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1 Introduction

In recent years, domain decomposition methods have been used extensively to efficiently
solve boundary value problems for partial differential equations in complex—form domains
[4, 13, 16]. On the other hand, multilevel techniques on hierarchical data structures also
have developed into an effective tool for the construction and analysis of fast solvers [2,
5, 15, 17]. But direct realization of multilevel techniques on a parallel computer system
for the global problem in the original domain involves difficult communication problems.
I this paper, we present and analyze a combination of these two approaches: domain
decomposition and multilevel decomposition on hierarchical structures to design optimal
preconditioning operators.

Let © C R? be a polygon. In the domain  we consider the boundary value problem

0 Ju
_2'21 8—:1;2<a”(x)8—:1;]) +ag(x)u = f(x), z €9
0
ol = o, zely.
where ,
ou ou
N ”2231 aij(x)a—xj cos(n, ;)

is the conormal derivative, n denotes the outward normal to I', and I'g is a union of a
finite number of curvilinear segments, I' = I'y U I';, I’y = I'g. Here Iy denotes the closure
of I'y.

By H'(Q,To) we denote the subspace of the Sobolev space H'(Q)

H'(Q.To) ={v e H'(Q)|v(x) =0, x €T}

We introduce the bilinear form a(u,v) and the linear functional {(v) :

2 Ju Ov
a(u,v) = J (ZJZ_: a;(x )6:1;] e, + ao(x )uv) dx —I—/ Juv da

= / flaz)vde.

Let us suppose that the operator coefficients and the right-hand side of the problem
(1.1) are such that the bilinear form a(u,v) is symmetric, elliptic, and continuous on

HI(Q,F()) X HI(Q,F()), le
a(u,v) = a(v,u) VYu,v € H'(Q,Ty)
aollulliy gy < alu,u) < arflullipq) Yu€ HY(Q,To)

and the linear functional /(v ) is continuous on H'(,Ty):
[(u)] < ozHuHH1(Q) Yu € HI(Q,FO).

The generalized solution u € H*(,Ty) of (1.1) is, by definition, a solution to the projec-
tion problem [1]

u€ H'(Q,To) @ a(u,v) =1(v) Yve& H'(Q,Ty). (1.2)



We know that under these assumptions for a(u,v) and [(v) there exists a unique solution
of (1.2).

Let € be a union of n nonoverlapping subdomains €2;,

where (; are polygons with diameters on the order of H. Let us consider a coarse grid
triangulation of )

Qg = U Q?,Ov th,o = U 7ji(,(lJ)v

=1 =1
diam (7{{") = 0(H)

and we refine Q% several times. This results in a sequence of nested triangulations

h h h
Qi,Ov Qi,lv s 7Qi,J

such that
M)
A _(k
nyk: UTZ(J)7 k:07177J7
=1
where the triangles TZ»EI;H) are generated by subdividing triangles Ti(,];) into four congruent

subtriangles by connecting the midpoints of the edges.
Introduce the spaces

VVZ’,O - VVi,l C...C VVZ'J = Hh(ﬂz),
VioCViiaC...CViy = HyIy), (1.3)

Fi:aﬂi, i:1,2,...,n.

Here the space W, ;, consists of real-valued functions which are continuous on {2 and linear
on the triangles in ka The space V, , is the space of traces on I'; of functions from W ;:

Vie = {c,oh | c,oh = uh|ri7 with u” € mk}

We define the space Hp () of real continuous functions which are linear on each triangle
of Q" and vanish at T.
Let us consider the projection problem

u e Hy(Q) : a(uh,vh) = l(vh) Vol e Hy(Q) (1.4)

which is an approximation of the problem (1.2).

Each function u" € H,(Q) is put in correspondence with a real column vector u €
RN whose components are values of the function u* at the corresponding nodes of the
triangulation . Then (1.4) is equivalent to the system of mesh equations

Au = f.
(Au,v) = a(u",0") VYu" 0" € H,(Q), (1.5)
(f,v) = (") Yo" e Hy(Q),



where u" and v" are the respective interpolations of vectors u and v; (f,v) is the Euclidean
scalar product in RV,

The goal of this work is to construct a symmetric positive definite preconditioning
operator B for (1.5) so as to satisfy the inequalities

c1(Bu,u) < (Au,u) < ey Bu,u) (1.6)

where the positive constants ¢; and c¢; are independent of A and H, the multiplication of
a vector by B~! should be easy to implement.

Using a combination of Additive Schwarz and Fictitious Space Methods, optimal pre-
conditioning operators have been constructed in [11, 12, 13] for the case of arbitrary
(unstructured) grids. However, that construction involves explicit extension operators
whose implementation for three dimensional problems is optimal from the arithmetic cost
and the condition number points of view but difficult for practice realization. The main
goal of this work is to construct, using the hierarchical structure (1.3), a robust optimal
preconditioning operator. One of the crucial points in [11, 12, 13] and this paper is using of
non-exact solvers in subdomains and explicit extension operators. It means, to construct
optimal preconditioning operators, we can design norm preserving operators of functions
given at I'; into §2; with the optimal arithmetic cost (a number of arithmetic operations
should be proportional to a number degrees of freedom) and then, instead of exact solvers
in subdomains, we can use any spectrally equivalent preconditioning operators. Optimal
extension operators have been presented in [8, 9, 11] for unstructured grids and robust
explicit extension operators on hierarchical data structures in [5, 14].

The paper is organized as follows. In the Section 2, using Additive Schwarz Method,
we describe general construction of a preconditioning operator with local multilevel pre-
conditioning operators. In the Section 3, we present an optimal multilevel extension of
grid functions from boundaries subdomains into inside subdomains. In the Section 4,
we propose an optimal interface preconditioning operator at the boundaries of the sub-
domains which involves a multilevel decomposition and corresponding explicit extension
operators at interfaces.

2 Domain decomposition — additive Schwarz-Method

To design the preconditioning operator for the system (1.5), we use the additive Schwarz—
Method [7] and realize the main idea of the construction of preconditioners from [13] for

the hierarchical grids. Denote by [O{h(ﬂz) the subspace of H(€2;)
Hi($0) = {u" € Hy() | u(x) =0, 2 €T}
and define the local preconditioning operators B; such that
B;: ]O{h(Qz) —>If]h(ﬂi),

h h b~
esllu" 5oy < (Biwsu) < eallu”|[jnq, Yo" €Ha(),
where ¢3, ¢4 are independent of A and H. We hereafter use the same designation for an
operator and its matrix representation. For instance, to define B;, we can use the so-called

BPX-preconditioners [3]. To do it, denote by {fl(k)} nodal basis functions from the k—-th
level and define

J
_ k k
B =% S (W e £ (2.1)

k=0 o
M ern(9)



Let us assume that we can define the extension operators ¢;
t,: Vig— Wi,
such that

tic,oh = ul
W2) = ), 2eTs (22)
1" [y < eslle e,y Yo" € Vi,
with ¢; independent of A and H. Here ||o" [ £1/2(r,) is the norm [10] in the Sobolev space

lil/z(li)
g@h 2 = H d + ))2d d
| ’hﬂ/%Fﬁ x |x 3”2 ray.

Then, we can define the extension operator ¢

t: Hh(S) — Hh(ﬂ),

where H},(S) is the space of traces of functions from H,(Q) at S

and for any " € H(S5)

uf(2) = (z), weSs,
It [ m@)y < eslle® s
Here

By = 3 I o
=1

The operator ¢; from (2.2) is constructed in the Section 3.
Let ¥ satisfies to the following inequalities

olle sy < (S0,9) < erlle sy V" € Ha(S), (2.3)

where ¢g, ¢ independent of A and H. Then, according to [11], we can define the precon-
ditioning operator B as follows

B! = ' +tn (2.4)
: -
Here 0 is the null-matrix which corresponds to nodes of the triangulation Q" at S and B;

is from (2.1).
The following theorem is valid

Theorem 2.1 [f the operator B is from (2.4), then the constants ¢y, ¢y from (1.6) are
independent of h and H.



3 Multilevel explicit extension operators

The main goal of this section is to construct the robust operator ¢; from (2.2). During
this section, we omit the subscript .
To design the extension operator

1 VJ—>WJ,

we follow to [5, 14]. Denote by c,o(»k),i =1,2,..., Ng, the nodal basis of V} and denote by

K3

<I>§’“) the one-dimensional subspace spanned by this function c,o(»k). Define

QY Ly(r) — oY

(%)

the Ly-orthoprojection from Ls(I') on to @, and denote

N,
=3 0", k=0,1,...,J—1.
=1

For k = J we define Q; as the Ly-orthoprojection from Lo(T') on to V.

The following lemmas are valid [14].

Lemma 3.1 There exists a positive constant cg, independent of h and H, such that for
any " € Vj

1
lesllzn ) + 712w + 191 ey < eslle" e

where )
= Qo¢", o} =¢" —}. (3.1)

2
" |Hl/2 // |:1;—y|2 ) dzdy.

Lemma 3.2 There exists a positive constant cg, independent of h and H, such that

Here

J
I+ 1 (1Q0e By + 32 2@ = Qua)h iy ) < oll Moy
k=1

where ot from (3.1).

The construction of the operator ¢ is based on the decomposition from the Lemma 3.2.
Denote by :L'gk),i =1,2,..., Ly, the nodes of the triangulation } (we assume that nodes
(k)

x; ' are enumerated first on I' and then inside ) and define the extension operator ¢ in

the following way. For any ¢" € V; set

g = QOS‘Q}L? (32)
o= (Qr— Qi) k=12,

Then
S R R



Define the extension u} € W}, as follows

(0) 77/)3(1'50)), xEO) E Fv
uO( 7 ) — (0)
¢7 Ly gé Fv
(k)y () (3:3)
Ly (k) ¢Z(xz )7 €x; S Fv
07 g € Fv
E=1,2,....J.
Here 1 is, for instance, the meanvalue of the function 1% on I
_ 1 X o)
77Z) = 7 Z 77Z)O 2 .
Define
Ly —uh:uo—l—ul—l—...—l—uﬁ (3.4)

Remark 3.1 We can use the Ly-orthoprojections form Lo(I') on to Vi instead of Qp, b =
0,1,...,J—1. But in this case the cost of the decomposition (3.2) is expensive (especially
for three dimensional problems).

Theorem 3.1 There exists a positive constant c¢ig, independent of h and H, such that
11" @y < croll™lmrery V" € Vi
Here the operatort is from (3.2)-(3.4).

Remark 3.2 [t is obvious that

k
oWt — (" e m

i P = & & ¥q
(e, ™) )

and the cost of the action of t and t* is proportional to the number of nodes of the grid
domain.

4 Interface preconditioning operators

In this section, we construct an optimal interface preconditioner in the space H(S) which
satisfies (2.3). To do it, we use the idea of Additive Schwarz Method at interface S from
[13]. Let S be a union of K nonoverlapping edges E; of the triangulation Q7

K
B, ENE=0, i#]
7=1

Split Hx(S) into a vector sum of subspaces
Hy(S)=Us+ U+ ...+ Ug, (4.1)

where Uy is the coarse space which consists of continuous functions linear on the edges
E,3=12 ... ,K,and U;, 3 =1,2,..., K, correspond to E; and are defined below.



Denote by )
U= {¢" € Hu(S) | ¢"(2) =0, « ¢ E;},

U}’“:V%, k=0,1,...,..

For any edge E; we define the explicit extension operator 7;

T U](J) — H(9)

(k)
7,0
are differ from the functions ¢

2,... ,]](k), the nodal basis of U](k) (the functions c,o(ﬁ.)

J

from the Section 3 only at the end points of E;) and

7Z.:17
(%)

7

as follows. Denote by ¢

denote by CI);? the one-dimensional subspace spanned by this function c,o;i). Define

Q1 + Lo(y) — @ff

corresponding Ls-orthoprojection. Set

I
QY =3Q, k=01 -1,
=1

and define Qf]k) as the Lg-orthoprojection from Ly(FE;) onto NJ(J). Now we can define the

extension operator 7; according to (3.2)-(3.4). For any ¢" € NJ(J) set

o= QWeh

A (k) A (k=1) (4:2)
Po= Q) =@ e k=1,2,...,J
and (k) (k)
¢h(xi )7 ;' € E;
uh={ " ’ (4.3)
0, P e B, k=0,1,...,J
ch,oh:ug—l—uib—l—...—l—uﬁ.
Define

U, = [}]‘ —|-T]‘[jj.

Then from the Theorem 3.1 and [13] for the decomposition (4.1) we have the following
theorem.

Theorem 4.1 There exists a positive constant ci1, dependent of h and H, such that for
any function " € Hy(S) there exist c,o? elU;,7=0,1,..., K, such that

Cot i+t er=¢",

leollzr sy + il + -+ leklinns < enlle e

Let the operator ¥, generates an equivalent norm in U.

crall P32 gs) < (Bowr ) < cusll™ sy Ve € U, (4.4)



where ¢, ¢13 mdependent of h and H. Define local preconditioners for U, j =1,2,.... K.
Denote by Z and Z the BPX-like preconditioners in the spaces U and U], respectlvely

J
o\ k k °
Zi lg‘oh = Z Z (S‘th @;,i))LﬂE]) 995,2) \V/S‘Qh € Uj7

k=0 supp wg l) cky

J
St = Y X (el e e V' e U

= k
k=0 supp apgyi)ﬂEj;ﬁ@

Then, define the interface preconditioning operator ¥ in the following way

K
ST =S+ ) (27 4+ X ). (4.5)

i=1

Here ©f is a pseudo-inverse of Yy from (4.4), 7; is from (4.2), (4.3), and we extend the

operator Z]_l by zero outside E;. The following theorem is valid.

Theorem 4.2 [f the operator ¥ is from (4.5) then the constants cg,cr form (2.3) are
independent of h and H.

Remark 4.1 The method suggested in this paper can be generalized evidently for three
dimensional problems.

Remark 4.2 Using combination of presented technique and technique from [10], effective
preconditioning operators for elliptic problems with jump coefficients can be constructed.
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