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Abstra
t We study the three-dimensional Anderson model

of lo
alization with anisotropi
 hopping, i.e., weakly 
oupled


hains and weakly 
oupled planes. In our extensive numeri
al

study we identify and 
hara
terize the metal-insulator transi-

tion by means of the transfer-matrix method and energy level

statisti
s. Using high a

ura
y data for large system sizes we

estimate the 
riti
al exponent as � = 1:6 � 0:3. This is in

agreement with its value in the isotropi
 
ase and in other

models of the orthogonal universality 
lass.

Previous studies of Anderson lo
alization [1℄ in three-

dimensional (3D) disordered systems with anisotropi


hopping using the transfer-matrix method (TMM) [2{4℄,

multifra
tal analysis (MFA) [5℄ and energy-level statis-

ti
s (ELS) [6℄ show that an MIT exists even for very

strong anisotropy. In Refs. [7,8℄, we studied 
riti
al prop-

erties of this se
ond-order phase transition with high a
-


ura
y. Here we shall demonstrate the signi�
an
e of ir-

relevant s
aling exponents for an a

urate determination

of the 
riti
al disorder W




and the 
riti
al exponent �.

Previous highly a

urate TMM studies for isotropi
 sys-

tems of the orthogonal universality 
lass reported � =

1:54� 0:08 [9℄, � = 1:58� 0:06 [10℄, � = 1:61� 0:07, and

� = 1:54� 0:03 [11℄, whereas for anisotropi
 systems of

weakly 
oupled planes � = 1:3�0:1 and � = 1:3�0:3 was

found [3℄. We emphasize that this variation in theoreti-


al values has its 
ounterpart in the experiments where a

large variation of � has been reported with values rang-

ing from 0.5 [12℄ over 1.0 [13℄, 1.3 [14℄, up to 1.6 [15℄.

Possibly this experimental \exponent puzzle" [14℄ is due

to other e�e
ts su
h as ele
tron-ele
tron intera
tion [15℄

or sample inhomogeneities [14,16,17℄.

A further important aspe
t of anisotropi
 hopping

besides the question of universality is the 
onne
tion to

experiments whi
h use uniaxial stress, tuning disordered

Si:P or Si:B systems a
ross the MIT [12{15℄. Applying

stress redu
es the distan
e between the atomi
 orbitals,

the ele
troni
 motion be
omes alleviated, and the sys-

tem 
hanges from insulating to metalli
. Thus, although

the expli
it dependen
e of hopping strength on stress is

material spe
i�
 and in general not known, it is reason-

able to relate uniaxial stress in a disordered system to

an anisotropi
 Anderson model with in
reased hopping

between neighboring planes.

We use the standard Anderson Hamiltonian [1℄

H =

X

i 6=j

t

ij

jiihjj+

X

i

�

i

jiihij (1)

with orthonormal states jii 
orresponding to ele
trons

lo
ated at sites i = (x; y; z) of a regular 
ubi
 latti
e with

periodi
 boundary 
onditions. The potential energies �

i

are independent random numbers drawn uniformly from

[�W=2;W=2℄. The disorder strengthW spe
i�es the am-

plitude of the 
u
tuations of the potential energy. The

hopping integrals t

ij

are non-zero only for nearest neigh-

bors and depend on the spatial dire
tions, thus t

ij


an

either be t

x

, t

y

or t

z

. We study (i) weakly 
oupled planes

with t

x

= t

y

= 1, t

z

= 1 � 
 and (ii) weakly 
ou-

pled 
hains with t

x

= t

y

= 1 � 
, t

z

= 1 with hop-

ping anisotropy 
 2 [0; 1℄. For 
 = 0 we re
over the

isotropi
 
ase, 
 = 1 
orresponds to independent planes

or 
hains. We note that uniaxial stress would be mod-

eled by weakly 
oupled 
hains after renormalization of

the hopping strengths su
h that the largest t is set to 1.

The MIT in the Anderson model of lo
alization is ex-

pe
ted to be a se
ond-order phase transition [18,19℄. It is


hara
terized by a divergent 
orrelation length �

1

(W ) /

jW � W




j

��

[20℄. To 
onstru
t the 
orrelation length

of the in�nite system �

1

from �nite size data �

M

[3,

20{22℄, the one-parameter s
aling hypothesis [23℄ �

M

=

f(M=�

1

) is employed. One might determine � from �t-

ting to �

1

obtained by a FSS pro
edure [22℄. Better

a

ura
y 
an be a
hieved by �tting dire
tly to the �

M

data [9{11℄. We use �t fun
tions [10℄ whi
h in
lude two

kinds of 
orre
tions to s
aling: (i) nonlinearities of the

disorder dependen
e of the s
aling variable and (ii) an

irrelevant s
aling variable with exponent �y (
p. Fig. 1).

For the nonlinear �t, we use the Levenberg-Marquardt

method [7,10℄. The input data �

M

for the FSS pro
edure

are either (a) redu
ed lo
alization lengths �

M

obtained

by TMM with 0.07% a

ura
y and system widths up to

17� 17 for, e.g., the 
ase of weakly 
oupled planes with


 = 0:9 [8℄; or (b) integrated �

3

statisti
s obtained from

highly a

urate ELS data (0.2% to 0.4%) and system

sizes up to 50

3

[7℄.

When applying the TMM to our anisotropi
 systems,

one has to 
onsider two non-equivalent orientations of

the axis of the quasi-1D bar: parallel and perpendi
u-

lar to the planes or 
hains. The lo
alization lengths in

the perpendi
ular dire
tion are smaller than in the par-

allel dire
tion by a fa
tor of about 1 � 
 for 
oupled

planes and (1 � 
)

2

for 
hains [3℄. The 
riti
al disorder

W




should not depend on the orientation of the bar [3℄.

For strong anisotropies 
 � 0:9 this is diÆ
ult to verify

numeri
ally due to strong �nite size e�e
ts as shown in

Fig. 1. By 
omputing data for very large system sizes

up to M

2

= 22

2

(46

2

) for the 
ase of weakly 
oupled

planes with 
 = 0:9 (0:96) we 
an show that this �nite

size e�e
t 
an be su
essfully modelled (
p. Fig. 1) by an
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Fig. 1 �

M

for 
oupled planes with 
 = 0:9 (per-

pendi
ular orientation) with relative error 0.1%, W =

7; 7:1; 7:2; � � � ; 9:2 and M

2

= 5

2

; 6

2

; 7

2

; � � � ; 22

2

. The solid

lines in the right part are �ts to the data with y = 2:05�0:08.
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Fig. 2 Results forW




and �, for 
oupled planes with 
 = 0:9,

obtained from FSS of (parallel-dire
tion) TMM data (open

symbols) and ELS data. The error bars show the 95% 
on�-

den
e intervals. The dotted (dashed) lines represent the error

bounds for � = 1:62� 0:07 (1:45 � 0:2) of TMM (ELS). The

solid line marks the result of [10℄. The goodness of a �t is

re
e
ted in the size of the symbol. The 2 thi
k error bars

mark high quality ELS �ts for large system sizes.

irrelevant s
aling exponent and W




is indeed the same

for both orientations.

In Fig. 2, we show �tted values obtained by FSS

of TMM data for di�erent 
hoi
es of expansion 
oeÆ-


ients in the nonlinear �t pro
edure. We 
on
lude � =

1:62�0:07 and W




= 8:63�0:02. In Fig. 2, we also show

the results for FSS of highly a

urate ELS data (0.2%

to 0.4%) and system sizes up to N

3

= 50

3

. The error

estimate is larger and the values of W




and � are mu
h

more s
attered than before. Comparing the spreading of

the W




and � values with their 
on�den
e intervals, the

error estimates appear to be too small. E.g., the 95%


on�den
e intervals of the smallest and largestW




value

do not overlap. We therefore estimate � = 1:45�0:2 and

W




= 8:58� 0:06 [7℄.

In 
on
lusion, our results 
on�rm the existen
e of

an MIT for anisotropy 
 < 1 for weakly 
oupled planes

found previsouly in studies using TMM [3℄, MFA [5℄, and

re
ently by ELS [6℄. We have shown that large system

sizes, high a

ura
ies [7,8℄ and irrelevant s
aling expo-

nents are ne
essary to determine the 
riti
al behavior

reliably. Our results are in good agreement with other

high a

ura
y TMM studies for the orthogonal univer-

sality 
lass [9{11,24℄. These numeri
al estimates seem to


onverge towards � � 1:6.
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