, N» € N\ {1}, the set of exponential matrices

( —kim 7k2m2)N1*1,N271

Em,m, = Wi, Wi, ki, ko=0

forms an orthogonal basis of CN*N2 | where ||E m, m, |F = v/ N1 N2
for all m; € Iy, and j =1, 2. Any matrix A € CMxNo can be
represented in the form

Ni—1 Nr—1
1 1 2

= i D B

m1:O m2:0

and we have

A~

A— (<A, Em17m2>)N1—1,N2—1

my,my=0
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Proof: From Lemma 46 it follows that for p; € Iy;, j =1, 2,

Ni—1Np—1

(E k1 (p1—m1) k2(P2 my)
my,mz; P17P2

=0 ko=
= N1 N> 6(m1—p1) mod N 5(m2—p2) mod Na

— { Ny N (m1, m2) = (p1, p2),
0 (m1, m2) # (p1, p2)-

Further we see that ||Em, m,||[F = v/ N1 No. Since
dim CM*Na = N Ns, the set of the Ny No exponential matrices
forms an orthogonal basis of CN*N2.



In addition, we introduce the cyclic convolution

Ni—1 Np—1

L Ni—1,Nr—1
AxB:= ( Z Z aky ko b(ml—kl) mod Ny, (m2—kz) mod Ng)m17m2:0
k1=0 ko=0

and the entrywise product

L N1_17N2_1
AoB := (akl,kQ bk17k2)k1,k2=0

In the case N; = N> = N, the cyclic convolution in CNxN s a

commutative, associative, and distributive operation with the unity
N—1
(Gky mod N Ok, mod Ny ky—0-



High dimensional FFT

In this chapter, we discuss methods for the approximation of
d-variate functions in high dimension d € N based on sampling
along rank-1 lattices and we derive the corresponding fast
algorithms. In contrast to Chapter 3, our approach to compute the
Fourier coefficients of d-variate functions is no longer based on
tensor product methods. We introduce weighted subspaces of
L1(T9) which are characterized by the decay properties of the
Fourier coefficients. We show that functions in these spaces can be
already well approximated by d-variate trigonometric polynomials
on special frequency index sets. We study the fast evaluation of
d-variate trigonometric polynomials on finite frequency index sets.
We introduce so-called rank-1 lattices and derive an algorithm for
the fast evaluation of these trigonometric polynomials at the
lattice points. The special structure of the rank-1 lattice enables
us to perform this computation using only a one-dimensional FFT.
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In order to reconstruct the Fourier coefficients of the d-variate
trigonometric polynomials from the polynomial values at the lattice
points exactly, the used rank-1 lattice needs to satisfy a special
condition. Using so-called reconstructing rank-1 lattices, the stable
computation of the Fourier coefficients of a d-variate trigonometric
polynomial can be again performed by employing only a
one-dimensional FFT, where the numerical effort depends on the
lattice size. In Section 6, we come back to the approximation of
periodic functions in weighted subspaces of L;(T9) on rank-1
lattices. Section 7 considers the construction of rank-1 lattices.
We present a constructive component-by-component algorithm
with less than |/|? lattice points, where | denotes the finite index
set of nonzero Fourier coefficients that have to be computed. In
particular, this means that the computational effort to reconstruct
the Fourier coefficients depends only linearly on the dimension and
mainly on the size of the frequency index sets of the considered
trigonometric polynomials. In order to overcome the limitations of
the single rank-1 lattice approach, we generalize the proposed

methods to multiple rank-1 lattices.
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Fourier partial sums of smooth multivariate functions

In order to ensure a good quality of the obtained approximations of
d-variate periodic functions, we need to assume that these
functions satisfy certain smoothness conditions, which are closely
related to the decay properties of their Fourier coefficients. As we
have already seen for d = 1, the smoothness properties of a
function strongly influence the quality of a specific approximation
method, for example see Theorem of Bernstein.

We consider a d-variate periodic function f: T — C with the

Fourier series '
F(x) =) a(f)e>. (42)
kezZd

We will always assume that f € L;(T9) in order to guarantee the
existence of all Fourier coefficients ¢ (f), k € Z9. For the definition
of function spaces Lp(Td), 1 < p < oo, we refer to Section 4.
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The decay properties of Fourier coefficients can also be used to
characterize the smoothness of the function f, see Theorem 9 for
d > 1. For a detailed characterization of periodic functions and
suitable function spaces, in particular with respect to the decay
properties of the Fourier coefficients, we refer to [56, Chapter 3].
In this section, we consider the approximation of a d-variate
periodic function f € L1(T9) using Fourier partial sums S;f,

(SiF)(x) =) adf)el™, (43)

kel

where the finite index set | C Z9 needs to be carefully chosen with
respect to the properties of the sequence of the Fourier coefficients
(a(f))ega- The set I is called frequency index set of the Fourier
partial sum. The operator S; : L1(T9) — C(T9) maps f to a
trigonometric polynomial with frequencies supported on the finite
index set /.
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We call _
M, :=span{e'**: ke I}

the space of trigonometric polynomials supported on I. We will be
interested in frequency index sets of type

= Iy = {k=(k)iy € Z%: ||k, < N}, (44)

where ||k||, is the usual p-(quasi-)norm

d 1/p
(Z‘ks‘p) 0<p<oo,
Il = ¢ 751
kel =
The Figure 2 illustrates the two-dimensional frequency index sets
13,16 for p € {%, 1, 2,00}, see also [69, 68, 25].
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-16 0 16 —-16 0 16
(a) ’;16 (b) K16
16
0
—16
—-16 0 16
(d) 126

16

—16
—-16 0 16

(C) 122,16

Figure 2: Two-dimensional frequency index sets /3)16 for

pe{3. 1,2, oo}
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If the absolute values of the Fourier coefficients decrease
sufficiently fast for growing frequency index k, we can very well
approximate the function f using only a few terms ¢ (f)etk>,

k € I C Z9 with |I| < co. In particular, we will consider a periodic
function f € L1(T9) whose sequence of Fourier coefficients is
absolutely summable. This implies by Theorem 9 that f has a
continuous representative within L;(T9). We introduce the
weighted subspace A,,(T9) of L;(T9) of functions f : TY — C
equipped with the norm

11l agrey = D w(k)la(F)], (45)

kezd

if f has the Fourier expansion (42). Here w : Z4 — [1, 00) is called
weight function and characterizes the decay of the Fourier
coefficients. If w is increasing for | k||, — oo, then the Fourier
coefficients c(f) of f € A, (T9) have to decrease faster than the
weight function w increases with respect to k = (ks)9_; € Z9.
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Example 52

Important examples for a weight function w are
d(L -
w(k) = wp(k) := max {1, [[k]|,}

for 0 < p < co. Instead of the p-norm, one can also consider a
weighted p-norm. To characterize function spaces with dominating
smoothness, also weight functions of the form

d
w(k) =[] max{1, |k}
s=1

have been considered, see e.g. [63, 10, 24]. [
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Observe that w(k) > 1 for all k € Z9. Let w; be the special weight
function with wy(k) = 1 for all k € Z9 and A(T9) := A, (T9).
The space A(T9) is called Wiener algebra. Further, we recall that
C(T9) denotes the Banach space of continuous d-variate
2m-periodic functions. The norm of C(T?) coincides with the norm
of Loo(T9). The next lemma, see [24, Lemma 2.1], states that the
embeddings A,,(T9) C A(T?) C C(T9) are true.

Lemma 53

Each function f € A(TY) has a continuous representative. In
particular, we obtain A,(T9) C A(T9) c C(T?) with the usual
interpretation.



Proof: Let f € A,(T9) be given. Then the function f belongs to
A(T¢), since the following estimate holds

S el < 3 wlk)ladf)] < oo.

kezd kezd

Now let f € A(T?) be given. The summability of the sequence
(|Ck(f)|)k€Zd of the absolute values of the Fourier coefficients
implies the summability of the sequence (]ck(f)|2)kezd of the
squared absolute values of the Fourier coefficients and, thus, the
embedding A(T9) C Ly(T?) is proved using Parseval equation (4).
Clearly, the function g(x) = >z« ck(f) €% is a representative of
f in Lp(T9) and also in A(T9). We show that g is the continuous
representative of f. The absolute values of the Fourier coefficients
of f € A(T9) are summable. So, for each € > 0 there exists a
finite index set | C Z9 with > keza la(F)] < g
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For a fixed xp € ’]I‘d, we estimate

g(x0) —g(X)| = | D adlf)el ™ = > q(f) el ]

kezd kezd
< ‘ Z Ck(f) eikxo _ Z Ck(f) eik-x| + g )
kel kel

The trigonometric polynomial (S;f)(x) = Yo, ck e ™ is a
continuous function. Accordingly, for € > 0 and xg € T there
exists a dg > 0 such that ||xg — x||1 < dp implies

|(S1f)(x0) — (Sif)(x)| < 5. Then we obtain |g(xo) — g(x)| < ¢ for
all x with ||xg — x[j1 < dp. W

In particular for our further considerations on sampling methods, it
is essential that we identify each function f € A(T9) with its
continuous representative in the following. Note that the definition
of A, (T9) in (45) using the Fourier series representation of f
already comprises the continuity of the contained functions.
Considering Fourier partial sums, we will always call them exact
Fourier partial sums in contrast to approximate partial Fourier

sums that will be introduced later.
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Lemma 54

Let Iy ={k € Z9 : w(k) < N}, N € R, be a frequency index set
being defined by the weight function w. Assume that the
cardinality |ly| is finite.

Then the exact Fourier partial sum

(SiF)(x) == a(f) e’ (46)

kely
approximates the function f € A,(T9) and we have

I = SiyFlli ey < N7HIFILagrey -
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Proof: We follow the ideas of [24, Lemma 2.2]. Let f € A, (T).
Obviously, Sy, f € A,(T?) C C(T?) and we obtain

I = SiyFll L (nay = ess sup |(F = S, F)(x))|

xeTd

= ess sup | Z ck(f)eik'x‘

d
X€T yezd\ iy

1
< Z |Ck(f)fﬁm Z w(k)| ()]
kGZd\M/ kezZd\ Iy keZd\ Iy
<< Z k) la(F)l = N7l (rey-

keZd
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Remark 55

For the weight function w(k) = (max {1, ||k|]p})a/2 with
0 < p < o0 and a > 0 we similarly obtain for the index set
In = /g,\, given in (44)

—a a/2
If =S Flliamsy < N2 S0 (max{L[lk],})*|ec(f)]
keZa\Ig

)
< N2 gy me) -
The error estimates can be also transferred to other norms. Let

H®P(T9) denote the periodic Sobolev space of isotropic
smoothness consisting of all f € Lo(T9) with finite norm

1Fllpenqray = (max {1, [|k[lp})* |a(F)I?, (47)
kezd

where f possesses the Fourier expansion (42) and where o > 0 is
the smoothness parameter.
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Remark 55 (continue)

Using the Cauchy—Schwarz inequality, we obtain here

If =S sy < D ladf)]
keZI\Id
—an1/2 a 1/2
< (X IKGOYAC YD kI AR
keZd\l;N keZd\l;j,N
_an1/2
< (X Ik Ul pen ey
kez\Ig

Note that this estimate is related to the estimates on the decay of
Fourier coefficients for functions f € C"(T9) in (1) and Theorem

9. For detailed estimates of the approximation error of Fourier

partial sums in these spaces, we refer to [36].

As we will see later, for efficient approximation, other frequency

index sets, as e.g. frequency index sets related to the hyperbolic
crosses, are of special interest. The corresponding approximation

errors have been studied in [30, 31, 8]. O 143 /302



Lemma 56

Let N € N and the frequency index set

Iy :={ke€Z9: 1< w(k) < N} with the cardinality 0 < |Iy| < oo
be given.

Then the norm of the operator Sy, that maps f € A, (T?) to its
Fourier partial sum S;,,f on the index set Iy is bounded by

1 1

1
i < ISnlamscmn < pm— s +

minkeZdw minkezd W(k)
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Proof: 1. Since |ly| is finite, there exists minkey, w(k). The
definition of /y implies that miny 74 w(k) = minke, w(k). To
obtain the upper bound for the operator norm we apply the
triangle inequality and Lemma 54,

1Sl auray—ceray = sup [[Sifllcera
feA,(T9)
”fH.Aw(Td):l
< sup IS f = fllcaey+  sup Iflleere
feA,(T?) feA,(Td)
HfHAw(Td):l ”f”Aw(Td):l
< sup | S e+ Nl o
feAu(TY)  \ yezd
HfHAW(Td):]-

w(k) _
< sup > ———=——Jad ) + Nl g ey
feAu (1)  \ kezd MNkezd w(k)
HfHAW(Td):]-
1
<

1
—_— + .
T MiNgcgd w(k) N 145 /302



2. To prove the lower bound we construct a suitable example. Let

k' € Iy be a frequency index with w(k’) = minyczq w(k). We

choose the trigonometric polynomial g(x) = w(}(,) e'¥ X which is an

element of A, (T?) with gl 4, (rey = 1. Since S;,g = g, we find

1Sl 4, ()= c(rey = IS8l c(e)

= |lgllc(rey = &(0)
1 1
= o)~ minw(k) T
kE/N
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Our observations in this section imply that smooth functions with
special decay of their Fourier coefficients can be well approximated
by d-variate trigonometric polynomials on special index sets. In the
next section we will therefore study the efficient evaluation of
d-variate trigonometric polynomials on special grids, as well as the
corresponding efficient computation of their Fourier coefficients.



Fast evaluation of multivariate trigonometric

polynomials

As we have seen in the last section, smooth functions in A, (T)
can be already well approximated by d-variate trigonometric
polynomials on index sets Iy = {k € Z? : w(k) < N}. In Figure 2,
we have seen possible two-dimensional index sets, where
w(k) = max {1, ||k||,}. Therefore we study trigonometric
polynomials p € M on the d-dimensional torus T¢ = [0, 27)¢ of
the form

p(x) = 3 el (43)

kel

with Fourier coefficients px € C and with a fixed finite frequency
index set | C Z9 of cardinality |/|.
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Let X C [0, 27)9 be a finite set of sampling points with |X|
elements. Now we are interested in solving the following two
problems:

(i) Evaluation of trigonometric polynomials. For given Fourier
coefficients px, k € I, how to compute the polynomial values
p(x) for all x € X efficiently?

(ii) Evaluation of the Fourier coefficients. For given polynomial
values p(x), x € X, how to compute py for all k € /
efficiently?

The second problem also involves the question, how the sampling
set X has to be chosen such that py for all k € I can be uniquely
computed in a stable way.
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Let us consider the |X|-by-|/| Fourier matrix A = A(X, ) defined
by

A=A(X, 1) = (%) e cXIxlil

xEX, kel

as well as the two vectors p := (p(x))xex € CXI and
p := (p(k))kes € C'l. To solve problem (i), we need to perform
the matrix-vector multiplication

p=Ap. (49)

To compute p from p, we have to solve the inverse problem. For
arbitrary polynomial p € I, this problem is only uniquely solvable,
if [X| > |/| and if A possesses full rank |/|. In other words, the
sampling set X needs to be large enough and the obtained samples
need to contain “enough information” about p. Then

AT A ¢ /X"l is invertible, and we have

p=(ATA)"TAHp. (50)
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In order to ensure stability of this procedure, we want to assume
that the columns of A are orthogonal, i.e., AHA = V1 I|,|, where I‘,|
is the |/|-by-|/| unit matrix and M = |X|. Then (50) simplifies to
1
p=—A"p.
P M P

In the following, we will consider very special sampling sets X,
so-called rank-1 lattices.
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Rank-1 lattices

Initially, rank-1 lattices were introduced as sampling schemes for
(equally weighted) cubature formulas in the late 1950’s and 1960'’s,
see [35]. A summary of the early work on cubature rules based on
rank-1 lattice sampling can be found in [46]. The recent increased
interest in rank-1 lattices is particularly caused by new approaches
to describe lattice rules that allow optimal theoretical error
estimates for cubature formulas for specific function classes, see
e.g. [60]. We also refer to [58] for a survey on lattice methods for
numerical integration.

In contrast to general lattices which are spanned by several vectors,
we consider only sampling on so-called rank-1 lattices. This
simplifies the evaluation of trigonometric polynomials essentially
and allows to derive necessary and sufficient conditions for unique
or stable reconstruction.
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For a given vector z € Z9 and a positive integer M € N we define
the rank-1 lattice

2
X =Nz, M) = {x; := M”(jzmod M1)€ 0,2m):j=0,...,M—1}
(51)

as spatial discretization in [0, 27m)?. Here, 1 := (1)_, € Z9 and
for z = (2z5)2_; € Z9 the term jz mod M1 denotes the vector
(j zs mod M)2_,. We call z the generating vector and M the
lattice size of the rank-1 lattice A(z, M). To ensure that A(z, M)
has exactly M distinct elements, we assume that M is coprime
with at least one component of z. Further, for a given rank-1
lattice A(z, M) with generating vector z € Z9 we call the set

A(z,M):={kcZ%: k-z=0mod M} (52)

the integer dual lattice of A(z, M). The integer dual lattice

At(z, M) will play an important role, when we approximate the
Fourier coefficients of a function f using only samples of f on the
rank-1 lattice A(z, M).
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Example 57
Let d =2, z= (1, 3)T and M = 11, then we obtain

o = B(0)-(1)-(5)-(2)-(0)-(2)
() (a2

and At(z, M) contains all vectors k = (ki, ko) € Z? with
ki + 3ko = 0 mod 11. Figure 3 illustrates the construction of this
two-dimensional rank-1 lattice.
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27

z=(1,8)T Y .
TSR '
[} ’ ]
1 ’
471'/3 B l’ .' 1’7
, :' :'
’ /] [ ]
2w /3 |- :' , l' -
] )
, ¢
Z/M [ ] '
0 X X

0 2r/3  4x/3 2m

Figure 3: Rank-1 lattice A(z, M) of Example 57.
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A rank-1 lattice possesses the following important property:
Lemma 58

Let a frequency index set | C Z9 of finite cardinality and a rank-1
lattice X = N(z, M) be given.

Then two distinct columns of the corresponding M-by-|I| Fourier
matrix A are either orthogonal or equal, i.e., the (h, k)th entry
(AR A), « € {0,M} forallh, k€ I.

Proof: The matrix AH A contains all inner products of two
columns of the Fourier matrix A, i.e., the (h, k)th entry (A% A)p
is equal to the inner product of the kth column and the hth
column of A. For k-z# h-z mod M we obtain

M-1 e271'i(k—h)-z -1

H _ 27i[(k—h)-z]/M\J __
(A" Ak = E 0: (2 (k=h)-2l/M)) — o2 [(k—h)zl/M _ |
J:

since k —h € 79,
Fork-z=h-z mod M it follows immediately that the kth and
hth column of A are equal and that (AL A)p, =M. W

=0,
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Evaluation of trigonometric polynomials on rank-1

lattice

Let us now consider the efficient evaluation of a d-variate
trigonometric polynomial p supported on / on the sampling set X
being a rank-1 lattice X = A(z, M). We have to compute p(x;) for
all M nodes x; € A(z, M), i.e.,

pix) = > A =S gAMoL M-
kel kel

We observe that {k-zmod M : ke I} C {0,...,M — 1} and
consider the values
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Then, we can write

M-1
p(Xj) _ Z Pr e271'1J (k-z)/M _ Z Z Pr eZﬂ'lJﬁ/M
kel /=0 kel
£=k-z mod M
M-1
— Z gf eZTrijE/M (54)
¢=0

for j=0,...,M — 1. Therefore, the right-hand side of (54) can be
evaluated using a one-dimensional FFT of length M with at most
C - (M log M + d|l|) arithmetic operations, where the constant C
does not depend on the dimension d. Here we assume that gy,
¢=0,...,M, can be computed with C d |/| arithmetic operations.
The fast realization of the matrix-vector product in (49) or
equivalently of (54) is presented in the following

158 /302



Algorithm: (Lattice based FFT (LFFT))

Input: M € N lattice size of rank-1 lattice A(z, M),
z € 79 generating vector of A(z, M),
| C Z9 finite frequency index set,
P = (Px)kes Fourier coefficients of p € ;.
O Set § = (0)2161.
® For each k € | do k.2 mod M := &k-z mod M + Pk endfor.
© Apply a one-dimensional FFT of length M in order to
compute p := F,\*/,1 ((gg)g"igl).
O Compute p := Mp.
Output: p = Ap vector of values of the trigonometric polynomial
p ell.
Arithmetic cost: O(M log M + d|l]).

159 /302



Adjoint single lattice based FFT (aLFFT)

We immediately obtain also a fast algorithm for the matrix-vector
multiplication with the adjoint Fourier matrix AH.

Input: M € N lattice size of rank-1 lattice A(z, M),
z € 79 generating vector of A(z, M),
| C Z¢ finite frequency index set,
p= (p(JW z))ingl values of the trigonometric polynomial
p el
@ Apply a one-dimensional FFT of length M in order to
compute g := Fp p.
@A Set a = (O)kel-
© For each k € | do 4 := 4k + 8k.z mod M endfor.

Output: & = AH p with the adjoint Fourier matrix AH.
Arithmetic cost: O(M log M + d |1]).
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Evaluation of the Fourier coefficients

Our considerations of the Fourier matrix A = A(X, /) in (49) and
(50) show that a unique evaluation of all Fourier coefficients of an
arbitrary d-variate trigonometric polynomial p € I is only
possible, if the | X|-by-|/| matrix A has full rank |/|. By Lemma 58
we have seen that for a given frequency index set / and a rank-1
lattice A(z, M), two distinct columns of A are either orthogonal or
equal. Therefore, A has full rank if and only if for all distinct k,
hel,

k-zZh-z mod M. (55)

If (55) holds, then the sums determining g, in (53) contain only
one term for each ¢ and no aliasing occurs. We define the
difference set of the frequency index set | as

D(I):={k—1:k 1€/} (56)
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Then the condition (55) is equivalent to
k-zZ0 mod M forallk e D(/)\ {0}. (57)

Therefore, we define a reconstructing rank-1 lattice to a given
frequency index set / as a rank-1 lattice satisfying (55) or
equivalently (57) and denote it by

Nz, M, 1) :={x € N(z, M) : k € D(/)\{0} withk-z# 0 mod M}.

The condition (57) ensures that the mapping of k € [ to k - z

mod M € {0,..., M — 1} is injective. Assuming that we have a
reconstructing rank-1 lattice, we will be able to evaluate the
Fourier coefficients of p € I, uniquely.

If condition (57) is satisfied, then Lemma 58 implies AT A = M1y,
for the Fourier matrix A such that p = (pk)kes = % A p.

162 /302



Equivalently, for each Fourier coefficient we have

1 M-1 ' 1 M—1 '
ﬁk = M Z p(xj) 6_27rlj (kZ)/M — M p(x_]) e—27‘(’1j€//\/’
J=0 j=0

forallk € I and £ =k -z mod M. Algorithm 164 computes all
Fourier coefficients fx using only a one-dimensional FFT of length

M and the inverse mapping of k — k -z mod M, see also [24,
Algorithm 3.2].
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Reconstruction via reconstructing rank-1 lattice

Input: | C Z9 finite frequency index set,
M € N lattice size of reconstructing rank-1 lattice
Nz, M, 1),
z € 79 generating vector of reconstructing rank-1 lattice
Nz, M, 1),
p=(p(2% (jz mod Ml)))jl\igl values of p € M.
©® Compute a := A p using Algorithm above.
® Set p:=M1a.
Output: p = M~TAH p = (B )kes Fourier coefficients supported on

l.
Arithmetic cost: O(M log M + d |/]).
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Example 59

Let /9 , be the full grid defined by (44). Then straightforward
caIcuIatlon shows that the rank-1 lattice A(z, M) with the
generating vector z = (1,2N +2,..., (2N +2)971)T and the
lattice size M = (2N + 2)? is a reconstructing rank-1 lattice to the
full grid Id . It provides a perfectly stable spatial discretization.
The resultlng reconstruction algorlthm is based on a
one-dimensional FFT of size (2N + 2)9, and has similar arithmetic
costs as the usual d-dimensional tensor-product FFT. Our goal is
to construct smaller reconstructing rank-1 lattices for special index
sets, such that the arithmetic cost for the reconstruction of Fourier
coefficients can be significantly reduced. [

165 /302



As a corollary of the observations above we show that a
reconstructing rank-1 lattice implies the following important
quadrature rule, see [59].

Theorem 60

For a given finite frequency index set | and a corresponding
reconstructing rank-1 lattice N(z, M, I) we have

M—1
1
/ p(x)dx = Z p(x
[O,27r]d j=0

for all trigonometric polynomials p € MNp(;y, where D(I) is defined
by (56).
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Proof: For x; = 27 (jz mod M 1) € A(z, M, I) it follows that

M-1 M—1
Z P(xj) — Z Pr o2 kz/M)
=0 j=0  keD(l)
M 1
— k e27r1] (k-z) /M
keD(/) Jj=0

According to (57) we have k -z # 0 mod M for all k € D(/) \ {0}.

Therefore

M—1
Zehrij(k'z)/M: 0 ke D(/)\ {0},
L M k=0,

J:

and the equation above simplifies to

M-1

S o) = M) =M [ pedx m
=0 [0, 2]
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Efficient function approximation on rank-1 lattices

Now we come back to the problem of approximation of a smooth
d-variate periodic function f by a Fourier series (42) or by a
Fourier partial sum (43). Let f be an arbitrary continuous function
in A(T?) N C(T9). Then we determine approximate values fi of
the Fourier coefficients ¢k(f) using only the sampling values on a
rank-1 lattice A(z, M) as given in (51) and obtain

;1 2m . —27ij (k-z)/M
f == W 2 f(ﬁ (jzmod M1))e i(kz)/ (58)
j=0
1 M-1 3
= M Ch(f) QZWIJ [(h—k)Z]/M
Jj=0 hezd
=
_ Ck+h(f) W . 2] (hz)/M _ Z Ck+h(f) ’
hezd Jj=0 heAL(z,M)

where the integer dual lattice A+ (z, M) is defined by (52).
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Obviously we have 0 € At(z, M) and hence

h=alf)+ > acalf). (59)

hent(z,M)\{0}

The absolute convergence of the series of the Fourier coefficients
of f ensures that all terms in the calculation above are
well-defined. We call f the approximate Fourier coefficients of f.
The formula (59) can be understood as an aliasing formula for the
rank-1 lattice A(z, M). If the sum

> Jae(f)

heAL(z,M)\{0}

is sufficiently small, then f is a convenient approximate value of
Ck(f).
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Assume that f can be already well approximated by a
trigonometric polynomial p on a frequency index set /. Further,
assume that we have a corresponding reconstructing rank-1 lattice
X = N(z, M, ). Then we can compute the approximative Fourier
coefficients £ with k € / using Algorithm 164 by employing M
sample values f (2% (jz mod M 1)) instead of the corresponding
polynomial values. In this way, we obtain fAk k € I, with
arithmetical costs of O(Mlog M + d |1]).

Now we want to study the approximation error that occurs if the
exact Fourier coefficients ck(f) are replaced by the approximate
Fourier coefficients # in (59). We consider the corresponding
approximate Fourier partial sum on the frequency index set

Iv =1{k € Z9: w(k) < N}. Let A(z, M, Iy) be a reconstructing
rank-1 lattice for Iy and A+(z, M, Iy) the corresponding integer
dual lattice (52). By definition of the reconstructing rank-1 lattice
it follows that /y N AL (z, M, Iy) = {0}. Generally we can show the
following result:
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Lemma 61

Let | C Z9 be an arbitrary finite frequency index set and let

N(z, M, I) be a reconstructing rank-1 lattice with the integer dual
lattice N*(z, M, 1).

Then we have

{k+h:kel,heA(z,M 1)\ {0}} CcZ\I.

Proof: Assume to the contrary that there exist k € / and

h € At(z, M, 1)\ {0} such that k +h € /. Since A(z, M, ) is a
reconstructing rank-1 lattice for /, it follows that
0#h=(k+h)—keD(I). Thus, h€ D(I)NA(z, M, 1)\ {0}.
But this is a contradiction, since on the one hand (57) implies that
h-z#0 mod M, and on the other hand h-z=0 mod M by
definition of At(z,M,l). W
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Theorem 62

Let f € A,(T9) and let a frequency index set

v = {k € Z9 : w(k) < N} of finite cardinality be given. Further,
let N(z, M, lyy) be a reconstructing rank-1 lattice for I. Moreover,
let the approximate Fourier partial sum

(ShA)( Z fel® (60)

kely

of f be determined by

M—1
1 2 . —27ij (k-z)/M
:M;f(l\/l(‘/z mod M1))e ik2)/M ey,
(61)
that are computed using the values on the rank-1 lattice
Nz, M, Iy).
Then we have

I = SpFllicrey < 2NTHIF]l g (poy - (62)
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Proof: Using the triangle inequality, we find

I — Sa,f’\Lm(Td) < =Sy fllLo(rey + ISpf — Sinfll Lo (roy -

For the first term, Lemma 54 yields
I = SiyFlli ey < NTHIFIag ey -

For the second term we obtain by using (59)

||Sl/l\vf = Siyfll o (rey = ess Sblp‘ Z (fk — &) eik~x‘

xeT ke IN

<S>, aa()]

kEly  heAL(z,M)\{0}

<> Yo laan(f)l

kEly heALl(z,M)\{0}
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By Lemma 61 it follows that

ISNE = Siflliorey < D eI <
keZI\ Iy

< N7 Fl|ag o

! 3wl )

Infhezd\/N OJ(h kezd

and hence the assertion. W
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Theorem 62 states that the worst case error of the approximation
S,’;If in (60) given by the approximate Fourier coefficients
computed from samples on the reconstructing rank-1 lattice

N(z, M, Iy), is qualitatively as good as the worst case error of the
approximation Sy, f, see (46). Improved error estimates for the
approximation of functions in A, (T9) with a special weight
function w as in Remark 55 can be similarly derived. The
approximation error essentially depends on the considered norms.
In particular, we have focussed on the L., (T9)-norm on the
left-hand side and the weighted ¢1(Z%)-norm of the Fourier
coefficients on the right-hand side. Further results with different
norms are given in [24, 66].



Remark 63

The idea to use special rank-1 lattices N(z, M) of Korobov type as
sampling schemes to approximate functions by trigonometric
polynomials has been already considered by V.N. Temlyakov [62].
Later, D. Li and F.J. Hickernell studied a more general setting in
[39]. They presented an approximation error using an aliasing
formula as (59) for the given rank-1 lattice N(z, M). But both
approaches did not lead to a constructive way to determine rank-1
lattices of high quality. In contrast to their approach, we have
constructed the frequency index set Iy := {k € Z9: w(k) < N}
with |Iy| < oo depending on the arbitrary weight function w. The
problem to find a reconstructing rank-1 lattice N(z, M, ly) which is
well adapted to the frequency index set Iy will be studied in the
next section. Approximation properties of rank-1 lattices have been
also investigated in information based complexity and applied
analysis, see e.g. [72, 38, 45]. [
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Reconstructing rank-1 lattices

As shown in the two last sections, we can use so-called
reconstructing rank-1 lattices in order to compute the Fourier
coefficients of a d-variate trigonometric polynomial in I1; in a
stable way by applying a one-dimensional FFT. The reconstructing
rank-1 lattice A(z, M, ) for a frequency index set / is determined
as a rank-1 lattice A(z, M) in (51) satisfying the condition (55).
The arithmetic costs to reconstruct the Fourier coefficients of the
d-variate trigonometric polynomial p from its sampling values of
the given rank-1 lattice mainly depend on the number M of needed
sampling values. In this section we will present a deterministic
procedure to obtain reconstructing rank-1 lattices using a
component-by-component approach. We start with considering the
problem, how large the number M of sampling values in A(z, M, I)
needs to be, see also [25, 28]. For simplicity, we consider only a
symmetric frequency index set | C 79 satisfying the condition that
for each k € I also —k € /. For example, all frequency index sets in

Example 57 and Figure 2 are symmetric.
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Theorem 64

Let | be a symmetric frequency index set with finite cardinality |/|
such that | C [— “l |Il]d Nnze.

Then there exists a reconstructing rank-1 lattice X = A(z, M, I)
with prime cardinality M, such that

I <M <D <P = 1] +1, (63)
where D(I) denotes the difference set (56).

Proof: 1. The lower bound |/| < M is obvious, since we need a
Fourier matrix A = A(X, 1) € CXIXI"l of full rank |/| in (50) to
reconstruct P, and this property follows from (55).

Recall that |D(/)] is the number of all pairwise distinct vectors

k — 1 with k, I € /. We can form at most |/| (|/| — 1) + 1 pairwise
distinct vectors in D(/). Therefore we obtain the bound

DU < 12— [1] + 1.
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2. In order to show that there exists a reconstructing rank-1 lattice
with M < |D(/)|, we choose M as a prime number satisfying
|D(1)|/2 < M < |D(I)| and show that there exists a generating
vector z such that the condition (57) is satisfied for

X =Nz, M, ). The prime number M can be always chosen in
(ID(1)|/2, |D(1)]] by Bertrand's postulate.

For the special case d = 1 we have | C [—%, %] N Z. Taking

z =2z =1, each M > |l| + 1 satisfies the assumption
k-z=kz#0mod M for k € D(I) C [—|l|,|!]]. In particular, we
can take M as a prime number in (|D(/)|/2, |D(1)|], since we have
[D(1)| > 2|l| in this case.

Let us now assume that d > 2. We need to show that there exists
a generating vector z such that

k-zZ0mod M forallk € D(/)\ {0},

and want to use an induction argument with respect to the
dimension d.
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We consider the projection of D(/) on the index set
D(lg-1) = {k = (k)= - k= (k)1 € D()},

such that each k € D(/) can be written as (k ", kq)" with
k € D(l4—1). Assume that we have found already a vector
7 € Z971 such that the condition

k-2#£0mod M for allk € D(l4_1) \ {0} (64)

T T

is satisfied. We show now that there exists a vector z = (2 ', z4)

with zg € {1,..., M — 1} such that
k-z=k-Z+4 kgzg #0mod M for allk € D(I)\ {0}. (65)

For that purpose we will use a counting argument. We show that
there are at most (|D(/ly—1)| —1)/2 integers zg € {1,...,M — 1}
with the property

k-z=k-2+kyzg =0 mod M for at least one k € D(/)\ {0} .

(66)
Since (|D(lg—1)] —1)/2 < (ID(1)| —1)/2 < M — 1, we always find
a z4 satisfying the desired condition (65).
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3. We show now that for each pair of elements k, —k with

k= (k",kq)" € D(1)\ {0} and given % satisfying (64), there is at
most one z4 such that (66) is satisfied.

If kg = 0, then (66) yields k - 2 = 0 mod M contradicting (64).
Thus in this case no z4 is found to satisfy (66).

If k=0 and kg # 0, then (66) yields kyzg = 0 mod M. Since

lka] < || < M and zz € {1,...,M — 1}, it follows that kyzy and
M are coprime such that no z, is found to satisfy (66).

If k # 0 and kg # 0, then (66) yields k - 2 = —kyzg mod M. Since
k-2 # 0 by assumption (64) and kg and M are coprime, there
exists one unique solution zy of this equation. The same unique
solution zg is found, if we replace k = (k ', kq) " by

—k = (—k",—kg)" in (66).

Taking into account that D(/y_1) and D(/) always contain the
corresponding zero vector, it follows that at most (|D(/y—1)| —1)/2
integers satisfy (66). Thus the assertion is proved. W

The idea of the proof of Theorem 64 leads us also to an algorithm,
the so-called component-by-component Algorithm 182. This
algorithm computes for a known lattice size M the generating
vector z of the reconstructing rank-1 lattice. see also [25]. 181 /302



Component-by-component lattice search

Input: M € N prime, cardinality of rank-1 lattice,
| C 79 finite frequency index set.

@ Set z; :=1.

@ Fors=2...,ddo
form the set I := {(kj)5_y: k= (k))i; € I}
search for one z; € [1, M — 1] N Z with

{(z1,...,25) -kmod M: ke l} = |l

end for.

Output: z = (zJ-)J‘-’:1 € N9 generating vector.
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The construction of the generating vector z € N9 in Algorithm 182
requires at most 2d |/| M < 2d |I|* arithmetic operations. For each
component z;, s € {2,...,d}, of the generating vector z in the
component-by-component step s, the tests for the reconstruction
property (54) for a given component z, in step 2 of Algorithm 182
require at most s |/| multiplications, (s — 1) |/| additions and |/|
modulo operations. Since each component z;, s € {2,...,d}, of
the generating vector z can only take M — 1 possible values, the
construction requires at most d|/| (M — 1) < 2d|/| M arithmetic
operations in total.
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Remark 65

The lower bound for the number M in Theorem 64 can be
improved for arbitrary frequency index sets, if we employ the exact
cardinalities of the projected index sets

Is == {(kj);—y - k= (kJ-)J‘.l:1 € 1}, see also [25].

The assumption on the index set can be also relaxed. In particular,

the complete index set can be shifted in Z¢ without changing the
results. [
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A drawback of Algorithm 182 is that the cardinality M needs to be
known in advance. As we have shown in Theorem 64, M can be
always taken as a prime number satisfying |D(/)|/2 < M < |D(1)].
But this may be far away from an optimal choice. Once we have
discovered a reconstructing rank-1 lattice A(z, M, I) satisfying for
all distinct k, h € /,

k-zZh-zmod M,
we can ask for M’ < M such that for all distinct k, h € /,
k-z#h-zmod M

is still true for the computed generating vector z. This leads to the
following simple algorithm for lattice size decreasing, see also [25].
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Lattice size decreasing

Input: M € N cardinality of rank-1 lattice,
| ¢ Z9 finite frequency index set,
z € N9 generating vector of reconstructing rank-1 lattice

Nz, M, 1).
® Forj=|l|,...,Mdo
if [{k-zmodj: ke l}|=]/| then
Miin :=J, stop
end if
end for.

Output: M, reduced lattice size.
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There exist also other strategies to determine reconstructing
rank-1 lattices for given frequency index sets, where the lattice size
M needs not to be known a priori, see e.g. [25, Algorithms 4 and
5]. These algorithms are also component-by-component algorithms
and compute complete reconstructing rank-1 lattices, i.e., the
generating vectors z € N9 and the lattice sizes M € N, for a given
frequency index set /. The algorithms are applicable for arbitrary
frequency index sets of finite cardinality |/].

As we have seen in Theorem 64 the sampling size M can be
bounded by the cardinality of the difference set D(/). Interestingly,
this cardinality strongly depends on the structure of /.



Example 66

Let | =19y = {k € Z%: |[k||, < N}, N €N, be the £,(Z9)-ball
with 0 < p < co and the size N € N, see Figure 2. The cardinality
of the frequency index set I;)j,N is bounded by

cp.d N? < [I¢ | < Cqp N9, while the cardinality of the difference
set satisfies ¢, g N9 < [D(IS )| < Cy,p 29 N with the some
constants 0 < ¢, ¢ < Cy . Consequently, we can find a
reconstructing rank-1 lattice of size M < C, 4 |I;,{N| using a

component-by-component strategy, where the constant (fp7d >0
only depends on p and d.

On the other hand, we obtain for p — 0 the frequency index set
I:={kc€Z%: |k|1 = |kllo < N} with N € N, which is supported
on the coordinate axes. In this case we have |/| = 2d N + 1, while
we obtain (2N + 1)2 < |D(/)| < d (2N + 1)2. Hence, there exists a
positive constant & € R with & |/|> < |D(/)| and the theoretical
upper bound on M is quadratic in |/| for each fixed dimension d.
In fact, reconstructing rank-1 lattices for these specific frequency
index sets need at least O(N?) nodes, see [29, Theorem 3.5] and

8l M



Example 67

Important frequency index sets in higher dimensions d > 2 are
so-called (energy-norm based) hyperbolic crosses, see e.g.

[3, 6, 7, 71]. In particular, we can consider a frequency index set of
the form

d
197 = {k € Z7: (max {1,]k[;})7/(T~V H max {1, |k })Y=T) < N}

with parameters T € [0,1) and N € N, see Figure 4 for
illustration. The frequency index set Iﬁ’o for T =0 is a symmetric

hyperbolic cross, and the frequency index set /ﬁ’T, T €(0,1),is
called energy-norm based hyperbolic cross.
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Example 67 (continue)

The cardinality of Iﬁ’T can be estimated by

caoN(log N)¥™1 < 197 < CyoN(log N)=t, for T=0,
carN < |27 < CyrN, for T e(0,1)

with some constants 0 < cq 7 < Cy, 7, depending only on d and
T, see [30, Lemma 2.6]. Since the axis cross is a subset of the
considered frequency index sets, i.e.,
{keZ?: ||k|; = |[k|loo < N} C 15T for T € [0,1), it follows that
(2N +1)? < |D(I,$’T)|. On the other hand, we obtain upper
bounds of the cardinality of the difference set D(IZ’T) of the form
DIy < CaoN?(log N)¥=2, for T =0,
DUy < JyTP<CEr N, for TE(01),

see e.g. [23, Theorem 4.8].
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Example 67 (continue)

Theorem 64 offers a constructive strategy to find reconstructing
rank-1 lattices for Iﬁ’T of cardinality M < \D(Iﬁ’T)L For

T € (0,1), these rank-1 lattices are of optimal order in N, see [23,
Lemmata 2.1 and 2.3, and Corollary 2.4] and [24]. Reconstructing
rank-1 lattices for these frequency index sets are discussed in more
detail in [24]. O

32 32 32
_32 _32 32
-32 0 32 -32 0 32 -32 0 32
2,0 2,1/4 2,1/2
I35 I35 I35

Figure 4: Two-dimensional frequency index sets /33" for T € {0,111,
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Summarizing, we can construct a reconstructing rank-1 lattice
N(z, M, ) for arbitrary finite frequency index set /. The choice of
the frequency index set /| always depends on the approximation
properties of the considered function space. The positive
statement is that the size M of the reconstructing rank-1 lattice
can be always bounded by |/|? being independent of the dimension
d. However for important index sets, such as the hyperbolic cross
or thinner index sets, the lattice size M is bounded from below by
M > C N?. We overcome this disadvantage in the following by
considering the union of several rank-1 lattices.



Multiple rank-1 lattices

To overcome the limitations of the single rank-1 lattice approach,
we consider now multiple rank-1 lattices which are obtained by
taking a union of rank-1 lattices. For s rank-1 lattices A(z,, M,),
r=1,...,s as given in (51) we call the union

X = /\(zla M17227 M2a sy Zs, MS) = U /\(zra Mr)
r=1

multiple rank-1 lattice. In order to work with this multiple rank-1
lattices, we need to consider the question, how many distinct
points are contained in X. Assuming that for each r the lattice
size M, is coprime with at least one component of z,, the single
rank-1 lattice A(z,, M,) possesses exactly M, distinct points in
[0, 27)¢ including 0. Consequently, the number of distinct points
in A(z1, My, 25, Ma, ... zs, M) is bounded from above by

S
N(z1, M, 22, My, ... 26, Ms)| <1 =5+ M,
r=1
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In the special case s = 2, we obtain the following result, see also
[27, Lemma 2.1].

Lemma 68

Let N(z1, M1) and N(z2, M) be two rank-1 lattices with coprime
lattice sizes My and M>.

Then the multiple rank-1 lattice N(z1, My,2z5, My) is a subset of
the rank-1 lattice N(Mazy + Myza, My M,). Furthermore, if the
cardinalities of the single rank-1 lattices N(z1, M1) and N(z2, M>)
are My and M», then

|A(Z].7 M17227 MQ)‘ = Ml + M2 =1l
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Proof: 1. We show that A(z1, M;) is a subset of
N Mazy + Myzy, My Ms). Let

27 .
Xj 1= Vl(] Z] mod M11)

be an arbitrary point of A(z1, M1). Since My and M, are coprime,
there exists a k € {0,..., My — 1} such that k My = j mod M;.
Choose now ¢ = kM, then

B 2T
- MM,

\ (€(M221 + M122) mod M1M21)

is a point of A(Mazy + Myzy, M1 My). Further we find by

€(I\/12 z1 + M 22) mod M; M1 = k(M22 z1 + MM 22) mod M; M>1
= k M2 z; mod M;Mo1 = k My z; mod My1 = jz; mod M;1

that x; = y,. Analogously, we conclude that
/\(22, Mz) C /\(M221 + Mz, M1M2).
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2. Now we prove that A(z1, M1) N A(z2, M) = {0}. For this
purpose it is sufficient to show that the M; M, points of
AN(Maz; + Myzp, My Ms) are distinct. Suppose that there is an
e {0,..., MMy — 1} such that

E(/\/Izzl + M122) =0 mod M M>1.

Then there exist ji, k1 € {0,..., My — 1} and jp,
ko € {0,..., My — 1} with £ = jo My + j1 = k1 M + ko, and we find

E(M2zl + Mlz2) mod My M1 = j; Mrzy + ko Myzy mod Mi M51.
Thus, we arrive at
Jj1 Mo zy = —ko My 2o mod My M1,

Since My and M, are coprime, it follows that My is a divisor of
each component of j; z1, and that M, is a divisor of each
component of —ky z,. But this can be only true for j; = k, =0,
since we had assumed that A(z1, M;) and A(z2, M) have the
cardinalities M; and M,. This observation implies now

{ = j» My = ki My which is only possible for j, = k3 = 0, since M;
and My are coprime. Thus £ = 0, and the assertion is proven. H
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Lemma 68 can be simply generalized.

Corollary 69
Let the multiple rank-1 lattice N(z1, M1, ..., zs, Ms) with pairwise
coprime lattice sizes My, ..., Mg be given. Assume that

IAN(z;, M,)| = M, foreachr=1,...,s.
Then we have

Nz, My, ... ze, Me)| =1 =5+ ) M,.
r=1

Further, let N(z, M) be the rank-1 lattice with the generating
vector z and lattice size M given by

S S S
z:=> ([[M)z, M:=]]m..
r=1 ¢=1 r=1

bFr

Then
Nz, My, ... ,zs, Ms) C N(z, M).
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Proof: The proof follows similarly as for Lemma 63. W

As in Section 5 we define now the Fourier matrix for the sampling
set X = A(z1, M1,22, Ma, ..., zs, M) and the frequency index set
IY

A = A(N(z1, M1, 22, Ma, ... 25, Ms), 1)
(e2m1J (cz1)/ M)
(e27rij(k~22)/M2)

- j=0,....Ma—1, kel (67)

j=0,...M;—1, kel

(ezmj (k-zs)/l\/ls)
j=0,...,Ms—1,kel

where we assume that the frequency indices k € / are arranged in a
fixed order. Thus A has >"°_; M, rows and |/| columns, where the
first rows of the s partial Fourier matrices coincide.
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We also introduce the reduced Fourier matrix

(o2t (kza) /M)
j=0,...,My—1,kel

(e27rij(k~22)/M2)
j=1,...,M>—1,kel

. Y

>
I

(e2mif (kzs)/Ms)
j=1,...,Ms—1,kel

: 2mij (k-z1)/ M
where we use beside (e )io....M -1, kel

matrices

only the partial

2mi j k r Mr —
(e 7T1_]( z )/ )J:]_”Mrfl’kel , r = 2’ .. S,
such that A has > °_1 M, —s+1rows and |/| columns. Obviously,

A and A have the same rank, since we have only removed
redundant rows.
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As in Section 5, we consider the fast evaluation of trigonometric
polynomials on multiple rank-1 lattices on the one hand and the
evaluation of their Fourier coefficients from samples on multiple
rank-1 lattices on the other hand.

(i) Evaluation of trigonometric polynomials. To evaluate a
trigonometric polynomial at all nodes of a multiple rank-1 lattice
N(zy, My, ..., zs, M), we can apply the ideas from Section 5 and
compute the trigonometric polynomial on s different rank-1 lattices
N(z1, My), ..., N(zs, Ms) separately. The corresponding Algorithm
201 applies the known rank-1 Algorithm s-times, once for each
single rank-1 lattice. The arithmetic costs of the fast evaluation at
all nodes of the whole multiple rank-1 lattice A(z1, Mu, ..., zs, Ms)
is therefore O(Y_7_; M, log M, + sd |l]).
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Evaluation at multiple rank-1 lattices

Input: My, ..., Ms € N lattice sizes of rank-1 lattices A(zp, My),
{=1,...,s,

z1,...,2s € 79 generating vectors of A(z;, My),
L=1,...,s,

| C 74 finite frequency index set,

P = (Px)ye, Fourier coefficients of p € My in (48).

@ For { =1,...,s do by rank-1 Algorithm
Pe = LFFT(va 2y, 1, ﬁ)

end for
A Set p =
(P1(1), -+, P1(M1), p2(2), -, P2(M2), - -, Ps(2), - - - ps(Ms))

Output: p = Rﬁ polynomial values of p € I, .
Arithmetic costs: O(Y ;_; Mylog My +sd |l]).

T
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The algorithm is a fast realization of the matrix-vector product
with the Fourier matrix A in (67). The fast computation of the
matrix-vector product with the adjoint Fourier matrix A" can be
realized by employing rank-1 Algorithm separately to each rank-1
lattice with a numerical effort of O(>";_; My log My + s d |1]).

(ii) Evaluation of the Fourier coefficients. To solve the inverse
problem, i.e., to compute the Fourier coefficients of an arbitrary
trigonometric polynomial p € IN; as given in (48), we need to
ensure that our Fourier matrix A in (67)) has full rank |/|. This
means that p needs to be already completely determined by the
sampling set A(z1, My, ..., 25, Ms). Then we can apply formula
(50) for reconstruction. We are especially interested in a fast and
stable reconstruction method.



We define a reconstructing multiple rank-1 lattice to a given
frequency index set / as a multiple rank-1 lattice satisfying that

AHA

with A = A(A(z1, M1,z2, My, ... 25, Ms), 1) has full rank |/].

In order to keep the needed number of sampling points

IN(z1, My, ...,2zs,Ms)| = > 1 M, — s+ 1 small, we do not longer
assume that each single rank-1 lattice is a reconstructing rank-1
lattice. But still, we can use Lemma 58 in order to compute the
matrix AHA in an efficient way.
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Lemma 70

Let A be the (3_7_; M,)-by-|l| Fourier matrix (67) for a frequency
index set |I| and a multiple rank-1 lattice

Nzi, My, 2o, Mo, . .. zs, M) with cardinality 1 — s+ > °_; M,.
Then the entries of ALA € CI'IXI!l have the form

(AHA) = Z M d(k—h)-z, mod M, »
r=1
where

S _f1 k-z=h-z, mod M,,
(k=h)zrmod M, =3 0 k.z,#£h-z mod M,.
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Proof: The assertion follows directly from Lemma 58. The entry

(AHA)p i is the inner product of the kth and the hth column of A.

Thus we find
s M,—1
AHAhk_Z Z 27r1[k h)Z,]/M,)
r=1 j=0
where the sums
M,—1 '
Z (627ri[(k—h)-z,]/M,)J

j=0

can be simply computed as in Lemma 58. H

Lemma 70 also shows that AHA can be sparse for suitably chosen
rank-1 lattices. If the single rank-1 lattices are already
reconstructing rank-1 lattices, then it directly follows that AHA is
a multiple of the identity matrix.
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Now the question remains, how to choose the parameters s as well
as z, and M,, r =1,...s, to ensure that AHA indeed possesses
full rank |/|. The following strategy given in Algorithm 207, see
[26, Algorithm 1], yields with high probability such a multiple
rank-1 lattice. Here we take the lattice sizes M, := M for all
r=1,...,s as a prime number and choose the generating vectors
z, randomly in the set [0, M —1]9 N Z. In order to determine the
lattice size M large enough for the index set /, we define the
expansion of the frequency set | by

N, = ki — min ¢; 68
! j:r?,e.].).(,d{nlzglx 5T it (68)

where k = (kj)J‘-f:1 and | = (Ej)j-’:l belong to /. The expansion N,
can be interpreted as the size of a d-dimensional cube we need to

cover the index set /.
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Determining reconstructing multiple rank-1 lattices

Input: T € N upper bound of the cardinality of a frequency set /,
d € N dimension of the frequency set /,
N € N upper bound of the expansion N,
0 € (0,1) upper bound of failure probability,
¢ > 1 minimal oversampling factor.
® Set c := max{c, 2-tand A= c(T —1).
A Set s = [(C—fl)zi'” T=hno7,
© Set M =argmin{p > A : p € N prime}.
O Forr=1tosdo
choose z, from [0, M — 1]9 N Z9 uniformly at random
endfor

Output: M lattice size of all rank-1 lattices,
zy,...,2s generating vectors of rank-1 lattices such that
N(z1, M, ... ,zs, M) is a reconstructing multiple rank-1
with probability at least 1 — §.
Arithmetical cost: O(AInIn A+ ds) for ¢ > 1, A ~ max{T, N},
and s~ InT —Ind. 207 /302



Due to [26, Theorem 3.4] the Algorithm 207 determines a
reconstructing sampling set for trigonometric polynomials
supported on the given frequency set / with probability at least
1 — ds, where

05 = Te 2 (71 (69)

is an upper bound on the probability that the approach fails. There
are several other strategies in the literature to find appropriate
reconstructing multiple rank-1 lattices, see [27, 26, 32]. Finally, if
a reconstructing multiple rank-1 lattice is found, then the Fourier
coefficients of the trigonometric polynomial p € I; in (48) can be
efficiently computed by solving the system

A"Ap = Alp,

-
where p := (P(Xj)xje/\(zl,Ml)a . 7P(xj)xj»eA(zs,M5)) )
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Unknown frequency index set /

until now:
e fast reconstruction / approximation from samples
for arbitrary given frequency index set | C Z9, || < oo
next: unknown frequency index set | = multi-dim. sparse FFT
e task: Determine frequency index set / from samples
belonging to ~largest Fourier coefficients f; or to fx # 0
e search domain I C Z9, e.g. full grid
Gli={-N,-N+1,...,N}9, NeN
e various existing methods, e.g., based on
o filters [Indyk, Kapralov '14]
e Chinese Remainder Theorem [Cuyt, Lee '08] [lwen '13]
e Prony’s method [Tasche, P. '13] [Peter, Plonka, Schaback '15]
[Kunis, Peter, Rémer, von der Ohe '15]

e problems: non-sparsity, implementations?, stability, many
frequencies
=- dimension-incremental sparse FFT based on rank-1 lattices [P,

Volkmer. '15] [Volkmer '17]; (similar basic idea without rank-1 lattices:
[Zippel '79] [Kaltofen, Lee '03] [Javadi Monagan '10] [P., Tasche '13]) 200 /302



Dimension incremental reconstruction

(h2,hs)e{=8,....8)> | P2
(ki,ha,h3) T €suppp  \'

= > P i
)

A kg =-8,...,8
suppp C I = G ! B

construct  1-dim
H <_

-8 sampling set iFFT
k1
0
8 0
frequency candidates

detected frequencies /(1) X1 1 0
sampling nodes
(5.%,%4)T, £=0,...,16

e27ri(h2)<é+h3)<§ ) ,
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) 0 ki
8
_Eg 8 detected fgequencies
0 0 1(1)
ki 8 -8 ke

supp p C ég

construct  1-dird
ko — ——
sampling set iFFT

-8
frequency candidates % 1

detected frequencies /(?)
1 0 X2

sampling nodes
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o -8 g 7 ka
k
x 0 0 1 /}/./
8 —8

-8 8 detected frequencies detected frequencies
-8 (1) 1(2)

reconstructing 1-dinX1
H <_

rank-1 lattice iFFT

frequency candidates
1D % () detected

frequencies
1(1,2)
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k3
o
|

[oe]

—8 kl N

Ky 8 _g ko detecteci(fir;;quencies

supp p C G3

83k construct  1-dim i
il ; 1
sampling set iFFT, ‘
0 X l
0
_8 0 1
1 0

frequency candidates

detected frequencies /) sampling nodes
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8
£ o0
-8
_8 8
0 0 .
Ky 8 _g K detectedl(iiljg;quencnes /)
supp p C C:'g'
8
< 0
-8
_8 o 0
k1 8 _8 1
frequency candidates X1 1 0 X2

112) 5 |(3) detected
frequencies
1(1,2,3)

sampling nodes
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B-spline Nim(x) := 3",z Cmsinc (Zk)™ cos(mk) 2™k,

INm| L2(T)|| = 1, [Nim (k)| ~ | K|~

Fx):= ] MeCe)+ ] MaCe)+ [ WNelxe)
te{1,3,8} te{2,5,6,10} te{4,7,9}

full grid for N = 64, d = 10: |G| = 12910 ~ 1.28 - 10?!

symmetric hyperbolic cross: |/ = 696 036 321

relative L?(T9)-error (best case) 4.1e-04

results for dimension incremental algorithm with [ = @612
(tests repeated 10 times):

threshold ‘ #samples ‘ |l ‘ rel. Ly-error
1.0e-02 254530 491 1.4e-01
1.0e-03 2789050 | 1121 1.1e-02
1.0e-04 | 17836042 | 3013 1.7e-03
1.0e-05 | 82222438 | 7163 4.7e-04
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complexity of dimension-incremental sparse FFT using multiple
rank-1 lattices:
e sparsity s = |/|, search domain I = G := {-N,...,N}¥ >/
number of detection iterations r
o samples: O(d rsNlog?(rsN)) (w.h.p.)
instead of O(d r?s*N)
o arithmetic operations: O(d?rsN log*(rsN)) (w.h.p.)
instead of O(d r3s® + d r?s®N log(rsN))
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Example: pj(x) = 3. pre® k% | T = G5, = {-32,...,32}5,

kel
Il ~1.16-10°
...... ~s [ B e slogs--- ~ slogts -~ s2log s
—m—5d FFT -@ RIL -©-mult. R1L -=-FFTW - RIL -©-mult. RIL
e ol ]
. s wn I
g 108} £ £ -
87 | 5
£ 07 £
7100 2
L Vi ————— 100l
10° 10* 10° 103 10 10°

sparsity s sparsity s



Example:
e B-spline Nip(x) := > 4cz Cmsinc (%k)m (—1)k e2mikx
o f(x):=
[Lecqi3,8) No(xe) + Ieeqa5.6,10 Nalxe) + [1ecqa7,0y No(xt)

e dimension-incremental method for ' = 63612:
(|G| ~ 1.28 - 10%1)

single rank-1 lattices multiple rank-1 lattices
rel. rel.
threshold #samples [I| | Ly error || #samples [I| | Ly error
1.0e-02 327689 493 | 1.3e-01 246 681 501 | 5.5e-01
1.0e-03 2551143 | 1109 | 1.1e-02 1441455 1205 | 1.1e-02
1.0e-04 17198228 | 3009 | 2.0e-03 7473447 | 3463 | 2.1e-03
1.0e-05 132285922 | 7435 | 4.8e-04 || 37056491 | 11053 | 4.9e-04
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multivariate periodic functions and rank-1 lattices
e fast reconstruction of multivariate trigonometric polynomials
py for arbitrary frequency index sets | [Kammerer '14]
o fast approximation [Kimmerer '14], error estimates in
[Kammerer '14], [Volkmer '17]

similar results for multivariate non-periodic functions and
rank-1 Chebyshev lattices (not in this talk)

high-dimensional dimension-incremental sparse FFT and
rank-1 lattices [P., Volkmer '16] [Volkmer '17]
o determination of unknown frequency index set /
e very good numerical results for high-dimensional sparse
trigonometric polynomials and for high-dimensional functions
(non-sparse in frequency domain)

high-dimensional dim.-incremental sparse FFT and multiple
rank-1 lattices
e based on multiple reconstructing rank-1 lattices [Kammerer '16]
[Kammerer "17]
e distinct reduction of number of samples and arithmetic
operations
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Prony’s method for reconstruction of structured

functions

The recovery of a structured function from noisy sampled data is a
fundamental problem in applied mathematics and signal processing.
In Section 222, we consider the frequency analysis problem, where
the classical Prony method and its relatives are described. Section
240 describes frequently used methods for solving the frequency
analysis problem, namely MUSIC, the approximate Prony method,
and ESPRIT. The algorithms for recovery of exponential sums will
be mainly derived for noiseless data. Fortunately, these methods
work also for noisy data. This important property is based on the
stability of exponentials which will be handled in Section 269.
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The reconstruction of a compactly supported function of special
structure from given Fourier data is a common problem in scientific
computing. In Section ?? we present an algorithm for recovery of a
spline function from given samples of its Fourier transform. In
Section ?? we study a phase retrieval problem, i.e., we investigate
the question whether a complex-valued function f can be
reconstructed from the modulus |#| of its Fourier transform.



Prony method

The following problem arises quite often in electrical engineering,
signal processing, and mathematical physics and is known as
frequency analysis problem (see [47] or [41, Chapter 9]):

Recover the positive integer M, distinct frequencies ¢; € [—7, 7) ,
complex coefficients ¢; # 0, j = 1,..., M, in the exponential sum
of order M

M
h(x) == Z e, x>0, (70)
j=1

if noisy sampled data hy := h(k) + ex, k=0,..., N — 1, with
N > 2 M are given, where ¢, € C are small error terms.

In this frequency analysis problem, we have to detect the
significant exponentials of the signal h.
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The classical Prony method works for noiseless sampled data of
the exponential sum (70) in the case of known order M. Following
an idea of G.R. de Prony from 1795 (see [53]), we recover all
parameters of the exponential sum (70), if sampled data

M M
K) =) ge?k=>"¢zf, k=0,...2M-1 (71)
j=1 j=1

are given, where z; := el% are distinct points on the unit circle.
We introduce the Prony polynomial

M
p(z)::Hz—zJ Zpkz +:M zec, (72)
j=1

with corresponding coefficients p, € C.



Further we define the companion matrix Cpy(p) € CM*M of the
Prony polynomial (72) by

0 0 ... O —Po

10 ... 0 —p1
Cu(p)=101 ... 0 —p . (73)

0O 0 ... 1 —Pm=1

It is known that the companion matrix Cps(p) has the property
det (zly — Cum(p)) = p(2)

where Iy, € CM*M denotes the identity matrix. Hence the zeros of
the Prony polynomial (72) coincide with the eigenvalues of the
companion matrix Cpy(p).



Setting py := 1, we observe the following relation for all m € Ng,
M
> pi h(k + m)
k=0
M M
= p ()
k=0 i=1

M M M
= Yz (DXomz) =D gz plz)=0. (74)
j=1 k=0 j=1

Using the known values h(k), k =0,...,2M — 1, the formula (74)
implies that the homogeneous linear difference equation

M-1
> ph(k+m)=—h(M+m), m=0,....M—-1 (75)
k=0

is fulfilled.



In matrix-vector notation, we obtain the linear system

Hum(0) (pe) by = — (h(M + m))M 2 (76)

with the square Hankel matrix

h(0) h(1) h(M — 1)
h h h(M
Hu(0) = (:1) (52) (: ) _ (h(k“‘m))zﬂ,;ig-
h(M —1) h(M) ... h(2M —2)
(77)

The matrix Hp(0) is invertible, since by the special structure (71)
of the values h(k) we have the factorization

Hu(0) = Vi(z) (diage) V() ",

where the diagonal matrix diag ¢ with ¢ := (¢;)}X; contains the
nonzero coefficients of (70) in the main diagonal, and where
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1 1 1

z1 2> . Zy
1
Vu(z) = (Zi )j k=1 : :
M-1 _M-1 M 1
z z, oz

denotes the Vandermonde matrix generated by the vector

z:= (zJ) . Since all z;, j =1,..., M, are distinct, the
Vandermonde matrix V(z) is mvertible. Note that by (71) we
have

Vu(z)c = (h(k)), o - (78)

We summarize:



Classical Prony method

Input: M € N, sampled values h(k), k =0,...,2M — 1.

1. Solve the linear system (76).

2. Compute all zeros Z; € C, j = 1,..., M, of the Prony
polynomial (72), i.e., calculate all eigenvalues Z; of the associated
companion matrix (73). For z; := Z;/|Z;| and form

@j = Im(log zj) € [-m, 7), j=1,..., M, where log is the
principal value of the complex logarithm.

3. Solve the Vandermonde system (78).

Output: gj € [-m, 7), ¢;eC,j=1,...,M.
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As shown, Prony's idea is mainly based on the separation of the
unknown frequencies ¢; from the unknown coefficients ¢;. But the
main problem is the determination of ¢, since the coefficients c;
are uniquely determined by the linear system (78).

Remark 71

For simplicity, we consider only an undamped exponential sum
(70). Analogously, one can handle a damped exponential sum

M
h(x) == cheﬁx, x>0,
j=1

where ¢; # 0 and f; € [-a, 0] +i[—m, ) are distinct numbers
with small o > 0 (see [49]). Then the negative real part of f; is the
damping factor and the imaginary part of f; is the angular
frequency of the exponential efi*.
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Remark 72

The Prony method can be also applied to the recovery of an
extended exponential sum

where c; are polynomials of low degree. For simplicity, we sketch
only the case of linear polynomials cj(x) = cjo + cj1x. With
distinct z; = e'¥i, j=1,..., M, the corresponding Prony
polynomial reads as follows

2M-1

M
p(z) = H z - z)? Z px 2"+ 22M. (79)
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Remark 72 (continue)

Assuming that the sampled values h(k), k =0,...,4M — 1, are
given, one has to solve the linear system

2M—-1
> puh(k+0)=-h2M+1), €=0,....2M —1,
k=0

and to compute all double zeros z; of corresponding Prony
polynomial (79), i.e., all double eigenvalues of the related
companion matrix.
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Remark 72 (continue)

Introducing the confluent Vandermonde matrix

1 0 1

Z1 1 “. ZM

VS (2) = 212 271 z,%d
12M 1 M — ) 2M-2 ZI%/,M—I

finally one has to solve the confluent Vandermonde system

c M—
VS$(2) (co1, zi€11, -- -5 CMo, Z1Cm1) | = (h(k))2: '

0
1
22y

1)

Ol

2M -2
Zm
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Remark 73

The Prony method is closely related to Padé approximation (see
[67]). Let (fi)ken, be a complex sequence with

p = lim supy_, |fc|'/¥ < oo. The z-transform of such a sequence
is the Laurent series ;- o fi z~k which converges in the
neighborhood {z € C : |z| > p} of z = co. Thus the z-transform
of each sequence (ij)keNo with zj = e'%i s equal to —Z

j=1,..., M. Since the z-transform is linear, the z—tran;form
maps the data sequence (h(k)) with (71) for all k € Ny into
the rational function

(o) M
S hk)z k=Y g2 = XD (80)
k=

‘ = z-z p2)

keNy

where p is the Prony polynomial (72) and

a(z) := am zM + ... + a1 z. Now we substitute z for z=* in (80)
and form the reverse Prony polynomial rev p(z) := zM p(z~1) of
degree M with rev p(0) = 1 as well as the reverse polynomial
rev a(z) := zM a(z 1) of degree at least M — 1.
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Remark 73 (continue)

Then we obtain that

ih(k)zk: rev a(z) (81)

— rev p(z)

in a certain neighborhood of z = Q. In other words, the rational
function on the right side of (81) is an (M — 1, M) Padé
approximant of the power series .~ o h(k) zK with vanishing
O(zM) term and it holds

[e.9]

(Z h(k) zk> rev p(z) = rev a(z)

k=0

in a neighborhood of z = 0.
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Remark 73 (continue)

Equating the coefficients of like powers of z yields

M
pch(k+ m—-M) = ay_p, m=0,....M—1,
k=M—m

M
> peh(k+m) = 0, meN,. (82)
k=0

Now the equations (82) for m =0, ..., M — 1 coincide with (75).
Hence the Prony method may also be regarded as a Padé
approximation. [
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Remark 74

In signal processing, the Prony method is also known as the
annihilating filter method, see e.g. [65]. For distinct z; = €'%/ and
complex coefficients ¢; # 0, j = 1,..., M, we consider the discrete
signal h = (h,,)nGZ with

hn ::chzj", nez. (83)
j=1

For simplicity, we assume that M is known. Then a discrete signal
a = (ap)nez Is called an annihilating filter of the signal h, if the
discrete convolution of the signals a and h vanishes, i.e.

(axh), ::Zaghn,gzo, nez.
LEL
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Remark 74 (continue)

For the construction of an annihilating filter a we consider

M M
a(z) ::H(l—zj-z_l) :Zanz_”, ze C\ {0},
=1 n=0

J

then a = (ap)nez with a, =0, n€ Z\ {0, ..., M} is an
annihilating filter of h in (83). Note that a(z) is the z-transform of
the annihilating filter a. Furthermore, a(z) and the Prony
polynomial (72) have the same zeros z; €D, j =1,..., M, since
zM a(z) = p(z) for all z € C \ {0}. Hence the Prony method and
the method of annihilating filters are equivalent. For details see
e.g. [65]. O



Remark 75

Prony methods arise also from problems of science and engineering,
where one is interested in predicting future information from
previous ones using a linear model. Let h = (h,)nen, be a discrete
signal. The linear prediction method, see e.g. [5], aims at finding
suitable predictor parameters p; € C such that the signal value
heynm can be expressed as a linear combination of the previous
signal values h;, j =4,... L+ M—1, ie

M—

horm = Z pj hg+J £ e Np.
Jj=0

Therefore these equations are also called linear prediction
equations. Setting pp := 1, we observe that this representation is
equivalent to the homogeneous linear difference equation (75).
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Remark 75 (continue)

Assuming that
M
hk:ZCijk, k € Ng,
j=1

we obtain the frequency analysis problem, i.e., the Prony
polynomial (72) coincides with the negative value of the forward
predictor polynomial. The associated companion matrix Cpy(p) in
(73) is hence equal to the forward predictor matrix. Thus the linear
prediction method can also be considered as a Prony method. [

Unfortunately, the classical Prony method has some numerical
drawbacks. Often the order M of the exponential sum (70) is
unknown. Further the classical Prony method is known to perform
poorly when noisy sampled data are given, since the Hankel matrix
H(0) as well as the Vandermonde matrix V(z) are usually
badly conditioned. We will see that one can attenuate these
problems by using more sampled data. But then one has to deal

with rectangular matrices.
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Recovery of exponential sums

In this section, we present three efficient algorithms for solving the
frequency analysis problem. Let N € N with N > 2M be given,
where M € N denotes the (unknown) order of the exponential sum
(70). We introduce the nonequispaced Fourier matrix, see Chapter
??,
T (odej(k=1)\N, M
Ay = (FD) o7

Note that A}, ,, coincides with the rectangular Vandermonde

matrix N
. k—1 )
Vim(z) = (z )k,j:l
with the vector z := (zJ)J"i1 where z; = e%i, j=1,...,M, are

distinct nodes on the unit circle. Then the frequency analysis
problem can be formulated in following matrix-vector form

VN7M(Z)C = (hk)LV:_Ol, (84)

where ¢ = (cj)j’\i1 is the vector of complex coefficients of (70).

240 /302



In practice, the order M of the exponential sum (70) is often
unknown. Assume L € N is a convenient upper bound of M and
M < L<N-—M+1. In applications, such an upper bound L of M
is mostly known a priori. If this is not the case, then one can

choose L ~ % Later we will see that the choice L = % is optimal
in some sense. Often the sequence {ho, h1, ..., hy_1} of (noisy)

sampled data is called a time series of length N. Then we form the
L-trajectory matrix of this time series

L—1,N—L _
Hon- 41 = (h€+m)g7m1:70 e Cchx(V=t+1) (85)

with the window length L € {M,...,N — M + 1}. Obviously
H; n—1+1 is a rectangular Hankel matrix.

For simplicity, we consider mainly noiseless data hy = h(k),
k=0,....,N—1, ie.

Hin-ren = (h(E+m)), g " e CM=1D - (g6)
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The main step in the solution of the frequency analysis problem is
the determination of the order M and the computation of the
frequencies ¢; or alternatively of the nodes z; = evi j=1,..., M.
Afterwards one can calculate the coefficient vector ¢ € CM as least
squares solution of the overdetermined linear system (84), i.e., the
coefficient vector c is the solution of the least squares problem

. N—-1
min [Vim(z)e = (hi) o ll2-

By (71) the L-trajectory matrix (86) can be factorized in the
following form

HL,N—L+1 = VL’M(Z) (diag C) V/\/_L_,_L/\//(Z)—r . (87)

We denote square matrices with only one index.



Additionally we introduce the rectangular Hankel matrices

HL,N—L(S) = HL,N—L+1(1 . L, 1+s:N—L+ S) (88)
L-1,N—-L-1
= (h5+£+m)@7m:0 ) s € {0) 1}5

for Le {M,...,N— M}. Here we use the known submatrix
notation. For example, Hy y_;4+1(1: L, 1: N — L) is the submatrix
of Hy y—141 obtained by extracting rows 1 through L and columns
1 through N — L. Observe that the first row or column of a matrix
can be indexed by zero.

Lemma 76

Let N > 2M be given. For each window length

Le{M, ..., N— M+ 1}, the rank of the L-trajectory matrix (86)
of noiseless data is M. The related Hankel matrices Hy ny_((s),

s € {0, 1}, possess the same rank M for each window length
Le{M,...,N— M}.
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Proof: 1. As known, the square Vandermonde matrix Vy(z) is
invertible. Further we have

rankVy y(z) =M, Le{M,....N-M+1}, (89)
since rank V; p(z) < min{L, M} = M and since the submatrix

(z{;_l);\,/’kzl of Vi m(z) is invertible.

For Le {M, ..., N— M+ 1}, we see by (89) that
rank V; pm(z) = rankVy_;11.m(z) = M.

Thus the rank of the matrix (diagc) Vy_r4+1.m(2)" is equal to M.
Hence we conclude that

rank HL,N—L+1 = rank (VL,M(Z) ((diag C) VN_L+1,M(Z)T))
= rankVLM(z) =M.

Note that this proof is mainly based on the factorization (87).
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2. From H; y—;(0) = Hy y— it follows by step 1 that

rank H; y_((0) = M for each L € {M, ..., N — M}. The Hankel
matrix Hy y—;(1) has also the rank M for each

Le{M,...,N— M}. This follows from the fact that H; y_;(1)
can be factorized in a similar form as (87), namely

Hin-i(1) = Vi m(2) (diage) (diagz) Vy-rm(z) . @

Consequently, the order M of the exponential sum (70) coincides
with the rank of the Hankel matrices (86) and (88).

The ranges of Hy y_; 41 and V p(z) coincide in the noiseless case
with M <L < N— M +1 by (87). If L > M, then the range of
V.. m(2) is a proper subspace of CL. This subspace is called signal
space S;. The signal space §; is of dimension M and is generated
by the M columns e/ (y;), j=1,..., M, where

erlp) = ()1 pe[om ).

Note that ||e.(¢)||2 = V'L for each ¢ € [, ).
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The noise space N} is defined as the orthogonal complement of S;
in CL. The dimension of A} is equal to L — M.

By Q; we denote the orthogonal projection of Ct onto the left
noise space N;. Since e/ (p;) €Sy, j=1,...,M, and N L S,
we obtain that

QLeL((pJ'):O, j:1,...,M.

For ¢ € [-m, )\ {®1,...,om}, the vectors
er(¢1), ..., er(em), eL(@) € Ch are linearly independent, since
the square Vandermonde matrix

(eL(<p1)\ . \eL(goM) ‘ eL(tp))(l M+ 1, 1: M+ ].)

is invertible for each L > M + 1. Hence
e (p) ¢ Sp =span{ei(p1), ..., e(em)}, ie, Qre(p) #0.
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Thus the frequencies ¢; can be determined via the zeros of the
noise-space correlation function

Ni(p) = k 1Que(@)l2. e [-m ),

since N (pj) =0foreach j=1,...,Mand 0 < Ni(¢) <1 for all
o €[-m 7))\ {p1,...,om}, where Q e (¢) can be computed on
a fine equispaced grid of [—m, 7). Alternatively, one can seek the
peaks of the imaging function

Ji(e) = VL|Qre(o)lz", ¢e[-m 7).

In this approach, we prefer the zeros or rather the lowest local
minima of the noise-space correlation function Ny ().

In the next step we determine the orthogonal projection Q; of Ct
onto the noise space N.



Here we use the singular value decomposition (SVD) the
L-trajectory matrix H; y_; 41, i.e.,

Hin-ty1=U Dy 41 W%_LH ’ (90)
where
U = (ui]...|u)eC>t,
Wrho41 = (wi]...|wy_rq1) € C(N=L+1)x(N-L+1)

are unitary and where

DL,N—L+1 = diag (01, s Omin {L, N7L+1}) c RLX(NfLJrl)

is a rectangular diagonal matrix. The diagonal entries of Dy y_;4+1
are arranged in nonincreasing order

UlZ---ZO-M>O-M+1:'--:O-min{L,N—LJ,-l}:Oo

The columns of U, are the left singular vectors of Hy y_ 11, the
columns of Wy _; 11 are the right singular vectors of Hy y_;41.
The nonnegative numbers o are called singular values of

Hiv—r41-
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The rank of H; y—;+1 is equal to the number of positive singular
values. Thus we can determine the order M of the exponential
sum (70) by the number of positive singular values o;.

From (90) it follows that

Hinv- 41 Whop1 = U Dy 41,

H _ T
Hin 111U =Wn_1+1D yoyg1-
Comparing the columns in above equations, for each
k=1,...,min{L, N — L+ 1} we obtain
H
Hinv-rtrawk =okug, Hpy 11Uk =0okwi.

Introducing the matrices
U(Ll/)\/l = UL(]-:La]-:M):(u”.,,|uM)€(CL><M7
U(L2sz = U(1:LM+1:L)= (umy1] ... |uL) e cLx(t=m)

)

we see that the columns of U(Ll,)v, form an orthonormal basis of S;

and that the columns of U(L2Z—M are an orthonormal basis of V.

249 /302



Hence the orthogonal projection onto the noise space N} has the
form

Q. =UP)_,, (uP)_ )"

Consequently, we obtain that

[ AGIE
= (Qrec(y), Qrec(v)) = (QL)* er(v), eL(p))
= (Que(®). ec(v)) = (UP)_, (UE)_ )P er(), ec())

L,
= (U2 er(e). (UP) )T er(e)) = 1(UP)_ )M ew()I3.

Hence the noise-space correlation function can be represented by

Ni(p) = \}L||(UE?2_M>HeL(@)Hz
L
= (X wa@?)” velnn.
k=M-+1

In MUSIC, one determines the lowest local minima of the left

noise-space correlation function, see e.g. [57, 41, 11, 33].
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MUSIC via SVD

Input: N € Nwith N>2M, L= % window length,

hx =h(k)+ e €C, k=0,...,N—1, noisy sampled values of
(70), 0 < £ < 1 tolerance.

1. Compute the singular value decomposition

o & H
Hovi41=U Dy 1 Wy g

of the rectangular Hankel matrix (85), where the singular values &,
are arranged in nonincreasing order. Determine the numerical rank
M of (85) such that dp > €51 and Gp41 < €51. Form the matrix

G(L?Z—MZOL(]- L M+1: L): (GM+1‘ |GL>
2. Calculate the squared noise-space correlation function
1L
N (p)? == T Z il e (o)
k=M-+1

on the equispaced grid {@ : k=0,...,5— 1} for sufficiently
large S € N by fast Fourier transforms. o1 a0



3. The M lowest local minima of Al (M) k=0,...,5—-1,
form the frequencies @1,...,Ppn. Set Z; := =%, j=1,...,M.
4. Compute the coefficient vector € := (EJ)M € CM as solution of

j=1
the least squares problem

= \N—-1
~m((':r,}/,||VN M( ) (hk)k:0‘|27

where Z := (zJ)J denotes the vector of computed nodes.

Output: MeN, ¢; € [-m, 7), §eC, j=1,...,M.



The approximate Prony method can be immediately derived from
the MUSIC method. We start with the squared noise-space
correlation function

1 2
(oY = TIUEL ) el
1 <& »
= Z Z ‘uIl;I eL(gp)‘ ) pe [_7T7 77)'
k=M+1
For noiseless data, all frequencies ¢;, j =1,..., M, are zeros of

Ni(¢)? and hence especially zeros of
2
‘U{I eL((P)‘ .

Thus we obtain ulle;(¢;) =0 for j =1,..., M. Note that

ulle; () can have additional zeros. For noisy data we observe
small values |uj! eL(cp)‘2 near ;. Finally we determine the order
M of the exponential sum (70) by the number of sufficiently large
coefficients in the reconstructed exponential sum.
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Approximate Prony method

Input: N € Nwith N>2M, L=~ % window length,

hx = h(k)+ e €C, k=0,...,N—1, noisy sampled values of
(70), € > 0 lower bound with |¢j| > 2¢, j=1,..., M.
1. Compute the singular vector u; = (Ug)é;& € Ct of the

rectangular Hankel matrix (85).
2. Calculate

T
L

ule(p) =) et

T
o

on the equispaced grid {@ : k=0,...,5 — 1} for sufficiently
large S € N by FFT. 3
3. Determine the lowest local minima v;, j =1,..., M, of

i e (B2 k=0,...,5 — 1. Set ;== e, j=1,..., M.
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4. Compute the coefficients c7j € C as least squares solution of the
overdetermined linear system

13

i
> diwg=he, k=0,...,N-1,
j=1

Delete all the Wy with |dy| < ¢ and denote the remaining nodes by
Z,j=1,...,M.

5. Compute the coefficients ¢; € C as least squares solution of the
overdetermined linear system

M
&=, k=0,...,N-1.
j=1

Output: M €N, g; € [-m, 7), eC, j=1,...,M.



Finally we sketch the frequently used ESPRIT method (see
[54, 50]) which is based on singular value decomposition of the
rectangular Hankel matrix. First we assume that noiseless data
hie = h(k), k=0, ..., N —1, of (70) are given. The set of all
matrices of the form

z HL,NfL(O) — HL,NfL(]-) , Z €& C, (9]_)

is called a rectangular matrix pencil. If a scalar zy € C and a
nonzero vector v € CN=L satisfy

ZoH v (0)v=H,n ((1)v,

then zy is called an eigenvalue of the matrix pencil and v is called
eigenvector. Note that a rectangular matrix pencil may not have
eigenvalues in general. The ESPRIT method is based on following
result:
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Lemma 77

Assume that N € N with N >2M and L € {M,...,N — M} are
given. In the case of noiseless data, the matrix pencil (91) has the
nodes zj = ¥, j =1,..., M, as eigenvalues. Further, zero is an
eigenvalue of (91) with N — L — M linearly independent
eigenvectors.

Proof:
1. Let p denote the Prony polynomial (72) and let
q(z) := zN==M p(z). Then the companion matrix of g reads as
follows
Cn-(q) = (e1]ez| ... |en—r-1] —q)
with q := (0,...,0, po, p1, - - -, PM— 1)T where py are the

coefficients of (72). Here ex = (x_¢)p- OL ! denote the canonical
basis vectors of CN=L. By (74) and (88) we obtain that

Hen-(0)a = —(h(0),
and hence
Hinv—(0) Cnv—r(q) = Hov—i(1). (92)
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2. Thus it follows by (92) that the rectangular matrix pencil (91)
coincides with the square matrix pencil zly_; — Cy_1(g) up to a
matrix factor,

zH  n—1(0) = Hpn—1(1) =Hn—1(0) (z0n—L — Cn—1(q)) -

Now we have to determine the eigenvalues of the companion
matrix Cy_.(q). By

M
det (zly—1 — Cn-1(q)) = q(z) = 2"~t"M H(z ~ z)
j=1

the eigenvalues of Cy_;(q) are zero and z;, j =1,..., M.
Obviously, z = 0 is an eigenvalue of the rectangular matrix pencil
(91), which has L — M linearly independent eigenvectors, since
rank Hy y—1(0) = M by Lemma 76. Foreachz=2z;, j=1,..., M,
we can compute an eigenvector v = (Vk)f(V:—OL—l of Cn_1(q), if we
set vy—r—1 = Zj.
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Thus we obtain

(ziHen—1(0) —Hpn—r(1))v=0.

We have shown that the generalized eigenvalue problem of the
rectangular matrix pencil (91) can be reduced to the classical
eigenvalue problem of the square matrix Cy_;(q). W

We start the ESPRIT method by the singular value decomposition
(90) of the L-trajectory matrix H; y—;41 with a window length
Le{M,...,N— M}. Introducing the matrices

UL,M = UL(]- L, 1 M), WN7L+1,M = WN7L+1(1 cN—L+1, 1: M)
with orthonormal columns as well as the diagonal matrix
Dy := diag (o'j)j’\il, we obtain the partial singular value

decomposition of the matrix (86) with noiseless entries, i.e.,

H
Hiv 1 =U DWWy i1m-
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Setting

WNfL,M(S) = WN7L+1,M(1 +s:N—L+s,1: M) , SE& {O, 1},

(93)
it follows by (93) and (88) that both Hankel matrices (88) can be
simultaneously factorized in the form

Hinv 1(s) = U mDuyWph_pm(s)?, se{o,1}. (94)

Since Uy p has orthonormal columns and since Dy, is invertible,
the generalized eigenvalue problem of the matrix pencil

ZWN_L’M(O)H —WN_LJV](].)H, zeC, (95)

has the same non-zero eigenvalues z;, j = 1,..., M, as the matrix
pencil (91) except for additional zero eigenvalues. Finally we
determine the nodes z;, j = 1,..., M, as eigenvalues of the matrix

Far® == Wy (1) (Wy_m(0)h) " e CMM, (96)

where (W/\/_LJ\/;(O)H)+ denote the Moore—Penrose pseudoinverse.
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Analogously, we can handle the general case of noisy data

hy = h(k)+ e €C, k=0,...,N— 1, with small error terms

ex € C, where |ex| < &1 and 0 < e1 < 1. For the Hankel matrix
(90) with the singular values 61 > ... > Gmin{,n—1+1} = 0, we

can calculate the numerical rank M of (85) by the property

Gm > €61 and Gp41 < €61 with convenient chosen tolerance €.
Using the IEEE double precision arithmetic, one can choose

e = 10710 for given noiseless data. In the case of noisy data, one
has to use a larger tolerance € > 0.
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For the rectangular Hankel matrix (85) with noisy entries, we use
its singular value decomposition

Y nH
Hov-14+1=U Dy 41 Wy 1

and define as above the matrices U py, Dy := diag (&j)j’\il, and
WN—L-H,M' Then

¥ N \\/H
UL,M Dwm WN—L+1,M

is a low-rank approximation of (85). Analogously to (93) and (96),
we introduce corresponding matrices Wy m(s), s € {0, 1} and
F%ﬂVD. Note that

Kin-(s) == U0, mDyWn_m(s)*, se{0,1} (97)

is a low-rank approximation of I:IL,N_L(S). Thus the SVD-based
ESPRIT algorithm reads as follows:
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ESPRIT via SVD

Input: N € Nwith N>1, ML N-M, Lz%, M unknown
order of (70)), hx = h(k) + e, € C, k=0,..., N — 1, noisy
sampled values of (70), 0 < ¢ < 1 tolerance.

1. Compute the singular value decomposition of the rectangular
Hankel matrix (85). Determine the numerical rank M of (85) such
that 6y > 61 and 1 < €61. Form the matrices VNVN_L’M(S),
s € {0, 1}, as in (93).

2. Calculate the square matrix IN:%,VD as in (96) and compute all
eigenvalues Z,j=1,...,M, of IN:%”VD. Replace Z; by the corrected
vaIue‘ |_/—1 .M, and set §; :=logZ;, j=1,...,M,
where Iog denotes the principal value of the complex logarithm.

3. Compute the coefficient vector € := (cJ) M, € CM as solution of
the least squares problem

IVi,m(Z) € — (hk) 0 Hz = min,

where Z := (EJ)J’\il denotes the vector of computed nodes.
Output: MeN, ¢, € [—nm.7), &eCforj=1.....M. 263 /302



Remark 78

One can pass on the computation of the Moore—Penrose
pseudoinverse in (96). Then the second step of Algorithm 263
reads as follows (see [51, Algorithm 3.1]):

2'. Calculate the matrix products
A =Wy m(0)F Wy_p m(0), Bp =Wy m(1)T Wy_r m(0)

and compute a/NI eigenvalues Z;, j = 1,..., M, of the square matrix
pencil zAp — By, z € C, by the QZ-Algorithm (see [13,
pp. 384-385]). Set p; :=logZ;, j=1,...,M. O
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Remark 79

For various numerical examples as well as for a comparison
between Algorithm 263 and another Prony—like method see [48].
The Algorithm 263 is very similar to the Algorithm 3.2 in [51].
Note that one can also use the QR decomposition of the
rectangular Hankel matrix (85) instead of the singular value
decomposition. In that case one obtains an algorithm that is
similar to the matrix pencil method [21, 55], see also Algorithm 3.1
in [51]. The matrix pencil method has been also applied to
reconstruction of shapes from moments, see e.g. [12].

In [4, 52], the condition number of a rectangular Vandermonde
matrix is estimated. It is shown that this matrix is well
conditioned, provided the nodes z; are not extremely close to each
other and provided N is large enough. [
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Remark 80

The given data sequence { hg, h1, ..., hy_1} can be also
interpreted as time series. A powerful tool of time series analysis is
the singular spectrum analysis (see [14, 15]). Similarly as step 1 of
the Algorithm 263, this technique is based on the singular value
decomposition of a rectangular Hankel matrix constructed upon
the given time series hy. By this method, the original time series
can be decomposed into a sum of interpretable components such
as trend, oscillatory components, and noise. For further details and
numerous applications see [14, 15]. [
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Remark 81

The considered Prony-like method can also be interpreted as a
model reduction based on low-rank approximation of Hankel
matrices, see [42]. The structured low-rank approximation problem
reads as follows: For a given structure specification

S : CK = C*N with L < N, a parameter vector h € CK and an
integer M with 0 < M < L, find a vector

h* = arg min {||h — h|| : h € CX with rank S(h) < M},

where || - || denotes a suitable norm in CK.

267 /302



Remark 81 (continue)

In the special case of a Hankel matrix structure, the Hankel matrix
S(h) = (hg+k)§7kl:’glfl is rank-deficient of order M if there exists a

nonzero vector p = (pk),'l/’:_ozl so that

M—

|_l

pk h(m+ k) = —h(M + m)
k=0

forallm=0,...,N+ L— M — 1. Equivalently, the values h(k)
can be interpreted as function values of an exponential sum of
order M in (70). The special kernel structure of rank-deficient
Hankel matrices can already be found in [18]. []
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Stability of exponentials

The three methods for recovery of exponential sums, namely
MUSIC, approximate Prony method, and ESPRIT, were derived for
noiseless data. Fortunately, these methods work also for noisy data
hx = h(k) 4+ ex, k=0,..., N — 1, with error terms ¢, € C
provided that the bound €1 > 0 of all |ex| is small enough. This
property is based on the perturbation theory of a singular value
decomposition of a rectangular Hankel matrix. Here we have to
assume that the frequencies ¢; € [-m, 7), j =1,..., M, are not
too close to each other, that the number N of samples is
sufficiently large with N > 2 M, and that the window length

~ % We start with following stability result, see [22], [70, pp.
162-164] or [34, pp. 59 - 66].
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Lemma 82

Let M € N and T > 0 be given. If the ordered frequencies ¢; € R,
j=1,..., M, fulfill the gap condition
7r

Yi+1 —wj=q> T

j=1,.. M-1, (98)

then the exponentials € %", j =1,..., M, are Riesz stable in
L5[0, 2T], i.e., for all vectors ¢ = (cj)jl‘il € CM it holds the
Ingham inequalities

M
o T el3 < 1D et I, 0,0m < BT llelZ (99)
j=1

with positive constants
2 2
a(T) = % (1- TZ—qZ) , B(T):= % (1+ 477.“72(12) and the norm

1/2
Ifllupam = (3 JiT IF(©)Pde) ™, fe 2o, 2T].
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Proof: 1. Let
M .
x)i=Y e, xelo,2T]. (100)
Substituting t = x — T € [- T, T], we obtain
M .
t)=> die'¥t, te[-T, T]

with d; :=¢; €% T, j=1,..., M. Note that |d;| = || and

I llo=7. 71 = Al o0, 277 -

For simplicity, we can assume that T =x. If T # m, then we
substitute s = T t € [, w| for t € [T, T] such that

T Mo
f(t)=f(_s)= Y diel¥®, sel-m ],
j=1

with 1); 1= <pj
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Thus we receive by the gap condition (98) that
T T
¢j+1*¢j:;(@j+1*<ﬂj) > ;CI>1~
2. For fixed function k € L;(R) and its Fourier transform

(t)e '@tdt, weR,

i)
E
1
 ——
x

we see that

i (=) t g

I
NE
M=
&
NI
_—
Py

/ k(1) |F(0)Pdt
R

.
I
—
~
[l
-

I
M=
M=
Q&

Qi

>
fS?
g

.
Il
-
~
Il
-



If we choose

[ cost te[-m 7],
k(t)'_{o * teR\[-m A,

then we obtain the Fourier transform

A 4 cos(mw
k(w) = 1 —l(lwz) ’

with l?(i%) = m and hence

T M M
/ c052 (OPdt=>"> " k(e — ;) d; dp.

- j=1 ¢=1

R\{—i }a

(101)

(102)
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3. From (102) it follows immediately that

/ |2dt>ZZk(1/)g ;) d; dy.

j=1 ¢=1

Let S; denote that part of the above double sum for which j = /¢
and let S, be the remaining part. Clearly, by k(0) = 4 we get

M
Si=4>|df*. (103)
j=1

Since k is even and since 2|d; dy| < |dj|? + |dy|?, there are
constants 0 o € C with |0; ;| < 1 and §;, = 6, such that
M M

d2 dy|?
s = 3 Y BT k- )

1 ¢=1
i= L#j

_ Z o (Z Re 8¢ [k — 7))

l#/
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Consequently, there exists a constant 6 € [—1, 1] such that

M M
S =03 I (3 kv — ). (104)
=

Since 1)y — j| > |€ — j| q > 1 for £ # j by (98), we receive by 101
that

¢ u 4 8 — 1

k(e — )| < . <5y
; ;4(5—1)%2—1 PP — 4n’ -1
i oj

B 4i( 1 1 )_4
g2 £~ \2n—1 2n+1 g2

Hence from (103) — (105) it follows that

(105)

M
1 ™
o | IF@Rde = a(m) 3o |d P
. 2
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In the case T # m, we obtain a(T) = 2 (1 — T ) by the
substitution in step 1 and hence

||h||%2[o,2T] > of Z 6> = a(T) |lell3-

4. From (102) — (105) it follows that

/7r cos;|f(t)]2dt2/7r/2 SirPar > f/ F(H) dt

- —7/2
and further

/7r cos% F(£)P de
M M R
= > > k(e —1y)didy

j:l (=1

M
0> (g + 5 Sl - (1+ ) SlaP.
j=1 j=1 j=1

IN
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Thus we obtain

1 /W2 F(£)]2dt < M (1+ ) Z|d|2 (106)

T J—m/2

5. Now we consider the function
M ™ T
L _ 2t T T
g(t)._f(zt)_z:dje it ote -5 5]

where the ordered frequencies 2); fulfill the gap condition
2941 - 205 >2q, j=1,....,M—1.

Applying (106) to the function g, we receive

L[ ()2 dt = 1 /W/2 lg(t)[?dt < M( ) Z‘d‘z

2 J_,

N
2[§,

Hence G(7) = % (1+ ﬁ) and B(T) =
substitution in step 1.

2



Thus we obtain

1AllZ 0,277 < B(T Z\dl2 B(T) llell3-

This completes the proof. W
Remark 83

The Ingham inequalities (99) can be considered as far-reaching
generalization of the Parseval equa for Fourier series. The
constants «(T) and B(T) are not optimal in general. Note that
these constants are independently of M. The assumption q > T is
necessary for the existence of positive a( T). Compare also with [9,
Theorems 7.6.5 and 7.6.6] and [37]. [
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In the following, we present a discrete version of the Ingham
inequalities (99) (see [40, 43, 2]). For sufficiently large integer
P > M, we consider the rectangular Vandermonde matrix

1 1 |
L enPM z1 ... zZy
Vem(z) = (Zj )k,j:l - :
ziD_l 22'D_1 ZI\F;_l
with z = (z)}1,, where z; = €'%, j =1,..., M, are distinct nodes
on the unit circle. Setting ¢; =27);, j =1,..., M, we measure

the distance between distinct frequencies v, 1, by d(v; — 1),
where d(x) denotes the distance of x € R to the nearest integer,
ie.,

d(x) :=min|x — —].
(x) == min |x — n| € [0, 5]
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Our aim is a good estimation of the spectral condition number of
Vp n(z). Therefore we assume that v);, j =1,..., M, satisfy the
gap condition

min{d(y; —¢): j,0=1,.... M, j#L} > A>0. (107)

The following discussion is mainly based on a generalization of
Hilbert's inequality (see [43, 2]). Note that the Hilbert's inequality
reads originally as follows:

Lemma 84

For all x = (x;)}1, € CM it holds Hilbert’s inequality

M _
| > gl < i3

=1
J#
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Proof: For arbitrary vector x = (x;)/; € CM, we form the
trigonometric polynomial

M
— § :Xkelkt
k=1

such that
M .
— Z Xk?(el(k_é)t
kt=1
Using
1 7 , 0 n=0,
— —t)e'"tdt =
oxi ) (TBe {i nez\ {0},
we obtain
— —t)|p(t)]?dt =
i Jy (7 OlOP =30 .
k0
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Note that |7 — t| < 7 for t € [0, 27]. From the triangle inequality
and the Parseval equality in Ly(T) it follows that

1 2 ) 1 2 ) M ) )
| [ a-0lerdad <5 [ IpoRd=x Y g = x5
T Jo 0 =1

The proof of generalized Hilbert's inequality applies the following
result:

Lemma 85
For all x € R\ Z we have

cot(mx) | 3

(sin(wx))_z +2] sin(7x) = d(x)?"

(108)



Proof: It suffices to show (108) for all x € (0, 5]. Substituting
t =7x € (0, 5], (108) means

3(sint)> > t2(1+2 cost).
This inequality is equivalent to

3(sinct)> >1+42cost, te]o, g],

which is true by the behaviors of the concave functions 3 (sinc t)?
and 1+ 2 cost on the interval [0, 5]. W
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Theorem 86

(see [44, Theorem 1]) Assume that the distinct values 1; € R,
Jj=1,..., M, fulfill the gap condition (107) with a constant
A > 0.

Then generalized Hilbert's inequality

}Zsm RN (109)
1#

holds for all x = (XJ)M1 eCM.
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Proof: 1. Setting

o sin (7 (vj — 1e) -t [ £ L,
SM,_{([) ( 0)] i

forallj, £=1,..., M, we form the matrix S := —i (sj,g)jl\j;:l which
is Hermitian. Let the eigenvalues of S be arranged in increasing
order —oo < A1 < ... < Ay < o0. By the Rayleigh—Ritz theorem
(see [20, pp. 234-235]) we have for all x € CM with ||x||> = 1,

)\1§XHSX§)\M.

Suppose that A € R is such an eigenvalue of S with
[A| = max {|A1], [Am|}. Then we have the sharp inequality

M
Ix1Sx| = ’ Z Xj?gsj"g‘ < A
JA=1
for all normed vectors x = (XJ)inl € CM. Now we show that

1
Al < &
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2. Related to the eigenvalue A of S, there exists a normed
eigenvector y = (yj)j’\il € CM with Sy = )y, i.e.,

M
Y yise=iiy, £=1,...,M. (110)
j=1

Thus we have yH Sy = AyHy = X\, Applying the Cauchy-Schwarz
inequality, we estimate

M M M
ly" Svl2—|Zyj Z esiel? < IVIB O 1D Fesiel?)
=1 =1 /(=1
M M !
= \Z e%f\ Z Z YeYmSjSj,m
Jj=1 (=1 j=1 ¢, m=1

<

M
= Z YerZFyeSJm—51+52

£, m=1 j=1
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with the partial sums
M

M M M
. 2 2 . -
5= Z |yl Sie, S21= Z YeYm ZSM j,m -
(=1 J Jj=1

i—1 2, m=1
L#m

3. For distinct o, § € R\ (7 Z) it holds
1 cota — cot 3

(sin @) (sin B) sin(8 — )
such that for all indices with j # ¢, j # m, and £ # m we have
Sj.¢ Sjm = Stm [ ot (w(v; —1by)) — cot (w (v — ¥m))] -

Now we split the sum S, in the following way

M M
Sy = Z Yi¢Ym Z se,m [ cot (m(; — b)) — cot (m(vj — ¥m))]
= bt

= 53— 54+ 2Re 55

with following sums



M

M
S3:= Y > Veymstm cot (n(dj — ),

{3
< 3l
i
[
Ml
AN

<

S, = Z Zyg Ym Se,m cot (77(1/}] - wm)) )

7Z;rim Jj#m

Ss:= > Veyjsje cot (m(v; — b)) -

Note that 2 Re S5 is the correction sum, since S3 contains the
additional terms for j = m and S, contains the additional terms for
j=="1.
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4. First we show that S3 = S4. From (110) it follows that

Z)/e Zymsém ) cot (m(vj — 1br))

2,j=1
L#]

M
= —iA > |yel® cot (m(vhy — 1)) -
i

Analogously, we see that

M M
Sy = Zym Z 1Se.m) cot (m(vj — ¥m))
=
M
=—iX D |ym|* cot (m(1h — ¥m)) .
Jj#m

Hence we obtain the estimate

AP =|y"Sy? =5 +S =5 +2ReSs < S +2|Ss].
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Using 2y, yj| < lyel + |yj|2. we estimate

M

21Ss| < ) 2(y, vl s cot (w(tyy — i)
Jj, =1
Jj#L

M
<2 ) Iyl Isje cot (m(¥; — v))]

j,f=1

J#e
such that
M
S1+2|85] < Z vel? [57¢ + 257, cot (w(thj — ven)) ] -
j, =1
J#e

By Lemma 85 we obtain

M

3 M 3 M
S142(%) < — S Iyl > dWi—ve) 2 = 7 > d(—pe) 2.
=1 = =

J, =1
J#t i#t

290 /302



By assumption, the values ¢;, j = 1,..., M, are spaced from each
other by at least A, so that

M 00
J.Z d(iy — ) 2 < 2 ;(k 8)? =
#t B

and hence
1
IN? =514 5 < S +2|Ss| <4z ®

Under the natural assumption that the nodes z; = e2m iy
j=1,..., M, are well-separated on the unit circle, it can be shown
that the rectangular Vandermonde matrix Vp p(z) is well
conditioned for sufficiently large P > M.
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Theorem 87

(see [40, 43, 2]) Let P € N with P > max{M, %} be given.
Assume that the frequencies 1; € R, j = 1,..., M, fulfill the gap
condition (107) with a constant A > 0.

Then for all c € CM, the rectangular Vandermonde matrix

Vp m(z) with z = (zj) fulfills the inequalities

1 1
(P=R) el < IVem@el3 < (P+ 1) llel3.  (111)

Further the rectangular Vandermonde matrix Vp p(z) has a
uniformly bounded spectral norm condition number

PA+1
PA—-1"

condp Vp p(z) <

292 /302



Proof: 1. Simple computation shows that

P-1 M P-1 M

k=0 j—=1 k=0 j, =1
— M M
_ 12 = 2mi(y— k
_Z (Z|CJ| +chcge (1/11 W) )
k=0 j=1 =i
J

M P-1
= PlelB+ Y gee (Y itk
je=1 k=0
J#t

Determining the sum

P-1 2101 (j—1hg) P
k=0 1 — et
1 27’I’1(’¢JJ d}/) P e_ﬂ-i(wj_wl) _ eﬂi(¢j—¢g) (2P—1)
21 em™i(¥i—vr) sin ( (Y — W)) - 2i sin (7r (v — W)) ’
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we obtain

Ve m(2)cl3 = Pl — £ + %2 (112)
with the sums
. Z .CJ _Cz e~ Ti(¥j—r) 5, EM: ch .ewi(zp,«—w)(zp—n
j, =1 2i sin (7T (7’[}1 o @Z)Z)) =1 2i sin (7[' (¢J - d}f))
J# J#
The nodes z; = e?™i%j j=1,..., M, are distinct, since we have

(107) by assumption. Applying generalized Hilbert's inequality
(109) first with xx == cke ™%, k=1,..., M, yields

M
1 12 1
—mi _ 2
Tl < 5% kzlycke "= ok el (113)
and then with xj := ¢, €™ ¥k @P-1) | = 1,..., M, results in

1
i (2P—1)
ol < Z\c e (L cer)

From (112) — (114) it follows the assertion (111) by triangle
inequality.
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2. Let pug > ... > pupm > 0 be the ordered eigenvalues of
Ve m(2)2Vp p(z) € CM*M Using the Raleigh—Ritz theorem (see
[20, pp. 234-235]) and (111), we obtain that for all c € CV

1 1
(P=R) llel3 < pmliel3 < Ve m(@)el3 < pllel3 < (P—%) lIxI3
and hence

0Pt cay<n<Ptic (115)
AS M AL < A 0.

Thus Vp n(2)! Ve m(z2) is positive definite and

141 PA+1
da V =,/— < .
condp Vp p(z) M,u _”PA—l
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The inequalities (111) can be interpreted as discrete versions of the
Ingham inequalities (99). Now the exponentials e?™1%i" are
replaced by their discretizations

L k\ P—1 .
eP(wj): (e2ﬂ-lek>k:0 ’ ./:17"'7M7

. .. . 1
with sufficiently large integer P > max{M, x}. Thus the
rectangular Vandermonde matrix can be written as

Vem(z) = (ep(¥1)lep(v2)] ... [ep(vm))

with z = (2)}1,, where z; = €™V, j=1,..., M, are distinct
nodes on the unit circle. Then (111) provides the discrete Ingham

inequalities

M

1 1
(P= ) IelE <11 cep(p)l < (P+ ) lcl}  (116)
j=1

for all c = (cj)j’\il € CM. In other words, (116) means that the
vectors ep(p;j), j=1,..., M, are Riesz stable too.
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Corollary 88

Under the assumptions of Theorem 87, the inequalities

1 1
(P= %) IdI3 < [Vem(@) " dIf < (P+£) dIZ  (117)

hold for all d € CP.

Proof: The matrices Vp p(z) and Vp p(z)" possess the same
singular values pj, j = 1,..., M. By the Rayleigh—-Ritz theorem we

obtain that
Am lld)I3 < Ve m(z) " d]l3 < A ldlf3

for all d € CP. Applying (115), we obtain the inequalities (117).
|



Remark 89

In [4, 2], the authors derive bounds on the extremal singular values
and the condition number of the rectangular Vandermonde matrix

Vp nm(z) with P> M and z = (Zj)jl\il € CM, where the nodes are

in the unit disk, i.e., |zj| <1 forj=1,...,M. O

By the Vandermonde decomposition of the Hankel matrix

H; n—14+1 we obtain that

Hinv 111 = Vem(z) (diage) (Vv-r41m(2) " (118)

Under mild conditions, the Hankel matrix H; y_;1 of noiseless
data is well-conditioned too.
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Theorem 90

Let L Ne NwithM < L<N—-M+1 and

min{L, N—L+1} > % be given. Assume that the frequencies
Y; €R, j=1,..., M, are well-separated at least by a constant
A > 0 and that the nonzero coefficients ¢;, j = 1,..., M, of the
exponential sum (70) fulfill the condition

O<’)/1§‘Cj‘§’}/2<oo, j=1...,M. (119)
Then for all y € CN-L+1

’Y% al(Lv N, A) ||yH% < HHL,N—L+1 YHE < 7% a2(L7 N, A) Hﬂ’% o
(120)
with

(L-3) (N-L+1-7),

ai(L, N, A):

1 1
az(L, N, A) = (L+ %) (N=L+1+ %)
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Theorem 90 (continue)

Further, the lowest (nonzero) respectively largest singular value of
H; ny—1+1 can be estimated by

0< et al(L7 N7 A) <om <01 < Y2 Vv a2(L7 N? A) (]‘21)

The spectral norm condition number of H; n_( 41 is bounded by

L, N, A
CondZHL,N—L+1§E ax(L, N, 4)

—_ 122
71 al(l-v Nz A) ( )
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Proof: By the Vandermonde decomposition (118) of the Hankel
matrix H; y_r41, we obtain that for all y € cN-L+1

IHov—41Y]3 = IV m(2) (diag€) V- r41,m(2) T yl3-

By the estimates (111) and the assumption (119), it follows that

(L - *) IVN-L+1, M(Z)TYH2
< Henv—r41Yl3

1
<7 (L+ ) IVa—+1.m(2) T yl3.

Using the inequalities (117), we obtain the estimates (120).
Finally, the estimates of the extremal singular values and the
spectral norm condition number of H; y_; 41 arise from (120) and
the Rayleigh—Ritz theorem. W
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Remark 91

For fixed N, the positive singular values as well as the spectral
norm condition number of the Hankel matrix Hy y_; 1 depend
strongly on L € {M,...,N — M+ 1}. A good criterion for the
choice of optimal window length L is to maximize the lowest
positive singular value opy of Hy y_1+1. It was shown in [52,
Lemma 3.1 and Remark 3.3] that the squared singular values
increase almost monotonously for L =M, ..., [%1 and decrease
almost monotonously for L = [§],...,N — M + 1. Note that the
lower bound (121) of the lowest positive singular value o is
maximal for L ~ % Further the upper bound (122) of the spectral
norm condition number of the exact Hankel matrix Hy n_; 11 is
minimal for L = g Therefore we prefer to choose L =~ % as
optimal window length. Thus we can ensure that oy > 0 is not
too small. This property is decisively for the correct detection of
the order M in the first step of the MUSIC Algorithm and ESPRIT

Algorithm. [
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