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1 Introduction 1

1 Introduction

The solution of elliptic boundary value problems may have anisotropic behaviour in parts
of the domain. That means that the solution varies significantly only in certain direction-
s. Examples include diffusion problems in domains with edges and singularly perturbed
convection-diffusion-reaction problems where boundary or interior layers appear. In such
cases it is an obvious idea to reflect this anisotropy in the discretization by using anisotrop-
ic meshes with a small mesh size in the direction of the rapid variation of the solution and
a larger mesh size in the perpendicular direction. Anisotropic meshes can also be advanta-
geous if surfaces with strongly anisotropic curvature (the front side of a wing of an airplane,
for example [31, Figure 6]) or thin layers of different material are to be discretized.

In order to describe the elements of anisotropic meshes mathematically, consider an
elliptic boundary value problem posed over a polyhedral domain Q ¢ RY, d = 2,3. We
study the discretization error of the finite element method on a family of meshes 7, = {K'}
with the usual admissibility conditions (see, for example, Conditions (7,1)—(7,5) in [17,
Chapter 2]). Denote by hr x the diameter of the finite element K, and by gx the supremum
of the diameters of all balls contained in K. Then it is assumed in the classical finite
element theory that hp x < ox. The notation a < b means the existence of a positive
constant C' (which is independent of 7;, and of the function under consideration) such that
a < Cb. This assumption is no longer valid in the case of anisotropic meshes. Conversely,
anisotropic elements K are characterized by

hr i
—= — 00

0K

where the limit can be considered as h — 0 (as in the present paper) or e — 0 where ¢ is
some (small perturbation) parameter of the problem.

Local interpolation error estimates for anisotropic elements are widely developed in the
literature [2, 3, 4, 6, 8, 11, 12, 13, 14, 19, 21, 22, 23, 26, 29, 30, 33, 35]. In particular the
improved estimates in [2, 4, 12, 13, 14, 26] are applied, for example, for the investigation of
Laplace type problems in domains with edges [3, 4, 7, 8, 25], layers in singularly perturbed
problems [5, 6, 20|, and anisotropic phenomena in the solution of the Stokes problem [14].
However, all these applications are restricted to conforming finite element methods.

Non-conforming methods are hardly treated. Such methods are of particular interest in
mixed methods for problems like the Stokes problem or the Mindlin-Reissner plate problem.
The aim of this paper is to provide basic results for a simple class of non-conforming
elements, namely the Crouzeix-Raviart element [18] and modifications thereof. We apply
them here to the simplest model problem, the Poisson problem. Other applications are
postponed to the upcoming papers [9, 10].

In Section 2 we describe a family of anisotropically graded finite element meshes which
turned out to be suited for the treatment of edge singularities in the context of conforming
Py elements [2, 4, 7]. We show in this paper that this family is also suited for non-
conforming P; elements.
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The finite element error of the non-conforming method can be estimated via the second
Strang lemma by the sum of an interpolation error and a consistency error. These errors
are considered in Sections 3 and 4. In particular, we derive for Crouzeix-Raviart triangular
and tetrahedral elements K [18] the interpolation error estimate

Ju — Ty WH(K)| S Jus WH(K)| (1.1)

from which we can derive easily

d
= Tyus W2 (K)| <Y hy |0 WH (K. (1.2)

i=1

We denote by d the space dimension, by h; i suitably defined element sizes, by 0; the
partial derivative d/dz;, and by || - ; X|| and | - ; X| the usual norm and seminorm in the
Banach space X. A similar estimate is obtained for functions u from weighted Sobolev
spaces. Both estimates hold for a general triangle/tetrahedron, in particular without an
angle condition. We remark that related results were obtained in [1].

Note that (1.1) is not valid for Lagrangian interpolation on the conforming P; element.
Even (1.2) is not valid for the conforming tetrahedral element [3, 4]. Modified interpolants
of Scott-Zhang type have been developed to overcome these deficiencies [2], but until now
they are restricted to a special class of mesh. This is clearly an advantage of the non-
conforming element.

In Section 4 we prove for the more general equation —Vn = f estimates of the consisten-
cy error. The proof made certain new ideas necessary since the standard proof [18] cannot
be applied to anisotropic elements. The reason for the generality is that hence these esti-
mates can be applied in the papers [9, 10] to the Stokes problem and the Reissner-Mindlin
plate problem, respectively.

Crouzeix-Raviart type rectangular elements, called parametric rotated Q1 element and
non-parametric rotated Q; element were defined and investigated in [27] for isotropic
meshes. The anisotropic case was discussed in [15]. These authors proved that the non-
parametric element, together with the Py element for the pressure, yield a Stokes element
pairing that is stable independently of the aspect ratio. However, the estimation of the
consistency error was not addressed. We give in Sections 3 and 4 a complete treatment of
a modified Crouzeix-Raviart type rectangular element. The modified element generalizes
easily to a class of prismatic three-dimensional elements (pentahedra).

The results of Sections 3 and 4 are applied in Section 5 in order to prove the finite
element error estimate for the model Laplace problem in the presence of edge singularities.
We obtain the optimal finite element error estimate

lu = unllin S Rl L),

where h := maxg hL,Ka hL,K = max; hi,K; and

mh _Z| Wm2 |7 mZ()a



2 Discretization of the model problem 3

are mesh dependent (semi-)norms. For the assessment of this result it is essential to point
out that the number of elements/degrees of freedom is of the order =3, that means, it is
asymptotically not larger than that for uniform meshes where only a reduced convergence
order h* is obtained.

In the final section of the paper we show by a numerical test example that these
asymptotical convergence orders can be observed in calculations with practical mesh sizes.
Furthermore, we compare the non-conforming with the conforming P; element.

Throughout the paper we use the following convention concerning indices. When all
indices play the same role we use the index set {1,...,d} (recall that d is the space
dimension). In anisotropic elements, however, one direction is distinguished, that is the
stretching direction of the element. Since in two space dimensions this direction is usually
indexed by 1, and in three space dimensions by 3, we try to avoid confusion by using the
indices L (long, large) and S (short, small), in three dimensions S1,S52. In this sense we
denote the element sizes by h; and hg and the components of the vector function n by 7y,
and ns. The aim is to compensate large norms of ns by small element sizes hg in direction
Is.

2 Discretization of the model problem

Consider the Poisson problem with Dirichlet boundary conditions in a three-dimensional
polyhedral domain £2,
—Au=f in{, u=20 on 0%, (2.1)

with a right hand side f € L?(Q). It is well known that the solution has in general singu-
larities near corners and edges and near the lines where the type of the boundary condition
changes. As a result, the finite element method on quasi-uniform meshes loses accuracy.
The rate of convergence is smaller in comparison with that for problems with smooth so-
lutions. It has been shown under different assumptions that anisotropic mesh grading is
appropriate to compensate this effect and to obtain the optimal order of convergence for
the conforming first order element [2, 4, 7, 8].
In [2, 4, 7] we considered in particular a prismatic domain

Q=GxZ (2.2)

where G C IR? is a bounded polygonal domain and Z := (0,2) C IR is an interval.
This restriction was made there because we wanted to focus on edge singularities, and
such domains do not introduce additional corner singularities [32, 34]. The finite element
meshes were graded perpendicularly to the edge and quasi-uniform in the edge direction.
In this section we state first the regularity of the solution of problem (2.1), (2.2), and
introduce then the family of non-conforming finite element spaces. The estimation of the
finite element error is postponed to Section 5.

Denote by Vi C W2(Q) the space of all W?(Q)-functions which vanish at the bound-
ary. The variational form of problem (2.1) is given by

Find u € Vi such that (Vu, Vo) = (f,v) for all v € V. (2.3)
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The existence of a unique variational solution u follows from the Lax-Milgram lemma.

Let us assume that the cross-section G has only one corner with interior angle w > =
at the origin; thus € has only one “singular edge” which is part of the x -axis. The case
of more than one singular edge introduces no additional difficulties because the edge sin-
gularities are of local nature. The properties of the solution v can be described favourably
by using weighted Sobolev spaces

V() = {v e D'(Q) : [v;V;7(Q)]| <o}, LN, pe(l,o0], B R
The norm is defined for p € [1,00) by
lo; VyP@)IP = Y I ol af ok LA ()17

itjk<t

with the usual modification for p = oo.

Lemma 2.1 The solution u of problem (2.1), (2.2) satisfies

ou ou , T

Vi), Ha—xi;vﬁm) SIFLA@). e {S1S2) a>1-1, (24)

du 1,2 ou 12 2

— e V57 (22 — Vo (D) SIS L2(92)]]- 2.5

e, | gt < I (25)
Proof See for example [7, Section 2]. O

We define now families of meshes Q; = {Q} and 7, = {K} by introducing in G the
standard mesh grading for two-dimensional corner problems, see for example [24, 28]. Let
{T} be a regular isotropic triangulation of G; the elements are triangles. With h being the
global mesh parameter, o € (0, 1] being the grading parameter, r7 being the distance of T
to the corner,

rp= inf (22 4+ 22)Y2,
T (x17x2)€T( [+ 73)

and with some constant R > 0, we assume that the element size hy := diam T satisfies

Rt for rp =0,
hy ~ hr;f“ for 0 < rr < R,
h for rr > R.

This graded two-dimensional mesh is now extended in the third dimension using a uniform
mesh size, h. In this way we obtain a pentahedral triangulation @, or, by dividing each
pentahedron, a tetrahedral triangulation 75 of €2, see Figure 2.1 for an illustration. Note
that the number of elements is of the order h=2 for the full range of u. The notation is
extended to the three-dimensional case as follows. Let rg and rx be the distance of an
element @ or K to the edge (z3-axis), respectively. Then the element sizes satisfy

h'/e for rg =0,

hL,Q ~ h, hgl,Q ~ hSQ,Q ~ h/f’lQi# for 0 < rQ < R, . (26)
h for rq > R.
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Figure 2.1: Example for an anisotropic mesh.

The element sizes h; ;i are used by analogy for tetrahedral elements, h; 1= h; o if K C Q.
On 7, we introduce the Crouzeix-Raviart finite element space

Vi, i={v, € L*(Q) : vy,

« € Py YK, / ] = 0 YF) (2.7)

where we denote faces of elements by F and by [vj] the jump of the function v, on the
faces F. For boundary faces we identify [v;] with v,. An appropriate choice of V}, for
pentahedral meshes Qj, is

Vi i={vy, € L*(Q) : vy|g € Py @ span {z7} VQ, / [vp] = 0 VF}. (2.8)

We note that V;, ¢ V,, that means the method is non-conforming. Thus Vuj is not
defined on inter-element boundaries and we define the finite element solution u; by using
the weaker scalar product

(w,v), = Z/ v or (u,v)p, := Z/ uw,
K 7K 0 7@
respectively, namely:

Find uy, € Vo, such that (NVNup, Vo), = (f, vp) for all vy, € Vip,. (2.9)

The finite element error u — uy, can be estimated in the norm || - ||; 5 by using the second
Lemma of Strang,

) Vu,Vu,), — (f,v
o=l S g = g sup (VES Ul

v €V ||Uh||1,h
The terms are called approximation error and consistency error, respectively. The approx-
imation error is estimated by using v, = I v with a suitably defined interpolation operator

I, see the next section. A general discussion of the consistency error is given in Section 4.
We continue the estimation of the finite element error for this model problem in Section 5.
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3 Local interpolation error estimates

Consider first simplicial (triangular or tetrahedral) elements K C RY, d = 2,3, with faces
(sides) F. The Crouzeix-Raviart interpolant I, 15, € Py, is defined by

/u:/lhu VF C 0K. (3.1)
F F

Contrary to the Lagrangian interpolant (nodal values) this interpolant is defined for u €
WP(K) for all p € [1,00]. Note further that

ILw=w Yw € Py. (32)

We start with a stability estimate from which the desired local interpolation error estimates
can be derived easily.

Lemma 3.1 For all p,q € [1,00] and u € W'P(K) the estimate
10,Thu; LY(K)|| < (measgK)Y9=1VP)|0ju; LP(K)||, j=1,...,d
holds.

Proof The essential ingredient is that 0;I,u is constant. Let n be the outward unit normal
to OK and n; be the projections of n to the z;-axis, 7 =1,...,d. By Green’s formula and
(3.1) we obtain

oiliu = (measgK) 0ilhu = (meade)lz</ Ihu> n;
K - F

— (meade)lz< /F u> n; = (meas;K) ' [ Oju. (3.3)

= K
The desired estimate is then a consequence of the Holder inequality,

10;Tvu; LY(K)|| = (measgK)Y[0,1,ul
(measK)Y Y| 0ju; LHK)|

<
< (meade)l/q_l/pH@jU; LP(K)|.

Corollary 3.2 Forp,q € [1,00], p > q, and u € W'P(K) the estimate
10;(u — Tyu); LYK)| < (measqK)Y V|| 0u; IP(K)||, j=1,...,d

holds.
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Note that Lemma 3.1 and Corollary 3.2 hold true for arbitrary elements K, without
any restriction to angles.

For the error estimate against second derivatives of v we utilize two ingredients which
need a condition on the elements K and a definition of element sizes h; x. The first is the
validity of the embedding W'P(K) — L4(K) in the form

d
o5 LA(K)| S (measq K)o~ (uv; LYK+ hor

i=1

Iaiv;L”(K)H) - (34

The second is a Deny-Lions or Bramble-Hilbert type argument, namely

d
Vo e W(K) 3w e Po:  lv—w; LK) S hixllOro; LK), (3.5)

=1
which is, with w = Mgwv,
MGv = (measdimGG)_l/ v, (36)
G
in this simple case also a conclusion of the Poincaré-Friedrichs inequality.

Both estimates are clearly satisfied on a reference element K with h; x = 1. If K is a
triangle with two sides parallel to the coordinate axes then the estimates are satisfied with
h; ik being the lengths of these sides. If K is a tetrahedron as constructed in Section 2
then the estimates are also satisfied. We will omit the discussion of more general situations
here.

Lemma 3.3 Let K be a simplicial element with element sizes h; g such that (3.4) and
(3.5) are valid where the numbers p,q € [1,00] are such that W'?(K) < LY(K). Then for
u € W?P(K) the estimate

d
10; (v — Tyu); LYK)| < (measg K )Y 7 1/P Zh”‘ 0;0;u; LP(K)||, j=1,...,d,

i=1

holds.

Proof From (3.5) we get the existence of a polynomial w € P; such that

d
10 (w = w); LK) S D hik

=1

,0u; L7 (K)||. (3.7)

Using this polynomial, equation (3.2), the triangle inequality, (3.4) with v = 0;(u — w),
and Lemma 3.1, we obtain
10;(w — Tpu); LK)
< 10500 — w); LI + 1051w — w); LK)

d
< (meas,K) 1 (naj (= w); ()| + 3 o030 — w); LP<K>||> .
i=1
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With (3.7) and 9;0;w = 0 we conclude the desired estimate. O

A similar result, but with derivatives in the direction of edges, was derived in [1] by
Writing (3.3) = My0;u and using estimates for ||v — Myv; LY(K)||. The fact
[z 0i(u—Txu) = 0 was already observed in [4, Table 2, No. 5] for the two-dimensional case.

Smce the solution of problems with edge singularities are well described in terms of
weighted Sobolev spaces, see Lemma 2.1, we will derive also an estimate for such functions.

Lemma 3.4 Let K be a tetrahedron with ri = 0 and with element sizes hg g and hy x as
described in Section 2. For p,q € [1,00], 5; € (—00,1] and d;u € Vﬁlj’p(K) the estimate

||6j(u —Thu); LYK)|| < (meas3K)1/q 1/”h1 ﬁj||8ju; Vﬂlj’p(K)H, j=1,...,3,
holds.

Proof Corollary 3.2 implies
10;(u = Luu); LK) S (meassK)Y7H2)|0;u; LV (K) |

< (measy K)YT VP[0 L (K| |77 0jus LP (K.

By observing ||r! % L= (K)|| < hSK and ||r? 10,u; LP(K)|| < ||0;u; Vﬂl’p(K)H the desired

estimate is obtained. O

We will now investigate rectangular (quadrilateral) elements K. It has been known for
a long time that the space Q; = span {1, 1, z2, z122} is not unisolvent when the integral on
sides is prescribed as in (3.1). Therefore so-called rotated Q; elements have been investigat—
ed [27] where the polynomial space on the reference element K is span {1, zy, &5, 22 — 22}
One property is that this space is preserved under a rotation of the coordinate system by
90 degrees. However, estimates as in Lemmata 3.1-3.4 are not valid, see Example 3.5. In
[15, 27] also the so-called non-parametric version of the rotated Q; element was investigat-
ed where the polynomial space is span {1, z1, z2, 73 — 22} on the element K. Tt was proved
in [15] that |[u; Wh2(K)| < Ju; WH2(K)| holds for elements with arbitrary aspect ratio.
However, the consistency error was not analyzed.

Example 3.5 Consider the element K = (0,hz) x (0, hg) and the reference element K =
0,1)%. For the function v = 22 we obtain by direct calculation
L

Fo— 242
u = hL L»
oA 72 - 14 1: 1
I,i = h3 ( (xL—x5)+§xL+§xS—E),
_ 2 1 17271 12
ILu = 5 2 — —h h 2+ shrrp +shihg rs — 5hi,

85(’& - Ihu) = h%hg rs — —h2 hsl,
1/2

hs
105 (u — Tyu); L2(K)|| = hihg? <hL/ (w5 — hs) d$5> ~ hihg' (hphs)'/?,
0
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|U;W1’2(K)| = </Q(2$L)2> - ~ hL(thS)l/za

1/2
Z hilGu; WH(K)| = hy </ 22) ~ hy(hphs)'?,
Q

1€{L,S}

and, consequently,

105 (u — Lyu); LK) [10s (v — Lyw); L(K)| - he
|u; WE2(K)| > hi|Ou; WYA(K)|  hg
ie{L,S}

which can become arbitrary large.
We propose to use the space
P :=span {1, 2y, v5, 75} = Py ® span {27 }

which has the key property dsw = const. for w € P. Since the element K is anisotropic
anyway, the space can be anisotropic as well. We could try to unify both types of trial
functions by including a dependence on the aspect ratio, for example by using the function
#2 — h;?h%#% [15], but we try to keep the explanations as simple as possible. We prove
now estimates similar to the ones above. The interpolant is again defined by (3.1).

Lemma 3.6 A function v € P is well defined when the values fF v are prescribed on the
four sides F' of a rectangle K. The faces F' are assumed to be parallel to the coordinate
azes.

Proof Since the space is invariant with respect to translation it is sufficient to consider
the rectangle K = (0,hr) x (0, hg). Set v = ag+arzr +asrs+arrzs, then the coefficients
are the solution of the system

hr

hy ihy 0 Ih} ao o Fv(z,0) dz
hs hphs Lh%  hlhs ar | | [ vlhe) do
he Lh% hphs 1R} as [ v(z, he) da
hs 0 thy 0 arr S 0(0,7) de
The determinant of the matrix is $h}h% # 0. 0

Lemma 3.7 Let K be a rectangular element with sides of length hy and hs being parallel
to the coordinate azes xy, and xs. Forp,q € [1,00], p > q, and uw € WYP(K) the estimates

10s(u = Thu); LYK)|| < (measy K)V97 V7| 9gu; LP (K|, (3.8)
|0r (v — Thu); LUK)|| < (measzK)l/q’l/pm; Wl’p(K)| (3.9)
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hold. If p,q € [1,00] are such that W'?(K) — LY(K), and if u € W*P(K) then the
estimates

105 (u — Tyu); LYE)|| S (measy )Y VP S by || 0,05u; LMK, (3.10)
ie{L,S}
107 (u = Lyu); LUK)|| S (measpK)Y72 N " by || 0,05u; LP(K)|| - (3.11)
i,j€{L,S}
hold.
Proof As in the proof Lemma 3.1 we derive
10sTpu; LI(K)|| < (measy K)Y7P||9gu; LP (K. (3.12)

For dr1,u we get only a weaker (yet sufficient) estimate since this term is not constant.
By using the definition of I,u we get for any p,q € [1, 00|

10 1nd; LK) < llas WP (K).
Consequently,

102 Tnu; LY(K)|| S by (measp K)VOP |l LP(K)| + ) hixe
1€{L,S}

|Ou; LP(K)|| | - (3.13)

Estimate (3.8) is obtained by the triangle inequality from (3.12). For (3.9) we choose
w € Py such that (3.5) is satisfied with v = u and conclude with (3.13) and by analogy to
the proof of Lemma 3.3
10z (u — Tpu); LYK
< 0w(u — w); LUK + [|100Tn(u — w); LYK |

5 h;l(meaSQK)l/q_l/p ||u—w,Lp(K)|| + Z hi,K
ie{L,S}

Ou; LP(K) ||

0i(u —w); L (K)|

< h7'(meas, K)Ve71/p Z hi x
ie{L,S}

which is even slightly sharper than (3.9).
The estimates (3.10) and (3.11) are proved as the the corresponding ones in Lemma
3.3. The additional terms appear in (3.11) due to the weaker estimate (3.13). O

In full analogy we treat prismatic elements () =T x I, where T is an isotropic triangle
of diameter hg o and [ is an interval of length hr o. We use the polynomial space

P :=P; & span {77}, (3.14)

prove unisolvence and the following error estimates. For convenience of notation they are
formulated slightly weaker (yet sufficient for the application later on) than the correspond-
ing estimates in Lemma 3.7.
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Lemma 3.8 Let () be a prismatic element as described above. For p,q € [1,00], p > q,
and u € WHP(Q) the estimate

[u —Tu; WH(Q)| < (measyQ) /717 |u; WH(Q) (3.15)

holds. If p,q € [1,00] are such that W*?(Q) < LY(Q), and if u € W*P(Q) then the
estimate

lu — Lyu; WH(Q)| < (meass@)Y/4~1/P Z hio|Oiu; WHP(Q)| (3.16)
iE{Sl,SQ,L}

holds. If rg =0, p,q € [1,0], B; € (—00,1] and d;ju € Vﬂlj’p(Q), J € {S1, 5o, L}, then the
estimate

=T WH(Q)] S (meass@)M/*™ 37 gy 07 V(@) (3.17)

j6{51752,L}

holds.

Proof The first two estimates are proved as Lemma 3.7. Estimate (3.15) can be written

as
o =Ty WH(Q)| S (measg@)V 73 [|95u; L(Q)l,
J€{51,52,L}
and we obtain (3.17) in analogy to the proof of Lemma 3.4. O

4 Consistency error estimates

4.1 General considerations in the two-dimensional case

The aim of this subsection is to explain the main difficulties and the ideas for the estimation
of the consistency error. Therefore we concentrate on the two-dimensional case and, for
later use in other applications [9, 10], on the general differential equation

-V.n=f in , (4.1)

with f € L?(Q2). For simplicity, let Q be a union of rectangles with sides parallel to the
axes of a Cartesian coordinate system (zr,g).

Let us consider a family {7}, of triangulations 7;, = {K} of rectangular elements
K of size hp g X hg i, see Figure 4.1, left hand side, for an illustration. By dividing each
rectangle we obtain a triangular mesh, see Figure 4.1, right hand side. Since we need for
the considerations in this subsection only one element type at one time we denote both
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o) o)

X1 T

Figure 4.1: Meshes in two dimensions. Left: rectangular elements. Right: triangular
elements.

types of element by K. Faces (sides) of the elements are denoted by F. According to
Section 3 the corresponding finite element spaces are

Vv, = {Uh € L2(Q) vk €EP VK,/[U}L] =0 VF}, (4.2)
F
- P for triangular elements, (4.3)
| Pi®span{x2} for rectangular elements. '

In the sense of (2.10) it is our aim to derive an estimate for

v _
sup (n, Vup)n — (f, vn) ‘
VR EVR ||Uh

1,h

Let us start in the usual way in order to see where difficulties arise. Denoting by n =
(nr,ng) the outward unit normal to 0K we obtain by Green’s formula and (4.1)

(n, Von)n = (f,vn) - = %:/K(n-wh—fvh)
= Z {/@I((n-n)vh—/K(V-n+f)vh}

K

-2 Y [awmn. (4.4

K FCOK

Let Mp : LY(F) — Py be the averaging operator on the face F which preserves poly-
nomials of degree zero, as defined in (3.6). Since

XX [wn=0

K FCOK
FgoQ

and
Mgy, = (meale)l/ v, =0 forall F C o0 (4.5)

F
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we can reformulate (4.4) by
(1, Vop)n — (f, vn) Z Z / n-n)(vy — Mpvy). (4.6)
K FCOK
Furthermore, since fF(vh — Mpuv,) = 0 for all F' we continue with
(n, Vop)n — (f,vn) Z Z / — Mpn) - n (v, — Mpuy,). (4.7)

K FCOK

For the estimation of such terms the following lemma is useful.

Lemma 4.1 Let F be a face of an element K. Then the estimate

[ (0= Me)(on = M)

1/2

meas; F'
5 Z hz[x“av L2 )“2 Z h’zK

meass K
i1€{L,S} 1€{L,S}

holds for any v € WY(K), v, € P.

Oyun; L*(K)|?

1/2

Proof We obtain by transformation to the reference face FcK , the trace theorem, and

the Bramble-Hilbert lemma

v — Mpv; L2(F)|| = (meas; F)Y2||6 — Mpo; L*(F)|| < (meas; F)Y2|o; WH2(K)).

The transformation from K to K leads to

lv — Mpo; L(F)|| < (meas; F)'/?(meas, K ) ~/2 Z h?
ie{L,S}

1/2

The application of the Cauchy-Schwarz inequality and twice the previous estimate yields

the desired result.

|

Consider now a small face Fs C K. Then we obtain by applying Lemma 4.1 the

estimate

/ (n — Mpgn) - n (vy — Mpgvp)
Fgs

1/2

S hi,lz{ Z h?,1{||ai77L$L2(K)||2 Z th||aiUh$L2(K)||2

ie{L,S} ie{L,S}
1/2

ST R llomn; LK) | Jons WH(EK))|.
ie{L,5}

IN

/ (nz — Mpgne)(vn — Mpgv)
Fs

1/2

(4.8)

(4.9)
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This may be a sufficiently good estimate for small faces, however, for large faces we would
get a term of order hgj-h? .
The idea is to introduce an auxiliary finite element space

‘N/h = {@h S L2(Q) DUy

K € Span{l,xg} VK, [’ljh] =0 VFL} (410)

Fr,

which is sufficiently close to Vj, but the above mentioned term will not appear.
For an arbitrary but fixed v, € V}, we define 9, € V}, such that

/ ’Uh:/ 17]1 \V/FL (411)
Fry, Fry,

Since triangles and rectangles have exactly two large faces Fp this definition is meaningful
for both types of element.
Both dsv;, and dsv;, are constant. Even better, by Green’s formula and (4.11) we get

ag’Uh = 8517h (4.12)

since

ds (v, — ) = (measy K) 1 | Os (v, — ) = (measy K) Z / (vp, — Op)ng =0
K FLcok Y FL

holds. We are now prepared to prove an estimate for the consistency error.

Lemma 4.2 For rectangular and triangular meshes the estimate

(7, Vou)n — (f, vn)

sup
onEVi lvnllin
1/2 1/2
< (S5 S Bl ) +<Zhi,Kf+0stL2<K>||2)
K ije{L,5) K

holds provided that
n e Wwh(Q))? (4.13)

and n, f satisfy (4.1).
Proof We introduce 9, as above and modify (4.4) by using (4.12) and (4.1) as follows,

(7], Vvh,)h - (fa Uh)
— Z/ (nrOrvn + nsOstn, — fop)
~ JK

- _;/K(aLnLvh—'-aSnSﬁh-'-fvh)+;/{99”L"Lvh+2/ NgNns Up,
- —Z/K(f+6LnL)(vh—e7h)+Z > /FnLvhnLjLZ > /FnS@hnS(4.14)

K K FCOK K FCOK
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The reason of writing f + drny instead of —0sns will become clear in the proof of Lemma,
4.6. We will now treat the three terms separately.
Due to (4.11) we can apply the Poincaré inequality. On the reference element we get

on, = ons LK) S Jon — o WH (K-

After transformation to K and using (4.10), (4.12) and twice the Cauchy-Schwarz inequality
we obtain

lvp, — 03 LX(K)|| S hrx

S Opon; L (K)|| (4.15)
/F(f + O ) (vn — Un)

S hok [+ 0une; LP(K) || |0pon; L (K)|

< (z 2

K

2.

K

1/2
f+3L77L;L2(K)||2> l|vnllp- (4.16)

/F(f +0rne) (vn — Un)

The second term of (4.14) can be estimated in the way described above, see (4.4)—(4.9)
and Lemma 4.1. Indeed, we get

Z Z /FnLvh nr :Z Z nL/F(nL_MFnL)(vh_MFUh)

K FCOK K FCOK
1/2 1/2
meas; F'
S 3N B [ mEloms OO || DD B ldrn; 12K
K FCOK 2 ie{L,S} ie{L,S}

The point is that the factor meas; F/(measy K ) ~'ny is for all faces of order ;" or even zero,
so that we get

1/2

> /nLvhnLS Yo Wxloms PP | oalln (4.17)
F

K FCOK K ie{L,S}

by using the discrete version of the Cauchy-Schwarz inequality.

The third term can also be estimated in the same way. We mention only two new points.
The first is that Mrv, = 0 is in general only satisfied for large faces F, C 92, compare
(4.5). For small faces Fs C 0Q we have to use that ng = 0. Second, since d; 9, = 0 the
term h7 g ||0Ln; L?(K)||* vanishes such that we can extract a factor hg g ||vpl[1,, which is
used to compensate the factor meas; F/(measo K) ! for all types of face. Hence the estimate
reads

S % [nsinns =3 3 [ (5= Mens) i~ Mrin) ns

K FCOK K FCOK
1/2

S YD hgk | D Riglomss (K| | hsxlldsin: L2 (K)||

K FCOK 1€{L,S}
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1/2
S X X Bkloms PE)P | loalln (4.18)
K ie{L,S}
where we have also used (4.12).
Combining (4.14) and (4.16)—(4.18) we conclude the desired estimate. O

4.2 The three-dimensional case under specific assumptions

In this subsection we want to extend the considerations of the previous one into three space
dimensions. The following two points are taken into account.

First, while the extension to prismatic elements is straightforward this is not the case
for tetrahedral elements. The main reason is that rectangular, triangular and prismatic
elements have exactly d (d is the space dimension) large faces which are used to define o
in (4.11). One out of three tetrahedral elements has, however, four large sides. Therefore
the approach has to be modified slightly.

Second, we assume in Lemma 4.2 that n € [W'?(Q)]%. In view of Lemma 2.1 we will
now weaken this assumption to

Ns1,7s2 S Vﬁ1’2(Q)7 /6 € [07 l)a (419)
n € Vy?(Q) = Wh(Q). (4.20)

Note that due to (4.1), (4.19), and (4.20) in general

6517751, 8527752 §Z LQ(Q), but a517751 + 3527752 € Lz(ﬂ)- (4-21)

In the sense of Section 2, but slightly more general, consider a family of pentahedral
triangulations Q) = {Q}. The triangular faces Fg g of each element @) are parallel to the
Zg1, Tgo-plane. They are isotropic with diameter hgg. When necessary we will also use the
notation hgi,g and hgo g which are both identical with with hg . The rectangular faces
Fpo are parallel to the z-axis and have a size of order hr g X hg .

Each element Q) € Q) can be divided into three tetrahedra K such that an admissible
tetrahedral triangulation 7, = {K} is obtained. We denote the faces of the tetrahedra by
Fg and introduce the element sizes hy, i, hs i, hsi,x, and hgs x by analogy to above.

Let us first prove a lemma which is analogous to Lemma 4.1.

Lemma 4.3 Let F' be a face of a tetrahedral element K. Then the estimate

meass F'
- M - M < e
/F(U 7) (v Pon)| S meass K
1/2 1/2
72’6“ 7 . .
Z hsx Kh?,K“Tﬁ‘KaanLz(K”F Z h?,KH@ivh,Lz(K)Hz

ie{L,51,52} ie{L,51,52}
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holds for any v € Vﬂli(K), Bix €10,1), vy € P =Py. Byr = (2% + 1%,)"? we denote
the distance to the xr-axis.

With adapted notation the statement holds for pentahedral elements QQ with P := Py &
span {z%} as well.

Proof We modify the proof of Lemma 4.1 slightly. Instead of the Cauchy-Schwarz in-
equality we apply the Holder inequality to obtain

/(v — Mpv) (v, — Mpuvy)| < v — Mpv; LN(F)|| ||op, — Mpoy; L2(F)||. (4.22)
F

For the first factor we get in analogy to the proof of Lemma 4.1

|v — Mpv; LY(F)|| < (meassK) ' (measy F) Z hi i ||0iv; LM (K))]).
i€{L,51,52}

The L'-norm can be estimated by a weighted L?-norm by using the Cauchy-Schwarz in-
equality and a direct calculation,

ws LN < (e L2 [l w; 2 (K)I| < g™ (meass K)Y2 [P w; L2 (K.

Note that ||r #x; L2(K)]| is not finite for 3; x > 1 and zero distance of K to the zp-axis.
Note further that the estimate is very coarse when K has non-zero distance to the xp-axis
and f; x > 0. But this is not the interesting case.

The second factor of (4.22) is estimated by using that norms in finite spaces are equiv-
alent,

[on = Mpop; L=(F)|| o, — Mpn; L (F)|
|00, — Mpn; L (K)II
PR

Since [ 9, — Mgty = 0 we can use the Poincaré inequality to get rid of the L*-part of the

'ANYAN

[0, — Mpon; W

norm on the right hand side. Using further that éiMﬁﬁh = (0 and transforming from K to
K we get

1/2
lon = Mpop; L (F)|| < [on; W (K)| S (measgK)™72 | " b gel|0on; L (K|
ie{L,51,52}
Combining all these estimates leads to the desired result. O

The finite element space V}, is defined in (2.7) and (2.8) for tetrahedral and pentahedral
meshes. Similarly to (4.10) we introduce an auxiliary finite element space

Vi, == {n, € L*(Q) : Dylg € span {1, z51, w50} VQ, [on] = 0 VFL 0} (4.23)
FL,Q
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We point out that we have different spaces V}, for 7, and Q; but in both cases the same
space Vj,. In analogy to (4.11) we define for an arbitrary but fixed v, € V} a function

vy € f/h such that
/ Vp = / th VFL,Q- (424)
Fr,Q Frq

An equality like (4.12) can only be shown for pentahedral meshes. It does not hold in the
tetrahedral case since the derivative d;uy, @ € {S1,S52}, is only piecewise constant in Q.
However, it turns out to be sufficient to have the following lemma.

Lemma 4.4 For any pentahedron (Q € Qy, which can be but needs not to be divided into
three tetrahedra K, the equation

/ az-(vh — 17]1) =0, 1€ {Sl, 52}, (425)
Q

18 valid.

Proof If v, is defined with respect to Qp then we simply have by Green’s formula and

(4.24)
/8 vy — Up) Z nl/ (vp, —0y) =0, i€ {S1,52},

FL coQ FLQ
where n; is the component of the outward unit normal n in direction of the x;-axis.
In the tetrahedral case we have intermediately more terms,

Oi(vy, — vp) = 81}—1} /v—v
/Q(h n) Z h— Un) ZaKh h

KcQ KcQ
= Z n,/ vp] = [0n]) + Z nt/ (vp, — Up),
FCintQ Fr,oCoQ Frq
but also these terms vanish due to the definition of Vj, and Vj,. O

Since equality (4.12) was used to prove (4.15) we have to modify this estimate in the
tetrahedral case.

Lemma 4.5 For any pentahedron ) € Qp, which is divided into three tetrahedra K, the
estimates

lon = ;LY@ < (meass@Q)'/*7P Y " N higlldon: LP(K)|l, - (4.26)
KcCQie{L,51,52}
Y 8ion = ) LK) | S (meassQ)V MY oy WH(K)|, i€ {L, S1,52}, (4.27)

~J

KcaQ KcaQ

are valid for any p,q € [1,0].
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Proof Consider the reference element Q = {(Zs1,Z52,2L) € R:0<ig <1,0<ig<
1 — 21,0 < £, < 1} with three rectangular faces F; oC 0@Q. We have for any w; € Vh|Q

’l})h = Z(meaSQFLVQ)*l (/F A UA)h) SBFL,Q (428)
L@

FLQ

where $r, o € span {1, Zs1, g2} is the polynomial which is equal to one on Fy 5 and
vanishes at the midpoints of the other two rectangular faces. Hence

lon: LY@ S lleoms LH(Q)]]- (4.29)

We prove now that || - ||,

i [ o= 3 i W ()| + ‘ / il (4.30)
Rco
is a norm in Vj|4. It is simple to see that || - || is a seminorm. Assume now that || o ||| = 0

for some @, € Vj|5. Consequently |ip; W(K)| = 0 for any K C @, this means that o,
is piecewise constant. Since by definition (2.7) [s[9x] = 0 on the interior faces, i, is even
constant in (). Since fc} o, = 0 we obtain 9, = 0. Hence ||| - ||| is a norm.

Since all norms in finite spaces (V3|y is ten-dimensional) are equivalent, we conclude
from (4.29), (4.30)

[, — ton; LYUQ)|| < Navw; LUQ) || + |[4ion; LH(Q)|

S S W)+ | [ o
Q

Kco

Set wy, = vy — Mo, and note that wy, — Wy, = by, — 0p, by (4.28). Hence
lon = 003 LUQ S Y on; WH (K.
KcQ
The affine transformation from Q to Q leads to the estimate (4.26).

Estimate (4.27) is trivial for ¢ = L since Oy9, = 0. For i € {S1,52} we use the
equivalence of norms and Lemma 4.4 on the reference element,

Ioins L@ ~| [ 0| = | S [ 0| < 3 s )
K

Kco Kcd
Consequently
D 10i(on = 01); LUK S Y 10s0m; L7 (K]
KcQ KCcQ
By transformation from Q to Q we conclude estimate (4.27). O

We are now prepared to prove the consistency error estimate.
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Lemma 4.6 For pentahedral and tetrahedral meshes the estimate

V _
sup |(17, Vop)n — (f, vn)] <
v EVY th“l»h

1/2

1/2
ST ngiEeER2 e om; LA(Q)? +(Zhi,Q||f+amL;L2(Q)||2>
Q

Q i,je{L,51,52}

holds provided that n and f satisfy (4.1), (4.19) and (4.20), and B;;x € [0,1) for all K
and for all j € {L,S1,S2}.

We prove the lemma for the case of tetrahedral meshes. In the other case the proof is
analogous; some simplifications could be made.

Proof We introduce @, € V, by (4.23), (4.24) and modify the proof of Lemma 4.2 by
using (4.25) instead of (4.12). Let us first write

(0. Vop)n = (fon) = Z/’[nLaLvh + N510510n + 1520520, — fon] +
K

Z /’[7751851 (vp, — Up) + Ns20s2(vy, — )] (4.31)

The first term is known from the proof of Lemma 4.2 and will be estimated similarly,
only taking into account the weaker assumption (4.19) instead of (4.13). By using Green'’s
formula and being careful about (4.21) we have

Z/ [1L.Orvn + 15105108 + 0520520 — fUn)
K 7K

= Z/[n-Vﬁh—i-T]LaL(Uh—@h)_fUh]

K

_ Z /K[—(v )y — O (vn, — ) — fon] + Z (0~ n)in + nu(vn — B)nz)

oK

= — Z / (f + aL"?L)(Uh — @h) + Z/ (nLvhnL + Ng1vpn g1 + nszﬁhnsg) (432)
Q €@ K JOK

The right hand side of (4.32) is analogous to that of (4.14). So we can proceed as in the

proof of Lemma 4.2. We have only to use Lemma 4.5 instead of estimate (4.15), Lemma

4.3 instead of Lemma 4.1, and the equality

Z/ (Ns1ns1 + Nsans2)Vy = Z/ (Ns1ns1 + Ns2ns2) V-
— Jox o JoQ
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[t remains to estimate the second term of (4.31). Using Lemma 4.4 and the operator
Mg : LY(Q) — Po, Mow := (meas3Q)~" [, w, we get

DI IY RLIRRA

je{s1,52} Q KcQ

— | X 25 [ - Momoyon -

je{S1,52} Q KCQ

< > DIy~ Moni LHQ)| (Z 185 (vn —?7h);L°°(K)I|) - (433)

je{s1,52} Q KcQ

As in the proof of Lemma 4.3 we use the Poincaré inequality and the Holder inequality to
get

In; = Mani; LNQ S Y hielldm:; LHQ))

ie{L,51,52}

S (meassQ)'? Y0 b higllr® Dy (@) (4.34)

ie{L,51,52}

Combining (4.33), (4.34) and using Lemma 4.5 we conclude

> 2 [ woo -

je{S1,82) Q@ KcQ

SO 2| X hse huellr™iam; Q) (Zm;wlvz(f(n)

je{s1,52} @ \ie{L,51,52} KcQ

By using the discrete Cauchy-Schwarz inequality we finish the proof. O

5 Error estimates for the model problem

In view of the second Lemma of Strang, estimate (2.10), we have to bound the global
interpolation error and the consistency error for the family of meshes defined by (2.6). The
properties of u were stated in Lemma 2.1.

Theorem 5.1 Let u be a function satisfying (2.4), (2.5). Then the estimate

lu = Thulln < B L2 Q)]

holds if p < 7/w.
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Proof We prove the lemma for the case of tetrahedral meshes, pentahedral meshes can
be treated in the same way. The estimation of the global error is reduced to the evaluation
of the local errors where we distinguish between the elements far from the singular edge,
rrg > 0, and the elements touching the edge, rx = 0.

For all elements K with rx > 0 we can apply Lemma 3.3 with p = ¢ = 2, and use that
rh < r;(ﬂ in K,

3
lu — Thu; WH(K)| < Zhi,1{|8iU;W1’2(K)|

=1
S Y hiwr 0 ViR (K) | + b 0w Vi A(K)| - (5.1)
i€{S1,52}

for any # > 1 — m/w. We apply now the assumption (2.6) and obtain for rr < R and
B =1 — p the relation h; gy’ ~ hry*™? = h (i € {S1,52}). The choice f = 1 — p
is admissible due to the refinement condition ¢ < 7/w. In the case rx > R we have
hi,;{r;{ﬁ < hR=P ~ h. Combining this with (5.1) we obtain

=Ty WK S b > 0 V2 (K)| + b |dpus Vi (K) . (5.2)

ic{S1,52}

Consider now the elements K with rx = 0. We use Lemma 3.4 with p = ¢ = 2,
Bsix =PBsax =B=1—pe(l-7/wl), frx =0,

- W) <Y b
i€{S51,82}
< b Y ow ViRE)|| + b | opus ViR ()| (5.3)
i€{S1,52}

oju; V;’Z(K)H + hp || Opu; Vo ? (K|

We also used that h;}f} ~ hA=O/ = p for B=1— p.
Summing up the square of the estimates (5.2), (5.3) over all elements we obtain

2
= Tyus WH2(Q)] S Y |0 V(@) + b | opus Vi 2(Q)]] -
i=1
By applying Lemma 2.1 the theorem is proved. O

Theorem 5.2 Let u be the solution of (2.1), (2.2). Then the estimate

sup [(Vu, Vo), = (f, vn)|

vREVY ||Uh

< Rl L2(Q)]]

1,h

holds if p < 7/w.
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Proof In view of Lemma 4.6 it remains to prove

1/2

S S R0 QNP S bl L), (5.4)

Q i,je{L,51,52}
1/2
(Zh Qllf +07u; L*(Q )||2> Shlf LAHQ)]). (5.5)

The second estimate is trivial since hr g = h for all Q and [|f + 02 u; L*(Q)|| < |1 f; LA(Q)||
due to (2.5).

In the left hand side of (5.4) we set §;;0 = [ if rg = 0 and i,j € {S1,52}, and
Bij.o = 0 otherwise. Then we insert the definition (2.6) of h; o and proceed similarly to
the proof of Theorem 5.1, namely

1/2

S YT g eR2 gl a0 Q)

Q ije{L,51,52}

= | X X 10w PP+ DY D hollddru Q)P+

Qrq=01i,j€{51,52} Q:rq=0ic{L,51,52}

1/2
+ 3 S 21005 LAQ)IP

Q:rg>0i,j€{L,51,52}

O ST e VIEQP R Y (o VR Q)+

Q:rg=0ie{S51,52} Q:rg=0

AN

1/2

+h Y ST i 0w VIR Q) + 105w Vo (Q) P

Q:re>0 \ie{S1,52}

With 8 = 1—p > 1 — 7/w, by using the Cauchy-Schwarz inequality, and by applying
Lemma 2.1 we get the desired estimate (5.4). This finishes the proof. O

Corollary 5.3 Let u be the solution of (2.1), (2.2) and let uy, be the finite element solution
defined by (2.9). Assume that the mesh is refined according to p < w/w. Then the finite
element error can be estimated by

hlfs LAQ)],
2|1 f: ().

|lu — unll1n

S
lu—un; 2N <
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Proof The first estimate follows from Theorems 5.1 and 5.2 via (2.10). The second
estimate can be proved in the standard way by using the first estimate, see, for example,
[16, §IIT.1]. O

By analogy one can prove for 7/w < p < 1 that

lu—up; WH(Q)] < AT | £ L2(Q) |

~J

lu—un; L) S W72 | L2(Q)
for arbitrary small & > 0, compare [7]. That means that we get for the unrefined mesh
(u = 1) only an approximation order m/w — . We conjecture that the ¢ can be omitted
but this needs another way of proof.

6 Numerical test
Consider the Laplace equation with Dirichlet boundary conditions,
—Au=0 1in ), uw=g on 0,
in the three-dimensional domain
Q = {(z1,22,73) = (rcos ¢, rsing,z) ER* :r < 1,0 < ¢p < 31/2,0 < z < 1}.
The right hand side g is taken such that
u= (10 + 2) r*?sin 20

is the exact solution of the problem. It has the typical singular behaviour at the edge.

We constructed tetrahedral meshes as described in Section 2, with p = 1 (quasi-
uniform) and g = 0.5 (anisotropically refined) and with different numbers of elements.
The numerical solution was computed by using conforming and non-conforming P; ele-
ments. From these numerical solutions and the known exact solution, the energy norm
|lu — up||1p and the L2-norm ||Ju — uy; L*(Q)|| of the finite element error was computed
in the four cases. Figures 6.1 and 6.2 show the plot of these norms against the number
N of unknowns and the number N, of elements, respectively. A double logarithmic scale
was used such that the slope of the curves corresponds to the approximation order. The
example verifies the theoretically predicted convergence orders.

Comparing the conforming with the non-conforming strategy we see that the conform-
ing strategy is superior when the number of unknowns is considered whereas the non-
conforming strategy is superior when the number of elements is taken into consideration.
A good criterion for a comparison is computing time. The amount of computational work
is proportional to the number of elements in the assembling step and whereas it is propor-
tional to the number of unknowns in one iteration of the solver. The latter statement is,
however, only partially convincing since the amount of work depends also on the number
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quasi-uniform, conforming

—— graded, conforming

---- quasi-uniform, non-conforming
—— graded, non-conforming

||U—Uh |1,h ||U—Uh||1,h
21 21

1 1 1 2
0.5 0.5
0.25 1 0.25

N
AN
AN
0.1 0.1 -
102 103 10* 105 106 N 102 103 10* 10° 10° Na

Figure 6.1: Comparison of uniform vs. graded meshes and conforming vs. non-conforming
methods: energy norm of the error against number of nodes (left), energy norm of the
error against number of elements (right).

= up; L2(Q) ]| [l — up; L2 ()|
0.1 0.1
0.05- 0.05-
0.025 0.025 w A
0.01/ 0.01/
0.005 0.005
0.0025- 0.0025-
\
0.001 0.001 | \
0.0005 1 0.0005 N\
102 10° 10* 10° 108 N 102 108 10* 10° 10° Na

Figure 6.2: Comparison of uniform vs. graded meshes and conforming vs. non-conforming
methods: L?(Q)-norm of the error against number of nodes (left), L?*(Q)-norm of the error
against number of elements (right).
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of non-zero entries in the matrix and these numbers are different multiples of the number
of unknowns for the conforming and the non-conforming strategy. Moreover, the number
of iterations can hardly be compared since optimal preconditioners for graded meshes near
edges are not available now.

Finally we like to remark that we did tests also with non-tensor product meshes as
they were described for the treatment of general polyhedral domains in [8]. The same
convergence rates were verified so that we expect that the anisotropic non-conforming
strategy could also be proved for classes of more general meshes than we assumed in this
paper. This is a task for future work.
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