Elliptic problems in domains with edges:
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Abstract. This paper is concerned with the anisotropic singular behaviour of the solution of
elliptic boundary value problems near edges. The paper deals first with the description of the analytic
properties of the solution in newly defined, anisotropically weighted Sobolev spaces. The finite element
method with anisotropic, graded meshes and piecewise linear shape functions is then investigated for
such problems; the schemes exhibit optimal convergence rates with decreasing mesh size. For the proof,
new local interpolation error estimates in anisotropically weighted spaces are derived. Moreover, it is
shown that the condition number of the stiffness matrix is not affected by the mesh grading. Finally, a
numerical experiment is described, that shows a good agreement of the calculated approximation orders
with the theoretically predicted ones.
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1 Motivation and main ideas

1.1 The boundary value problem and analytical results

In this paper we want to study the approximation properties of the finite element method
with anisotropic meshes (for an introduction to anisotropic meshes see Subsection 1.2)
for certain elliptic boundary value problems over three-dimensional domains.

Let @ C R? be a bounded domain with non-intersecting edges. Especially we will
focus on prismatic domains

Q=Gx1, (1.1)

where ¢ C R%is a polygonal domain and I = ]0,20[ C B! is an interval. The domain
GG may have a corner with interior angle w > 7 at the origin; thus € has an edge which
is part of the z3-axis. The case of more than one edge can be treated similarly because
the edge singularities we are interested in, are of local nature only.

Over this domain {2, we consider the variational form of the boundary value problem
which is given by the second order differential equation

3
— Z a;;0;;u=f in Q, (1.2)

1,5=1

with either Dirichlet boundary conditions

v=0 on 0Q, (1.3)
or Newton boundary conditions
3
Z a;;0iun; +ou=0 on 0. (1.4)
t,5=1

The constant coefficients a;; = a;; € R fulfill
3
da > 0: Z aijfif]‘ > Oz|§|2 V§ € RS, (1.5)
,7=1

n; (j = 1,2,3) are the elements of the outward normal vector, and we assume ¢ > 0 on
I and 0 = o(z) > 0o > 0 for all z in a part Iy C IN with measy(0Q7) > 0. Then,
the variational form is given for Dirichlet boundary conditions by:

find w € Vy such that a(u,v) = (f,v) for all v € Vy, (1.6)
and in the case of problem (1.2)(1.4) by:

find w € V such that a(u,v) = (f,v) for all v e V. (1.7)
The bilinear form «a(.,.) and the linear form (f,.) are defined by

3
a(u,v) = /QZ aij@'uajvdg—l—/m) ouvdl, (1.8)

7,7=1
(f,v) = /vadg, (1.9)

where the surface integral in (1.8) disappears in the case of Dirichlet boundary conditions
(1.3). We use the abbreviations d; for 8%1' and d;; for 0;0;. The spaces are defined by
V= HYQ) and Vp := {v € H(Q) : v|ag = 0}. For the data we consider f € LP(Q)
(p > 2) and 0 € W'=V/pr(9Q) 0 W'=1/535(9Q) for some s > 3. LP(.) (1 < p < o0)



are the usual Lebesgue spaces, W*P(.) (s > 0, 1 < p < o0) the Sobolev(-Slobodetskii)
spaces (sometimes we write WOP(.) for L?(.)), and H*(.) := W*?(.). — Note that the
conditions of the Lax-Milgram lemma are satisfied; thus the solution u € HY(Q) of
problems (1.6) and (1.7) exists and is unique.

It is well known that for domains with edges with interior angle w > 7 the so-called
shift theorem (u € H*2(Q) for f € H*(Q)) does not hold, and there are many papers
where the regularity of the solution of these and more general problems is studied. We
mention here the papers of Kondrat’ev [15] and Maz’ya/Plamenevskii [18].

In [15], a representation formula for the solution u for f € L%() is given:

w= (@) P o) Hun with A= 5 e WHQ), (1.10)
wa
where 7, are polar coordinates in the plane perpendicular to the edge, wy € |7, 27|
is a real number depending on w and a;; (see Subsection 2.3), {(r) is a smooth cut-off
function, ®(¢) = sin Ay for Dirichlet boundary conditions and ®(¢) = cos A for Neu-
mann/Newton boundary conditions, Wy*(Q) := {v € D'(Q) : D% € L*(Q) V|a| <
2}, a = (o, ag, a3) is @ multi-index and D := 0;1 05205"°.
In [18], the solution is described in the framework of another type of weighted Sobolev
spaces: let f € LP(§2) then
2 s

u€VIH(Q) for B>2— > or (1.11)

Vg’p(Q) = {v € D'(Q) : P2l Doy € LP(Q) V]a| < 2}. Note that for problems with
more than one edge (with interior angle greater than 7) an adequate number of singular
terms has to be included in (1.10) and weights corresponding to each edge have to be

introduced in the space Vﬁz’p(Q).

The anisotropic structure of the edge is reflected by the factor 7* in (1.10) and the
weights in the definition of the spaces WAQ’Z(Q) and VE’Q(Q), because r is the distance to
the edge and is independent of the tangential coordinate of the edge. Using these results
it has been possible to justify a mesh refinement strategy near edges [2, 6, 17] in order to
improve the approximation order (which is in general low because of the low regularity of
the solution) of the standard finite element method. In this strategy, isotropic elements
(that are elements whose ratio of the diameters of the smallest circumscribed and the
largest inscribed balls is bounded independently of the mesh size h) are used, and the
size of the elements is determined by their distance to the edge. We remark that isotropic
strategies near corners in two dimensions are widely investigated [7, 10, 11, 21, 23, 25].

This result is not really satisfactory because it seems to be natural to treat anisotro-
pic structures like edges with anisotropic finite elements. According to [1] an element
is called anisotropic when its diameter in different directions has different asymptotics
and, consequently, the ratio of the outer and the inner ball is growing to infinity for
h — 0. As shown in that paper for problems with smoother data than we assume here,
these elements can be applied successfully in the finite element method with graded
meshes near edges.

It was an open problem to justify this anisotropic strategy also for problems with
f e LP(Q) (p > 2). But the analytic results (1.10) and (1.11) have been insufficient,
because the weighted Sobolev spaces used have the disadvantage that all derivatives of
the same order have the same weight. This drawback is removed in Section 2 by using
more appropriate, anisotropically weighted Sobolev spaces. It is proved that for the
solution u from (1.6) or (1.7) the inclusion

2 s
ﬁ>2—z—?—a fOI’Q—
5=0 for 2 —

> = > (p) (1.12)

u € AXP(Q) with
(@) win { =

ESH LRI



holds, where ¥(p) := 1 — % in the case if Dirichlet or Neumann boundary conditions,

and ¢(p) := 2 — z% in the case of Newton boundary conditions. The space Aé’p(Q) is

defined by AZP(Q) := {v € D'(Q) : ||lv; AZP(Q)]| < o0},

2 3
|o; AZP Q)P := /Q{Tﬁp > 10sul” +Z|é’3mlp} dz,
=1

1,5=1

2
lo; AZP(QIP i= |o; AZ(Q) + / {r“‘”prur—p|83u|p+r<ﬁ-2>p|u|p}dg,
Q

=1

and 3 is the direction of the edge. Particularly, that means dsu € Vg P(Q) — W?(Q).
For = <1- % (that means p > 2/(1— 7-)) we do not have dsu € whe(Q).

Remark 1.1 For general polyhedral domains we have to distinguish between corner
and edge singularities. The behaviour of the edge singularities is not different from that
described above. The corner singularities are not a problem of anisotropy; they can
be treated with isotropic, graded meshes as introduced for example in [6]. The main
problem is to construct meshes which are both anisotropic near edges and isotropic near
those corners which cause singularities. We will discuss this in a forthcoming paper. —
Note that the domain introduced by (1.1) has corners, too. But they do not introduce
additional corner singularities [26].

Remark 1.2 It is conjectured that each component of the solution of the Lamé system
of linear elasticity has similar properties as described above for the scalar equation, and
that our forthcoming approximation results apply also in that case. Indeed, we were
able to prove this in the case p = 2. The case p > 2 has still to be investigated.

1.2 The class of finite element meshes

Assume that we are given a family 7 of finite element partitions 7, with the usual
regularity properties:

(a) Q =UZ, Q;, where Q; are tetrahedra,
(b) @inQ;=0fori#£j(i,j=1,...,m),

(c) any edge or face of €; is either a subset of JQ or an edge or face of another Q;
(i,j=1,...,m).

Then we introduce the finite element space Vj of all continuous functions whose
restriction to any €; (¢ = 1,...,m) is a polynomial of first degree. Furthermore, we let
Vor be defined by Vo, := {vp € Vi, : vplag = 0}. Note that Vi C V and Vg, C Vp.

The finite element solutions of problems (1.6) and (1.7) are defined by:

find uy, € Vo, such that a(up,vn) = (f,vn) for all v, € Vo, (1.13)

and
find up, € Vi, such that a(up,vn) = (f,vn) for all v, € Vy, (1.14)

respectively. The assumptions of the Lax—Milgram lemma are fulfilled; thus these prob-
lems have a unique solution.

The investigation of the finite element error u — uy, in the energy norm (here equiva-
lent to the W12(2)-norm) is usually reduced via Céa’slemma to a general approximation
problem. If we want to take advantage of anisotropic finite element meshes (and this



kind of mesh seems to be natural near edges, see above), we need an approximation
operator for which error estimates are available that take these different asymptotic
mesh sizes of the elements into account. As far as we know, such estimates are only
available for the interpolation operator [1], see also (3.16). But in order to use these
local estimates and to extend them to weighted Sobolev spaces, the mesh must satisfy
two more conditions (d) and (e). Moreover, another assumption (f) is necessary for
the extension of these estimates to weighted Sobolev spaces. This extension is done in
Subsection 3.1 because it is necessary for our global estimate in Subsection 3.2.

For the explanation and for further use we introduce the following notation: Assume
we are given a finite element €};. Let e; be the longest edge of £; and f; the larger of
the two faces of ; with e; C TZ Then we denote by hs; := measq(¢;) the length of
i, by hg; := 2measy(f;)/hs,; the diameter of f; perpendicularly to e; and by hy; :=
6 meass(€;)/(hghs,;) the diameter of Q; perpendicularly to f;. Note that hs; > hy; >
hl,i-

Introduce further local Cartesian coordinate systems (x4 ;, 22, 3,;) such that (0,0,0)
is a vertex of {);, e; is part of the x5 ;-axis, and f; is part of the x5 ;, z3;-plane. Note that
each coordinate system can be transformed via a translation and three rotations around
the z;;-axes by an angle v;; (j = 1,2, 3) into the original coordinate system (z1, 29, z3).
(The angles 1;; depend on the order of the three rotations but this influence is of lower
order.)

Let the following assumptions be also fulfilled:

(d) all elements €2; have to fulfill the maximal angle condition: let . ; be the maximal
angle between faces of Q; and 7 ; be the maximal interior angle of the four trian-
gular faces of Q; (¢ =1,...,m), then the relations 7. ; <y < mand y5; <y < 7
have to be fulfilled with ¢ independent of the element counter ¢ and the mesh
size parameter h,

(e) the elements are located such that the angles +;; fulfill the following relations:

his hii .
h;:zv |tan¢3,i| < Civ (l = 17"'7m)7

ho;
| tan )y | < Ch ’Z', |tan vy ;| < C
K3

3,
with the exception that the first (respectively the third) inequality is not necessary
if hy; is of order hs; (respectively hq; is of order hy ),

(f) all elements ©; with distance r; = 0 to the edge (z3-axis) have two vertices such
that the straight line through them is parallel to the z3-axis.

So we introduce a graded mesh by conditions (a)—(f) and the following choice of the
element sizes:

(g) With h being the mesh size parameter, p €]0, 1] being the grading parameter, r;
being the distance of ©; to the edge (r; := min, 1’3)66‘($% + 22)'/?) and some
constant R > 0 we define real numbers h; (i = 1,...,m)

RYe for r; =0,
h; = hrg_“ for 0 < r; <R, (1.15)
h for r; > R,

and assume that there are positive constants C'y and 5 such that for the element
sizes h1;, ha i, ha; the relations

Cily;

S Cthv ]: 1727
Cih < hs;

P (1.16)

ANIVAN

are fulfilled for:=1,...,m.



Corollary 1.3 For such meshes the following relation holds:
o WH2(Q:)|] < Chiton; LX), i=1,...,m, (1.17)

which is a special case of the inverse inequality, see [8, Theorem 3.2.6]. Note that the
diameter of the largest ball inscribed in Q; has a diameter of order h; < Ch.

Note that we use the symbol ' for a generic positive constant, that means, C' may
be of different value at each occurrence. But (' is always independent of the function
under consideration and of the finite element mesh.

Corollary 1.4 The volume of any element Q; is of order h?h (i =1,...,m).

Because we consider up to now only a domain € with the special structure (1.1) it
is easy to construct such a mesh:

1. Find a quasiuniform mesh for G with a conventional mesh generator (inner and
outer circle shall be of the same order / for all elements).

2. Reproduce this two-dimensional mesh in each plane 25 = jh (j = 0,...,J;
J = int(z9/h); h = zy/J; int(w) is the integer part of the real number w),
and form a partition of pentahedra (prismatic elements with a triangular basis)
using corresponding triangles of two adjacent planes 25 = (j — 1)h and 23 = jh
(j =1,...,J). Divide each pentahedron into three tetrahedra (observing condi-
tion (c)).

3. Apply the coordinate transformation

. 2 2 1/2
ro= (2] gt %3 01) /
Tlpew = 1 HVHgy g (1.18)
. —141
T2new = T + /M$2,old

to all nodes of the triangulation (at least in a neighbourhood of the edge).

This approach of constructing a graded partition using a coordinate transformation goes
back to [20] where it was used in the two-dimensional case. It is explained in detail in

[5].

1.3 Outline of the paper

In Section 2 we prove the anisotropic regularity (1.12) of the solution u from (1.6) or
(1.7). This is first done for the Laplace operator with Dirichlet boundary conditions in
Subsection 2.1, using a representation formula for u from [14]. Furthermore, we prove
that the assumption p < 2/(1 — Z-) in (1.12) is necessary. In Subsections 2.2-2.4 we
extend this result to more general boundary conditions, to a general elliptic second order
operator with constant coefficients, and partially (only for p = 2) to the Lamé system.
These results are then applied in the investigation of the finite element error for the
problems introduced above.

In Section 3 we use the standard way, namely the estimation of the interpolation
error. One difficulty is that the anisotropic local interpolation error estimate

3
o o W) < O3 byl W) (1.19)
7=1

does not hold for p = 2, but only for p > 2. That is why we restrict our consideration
to problems with a right hand side f € LP(Q2) with p > 2. Another task is to prove an



approximation result for elements ); touching the edge, because the solution does not

belong to W2P(Q;) (p > 2) there, even if we would assume smooth data. Under the
conditions (d)—(f) and certain assumptions on p and 3 (see Theorem 3.11), we get

o= Toy W) < C (7 + ha o AZP(Q0), (1.20)

lo = To; ZP(Q)N < C ({77 + B3 ) [os AFP()]. (1.21)

The global result is then formulated in Theorem 3.13 and we get for p €12, p4]

lu = wns WHAQ)|| < CR7[| £ LP(Q)]] (1.22)
with
1 for p < = - £,
§ = { 2 i oo (1.23)
p - ltugy e forpz o a5,
(1- ﬁ)_l for Dirichlet or Neumann b.c.,
P+ = : T \—1 (1 T _\—1 (124)
min {(1 - o) (- 5) } for Newton boundary cond.

A similar estimate holds for mixed boundary conditions with some restrictions to
WA.

In Section 4 we investigate the condition number of the stiffness matrix. We show
that it is of the optimal order 2=2 for the full range of u €]0,1]. Note that in the
isotropic case the condition u > % is required [2, 6].

For test calculations we can refer to another paper. In [4] we documented a test,
where one problem was calculated with isotropic as well as with anisotropic graded
meshes. We derived approximation orders from the finite element errors for different
mesh size parameters h. We observed a good agreement of the calculated approximation
orders with the expected ones (see (1.23)). Moreover, it turned out that the same error
level can be achieved with less computational effort (smaller number of elements, of
nodes, of degrees of freedom) with anisotropic meshes in comparison with isotropic
ones.

Another test is documented in the last section. There, the exact solution has a jump
in the second derivative in edge direction.

2 Anisotropic regularity near the edge

2.1 The Laplace operator with Dirichlet boundary conditions

Let D := C' xR be a dihedral cone of 3, where (' is an infinite cone of 22 of opening w.
As before, we denote by & = (21, 22, z3) the Cartesian coordinates in D, where z3 € R
and (z1,22) € C' and by (r, ) the polar coordinates in €. We are concerned with the

edge regularity of the variational solution v € ﬁl(D) of the Dirichlet problem
- Av=ge LP(D), (2.1)

for p > 2. Since we are only interested in the local behaviour of the solution, we suppose
that v exists and has a compact support.

For studying the regularity of v, we shall employ some weighted Sobolev spaces of
Kondrat’ev type, introduced for instance in [18]. For [ € N, 3 € R,p €]1, +o0[, we recall
that

ViP(D) = {v € D'(D) : P/1HleI Doy € [P(D),V|a| < 1}



is a Banach space for the norm

1/p
um#wm:(Z/”“”Www”% |
o<t 7P

We start with a weak isotropic regularity result:

Lemma 2.1 For any ¢ > 0, we have

v e VEA(D). (2.2)
Proof Using Hardy’s inequalities, we find that » € VE’IQ_FE(D). This inclusion and
Theorem 4.1 of [18] lead to (2.2). o

This allows to use comparison theorems in weighted Sobolev spaces in order to get
anisotropic regularity:

Theorem 2.2 Let o > 0 be such that

9_ 2 _ < I 2-2>r1
P < L 22y (2.3)
«Q = 0 Zf 2— » < -
Then
v € VEP(D). (2.4)
If moreover
j_2.T (2.5)
p oW '
then
d3v € Vy P(D). (2.6)

Proof The inclusion (2.4) is a direct consequence of Theorem 7.2 of [18], using Lemma
2.1 and since g € V,22(D) N VOr(D).

14«
The inclusion (2.6) follows now from Theorem 3.1 of [19] (see also Theorem 30.1 of
[16]), since the assumption of that theorem is equivalent to (2.5). o

We shall now improve this theorem using recent results of Grisvard [14]. The ob-
tained inclusions will sometimes recover the above ones, but due to the convenient form
of the Laplace operator, their proofs are simpler. Let us first recall Theorem 6.6 of [14]:

Theorem 2.3 Suppose that % #2— % for all j € 7, then the solution v € ﬁl(D) of
problem (2.1) admits the decomposition

v=ot Y (K% )i, (2.7)

gm 2
0 -<2— =

2 i
where v, € W2P(D) is the regular part of v, q; € BQ_E_JT’p(]R) (that means in the
2 ™ .
classical Sobolev space WQ_E_JT’p(]R), if 2 — ]2) — I & 7, otherwise in the Besov space
2 ™
BQ_E_JT’p(]R), see [27]), 1; are the 2D-singular functions of the Laplace operator in C':

0i(r) = € sin (22, (2.8)

w



and finally K; are kernels defined by

. T 2
Ix]‘(r, 963) = 4%(7‘2:-96;2;) f R 9
- . 273 2
Ki(r,z3) = e _T_ 7 if ]U <1l-3

There exists a positive constant C' independent of g, such that

2—-2_1im,
lons W2PD) + >0 Nl BT 27 < (R < Cllgs LA(R)])-
0<i<2-2

Here and in the sequel, K % ¢ means the convolution with respect to the edge parameter
Zr3:

(K % q)(r,s) /Ixrs (23— s)ds.

In view of that Theorem, if we want to prove inclusions of type (2.4) or (2.6), it
suffices to show that the 3D-singularity function

v = (K % q;)0; (2.9)

satisfies such inclusions. Their proofs are based on the next general result concerning
convolution with arbitrary kernels, which is inspired from Theorem 6.5 of [14] (notice
that this theorem had a different goal).

Theorem 2.4 Let K(r,x3) be a kernel satisfying

B
, T
|IX (T7 $3)| < CW,VT > 0,$3 ER, (210)

with some C' > 0 and v > § (in order that K would be integrable with respect to xs) and
/ K(r,2s) des = 0. (2.11)
R
For g € B7P(R), with o €]0,1], we set

h(r,zs) = (K % q)(r,z3). (2.12)

Ifo<2y—1landp > —-1— % — 0+ 2y, then there exists a constant Cy > 0 (independent
of q) such that

1 1/p
(/ / (h(r, 23)|? rdrdacg) < Cullg: BP(®)|. (2.13)
0 R

Proof From assumption (2.11), we may write

hras) = [ K(rs)atas = s) = a(ea)) ds,

and taking the LP-norm with respect to z3, we obtain

|A(r, @3); L, (R)]| < /]R |K(r,8)] - [lg(z3 — s) — q(as); LE, (R)]| ds. (2.14)
Let us introduce the functions
K(s) = |s|T7YP||g(as — ) — qlxs); L2, (R)]),
|t|2'y—cr—1

(122



and the multiplicative convolution I of k with the function s/?x,

I(r):= /Rk(r/s)sl/pm(s) |d?8|
Inserting (2.10) into (2.14) we obtain
|h(r, z3); LE,(R)]| < CrotFe=2vp(py, (2.15)
The assumption ¢ € BP(IR) implies that x belongs to LP(R) and
[[#5 LAR)[| < Collg; BYP(R)]],

for some C3; > 0 independent of ¢q. For ¢ < 1 this is a direct implication, otherwise
we use Theorem 2.5.1 of [27]. Moreover, we readily check that k € L'(R*, L) (this is
the space of integrable functions with respect to the measure %) iff —l<eo<2y-1;
therefore Young’s theorem leads to

+oo dr 1/p
([ ir ) <l @) < cCall B (2.16)

Integrating the p-th power of the estimate (2.15) with respect to r on ]0, 1] and using
(2.16), we arrive at (2.13). o

We are now able to prove some anisotropic regularities:
Theorem 2.5 If 0 < % <2 - %, then
833@]‘ S Lp(D), (217)

and there exists a positive constant C' such that

050053 LD < C llgs L7(2)]|. (2.15)

Proof If ) ) )
1-2<ifcg_ = (2.19)

P w p

we use Theorem 2.4, with K (r,z3) = 17™/“033K ;(r, x3), since

Oty = (K % 47)(r,23) ) sn (222

w

This kernel satisfies | K (r, z3)| < Crl"'j”/‘”(rz +23)7% for all r > 0,25 € R. Therefore,
we can apply Theorem 2.4 with § = 1—|—%,’y:2anda:2—%—% (o < 1 due to
assumption (2.19)). Since the hypotheses of that theorem are satisfied, estimate (2.13)

can be rephrased as

1
/ /|333vj|p rdrdes < C ||g;; BT (R)|P.
0 R

An integration with respect to ¢ leads to (2.17) and (2.18).
Conversely, if

] 2
0<2Z<1-2, (2.20)
w p
then we know that ¢; € Bgl’p(]R), with ¢/ = 2 — 2 — % > 1. If ¢/ = 1, we use

’ P
Theorem 2.4 as above with K (r,x3) = 17™/“d33 K (7, 23), ¢ = ¢; € B7(R), when ¢ = o'
On the contrary, if ¢/ > 1, we apply Theorem 2.4 with K(r,z3) = rj”/waglx'j(r, r3),
q = 03¢; € B°P(R), when 0 = o/ — 1. O

Analogously, we can consider other derivatives:

10



Theorem 2.6 If 0 < % <2 - %, then

dsv; € LP(D), (2.21)
v, € ILP(D), (2.22)

with norms depending continuously on the LP-norm of g. If moreover, 1 — ]% < %, then

Oiavj, Oazv; € LP(D), (2.23)
Loy, T 0y, € LP(D), (2.24)
72y, € LP(D), (2.25)

r~tosv; € LP(D), (2.26)

with v > 2 — % — %, the norms depending continuously on the L?-norm of g.

Proof Property (2.21) follows from Theorem 2.4 with K (r,z3) = rj”/waglx'j and ¢ = ¢;;
in the same way, we get (2.26) by multiplying this kernel by r=!. The proof of (2.23) is
identical. Indeed, we have

Drav; = {K1; % ¢} + { K2 * q;}0:0;,

where Ky; = 03K, Ky; = 0,Kq;. For the first term (respectively the second term),
we apply Theorem 2.4 with K(r,z3) = rj”/‘”](lj (respectively K(r,z3) = r_1+j”/wlx'2j)
and ¢ = ¢;. The derivative %dpgvj is treated similarly.

To establish the other inclusions, we can no more apply Theorem 2.4 because the
corresponding kernels do not satisfy (2.11). Therefore, we proceed as follows: for the
derivative 0,v;, for instance, we must consider a term of the form

h(r,z3) == (0, K;) % q; ;.

As |0, K| = (’)(m), we get

[[2r, 3); Lz, (R)]| - < CT”/“/RI@KJ'(T»S)I lgj(2s = s); Lz, (R)]| ds

IN

Crm 702 gj LP(m))).

Multiplying this estimate by 7~ and integrating with respect to 7 on ]0, 1[ and to ¢,
we obtain the inclusion r7~'h € LP(D). Other terms are treated analogously. O

Corollary 2.7 Let u € ﬁl(Q) be the solution of —Au = f, with f € LP(Q), then

B>2-2_-Z for2-2>ZL571_2
u € Aé’p(Q) with P ; P
8=0 Jor2—=< %
and
27 .
[lu; AP < CILF5 LA
For the definition of Aé’p(Q), see Subsection 1.1.
Proof Let
u in §2, f in Q,
vi= and g:=
0 inR3\Q, 0 in D\Q,
then v is the variational solution of —Av = ¢ € LP(D). Using Theorem 2.6 we get
v E Aé’p(D). The restriction to § yields the assertion. a

Let us remark that we cannot improve the conclusions of Theorems 2.5 and 2.6.
Indeed, when we apply Theorem 2.4, we get an equality in the condition 5 > —1 — % —
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o + 27, in other words we cannot decrease the value of 5. This means that, in general,
we cannot decrease the power in r in front of the considered derivatives.

Let us also show that the condition 1 — 2 < % in the second part of Theorem 2.6 is
necessary, in the sense that without this condition, the conclusion could fail.
Lemma 2.8 If 0 < % <1-2andg € BQ_%_%’p(R) is a continuous function such
that ¢; > 0, ¢; #0. Then v; given by (2.9) satisfies

1
—0,v;  LP(D). (2.27)
r
Proof By a direct computation, we show that
1 2j 14y jme
~0,v; = ~=h LT/ cog( 2T 2.28
, ©Uj w (r,@3)€(r)r cos( o ), ( )

where we have set

_ [ 4lzs—rt)
h(r, zs) '_/ﬂﬁm dt.

Since ¢; # 0, there exist zp € B, ¢ > 0, 6 > 0 such that ¢;(z3) > ¢ for all 235 €
Jz0 — €, 20 + £[. This implies that for all 5 € |29 — £/2, 20 + ¢/2[, we have h(r,z3) > ép
forall r < 1, with p = fs/z (1+1¢*)"% dt > 0. Inserting this estimate into (2.28), we get

—e/2
1 ; k
00| 2 ey s (222,
T w
with some positive constant p’. This leads to the conclusion (2.27) because r~+i7/«
does not belong to LP with respect to the measure rdr near 0. O

2.2 Extension to general boundary conditions

All the results of this section can be extended in a straightforward manner to Neumann
boundary conditions and mixed boundary conditions. This can be seen by replacing
, , 1
sin(4-%) by cos(2F) (or sin(%), respectively) everywhere.
Newton boundary conditions need more explanation:

Theorem 2.9 Let u € V' be the solution of (1.7), then

ﬂ>2—%—% for 2 —
5=0 for 2 —

>

vV
SIS
|
|

u € AXP(Q) with
(@) win | )

SIS
€2 €1

and

27 .
[lu; AGFEN < U5 L)
Proof First we transform the boundary conditions (1.4) into

8_u
on

= —owu on 01,

and use a lifting trace theorem in order to come back to homogeneous Neumann bound-
ary conditions. Indeed, since there exists s > 3 such that o € Wl_l/s’s(aﬁ), there exists
& € WH5(Q) such that 6 = o on Q. Using Theorem 1.4.4.2 of [12] we get 6u € H'(Q),
because u € H' (). Consequently, cu € H'/?(99), and because of the classical trace
theorem, there exists w € H?*(Q) such that

8_w
on

= —ou on Jf).
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This means that uy := v — w € V is the solution of
/ Vs -Vvdg:/ fivdz for all v € V|
Q Q

where f; := f 4+ Aw. Since f; € L?(Q) and owing to Theorem 23.3 of [9], we conclude
that
u e H'™/9=2(Q) for all & > 0.

Using again Theorem 1.4.4.2 of [12] to u € H't™/“~%(Q) and some 6 € W'?(Q) such
that 6 = ¢ on 0€2, we obtain that

w

T 3
ru € WHP(Q), if — > = — =,
ou (), i 57275
Note that the condition Z > 2 — z% is necessary to have the embedding H'*7/«~2(Q) —

WhP(Q). With the help of the classical trace theorem, there exists wy € W%?(Q) such

that
8w1

on

Finally, setting uy = v — wq, we see that uy € V and that it is a solution of

= —ou on 0.

/Vuz-Vvdgz/fgvdgforallvev,
Q Q

with fo := f+ Awy € LP(Q). Applying Corollary 2.7 to uy (in the case of homogeneous
Neumann boundary conditions), we conclude that uy € Aé’p(Q) with G satisfying the

conditions of that corollary. Since wy € W#P(£), we get the assertion. O

2.3 General second order operators with constant coefficients

In this subsection, we briefly consider an elliptic operator L of second order with constant
coefficients in a dihedral cone D’:
3
L:=— Z a;; 055,
7,7=1

where a;; = a;; is such that (1.5) is fulfilled.

Since this hypothesis implies that the matrix A = (aij)?,jzl is symmetric and positive
definite, there exists a matrix B such that

BTAB = 1.

By the change of variables z = Bz’, the operator —L is transformed into the Laplace
operator, while the dihedral cone D’ is mapped to another dihedral cone D. We notice
that the transformation matrix B is unique only up to an orthogonal matrix, thus we
can choose B = (bij)?,jzl such that b13 = b3 = 0 and the dihedral cone D = C X R,
where C is a infinite cone of R? of opening w4. Moreover, we easily check that the
distance to the edge in D’ is equivalent to the distance to the edge in D, more precisely,
with 7'(z’) being the distance from 2’ to the edge of D', we have

(@) < |1Blr(2),
rz) < BT vi'e D"

Therefore, the variational solution v’ € H*(D') of

v = ¢ in D', ¢ elP(D),
3
v = 0 or Z aj;0iun; +ou = 0 on 9D,

1,5=1
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is mapped by the above change of variables to the solution v € H*(D) of
—Av = g inD, g¢ge€lLP(D),

J
v = 0 or —u—l—au = 0 ondD.
on
Applying the results of the previous subsections to v and mapping back to D', we get
analogous results by replacing w by w4.

2.4 Extension to the Lamé system

As shown in Lemma 4.1 of [13], the variational solution v = (v1, v, v3)” (with a compact
support) of the Lamé system

— Mo — (A +ji) grad div o = f in D, (2.29)
where f; € L*(D), i = 1,2,3, with Dirichlet boundary conditions has the tangential
regularities

0130, 0930, 0330 € L2(D)3-

As in Section 4 of [13], this allows to split up the Lamé system into a system involving
the first two components and an elliptic equation for the third one. Therefore the
techniques developed above lead to the inclusion

v € AFA(D), i=1,2,3, (2.30)

with 8 > fBg, and Gy > % depends on the Lamé coefficients A,fi. Other boundary
conditions can also be treated based on further results of [13]. Unfortunately, at present,
no result in LP-spaces is available for the Lamé system.

3 Interpolation error estimates

3.1 Local error estimates in weighted Sobolev spaces

Asintroduced in Subsection 1.2, we are interested in local approximation error estimates
for anisotropic elements. In [1], interpolation error estimates in classical Sobolev spaces
were derived. These are useful far from the edge, but unfortunately, we can not apply
them for tetrahedrons along the edge. In this subsection, we shall extend these results of
[1] to weighted Sobolev spaces and consider particularly the three-dimensional case. We
remark that interpolation error estimates for functions from weighted Sobolev spaces
were already proved in [22] for the two-dimensional isotropic case.

We consider first estimates on a reference element g € R where R is the set of
reference elements discussed later, see Figures 3.1 and 3.2. We notice here that the
elements of R have the following essential property (P):

(P) For each axis z; (¢ = 1,...,3) of the coordinate system there exists one edge F£; of
the reference element, which is parallel to this axis and, for normalization, which
has length meas;(£;) = 1.

Using a similar notation as in [1, §2] we denote by P a space of polynomials, and
since each monomial z® = z{'25%25® can be identified with the multi-index o € N3, we
also identify P with the corresponding set of multi-indices. The hull P of P is the set
P:i=PU{a+e:acPi=1,2,3}({e}, denotes the canonical basis of B?) and
the boundary 9P of P is the set P\ P. Note that max, plal = 1+ max,ep|al.
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We introduce now anisotropic weighted Sobolev spaces on Q¢: For a finite set P C I3
with 0 € P and for § € R we set

v{vp(go) = {v e D' () : ||v; vg’vp(go)u < oo},

where

oV @ = 3 [ Do e,
aeP

k= maxaep |af, DY := 30105205°, and r(z) := (23 4+ 23)"/%. For v € Vﬁp’p(Qo) we also
introduce the seminorm

|v; Vﬁ Py ()P Z/ |7ﬁ k+|a|Dav|pdac
agcdP

The space WHP(Qq) is introduced in analogy to Vﬁp’p(Qo) by omitting the weight.
Lemma 3.1 Let P € N2, P finite with 0 € P. Then we have the compact embedding

P, ¢ 1P,
Vﬁ p(Qo) — Vﬁ p(Qo).
Proof Tor any v € Vf’p(Qo) and any fixed oo € P, we have

pA=k=1tlelpey e LP(Qy),
pB=ktlol poten, ¢ LP(Q), i =1,2,3.

This implies #7—F el Doy € We(Qy), since |rF=kHalDay| < Opf—ktll=1 Dy almost
everywhere in . Thus there is a constant C' > 0 such that

o= Do W) | < Cllos V7 (@)l (3.1

Let {v,; }men be a sequence in Vf’p(Qo) such that for some K > 0 and for all m € N

the relation va;VﬁP’p(Qo)H < K holds. From (3.1) we obtain for all m € N and
a € P the bound ||rf=*+lelpay, - WhP(Qg)|| < €. Owing to the compact embedding
WhP(Q0) <= LP(Q) (Rellich-Kondrasov theorem), there is a subsequence {v,,, } such
that for all « € P

pi=ktlel pey, — wy in LP(Q). (3.2)

(Since P is finite we can use card(P) times this theorem.) Because 0 € P we obtain in

particular
rﬁ_kvmk — wp =1’ e LP(Qp),

which implies v,,,, — v in D'(Qp), and D%v,, — D%v in D'(Qy) for all @ € P. With
(3.2), we deduce that w,, = r?=*tlelDoy € [7(Qg) and therefore v, — v in Vﬁp’p(Qo).
Thus the embedding is proved. a

We show now that, under some condition on 3, elements of Vﬁp’p(Qo) are in L1(Qyp),
as well as all derivatives with respect to P.

Lemma 3.2 Let P C N°, P finite, such that 0 € P. If § < 2 — % then for all v €
Vﬁp’p(Qo) the following relation holds:

D%v € LY() for all a € P. (3.3)
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Proof If 3 < 0 the assertion is obvious since VBP’p(QO) — WPr(Qq). If g8 > 0,

then we have ##=%*leIDy € LP(Qy) for any a € P. Since |a| < k we deduce that
rP Dy € LP(). Using Hélder’s inequality, we show that this implies (3.3): Indeed, we
have for 21—7—|—%: 1

/ |D%| dz = / =PI Do da < ||r =P L9(Qo)|| ||7P D¥v; LP(Q0)]).
QO Q0

The L7(Qg)-norm of r=7 is finite if and only if 3¢ < 2 (by using cylindrical coordinates
(r,¢,2)). But this is equivalent to § < 2 — %. O

From Lemmas 3.1 and 3.2 and using the same arguments as in [1, Lemma 2], we
obtain the following lemma.

Lemma 3.3 Let P € N2 be a finite set of multi-indices with 0 € P. If 3 < 2 — % then
there is a constant C' > 0 such that

[0 V5 P (Qo)]| < Clo; V¥ (90)] (3.4)

for all v € Vf’p(Qo) satisfying [q, D*vdz = 0 for a € P.

We are now ready to give the interpolation estimate, first in a very general form,
then especially for our purposes.

Lemma 3.4 Let 5 <2 —% be a real number, and let P,Q C N° and v € N? be such that
0€@Q and Q +~ C P. Further introduce a linear operator I : C*(Qg) — P, p € N, and
!

assume that there are linear functionals F; € (VﬁQ’p(Qo)) ,i=1,...,7, 7 =dimD"P,
satisfying

Fi(D'Tv) = F(D") (i =1,...,j) for all v € C(Q) N VET7(Qq), (35)
F,(D7q)=0 foralli=1,...,j = D¢ =0 forall g € P. ‘
Then there 1s a constant C' > 0 such that
1D (0 = T0); VEP(Q0)]] < C|DYo; VE(Q0)
for all v € C*(Q) N VETP(Q).

Proof We follow the proof of Lemma 3 of [1], since Lemma 1 of [1] can be extended to
the spaces Vﬁp’p(Qo) (owing to Lemma 3.2), while Lemma 2 of [1] is replaced by Lemma
3.3. a

Theorem 3.5 Suppose that 0 < g < 1 — ]1—), p > 2, and let Iv be the linear Lagrange
interpolant of v with respect to the vertices. Then for all v € Aé’p(Qo) N C(Qo) we have

|t 0u0 = 1v); Lr(00)|| <
p (3.6)
<C {/ [rpﬁ(muvlp + |D2i0]") + |83w|p] dg} Li=1,2,
2

and

1/p
Hr_lag(v — Iv); Lp(QO)H <C {/Q (10130]” + [D230[” + |9530]") dg} . (3

0
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Proof Weset @ := {(0,0,0)},Q := {(0,0,0)}U{e;};=1,2,3 and remark that v € Aé’p(Qo)
implies d;v € Vﬁl’p(Qo) = VﬁQ’p(Qo) (i =1,2) and 830 € Vg P(Q) = V2P(Qp). To prove
the assertion we apply Lemma 3.4 with P = @, v := ¢; and Fy(v) := Jg, vdz;, where
E; is that edge of Qp which is parallel to the z;-axis, see Property (P) on page 14. It

remains to prove the continuity of £7.
In the simpler case ¢ = 3 we can use the embeddings

VP (Qg) — WHP(Qo) — WI2/PP(F5) — L'(E3)

which holds for 1 — ]2) > 0, that means p > 2.
For : = 1,2 we use that v € Vﬁl’p(Qo) implies

Py e WhP(Qq) — WIHPP(E) — LP(E), i = 1,2.

Using Hélder’s inequality we conclude for ]1—) + % = 1 that

[ teldai < et s o)
K,
_ 1,
< P LB o Vs (Do)l
Using that 7% ¢ Li(E;) for § < % =1- ]1—) the proof is complete. a

Remark 3.6 In applications with the same type of boundary conditions on both faces
of the edge, we have § =2 — % — ﬁ + ¢ with an arbitrarily small positive real . That

L« ™ o that for p close to 2 this condition

_ 1y i —
means [ < 1 L 18 equivalent to 1 ’ e

always holds.

For mixed boundary conditions we have to replace ﬁ by ﬁ, that means we are
restricted to wg < 7. This restriction is known from the isotropic case (see [6]); it is
equivalent to the condition that u must be contained in W3/2+2 . () in order to
have well-defined pointwise values of u. Only in that case interpolation makes sense.

Lemma 3.4 can also be applied to prove an LP-estimate:

Theorem 3.7 Suppose that 0 < f < 2 — ]%, p > 1, and let Iv be the linear Lagrange
interpolant of v with respect to the vertices. Then for all v € Aé’p(Qo) we have

177=2(v — Tw); LP(Qo)|| < C|”§V527p(90)|- (3.8)

Proof Weset Q := {a ¢ N3 : |a] < 1}, Q := {a € % : |a] < 2}, and remark that

|
v € Aé’p(Qo)' — Vg’p(Qo) = VﬁQ’p(QO'). We apply Lemma 3.4 with v = (0,0,0) and
Fi(v):= v(g(l)), i=1,...,4, where 2() are the vertices of Qy. To prove the continuity
of F; we use the embedding [24]

VEP(Q) — VEPP(Q0) — W02 (Qg) — C(Tp)

which is valid just for 0 < 8 < 2 — %. a

Remark 3.8 The restriction § < 2 — ]% does not imply difficulties because for p > 2
this condition is weaker than that of Theorem 3.5.
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Figure 3.1: Basic reference elements for anisotropic interpolation error estimates in the
three-dimensional case.

Corollary 3.9 Forp>1,0< 8 <2~ ]%, and v € Aé’p(Qo) we have
o= To; L2(Qo)| < € o5 AZ7(D), (3.9)

and forp>2,0< g <1 — ]1—), we have for v € Aé’p(Qo) and i = 1,2 the estimates
1/p
10:(v — To); ()| < C {/ (17 (|00l + |02:01) + Dzl dg} . (3.10)
Qo
1/p
19s(0 — To); L7(Q0)]| < C {/Q (11s0]? + [Das0]? + |Ds0]?) dg} . (3.11)
0

Proof Estimate (3.9) follows from (3.8) since 772 is bounded from below and r” is
bounded from above by some constant C' > 0. The estimates (3.10) and (3.11) follow
with the same arguments from (3.6) and (3.7). o

Now we are going to transform these estimates to the actual finite elements ;. We
recall from [8] that for two tetrahedra €; and g there is an affine linear transformation

x=F(y)=By+b (3.12)

with B = (bjr)? 4=y € R¥®, b = (b;)7-; € R®, such that Q; = F(€). We consider two
reference elements {2, and € as given in Figure 3.1. Note that anisotropic elements
can have three or four edges with length of order hs, they are mapped to 2, and €,

respectively. In Appendix A of [3] it is shown that then conditions (d) and (e) lead to
(

the following relations for the matrix elements b;; and bjgl) of B and B~ respectively:

1bjx < C min{hy, by}, 105" < € min{h7lapty (3.13)

PR
Using Corollary 3.9 for the special case f = 0 we get with (3.13) the estimates

3
lo = Lo Q)| < C Y byl 10500 LF()]] - for p > 1, (3.14)

5k=1

3
|0;(v — Tv); LP(;)|] < CZ hii |0k LP()], 7=1,2,3, for p>2, (3.15)
k=1

where (3.15) can be formulated in the following equivalent way:

3
lv— To; WHP(Q)| < O by pvs WHP(Q)] - for p > 2. (3.16)
k=1
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Y2 . Y2 Q)
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Figure 3.2: Additional reference elements for interpolation error estimates in weighted
Sobolev spaces.

This estimate was first proved in [1].
To transform the estimates (3.9)—(3.11) for 5 > 0 we can assume that hy and hy are
of the same order, but we need additionally that

vi +ys < Chy*(a] +23) forall z € Q;, (3.17)
which can be concluded from
b3 =103 =0 and by =0y =0. (3.18)
The geometrical meaning of this condition is investigated in the following lemma.

Lemma 3.10 Assume that we are given an element §; satisfying the following condi-
tion.

(i) At least one vertex of Q; is contained in the z-axis.

Consider a set R = {Q,,Q,, 0, Q} of four reference elements, where ), and Q; are
obtained from Q, and Qy, respectively, by a reflection at the plane x1 = %, see Figure 3.2.
Then we can choose one element g € R such that the corresponding transformation

(3.12) satisfies (3.18) if and only if

(ii) there are two vertices of Q; such that the straight line through them is parallel to
the z-azxis.

Proof Observe that a translation parallel to the xq, z5-plane affects property (3.17);
therefore we consider four reference elements. One can choose the appropriate reference
element by the number of edges with length of order hg (three or four) and the number
of vertices of §; that are contained in the zz-axis (one or two).

To realize the necessity of condition (ii) let g(i) and g(j) (i,7 € {0,1,2,3}) be those
vertices of Qg such that g(i) - g(j) = (0,0,1)7, and let 2D = Bg(i) + b and z0) =
By +b. Then B~Y(2() — 20)) = (0,0,1)7, and in particular

(o e ) ()= (6

b21 b22 9022 - 962] 0

Observing that b1z = by3 = 0 leads to bggl) = bgg” = 0, we conclude ngl)b(le) —
bgl)béfl) = detB(_l)/bggl) # 0 and follow (ii).

With similar arguments we examine that (i) and (ii) are sufficient for (3.18): Assume
we are given an element §; satisfying (i) and (ii). The use of four reference elements
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allows to find one reference element such that (1) each vertex contained in the z3-axis
is mapped to a vertex at the ys-axis, thus by = by = 0, and (2) two vertices 2 and 20
with ng) = xg), k = 1,2, are mapped to g(i) and g(j) with y,(:) = y,(j), k =1,2, thus from
the first two equations of the system 20— gl) = B(g(i) —g(j)) we get by = by3 = 0. O

If we apply the estimates with 3 > 0 only for the elements close to the edge, then
the conditions (i) and (ii) are satisfied via assumption (f) from page 5.

We remark that it is desirable for treating curved edges that the assumption (ii) is
weakened to a condition similar to (e) from page 5. This seems to be possible for special
cases but not in general. We will discuss this in a subsequent paper.

Theorem 3.11 Let Ipv be the linear Lagrange interpolant of v € Aé’p(Qi) with respect
to the vertices. Assume further that for the element ; with ho; < hy; the conditions

(d), (e), (i), and (ii) are satisfied. Then for 0 < f < 2 — ]%, p > 1, the following local

interpolation error estimate holds:

1/p
o — Lyvs LS| < C /Q 205 Dol 4 Ch2, ST Dol de b . (3.19)
’ = P

Moreover, if 0 < < 1— ]1—), p > 2, then for all v € Aé’p(Qi) the norm of the derivatives
of the interpolation error can be estimated by

10;(v = Tv); LP(2:)]

(1-5) e
< C{/ [hp PP (1010|P 4 |0a50[7) + B, |83j@|p] dl} L i=1,2, (3.20)
2

1/p
|0s(v — Tv); LP()]] < C{/ Zh Oz v|” dg} . (3.21)

’kl

Proof The assertion is a direct consequence from Corollary 3.9 using the transformation
(3.12) with (3.13) and (3.17). O

Corollary 3.12 Under the assumptions of Theorem 3.11 the following estimates hold:
lo = Luo; Q)| < C (357 + b3 ) [o; AZP(Q)], (3.22)
o= Loy W) < C (g7 + hag)los AZP(Q0). (3.23)

3.2 Global error estimates

In this section, we investigate the global interpolation error, that is the difference be-
tween the solution u of our boundary value problem (1.6) or (1.7) and its piecewise
linear interpolant Inu on the family of anisotropic graded meshes introduced in Sub-
section 1.2. The difficulty is that we are interested on one hand in an estimate in the
energy norm which is equivalent to || . ; WH2(Q)|], in order to apply Céa’s lemma for
the finite element error. But on the other hand the local interpolation error estimates
(3.16) and (3.23) are valid for || . ; W'?(Q;)|| with p > 2 only.

Theorem 3.13 Let u be the solution of the boundary value problem (1.6) or (1.7), and
2 < p < py (py is defined in (1.24)). Then for the interpolation error w — Ipu, Iy,
defined on the family of meshes in Subsection 1.2, the following estimate holds:

lu — Tnu; WHA(Q)|] < CRE||f; LP(Q)],

1 Jor p < - 55,
5:{ , L a (3.24)
- ltuoy e foruz g5
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Proof We reduce the estimation of the global error to the evaluation of the local errors
and distinguish between the mg = O(h™!) elements whose closure has at least one
common point with the edge, and the m — mg = O(h™?) elements away from the edge:

mo m
lu — Lyu; WHA(Q)|? = Z|u—[hu;W1’2(Qi)|2—|— Z lu — Lu; WH2(Q,)2 (3.25)
=1 i=mg+1

For the elements in the first sum we apply the local estimate (3.23). Using Hélder’s
inequality, we have for 1 = 1,...,mq

lu — Tyu; WHA(Q)P < (measQi)_1+p/2|u — Tu; WHP(Q)|P
< CORRE)THR (T 4 ) s AR ()]
Summing up these estimates for all + = 1,...,mg, and using again Holder’s inequality,

we can conclude

A

mo mo 2/]7
Z|U_Ihu;wl,2(9i)|2 < mé—?/p (Z|U—Ihu7wl7p(gz)|p)
=1 =1

mo
O WA (R 4 ) g AR ()|

=1

C(h(2 B=2/p)/u 4 p1l+(1-2/p) /u) 15 LP(Q2 )H2

IN

IN

Since for § = max{0; 2— % - +¢&'} there holds %(2 - % —[3) > s, and we have directly
14 (1 — —) > 1> s (with s from (3.24)), we get
mo

S Ju— Lus WHHQ)P < CRY[| 5 LP(Q) (3.26)

=1

For the elements in the second sum of (3.25) we can use that u € W2P(Q,;), ¢ =
mo+1,...,m, and thus apply the local estimate (3.16). Again with Hélder’s inequality,
we have for i = mg+1,...,m:

|u — Thu; Wl’z(Qi)|p < (measQi)_1+p/2|u — Thu; Wl’p(Qi)|p

< COmYTR 02 S D% P@)[P + O Y 1D P@)[P | (327)

|a]=2 |a|=2
az=0 a3 >0
For p < = - 755 we can estimate R < Cth—zrz(»zp_z)(l_“) = Ch2p_2rfﬁ with
B=L2p=2)(1-p)>2-2- .
For p > - 2;';_2 we have to use part of th ® via hy < C'r; to get also the power

pB of r; on the right hand side:

B.Z _pe 2p—2-B. T 4pe

e
p._T b, _ 1— op—2—E. T 4

< Ch+ “a psrf“ el M)sz AT

— Chp “’A —bpe pﬁ
with § = § [(%'ﬁ—pé)( —p) 225 T ppel =22 T4 202

2p—2—-L2. T 4pe 2p—2—2~ujr +pe

for ¢ > 0. Note that hz Boea <C7‘Z» Bowa because 2p_2_;.£+p5>
2p— 2 — % . ﬁ > 0 due to the assumption on pu.
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Thus we get with (3.27)
Ju— Tnus WH2(Q0) [P < CRPH3E=D2 ug ATF(Q:) 1P

with s from (3.24). Summing up these estimates for all ¢ = mg + 1,...,m, and using
again Hoélder’s inequality, we can conclude with Corollary 2.7

A

m m 2
S u— L W) < (m—mof‘%( 2 |u—fhu;wm<9i>|p)

i:m0+1 i:m0+1
Ch—:”(l—%)h%(ps"‘%(p—?)) s AEW(Q)W
CR*(| f; LP(Q)|I* (3.28)

From (3.26) and (3.28) we get
0= Lo WHA(Q)] < CHLf3 1@ (3.20)

The estimation is much simpler in the case of the L?-error because the local estimates
hold for all p > 1: For ¢ = 1,...,mg we have by (3.22) with p = 2

mo 2
Sl = s Q)P < C (R4 R2) Ju; AZA(Q))?
=1

IN

CR*(| f5 LP(Q)]|,

because %(2 - 3)> %(1 + - —¢) > 1+ s. For the second term we have via (3.14)

w

m

Z | — Ipu; LZ(QZ')|2 <

i:mo -|—1

< C Y | D LAQ)|1P + CRY Y (D% s ()|
1=mo+1 |a|=§ Ialzg
as= g

With the same ideas as above we get

hir2h for L4+ =
hi < { b2 p< j( + W:)
a S forp > 5(14 %)
and thus .
S M= Thus L2017 < OB f5 LAQ)]?
i=mo+1

with ' = 2 for u < %(1{—%), s = 1—|—%-£—5 for u > %(1{—%), that means s’ > 1+s
for all y, so that (3.29) holds not only for the seminorm | . ; W!2(Q)| but also for the
norm || .; WH2(Q)]. ]

Corollary 3.14 Let u be the solution of the boundary value problem (1.6) or (1.7),
2 < p<py (py is defined in (1.24)), and let uy, be the finite element solution of (1.13)
or (1.14), respectively, using a family of meshes as defined in Subsection 1.2. Then the
error estimate

lu = uns WHAQ)|| < CR2|1f; L (Q)]]
holds, with s from (3.24).
This assertion remains true for mized boundary conditions and w < w, see Subsection

2.2 and Remark 3.6. However, we have to replace the condition on p by 2 < p <
(1 - Z)~! and oo by 5 in (3.24).

WA
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Remark 3.15 Note that the restriction p < py is not essential for this estimate, be-
cause f € LP(Q) yields f € LY(Q) for ¢ < p and || f; LYQ)|| < C||f; LP(Q)]]. We can
always find some ¢ < p4 and apply Theorem 3.13 for q. Nevertheless, we have to replace
pin (3.24) by min{p; py — 6}, 6 > 0 arbitrary.

Remark 3.16 In order to use meshes which are not too much refined, the estimates
are most favourable for p close to 2. For p = 24 ¢ (¢ is an arbitrarily small real number)

we have
{ 1 for p < 7= (1—2_525),
§ =
1 T ) )
wiwa ST 40 fOTHZE(l_H%)’

so that one can conclude that the approximation order s is

1 for p < =,
5= A (3.30)

1
Loy € forp >
(even when f is smoother). On the other hand it is not clear in which way the constant
(' depends on p; we suspect that ' — oo for p — 2.

4 Condition number of the stiffness matrix

Consider the basis {¢;(z)}5, with ¢;(z()) = &; in Vj, (or Vo, respectively), with k
being the number of degrees of freedom. Thus each function v, € V), (or V) can be
represented by vy (z) = Y5, vigi(2), with v; = vy, (2()).

The stiffness matrix A := (aij)ﬁjzl has the entries a;; = a(¢;,¢;). We want to
estimate the condition number x of this matrix:

A]T]fla.X
K= (4.1)

Amin

where Apax and Api, are the maximal and minimal eigenvalues of A.
Using the Rayleigh quotient and the boundedness and coercivity of the bilinear form

Cllo WH(Q)|* < alvp, vp) < Cllops WHAQ)1? Vo € Vie (Von),

as well as the identity a(vp,vs) = (Av,2) (( ., .)is the Euclidean scalar product in R,
v:= (v;)k, is the grid function related to v;), we get

1,2 Q 2
A < Cmak w7 (4.2)
vER >
1,2 NIk
Ao > Cmin PRI (4.3)
vERF (v, )

We are now looking for an upper and a lower bound of ||v,; W12()]|? in terms of (v, v).

Using the inverse inequality (Lemma 1.3) we have

[lon; WHHQ)|* = ZH%W” QII* < €Y by ?[lows LA(Q0)]1*. (4.4)

=1

On the reference element Qy we have

fimin D 07 < |Jon; L2(Q0)]1? < fimax D, 07, (4.5)
J€l; J€l;
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where fimin and pigax are the minimal and the maximal eigenvalues of the element mass

4
matrix (fQo DiP; dg)' - and [I; is the set of numbers of the nodes belonging to 2;.

2,7=1

Transforming (4.5) to ; we get

Cimeas(£;) Z vF < [Jop; L(0)|]* < Comeas(;) Z v?. (4.6)
7€l i€l

Inserting (4.6) into (4.4) and using meas(;) < Ch?h and that each node belongs only
to a bounded number of elements we get

[lon; WHAQ)|I* < Ch(o, v)

and with (4.2)
Amax < C'h (4.7)

For the lower estimate of ||v,; W*(Q)||* we use the embedding
WHA(Q) = W Z5(Q) — WZHQ)

which holds for 0 < ¢ < 1 [16]. (The weighted W-spaces were introduced in Subsection
1.1.) Consequently, we have

llons WHAQ)I? > Cllr™ o Q)| (4.8)

Denoting R; := maxzeq, 7(2), and using (4.6) we get from (4.8)

lons W) = €30 R7*flons LA (4.9)
=1
> CY R7¥hinY vl (4.10)
=1 JEL;

Using h; > ChR; ™" (note that this estimate holds for all i = 1,...,m) and choosing
6 = 1 — p, we obtain
[lons WHAQ)]1* = Ch* . v)

and with (4.3)
Amin > Ch? (4.11)

independent of the choice of . In contrast to this we get Aynin > Ch® for isotropic
elements only in the case p > %, see for example [6].
From (4.7) and (4.11) we get the estimate

k< Ch™2, (4.12)

that means, the order of the condition number has the same order as in the case of
smooth solutions and isotropic meshes.
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Figure 5.1: Example for an anisotropic mesh.

5 Numerical tests
As an example we consider the Poisson problem
Ay = f inQ
w = g on o0

du = 0 ond0?

an
in the three-dimensional domain Q = {(21,79,23) = (rcosp,rsing,z) € R3: r <
L,L0<p< %ﬂ', 0 < z < 1} with the boundary 9Q = 9QM U 9N, HQM) = {2 € 9O :
r = 1}. The right hand sides f and g are taken such that

2

u = ’yr2/3cos§cp
2241 for z € [0,1]
Tz —22—|—22—|—% forze(%,l]

is the exact solution of the problem. It has the typical behaviour in the neighbourhood of

the edge for a Neumann problem. We remark that u € Aé’p(Q) ifand only if g > 2— ]2) —%,

that f = —Au € L,(Q) for all p € [1,00], and that f has a jump at z = %

The meshes used were constructed as described at the end of Subsection 1.2, see
also Figure 5.1. In order to investigate the influence of anisotropic mesh grading on
the approximation order we varied the mesh size h (%, 11—2, 11—8,. . .,41—2) and computed
numerical solutions for y = 1.0 and p = 0.5. From them we calculated the energy norm
|le|| of the finite element error e = u — up by numerical integration with an 11-point
formula. The relative norms ||el|¢ = ||e||/||un|| are plotted against the number N of
unknowns using a double logarithmic scale in Figure 5.2.

The computations show that the use of anisotropic meshes leads to the optimal
approximation order and diminishes the error even for rather coarse meshes.

Acknowledgement. The first author was supported by DFG (German Research
Foundation), No. La 767-3/1.
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Figure 5.2: Behaviour of the finite element error for ungraded (¢ = 1.0) and anisotrop-
ically graded meshes (1 = 0.5).

References

(1]

Th. Apel and M. Dobrowolski. Anisotropic interpolation with applications to the finite
element method. Computing, 47:277-293, 1992.

Th. Apel and B. Heinrich. Mesh refinement and windowing near edges for some elliptic

problem. SIAM J. Numer. Anal, 31:695-708, 1994.

Th. Apel and G. Lube. Anisotropic mesh refinement in stabilized galerkin methods.
Preprint, TU Chemnitz-Zwickau, 1994. In preparation.

Th. Apel and F. Milde. Realization and comparison of various mesh refinement strategies
near edges. Preprint 15, TU Chemnitz-Zwickau, 1994.

Th. Apel, R. Micke, and J. R. Whiteman. An adaptive finite element technique with a-
priori mesh grading. Technical Report 9, BICOM Institute of Computational Mathematics,
1993.

Th. Apel, A.-M. Sandig, and J. R. Whiteman. Graded mesh refinement and error estimates
for finite element solutions of elliptic boundary value problems in non-smooth domains.
Technical Report 12, BICOM Institute of Computational Mathematics, 1993. To appear
in Math. Meth. Appl. Sci.

I. Babugka, R. B. Kellogg, and J. Pitkaranta. Direct and inverse error estimates for finite
elements with mesh refinements. Numer. Math., 33:447-471, 1979.

P. Ciarlet. The finite element method for elliptic problems. North-Holland Publishing
Company, Amsterdam, 1978.

M. Dauge. FElliptic boundary value problems on corner domains, volume 1341 of Lecture
Notes in Mathematics. Springer—Verlag, Berlin, 1988.

R. Fritzsch.  Optimale Finite-Elemente-Approzimationen fur Funktionen mit Singu-
laritaten. PhD thesis, Technische Universitat Dresden, 1990.

R. Fritzsch and P. Oswald. Zur optimalen Gitterwahl bei Finite-Elemente-Approxi-
mationen. Wissenschaftliche Zeitschrift TU Dresden, 37(3):155-158, 1988.

26



[12]

[13]
[14]

P. Grisvard. Elliptic problems in nonsmooth domains. Pitman, Boston—London—Melbourne,

1985.
P. Grisvard. Singularité en elasticité. Archive for Rational Mechanics, 107:157-180, 1989.

P. Grisvard. Singular behaviour of elliptic problems in non Hilbertian Sobolev spaces.
Preprint 321, University of Nice, 1992.

V. A. Kondrat’ev. Singularities of the solution of the Dirichlet problem for a second order
elliptic equation in the neighbourhood of an edge. Differencial’nye uravnenija, 13(11):2026-
2032, 1977. (Russian).

A. Kufner and A.-M. Sandig. Some Applications of Weighted Sobolev Spaces. BSB B. G.
Teubner Verlagsgesellschaft, Leipzig, 1987.

M. S. Lubuma and S. Nicaise. Dirichlet problems in polyhedral domains II: approximation
by FEM and BEM. J. Comp. Appl. Math. to appear.

V. G. Maz’ya and B. A. Plamenevskii. L,-estimates of solutions of elliptic boundary value
problems in domains with edges. Trudy Moskov. Mat. Obshch., 37:49-93, 1978. (Russian).

V. G. Maz’ya and J. Roimann. Uber die Asymptotik der Losung elliptischer Randwertauf-
gaben in der Umgebung von Kanten. Math. Nachr., 138:27-53, 1988.

L. A. Oganesyan and L. A. Rukhovets. On variational-difference methods for linear elliptic
equations of second order in two-dimensional domains with piecewise smooth boundary.

Zh. Vytcheslit. Math. Fiz., 8:97-114, 1968. (Russian).

L. A. Oganesyan and L. A. Rukhovets. Variational-difference methods for the solution of
elliptic equations. Tzd. Akad. Nauk Armyanskoi SSR, Jerevan, 1979. (Russian).

G. Raugel. Résolution numérique de problémes elliptiques dans des domaines avec coins.
PhD thesis, Université de Rennes (France), 1978.

G. Raugel. Résolution numérique par une méthode d’éléments finis du probléme Dirichlet
pour le Laplacien dans un polygone. C. R. Acad. Sei. Paris, Sér. A, 286(18):A791-A794,
1978.

J. Rofimann. Gewichtete Sobolev—Slobodetskii-Raume und Anwendungen auf elliptische
Randwertaufgaben in Gebieten mit Kanten. Habilitationsschrift, Universitat Rostock, 1988.

A. H. Schatz and L. B. Wahlbin. Maximum norm estimates in the finite element method
on plane polygonal domains. Part 1. Mathematics of Computation, 32(141):73-109, 1978.

E. Stephan and J. R. Whiteman. Singularities of the Laplacian at corners and edges of
three—dimensional domains and their treatment with finite element methods. Math. Meth.

Appl. Sei., 10(3):339-350, 1988.

H. Triebel. Interpolation theory, function spaces, differential operators. North-Holland,
Amsterdam, 1978.

27



Other titles in the SPC series:

93_1

932

9323

94_1

942

943

944

94.5

946

947

94_8

949

9410

9411

9412

9413

94_14

9415

G. Haase, T. Hommel, A. Meyer, and M. Pester. Bibliotheken zur Entwicklung paralleler
Algorithmen. Preprint SPC 93_1, TU Chemnitz, DFG-Forschergruppe, Mai 1993.

M. Pester and S. Rjasanow. A parallel version of the preconditioned conjugate gradi-
ent method for boundary element equations. Preprint SPC 932, TU Chemnitz, DFG-
Forschergruppe, June 1993.

G. Globisch. PARMESH - a parallel mesh generator. Preprint SPC 93_3, TU Chemnitz,
DFG-Forschergruppe, June 1993.

J. Weickert and T. Steidten. Efficient time step parallelization of full-multigrid techniques.
Preprint SPC 94_1, TU Chemnitz-Zwickau, DFG-Forschergruppe, January 1994.

U. Groh. Lokale Realisierung von Vektoroperationen auf Parallelrechnern. Preprint SPC
942, TU Chemnitz-Zwickau, DFG-Forschergruppe, March 1994.

A. Meyer. Preconditoning the Pseudo-Laplacian for Finite Element simulation of incom-
pressible flow. Preprint SPC 94_3, TU Chemnitz-Zwickau, DFG-Forschergruppe, February
1994.

M. Pester. Bibliotheken zur Entwicklung paralleler Algorithmen. Preprint SPC 944 TU
Chemnitz-Zwickau, DFG-Forschergruppe, March 1994. (aktualisierte Fassung).

U. Groh, Chr. Israel, St. Meinel, and A. Meyer. On the numerical simulation of coupled
transient problems on MIMD parallel systems. Preprint SPC 945, TU Chemnitz-Zwickau,
DFG-Forschergruppe, April 1994.

G. Globisch. On an automatically parallel generation technique for tetrahedral meshes.
Preprint SPC 946, TU Chemnitz-Zwickau, DFG-Forschergruppe, April 1994.

K. Bernert. Tauextrapolation — theoretische Grundlagen, numerische Experimente und
Anwendungen auf die Navier-Stokes-Gleichungen. Preprint SPC 947, TU Chemnitz-
Zwickau, DFG-Forschergruppe, Juni 1994.

G. Haase, U. Langer, A. Meyer, and S. V. Nepomnyaschikh. Hierarchical extension and
local multigrid methods in domain decomposition preconditoners. Preprint SPC 948, TU
Chemnitz-Zwickau, DFG-Forschergruppe, June 1994.

G. Kunert. On the choice of the basis transformation for the definition of DD Dirichlet
preconditioners. Preprint SPC 94_9, TU Chemnitz-Zwickau, DFG-Forschergruppe, June
1994.

M. Pester and T. Steidten. Parallel implementation of the Fourier Finite Element Method.
Preprint SPC 94_10, TU Chemnitz-Zwickau, DFG-Forschergruppe, June 1994.

M. Jung and U. Rude. Implicit Extrapolation Methods for Multilevel Finite Element
Computations: Theory and Applications. Preprint SPC 94_11, TU Chemnitz-Zwickau,
DFG-Forschergruppe, June 1994.

A. Meyer and M. Pester. Verarbeitung von Sparse-Matrizen in Kompaktspeicherform
(KLZ/KZU). Preprint SPC 9412, TU Chemnitz-Zwickau, DFG-Forschergruppe, Juni
1994.

B. Heinrich and B. Weber. Singularities of the solution of axisymmetric elliptic interface
problems. Preprint SPC 94_13, TU Chemnitz-Zwickau, DFG-Forschergruppe, June 1994.

K. Gurlebeck, A. Hommel, and T. Steidten. The method of lumped masses in cylindri-
cal coordinates. Preprint SPC 94_14, TU Chemnitz-Zwickau, DFG-Forschergruppe, July
1994.

Th. Apel, and F. Milde. Realization and comparison of various mesh refinement strategies
near edges. Preprint SPC 94_15, TU Chemnitz-Zwickau, DFG-Forschergruppe, August
1994.

Some papers can be accessed via anonymous ftp from server ftp.tu-chemnitz.de, directory
pub/Local/mathematik /SPC. (Note the capital L in Local!)



