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Canonical forms for doubly structured matrices and
pencils

Christian Mehl* Volker Mehrmann f Hongguo Xu?

June 6, 2000

Abstract

In this paper we derive canonical forms under structure preserving equivalence
transformations for matrices and matrix pencils that have a multiple structure, which
is either an H-selfadjoint or H-skew-adjoint structure, where the matrix H is a
complex nonsingular Hermitian or skew-Hermitian matrix. Matrices and pencils of
such multiple structures arise for example in quantum chemistry in Hartree-Fock
models or random phase approximation.

Keywords. Indefinite inner product, selfadjoint matrix, skew-adjoint matrix, matrix pen-
cil, canonical form.

AMS subject classification. 15A21, 15A22, 15A57.

1 Introduction

Canonical forms for matrices and matrix pencils have been studied for more than hundred
years since work of Jordan, Kronecker and Weierstraf}, see [5]. In recent years, motivated
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from applications in control theory as well as quantum physics and quantum chemistry,
there is a revived interest in such canonical forms for matrices and pencils that have
algebraic structures, like Lie groups or Lie algebras. While the possible invariants have
been characterized already some time ago [2], the emphasis in the new results lies in
structure preserving equivalence transformations, see e.g., [1, 13, 14, 15, 16].

In this paper we derive canonical forms under structure preserving equivalence trans-
formations for matrices and matrix pencils with multiple structure.

Definition 1 Let H € C"" be a nonsingular Hermitian or skew-Hermitian matrix, and
let X € C™".

1. X is called H-selfadjoint if X*H = HX.
2. X is called H-skew-adjoint if X*H = —HX.

Canonical forms for pairs (A, H), where H is Hermitian or skew-Hermitian nonsingular
and A is H-selfadjoint or H-skew-adjoint are well-known in literature (see, e.g., [7, 11]).
These forms are obtained under transformations of the form

(A,H)w (P 'AP, P*HP),

where P is nonsingular. Here, we are interested in canonical forms for matrix triples
(A, H,G), where G and H are Hermitian or skew-Hermitian nonsingular and A is doubly
structured with respect to G and H, i.e., A is H-selfadjoint or H-skew-adjoint and at the
same time G-selfadjoint or G-skew-adjoint. We are also interested in the pencil case, i.e.,
we will also consider pencils pA — B, where both A and B are doubly structured with
respect to H and G.

The main motivation for our interest in these types of matrices and pencils arises
from quantum chemistry. Response function models lead to the problem of solving the
generalized eigenvalue problem with a matrix pencil of the form

Ago—AU::A[_CZ _ZC]—[? g] (1)

where E,F,C,Z € C""" F = E*,F = F*,C = C*,Z = —Z*, see [8, 17|. Furthermore,
there are important special cases in which the pencil has even further structure. For
example, the simplest response function model is the time-dependent Hartree-Fock model,
also called the random phase approximation (RPA). In this case, C' is the identity and Z
is the zero matrix, see [8, 17]. Thus, the generalized eigenvalue problem (1) reduces to the
problem of finding the eigenvalues of the matrix

P [ B F ] 2



where E,F are as in (1). For stable Hartree-Fock ground state wave functions, it is
furthermore known that F — F' and E + F are positive definite, see [8].

In other applications, however, like in multiconfigurational RPA [8], it is not even
guaranteed that the matrix & in (1) is nonsingular.

It is easy to see that the matrices &, Ay in (1) and Ly in (2) are doubly structured.

With
I, 0 (o I [ o 1,
LS P SR

we have that & is [-selfadjoint and H-skew-adjoint, A is I-selfadjoint and H-selfadjoint,
while L, is G-selfadjoint and J-skew-adjoint.

When designing structure preserving numerical methods for large scale structures eigen-
value problems sometimes difficulties in the convergence of the methods were observed in
[3, 4] that have to do with the invariants of these pencils under structure preserving equiva-
lence transformations, see also [1]. It is another motivation for our work to derive canonical
forms that allow a better understanding of those properties of the pencils that lead to these
difficulties.

We will derive the canonical form for matrix triples (A, H, G) under structure preserving
transformations of the form

(A,H,G) ~ (P"'AP, P*HP, P*GP),

where P is nonsingular. This preserves the (skew-)Hermitian structure of H and G and also
the structure of A with respect to H and G. Based on the classical results, see Section 2,
we clearly have canonical forms for (A, H), (A, G) or the pencil pH — G, and hence the
invariants of the pairs (A4, H) and (A, G), as well as the invariants of the pencil pH — G
under congruence are invariants of the triple (4, H,G).

It is our goal to obtain a canonical form that displays simultaneously the Jordan struc-
ture of A and the invariants of the canonical forms of (A, H) and (A4, G). In general this is
a very difficult problem, such a form may not even exist. Consider the following example.

Example 2 Consider matrices

1 01 0 01 0 01
A=10 10|, G=1010 and H=|0 11
0 01 1 00 110

Then A is G-selfadjoint and H-selfadjoint. But it is impossible to simultaneously decom-
pose A, H, and G further into smaller block diagonal forms. This follows from the obvious
fact that the pencil oG — H can not be further decomposed. On the other hand, A has
the Jordan canonical form

110
010
0 01

3



Hence, both (A,G) and (A, H) are decomposable into smaller blocks (see Theorems 9
and 11 below).

Due to this difficulty, we restrict ourselves to an important special case. In most
applications, the matrices H and G, that induce the structure, are contained in the set

0 I, I, 0 0 I,
i [ 5] [ ] [ 5)mee)

If this is the case then the pencil pH — (G is nondefective.

Definition 3 Let pA— B € C"*" be a matrix pencil. We say that oA — B is nondefective,
if there exists nonsingular matrices P,Q € C"*", such that both PAQ and PBQ are
diagonal.

We will show that if G, H are Hermitian nonsingular, such that the pencil pH — G
is nondefective, then a canonical form for the triple (A, H, G) exists, which is also unique
except for the permutation of blocks. In particular, this canonical form includes the Jordan
structure of A, and also the canonical forms of the pairs (A, H) and (A, G) and the pencil
oH — G can easily be read off.

The paper is organized as follows. After providing some preliminary results in Sec-
tion 2, we review canonical forms for matrices that are structured with respect to only one
Hermitian matrix in Section 3. In Section 4 we then discuss doubly structured matrices
and in Section 5 we discuss canonical forms for structured pencils of the form AA — B,
where both A and B are singly or doubly structured matrices.

2 Preliminaries

Throughout the paper, we use the following notation:

By o(A) we denote the spectrum of the matrix A. 7,(\) denotes p X p upper triangular
Jordan block with eigenvalue A. By sign(t) we mean the sign of a real number ¢ € R\{0}.
A=A &...® A, stands for the block diagonal matrix A with diagonal blocks Ay, ...,
A,

Furthermore, we introduce the following p X p matrices.

1 0 0 (—1)ptt



0 (—1)°
and F), :=
(_1)17-1-1 0

Note that F, € RP*? is symmetric if p is odd and skew-symmetric if p is even, whereas
Z, and D, are symmetric for all p. We list some properties of these matrices and the
matrix J,(0) which can be easily verified, and will be used in the following.

Lemma 4 Let p € N.

1. 7’=1, Di=I, F2=(-1)P"],

2. F,Z,=D,=(-1""Z,F, D,F,=2Z,=(-1)""F,D,.
D,Z,=F,= (-1)""Z,D,, F,Z,F, = Z,.

2, Tp(0) 2, = Tp(0)*.

D, 7,(0)D, = —J,(0).

6. FT,0)F, = ~J,0).

Another important result that will frequently be used throughout the paper is the
following well-known result, [5].

Lemma 5 Let A, B, X be square matrices, such that the spectra of A and B are disjoint.
If AX = XB, then X = 0.

Finally, we review the canonical forms for regular Hermitian pencils, i.e., pencils oH —G,
where both H and G are Hermitian and det(oH — G) # 0. This result goes back to results
from Weierstrafl (see [19]) and Kronecker (see [10]).

Theorem 6 Let pH — G be a regular Hermitian pencil. Then there exists a nonsingular
matriz P € C*™" such that

P*(QH—G)P: (QHl—G1)@...@(QHl—Gl), (4)

where the blocks pH; — G; have one and only one of the following forms:

1. Blocks associated with paired nonreal eigenvalues X, X, where Im(\) > 0:

QHJ-—G]-:Q{E 8]_[$?A)* jré)\)]- (5)
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2. Blocks associated with real eigenvalues X and sign ¢ € {1, —1}:

o D
oH; — G = peZ, — Z, T (A) = ¢ —¢ L . (6)
1 0 Al 0

3. Blocks associated with the eigenvalue oo and sign € € {1,—1}:

0 0
oH; — G; = 07, J.(0) — eZ, = ¢ L —¢ . (7
0 1 0

)
—_

—_
e}

Moreover, the decomposition (4) is unique up to a block permutation that exchanges blocks

Proof. For a full proof, see [18], Lemmas 1.—4. There, the result is shown without
the additional condition Im(A) > 0 for the blocks associated with nonreal eigenvalues,
but applying a permutation, we may always place the block that is associated with the
eigenvalue A in the (1,2)-block position of the form in (5). O

If pH — (G is nondefective then we immediately have the following corollary.

Corollary 7 Let pH — G be a nondefective Hermitian pencil, where both H and G are
nonsingular. Then there exists a nonsingular matriz P € C**™ such that

P*(oH — G)P = (oH, — G1) ® ... ® (oH, — G)),

where the spectra of oH; — G and oH; — G are disjoint for j # I, and where each block
oH; — G; has either only one pair of complex conjugate eigenvalues or only one single real
eigenvalue. Moreover, the block opH; — G has one and only one of the following forms.

1. Blocks with nonreal eigenvalues X\, X, where ImA > 0 and r € N:
0 I, 0 A,
QHV*%ZQ{L 0}_{XL 0]'
2. Blocks with real eigenvalue X, where r,p € N:

[ o I, 0O
QHj_Gj_{O _[rp]_A{ 0 _[Tp]'

Moreover the decomposition is unique up to a block permutation.

6



Proof. Since the size of every Jordan blocks equals one, the result follows directly from
Theorem 6 after proper permutations such that equal eigenvalues are combined in a single
block. O

Remark 8 Following from Theorem 6 and Corollary 7 it is obvious that if A € C\R is an
eigenvalue of pH — G then so is A and both eigenvalues have the same Jordan structures.

3 Singly structured matrices

In this section, we review the well-known canonical forms for H-selfadjoint matrices and
H-skew-adjoint matrices, where H always denotes a complex nonsingular Hermitian n X n
matrix.

Theorem 9 Let A € C"" be H-selfadjoint. Then there exists a nonsingular matrix
P e C"™™, such that

P'AP=A,®.. @A, and P'HP=H,®...® H;, (8)

where A; and H; are of the same size and the pair (A;, H;) has one and only one of the
following forms:

1. Blocks associated with real eigenvalues:
A;=J,(N) and H;=¢Z, (9)
where A € R, p €N, and ¢ € {1,—1}.
2. Blocks associated with a pair of nonreal eigenvalues:

SRR B P "

where A € C\R with Im(A) > 0 and p € N.

Moreover, the form (P~YAP, P*HP) of (A, H) is uniquely determined up to the permuta-
tion of blocks.

Proof. See, e.g., [7]. O

Even though (8) is unique only up to a permutation of blocks, we call it the a canonical
form of the pair (A4, H).



Remark 10 In some instances it will turn out be useful to use a slightly different form
for the blocks of type (10) in (8). Multiplying the matrices from both sides by I, ® Z,, one
finds that (10) takes the form

Aj = *71’90) jp&))*] and Hj:{g %’] (11)

Using the same transformation, we can also get back from the form (11) to the form (10).
This transformation will frequently be used in the following and its application will be
called the Z-trick.

Apart from the eigenvalues of an H-selfadjoint matrix A, the parameters ¢ that are asso-
ciated with blocks to real eigenvalues are invariants of the pair (A, H). The collection of
these parameters is sometimes referred to as the sign characteristic (see, e.g., [7] and
[11]). To highlight that these parameters are related to the matrix H (we will soon have
to deal with two structures), we will use the term H-structure indices in the following.

Theorem 11 Let S € C"*" be H-skew-adjoint. Then there exists a nonsingular matrixz
P e C"™", such that
Pl'SP=S®...®S, and P*HP=H ®...® Hy, (12)
where S; and H; are of the same size and each pair (S;, H;) has one and only one of the
following forms:
1. Blocks associated with purely imaginary eigenvalues:
S; =1iJ,(A) and H;=¢Z, (13)
where A € R, p €N, and e € {1,—1}.

2. Blocks associated with a pair of non purely imaginary eigenvalues:
o iT(A) 0 1 0 Z
SJ—{ 0 g, and H = Z, 0 | (14)
where A € C\R with Im(\) >0 and p € N.

Moreover, the form (P~'SP,P*HP) of (S, H) is uniquely determined up to a permutation
of blocks.

Proof. This follows directly from Theorem 9 considering the H-selfadjoint matrix 7S. D

Again, we will call the parameter ¢ in (13) the H-structure index of the block S; in (13).
Moreover, the form (12) will be called the canonical form of the pair (S, H).

Remark 12 From Theorems 9 and 11, it is easy to find the following symmetries in the
spectra of H-selfadjoint and H-skew-adjoint matrices. If A ¢ R is an eigenvalue of the H-
selfadjoint matrix A then so is A and both eigenvalues have the same Jordan structure. If
A ¢ iR is an eigenvalue of the H-skew-adjoint matrix A then so is —A and both eigenvalues
have the same Jordan structure.



4 Doubly structured matrices

In this section we give canonical forms for matrices that are doubly structured with respect
to Hermitian or skew-Hermitian nonsingular matrices G and H. First, we note that by
Theorem 9, Jordan blocks associated with real eigenvalues in the selfadjoint case (or purely
imaginary eigenvalues in the skew-adjoint case) have structure indices with respect to G
and/or H. We will call these indices the G- and H-structure indices of A, respectively.

Moreover, we may always assume that G and H are Hermitian. Otherwise, we may
consider ¢G or 1H, respectively, having in mind the following remark.

Remark 13 Let H € C"™ be nonsingular and Hermitian or skew-Hermitian and let
A € C"". Then the following conditions hold.

1. A is H-selfadjoint if and only if A is ¢H-selfadjoint.
2. A is H-skew-adjoint if and only if A is i H-skew-adjoint.

3. A is H-selfadjoint if and only if ¢4 is H-skew-adjoint.

Remark 13 implies in particular that we may assume that the structure on A induced
by one of the matrices G and H, say H, is the structure of a selfadjoint matrix. In other
words, we may assume that A is H-selfadjoint. Otherwise, we may consider ¢A. Hence, it
remains to discuss the following cases.

e Matrices that are H-selfadjoint and G-selfadjoint (Section 4.1)

e Matrices that are H-selfadjoint and G-skew-adjoint (Section 4.2)

Finally, we always assume that the pencil oH — G is nondefective.

Remark 14 Instead of requiring that oH — G is nondefective, we may as well consider the
generalization of this case, that for the matrices A, G, H at least one of the three pencils
oH —G, oH — HA and oG — G A is nondefective. For example, if A is nonsingular and both
H- and G-selfadjoint then we can consider the matrix triple (H~'G, H, HA) for which H,
H A are Hermitian and H™'G is H and H A selfadjoint, since (H'G)* = GH~'. Thus, if
oH — H A is nondefective then we can get the canonical form of this new triple. But once
we have this, we can easily get the canonical form of the original triple (A, H,G). So our
results will cover more general cases.



4.1 Matrices that are H-selfadjoint and G-selfadjoint

In this section we will derive a canonical form for matrices that are selfadjoint with respect
to nonsingular Hermitian matrices H and G, such that the pencil oH — GG is nondefective.
For the proof of our main result, the following lemma will be needed.

Lemma 15 Let G,H € C"™ be Hermitian and nonsingular. Let A € C"" be H-
selfadjoint and G-selfadjoint. Then there exists a nonsingular matric P € C'" such
that

P'AP = A ®...0 Ay,

P"HP = H, ... Hy,

PGP = G &®...®G,,
where A;, H; and G; have corresponding sizes. Moreover, each pencil pH; — G; has as

spectrum either {y;,%;} for some v; € C\R or {y;} for some v; € R and the spectra of
two subpencils pH; — G; and oH; — G, j # 1, are disjoint.

Proof. By Theorem 6, there exists a nonsingular matrix () € C**" such that

* _ | G1 O * _ | H1 0 -1 _ | A A
QGQ—{O G2],QHQ—[O Hz]jandc; AQ—[A21 A]

where the pencil gH; — 1 has as spectrum either {v;,%,} for some y; € C\R or {y} for
some 7v; € R and such that the spectra of the pencils pH; — G; and pHs — (G5 are disjoint.
Since A is H-selfadjoint and G-selfadjoint, we obtain that
{ Al Hy A;J?Q ] _ { HiAn HiArp ]
A}, Hy A5 Hy HyAy  HyAg
A} Gy A;l(:;z ] _ [ GiAun GiAp ]

d
an {A{zGl A%, Gl GoAs  Godo

Since with G also G, is nonsingular, this implies
A;lﬁQGgl - HlAlgégl - HlelGlAlzégl - HlelAzl.

Since the pencils pH; — G and oH> — G have disjoint spectra, we obtain that A%, = 0
and therefore Ay = H; 'A% Hy = 0. The rest of the proof now follows by induction. D

Theorem 16 Let G, H € C"*™ be Hermitian and nonsingular such that the pencil oH — G
is nondefective. Let A € C"*™ be H-selfadjoint and G-selfadjoint. Then there exists a
nonsingular matriz P € C"*" such that

PlAP = Ajo...® A,

PGP = G1&®...® G (15)

P*HP = H{®...% Hy,

10



where the blocks A;, G;, H; have corresponding sizes and are of one and only one of the
following forms.

Type (1):
A;=TJ,(N), Hj=¢Z, and G;=c¢ev7,,

where A € R, p € N, € € {1, -1}, and v € R\{0}. The H-structure index of A; is ¢ and
the G-structure index of A; is sign(evy).

Type (2):

_ j()\) 0 o 0 Z o 0 ~Z
4 [po me]’ HJ‘[ZP op}’ and Gﬂ‘[vzp op]’

where A € R, p € N, and v € C, Im(y) > 0. The H-structure indices of A; are 1,—1 and
the G-structure indices of A; are 1, —1.

Type (3):

A I Jo z [0 4z
S R B P S I A T

where A € C\R, p € N, and v € C\{0}, where Im(vy) > 0.

Moreover, the canonical form (15) is unique up to permutation of blocks.

Proof. By Lemma 15 we may assume that the pencil oH — G has the eigenvalues either
7v,7 for some vy € C\R or 7 for some 7y € R.

Case 1: y e R

Since the pencil pH —G is nondefective, by Corollary 7 there exists a nonsingular matrix
P € C"*™ such that
I, 0
- |: 0 _In—m :| )

i.e., in particular that G is a scalar multiple of H. Applying Theorem 9, we find that
there exists a nonsingular matrix Q € C™" such that (Q 'AQ,Q*HQ) is in canonical
form (8). Since G = yH, we obtain that A, H, and G can be reduced simultaneously to
block diagonal form with diagonal blocks of types 1 and 3.

" I, 0
P(QH—G)P:Q|: 0 —I._ ]

Case 2: 7,7 € C\R.

In this case, we obtain from Corollary 7 that there exists a nonsingular matrix P € C"*"

such that
. 0 I, 0 I,

11



where 2m = n and Im(y) > 0. Let

Ay A
be partitioned conformably. Then we obtain from A*H = HA and A*G = G A that

A:|:A11 A12:|

AT2 = A]_2 and ’}/A>{2 = 71412.

Since v # 7, this implies that A5 = 0. In an analogous way we show that As; = 0, and
moreover, we have Ay, = A¥, by symmetry. Let Q; be such that Q7' A41,Q; is in Jordan
canonical form and set

Q1 0 ]

- p T,
< { 0 O
Then we obtain 04,0
N 0
,1A _ |: 1 111 . :| ,
© e 0 QiALG;
crn | 0 In s |0 vn
QHQ—{Im 0], and QGQ_{TIm 0}.
After a proper block permutation, we obtain that A, H, and G can be reduced simultane-
ously to block diagonal form with diagonal blocks of the forms

R AN 0 ] ~_[0 Ip] ~_[0 wp}

respectively, where p € N and A\ € C. The result then follows by applying the Z-trick, see
Remark 10.

Uniqueness: Suppose that

(4 0 [H o [G o
(8] (8 A e[ 8] -

~ A 0 ~ Hy 0 ~ Gy 0

A‘[ 0 [12}’ H‘{ 0 FIQ]’ G_[ 0 ég]’
are in canonical form, where H, G, H, G are Hermitian nonsingular, A is H-selfadjoint and
G-selfadjoint and A is H-selfadjoint and G-selfadjoint and all matrices have corresponding
block structures. If P~'AP = A, 0(A;) = 0(A;) and o(A;) = o(Ay), such that the spectra
of A; and A, are disjoint, then it follows immediately that P has a corresponding block
diagonal structure. Analogously, assuming that the spectra of oH; — Gy and pH, — G
(and of pH, — Gy and pH; — Gy, respectively) are disjoint and that P*HP = H and
P*GP = G, where P is nonsingular, we obtain again that P has a corresponding block
diagonal structure. Indeed, partitioning

Py Pro —x Qu Q2
P = d P "=
{ Py Po ] an { Qn Qa2

12



conformably with H, we obtain that
G P2 = QoG and  Hy Py = QiaHop.

This implies that
Hyy'G11 Py = PioHy,' G,

and from that, we obtain P;» = 0, since the spectra of HﬁlGu and }NIQ_QIGQQ are disjoint.
Analogously, we show Py; = 0.

Hence, it is sufficient to prove the uniqueness for the case that A has only one pair
of eigenvalues A, A and that oG — H has only a pair of eigenvalues v,7. But then, the
uniqueness is clear, since we obtain from Theorem 9 the uniqueness of the canonical form
for the pair (A, H). Note that the structure G is then uniquely defined by the invariant
with Irn(y) > 0.

In both cases it is easy to verify that the H and G-structure indices of each block are
as claimed in the theorem. O

4.2 Matrices that are H-selfadjoint and G-skew-adjoint

In this section we present a canonical form for a matrix A that is H-selfadjoint and G-skew-
adjoint, where H and G are Hermitian nonsingular matrices, such that the pencil pH — G
is nondefective. By Remark 12, the eigenvalues of A satisfy more symmetry properties. If
A € C is an eigenvalue of A then, because A is G-skew-adjoint, so is —A having the same
Jordan structure as A\. On the other hand, A is H-selfadjoint and thus, with A and —\
also A and —\ are eigenvalues of A having the same Jordan structures as A. Thus, the
eigenvalues of A occur in quadruples {)\,X, -\, —A}, where all these eigenvalues have the
same Jordan structures. If A is real or purely imaginary, this set is equal to {\, —A}, and
if A =0, this set is just {0}.

The following lemmas will be needed for constructing the canonical form.

Lemma 17 Let G, H € C"*" be Hermitian and nonsingular. Furthermore, let A € C"*"
be H-selfadjoint and G-skew-adjoint. Then there exists a nonsingular matric P € C**"
such that

PIAP = A1 ®...0 A,
P'HP = Hi®...d H,,
PGP = G1®...® Gy,

where Aj, H; and G; have corresponding sizes. Moreover, each matriz A; has the spectrum
{2 A, =X, =X} and the spectra of two matrices A; and A;, where j # 1, are disjoint.

13



Proof. By using the eigenvalue properties of A mentioned above, one can find a matrix
Q@ € C"" such that

* G11 G12 % H11 ng 1 Al 0 :|
[ Giy G ] ’ [ HYy, Hp ] A [ 0 A, |’

where A; has the spectrum {A1, AL, — A1, — A1} for some A\ € C, such that the spectra of
Ay and A, are disjoint. Then we obtain from A*H = HA and A*G = G A that

ATHlQ = Hu/iz and — A){Glg = Glgzzlg

By construction, the spectra of A} and A, are disjoint. This implies Hys = 0 and Gy = 0.
The proof then follows by induction. 0O

Lemma 18 Let G, H € C"*" be Hermitian and nonsingular. Furthermore, let A € C"*"
be H-selfadjoint and G-skew-adjoint. Then there exists a nonsingular matriz P € C**™
such that

P7IAP = A ®...0 A,
PHP = H,@...® Hy,
PGP = G1&...0G,,

where Aj, H; and G; have corresponding sizes. The spectrum of each pencil oH; — G is
contained in {y;, —v;,7%;, =7, } for some v; € C and the spectrum of oH; — G is disjoint
from the set {~;, —v;,7;, —7;} if § # 1.

Proof. The proof proceeds analogously to the proof of Lemma 15 using the equations
A*H=HA and —A*G =GA. O

Note that in contrast to the eigenvalue of A, the eigenvalues of the pencil oH — G need
not occur in quadruples {v;, —v;,7%;, —7;}. If 7; is an eigenvalue of oH — G then from
Theorem 6, we only know that also 7, is an eigenvalue, but —v; and —7; need not be.
However, to get corresponding block diagonal forms of A, G, H, we have to group 7; and
7, together with —v; and —7; if they are also eigenvalues of oH — G.

In view of Lemma 18, it is sufficient to consider pencils pH — G whose spectrum is

contained in {v, —v,%, —7}. Therefore, a discussion of properties of such pencils will be
helpful.

Lemma 19 Let G, H € C"*" be nonsingular and Hermitian such that the pencil oH — G
is nondefective.

(i) If the spectrum of oH — G is contained in {7, —v}, where v* € R\{0}, then
H'GH™'G = +I,.
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(i) If the spectrum of oH — G is contained in {v,—v,7, =7}, where y* € C\R, then
there exists a matriz P such that for H = P*HP, G = P*GP and A = P 'AP,

. =2
H'GH'G = { 70[’“ VQOIm ] : (16)
Moreover,
~ | A O
=[x

Proof. (i) We consider the problem in two cases.
Case (1): Im(y) = 0.

Since the pencil pH — G is nondefective and has only the eigenvalues v, —y € R, by
Corollary 7 there exists a nonsingular matrix P € C"*" and numbers p,q,r,s € N such
that

I, 0 0 0 vy, 0 0 0

. lo -1, 0 o0 0 =, 00
H=P| o " [ o |P ad G=P| o "0 0 |P

0 0 0 —I, 0 0 0 Al

This implies H'GH'G = P~'(y%I,)P = +*I,.
Case (2): Re(y) =0.

Since the pencil pH — G is nondefective and has only the eigenvalues v, —y € iR, by
Corollary 7 there exists a nonsingular matrix P € C"*" such that

I O]P and G_P[—’ﬂm 0 }P,

where m = 2 € N. This implies H 'GH 'G = P~'(v*I,,) P = 7*I,.

H:P*{

(ii) By Corollary 7 there exists a nonsingular matrix P such that

QF[—GZQP*HP—P*GP:Q[ 0 Im}—{ 0 72},

I, 0 70
where m = % € Nand ¥ = I,  (—1—p), 0 < p < m. We then obtain that
e [72 0
wa=17 5 (17)

and hence we have (16). Note that A is H-selfadjoint and G-skew-adjoint. This implies
that o o o

AH'G)=H 'A*G = —(H 'G)A.
Since in this case v &% # 0, from the block form (17) we get A=A, @ A, Since A is
H-selfadjoint, we obtain that Ay = A}. O
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Theorem 20 Let G, H € C"*" be Hermitian nonsingular such that the pencil oH — G is
nondefective. Furthermore, let A € C"*" be H -selfadjoint and G-skew-adjoint. Then there
exists a nonsingular matriz P € C**" such that

PIAP = A1 ®...0 A,
PGP = G1 ... Gy, (18)
P*HP = H,®...® Hy,

where, for each j, the blocks A;, G;, H; have corresponding sizes and are of one and only
one of the following forms.

Type (1a):
VAR 0 0
0 —70) 0 0
0 0 0 -7
0 0 2, 0 0 0 0 ~Z
o 0 0 z o 0 4z 0
H;j = Z, 0 0 0 | and - Gi=1 ¥Z, 0 0 |’ (20)
0 Z, 0 0 5Z, 0 0 0
where A € C with Re(A)Im(A\) >0, p € N and v* € R\{0}, Re(y), Im(v) > 0.

Type (1b):

Aj:{jpé/\) jp(o_)\)]v Hj:g[ 0 (l)QZm}’ Gj:{ﬁgm ng}, (21)

where A > 0, p € N and v* € R\{0}, Re(v), Im(vy) > 0. The H;-structure index of X is ¢

and the H;-structure index of —\ is 5(%')2.

Type (1c):
Aj=i { JpéA) jp(O_A) ] H, = {Zom o ] G, = el { Zom ('7—')me ] (22)

where A > 0, p € N and v* € R\{0}, Re(v), Im(y) > 0. The G;-structure index of X is ¢
and the Gj-structure index of —\ is s(',yl')z.

Type (1d1):
A;=7J,(0), Hj=¢Z, and G;=¢EyF, (23)

where v* € R\{0}, Re(v),Im(y) > 0, and p € N is odd if v € R and even if v € iR.
Moreover, the eigenvalue A = 0 has the Hj-structure index € and the Gj-structure index
sign(év) if v € R and sign(—iévy) if v € iR.
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Type (1d2):

| Jp(0) 0 10 Z o 0 ~vF,
Aj_[ PO Z,(O)]’Hj_lZp OP]7 and GJ_{—’YFP OP}, (24)

where v* € R\{0}, Re(y),Im(y) > 0, and p € N is even if v € R and odd if v € iR.
Moreover, the eigenvalue A = 0 has the Hj-structure indices +1,—1 and the G;-structure
indices +1, —1.

Type (2a):
T 0 0 0
I A5 VR R
0 0 0 —70
0 0 Z 0 0 0 0 ~Z
o 0 0 z o 0 4z 0
Hi=\z o o0 o ™ G=| 9 52 0o o | @9
0 Z, 0 0 52, 0 0 0
where X € C with Re(A\)Im(X\) > 0, p € N, and v* € C with Re(y)Im(vy) > 0.
Type (2b):
T 0 0 0
| 0 ~7,0) 0 0
0 0 0 —J,(N)
0 0 Z 0 0 0 0 ~Z
o 0 0 z o 0 4z 0
Hi=\z o o0 o ™ G=1 9 52 0o o | @
0 Z, 0 0 52, 0 0 0

where X > 0, p € N, and v* € C with Re(y)Im(y) > 0. The H;-structure indices of X are
+1, =1 and the Hj-structure indices of =\ are +1, —1.

Type (2¢):
J,(A) 0 0 0
N I T SOV 0
Aj=i 0 0 TN 0 : (29)
0 0 0 -7
0 0 0 Z 0 0 ~Z, 0
o 0 7z o0 o 0 0 vz
Hi=1o 7z o ol ™ G=|52 o o o | G
Z, 0 0 0 0 %Z, 0 0
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where A > 0, p € N, and * € C with Re(y)Im(y) > 0. The G;-structure indices of X are
+1, —1 and the G;-structure indices of —\ are +1,—1.

Type (2d):

R R e Pl KR P g R

where p € N, € € {+1,—1}, and v* € C with Re(y)Im(y) > 0. Moreover, the eigenvalue
A =0 has the Hj;-structure indices +1, —1 and the G;-structure indices +1, —1.

In the blocks of type (1a)-(1d) the subpencil pH; — G, has only real or purely imaginary
eigenvalues and in the blocks (2a)-(2d) the subpencil pH; — G; has only eigenvalues that
are neither real nor purely imaginary.

Moreover, the canonical form (18) is unique up to permutation of blocks.

Proof. In view of Lemma 18, we may assume that the spectrum of the pencil pH — G is
contained in {7, —v,7, =7} for some v € C\{0}, Re(),Im(y) > 0, and it is sufficient to
distinguish the following two cases.

Case (1): Re(y)Im(y) = 0.
In view of Lemma 17, we may distinguish the following four subcases.
Subcase (1a): The spectrum of A is {\, =\, A\, =A}, where Re(A\)Im()\) > 0.

Since A is H-selfadjoint and G-skew-adjoint, it follows from Remark 12 that A X, — ),
and —\ have the same Jordan structures. Applying Theorem 9, the Z-trick, and a block
permutation, we may assume that A and H have the following forms.

TN 0 0 0 0 0 I, 0

0 =gy 0 0 o 0o o I,

A= 0 0 JW 0  H = I, 0 0 o0 |’ (32)
0 0 0 —JW\* 0 I, 0 0

where m = % € N and J()) is an (m x m) matrix in Jordan canonical form only having
the eigenvalue X. Then, the equation —A*G = G'A and the fact that A\, =\, A, and —\ are
pairwise distinct, imply that G necessarily has the form

0 0 0 G
0o 0 Gy o0

=190 a o o (33)
Gy 0 0 0

where Gy, G3 € C™*™. By Lemma 19, we obtain that H-'GH'G = ~2I,. This implies
in particular that
G3Gy =21, (34)
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Note that the equation —A*G = GA also implies that J(A\)*Gs = G2J(N)*, i.e., Gs
commutes with 7 (X)*. Hence, setting

VGt 0 0 0
0= 0 7. 0 0
0 0 ~:Gy 0
0 0 0 ol
we obtain that Q 'AQ = A, Q*HQ = H, and
0 0 0 vI,
" . 0 0 ’771G3G2 0
@FER=1 Y IGEGE 0 0 (35)
Yl 0 0 0

Then it follows from (34) and (35) that the triple (A, H,G) can be reduced to blocks of
the form given by (19) and (20), by applying a proper block permutation and the Z-trick.

Subcase (1b): The spectrum of A is {\, —A}, where A > 0.

Theorem 11 implies that A and —\ have the same Jordan structures. Moreover, applying
Theorem 9, we may assume that A, H, and G have the following forms.

A0 | H 0 | Gi Gs
A_[ 0 —Al]’ H‘[ 0 Hz}’ and G_[G; Gs |
where
A = ‘-7171(/\) b...0 L719k(/\)7
Hl = 51Zp1®...®€kZpk,
HQ - élZpl @ e @ gkzZpk
and G; € C™™ for m = §. Observing that —A*G' = G'A, we obtain that G; = G5 = 0,
since A # 0, and A;Gy = GoA;. Moreover, H '*GH 'G = 421, implies that
H'GyH;'Gy =21, = Hy 'G3H' G, (36)
Setting
I, 0
Q_ l 0 71H2_1G§:|7
then from (36), A;G> = G2A1, Z,'7,(0)*Z, = J,(0) (Lemma 4), and the block forms of
H, and Ay, we obtain that

[ A 0 A0
-1 _ 1 - 1
@AQ = 0 —Gy Ho A H, G } _{ 0 —A ]
[ H, 0 H, 0
*H = _ _ % =
HQ | 0 GoHy'HyH; 102] { 0 (%')2}11] and
. ] 0 vy 1G.Hy'Gs ]l [ 0 yH;
COQ = | yigmiay 0 “|5m 0
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Thus, it follows from a proper block permutation that we may assume that

A= | BN 0()]7}[:[521, 0 ]’andG:{ 0 yezp]'

0 -\ 0 (%)%, VeZ, 0

Hence, setting

we find that Q 1AQ, Q*HQ, and Q*GQ have the desired forms.
Subcase (1c): The spectrum of A is {\, —=A}, where X\ € iR, Im(X) > 0.

The matrix —i A is G-selfadjoint, H-skew-adjoint and has only a pair of real eigenvalues.
Noting that the spectrum of oG — H is contained in {y~*, —y~'}, we can reduce the problem
to Case (1b), i.e., it is sufficient consider the case that —iA, G, and H have the form (21).

AR BV ACY I [&Zw 0 70 Az,
A= @(—A)]’G‘[ 0 ez, T 52, 0 |

¥

where & € {+1, —1}. Setting

we obtain that Q 1(—i4)Q = —iA,
HQ=| 9 d Q*GQ=¢ Zm 0
Q Q - Zm 0 ’ an Q Q - €|7| 0 é:(',yl')zzm :
Subcase (1d): The spectrum of A is {0}.

It follows from Lemma 27 in the appendix that the triple (A, H,G) can be reduced to
blocks of the forms (23) or (24).

Case (2): Re(y)Im(y) # 0.
By Corollary 7 we may assume that the pencil pH — G is already in the form

_ 0 I, 0 ~X
QH_G_Q{Im 0]_{72 0]’

where m = % € N and ¥ = diag(/,, I;,—p), 1 < p < m and, furthermore, we have that (16).
Then Lemma 19 implies that A has the form

A 0
A‘[o Ai‘]'

Note, that by Lemma 19 a similarity transformation on A with a corresponding block
diagonal matrix and simultaneous congruence transformations on H, G will not change
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the block structure of A and the identity (16), but it does change the block forms in H
and G. Hence we can apply similarity transformations on A; and at the same time keep
the relation (16). Again, we will consider the following four subcases.

Subcase (2a): The spectrum of A is {\, =\, A\, =A}, where Re(\)Im()\) > 0.

Again, the eigenvalues A\, =\, X, and —\ have the same Jordan structures. Moreover,
there exists a nonsingular matrix

Q:|:Q1 0 :|ecn><n

0 Q"
such that
A 0 0 0
1 _ 0 A O 0 . _
QR TAQ = 0 0 A 0 and Q"HQ = H,

0 0 0 A

where Ay € CF** has the eigenvalues A and —\ and A,y € C(27#)*(37%) has the eigenvalues
A and —\. Partitioning Q*G(@Q conformably, i.e.,

0 0 G Gy
100 G Gy
@ER=1 g 0 0 |

Gy G5 0 0

we obtain from the equation —A*G = G A and the fact that A;; and — Ay, have no common
eigenvalues that G, = G35 = 0. Thus, after a proper block permutation, we may consider
two smaller subproblems. The first one is

~ [ An 0 = | 0 I = | 0 Gi|.
A_[ 0 A,{l], H_[[k 0], and G_[G’{ 0],

and (16) implies that
FAGH1E = I, 0
B 0 I |

Hence, after applying a similarity transformation on Aj; , we may assume that A, G, and
H are in the forms (32) and (33), where (G1)?> = 4?I. The remainder of the proof then
proceeds analogously to Subcase (1a). The second subproblem with respect to As can be
transformed in the same way.

Subcase (2b): The spectrum of A is {\, —A}, where A > 0.

We obtain from Theorem 11 that A and —\ have the same Jordan structures. Hence,
both A; and A] must have the eigenvalues A and —\ with the same Jordan structures.
Thus, there exists a nonsingular matrix

o-[% 8-

0 Q.
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such that

JA) 0 0 0
QLAQ = 8 _‘70(” j[()A) 8 and Q*HQ = H,
0 0 0 =T\

where k = %2 and J(A) is an & x k matrix in Jordan canonical form associated with only

one eigenvalue A. Partitioning Q*G() conformably, i.e.,

0 0 G Gy

o 100 G Gy

@PER=1 g 0 0 |
G: GE 0 0

we obtain from —A*G = G'A and the fact that J(\) and —J(A) have no common eigen-
values that Gi = G4 = 0; and J(A\)*Gy = G2 (A), T(N)*G3 = G3J (A). Moreover, we still
have (16), which implies that G3G5 = v*I. Thus we may assume that A, G, and H are
in the forms (32) and (33), where G3G5 = ¥*I. The remainder of the proof then proceeds
analogously to Subcase (1a).

Subcase (2c): The spectrum of A is {\, —A}, where A € iR.

The proof proceeds analogously to the proof of Subcase (1c).

Subcase (2d): The spectrum of A is {0}.

This case follows from Lemma 30 in the appendix and by applying the Z-trick.

Uniqueness: Analogous to the proof of Theorem 16, it is sufficient to prove uniqueness
for the case that the spectrum of A is {\, =\, X, =A} for some A € C and that the spectrum
of oH — G is contained in {v, —v,7, =7} for some v € C. Again, the canonical form for the
pair (A, H) is unique. In any case except for the case that A = 0 and 4% ¢ R, the matrix G
is then uniquely determined by the invariants v with Re(y), Im(y) > 0 (and signs ¢ or ¢ in
some cases that are uniquely determined by the canonical form for the pair (4, G)). Only
in the case A = 0 and v* ¢ R, we have an additional invariant ¢ that is not an invariant of
the canonical form for the pair (A, G). In this case, the uniqueness follows from Lemma 30
in the appendix.

In all cases (la)—(2d) it is easy to verify that the H and G-structure indices of each
block are as claimed in the theorem. 0O

5 Singly and doubly structured pencils

In this section, we discuss canonical forms for matrix pencils pA — B, where both A and
B are matrices that are singly or doubly structured with respect to some indefinite inner
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product. It turns out that the case of structured pencils can be reduced to the matrix case.
This is done in the following theorem.

Theorem 21 Let the matrices G,H € C"™" be nonsingular and Hermitian or skew-
Hermatian, i.e.,
G"=neG and H"=nygH,

where ng,ng € {1, —1}. Furthermore, let pA — B € C"*" be a regular pencil such that

A*H = ¢ HA, A*G = §,4GA,
B*H = e HB, B*G = §GB, (37)

where € 4,ep,04,0p € {1,—1}. Then there exists nonsingular matrices P,Q € C"" such
that

B [ L, 0] [M 0
* _ Hll 0
Q HP - |: 0 H22 :| 9

* _ Gll 0
Qap = [ ; G]

where M, Hi1, G171 € C ™" and N, Hay, Goy € C2*"2 Moreover, M and N are in Jordan
canonical form, N is nilpotent and the following conditions are satisfied.

Hiy = nmeaHn, G711 = 164Gy,
M*Hyy = eaepHuM, M*Gy = 5A53G11M,
H;Q = anBH227 G;g = 7]@53G22,

N*ng = 8A€BH22N, N*Ggg = (5A(53G22N.
Proof. Let P,Q) € C"*™ be such that the pencil
I 0 M 0
-1 _ — ni _
Prea-me=a| v =10 0] 3)

is in Kronecker canonical form (see [6]), where M, N are in Jordan canonical form and N
is nilpotent. Then (37) and (38) imply in particular that

et -Gl 4[4 1]

From this and (38) we obtain that

* [nl 0 _ * _ [nl 0 *
QHP[O N] _QHAQ_sA{O N*}PHQ,
. M 0 . _ M* 0 .
QHP[O Im] QHBQ_sB{O IM]PHQ.
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Hll H12
H21 H22

Hll H12N :,'7 €4 Hikl Hgl
Hy HyN HeA | N*H{, N*Hj,

Setting Q*HP = [ } and noting that P*HQ = ng(Q*HP)*, we find that

and |: Hl]_M H]_2 :| — nuen |: M*Hik]_ M*Hékl :| '

H21M H22 Hik2 H;2

This implies, in particular, that
His = npegM*H}, = eacgM*H1sN = (e4e)"(M*)*Hi,N*  for every k € N.

Since N is nilpotent, it follows that Hys = 0 and thus, also Hy = ngeaN*H{, = 0.
Moreover, Hyy = ngeaH{; and Hyy = ngepHs,, and HyyN = npesN*H,, = € 4epN* Hoo,
Hi M = ngepM*H{, = eaegM*Hy;. Analogously we show that Q*GP has the structure
claimed in the theorem. This concludes the proof. 0O

We note that M is a doubly structured matrix with structures induced by H;; and
G111 and that N is a nilpotent doubly structured matrix with structured induced by Hso
and Gao, where Hyy, G11, Ha, and Goo are all Hermitian or skew-Hermitian. Therefore,
Theorem 21 gives a general description about how to obtain the canonical forms for the
pencil case from the canonical forms in the matrix case that are given in the previous
sections. We only have to further reduce M and N by applying the results from Section 4.
Note that Theorem 21 does not require the pencil pH — G to be nondefective. However,
canonical forms for the matrix case are known for this case only.

Theorem 21 also describes the case of singly structured pencils. In this case one may
choose H = GG, ¢4 = 04, and e = dp. Thus, Theorem 21 gives a general description
how to obtain canonical forms for singly and doubly structured pencils from the canonical
forms in the matrix case. For obvious reasons, we do not give a list of the canonical forms
for all possible cases, but only one example to illustrate the effect of Theorem 21.

Theorem 22 Let H € C"*™ be Hermitian and nonsingular and let pA — B € C™*™ be a
reqular pencil such that A and B are H-selfadjoint. Then there exists nonsingular matrices
P,Q € C"™ such that

A 0 B, 0
P (eA-B)Q = ¢ - -
0 Ay 0 By
H, 0
Q*HP = :
0 H,

where the blocks Aj, B;, and H; have corresponding sizes and are of one and only one of
the following forms:
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1. Blocks associated with real eigenvalues:
A; =1, Bj=J,(\), and H;=c¢cZ,
where p €N, A € R, and ¢ € {1,—1}.
2. Blocks associated with a pair of nonreal eigenvalues:

Tp(A) 0

w=t Bi= [T gl

], and Hj = Zyy,

where p € N and A € C\R.

3. Blocks associated with the eigenvalue co:
A;=7J,0), Bj=1, and H;=cZ,

where p € N and € € {1,—1}.

Moreover, this form is uniquely determined up to permutation of blocks.

Proof. This follows directly from Theorem 21 and Theorem 9. O

Note that with the assumptions and notation of Theorem 22 the pencil H(pA — B) =
oHA — HB is a Hermitian pencil. It turns out that Theorem 22 is a generalization of
Theorem 6. Indeed, the pencil Q*HPP!(pA — B)Q is a Hermitian pencil in canonical
form.

6 Conclusions

We have derived canonical forms for matrices and matrix pencils that are doubly struc-
tured in the sense that they are H-selfadjoint (or H-skew-adjoint) and at the same time
G-selfadjoint (or G-skew-adjoint), where we have assumed that G, H are nonsingular Her-
mitian (or skew Hermitian) and pG — H is a nondefective pencil. The general case that G
or H are singular, or that the pencil pG — H is defective is still an open problem. Also the
associated real canonical forms, which appear to be much more difficult, are open.

In view of the applications in eigenvalue computations, it is also important to restrict
the transformation matrices to be unitary (or orthogonal in the real case). This case will
be covered in a forthcoming paper, that will also address numerical methods, in particular
for the classes of pencils arising in quantum chemistry that we have discussed in the
introduction.
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Appendix

In the appendix we derive some technical Lemmas. Recall the Kronecker product (see,
e.g., [9, 12]).

Definition 23 Let A = [aj;] € C™*" and B € C?*?. Then

a]_lB a]_nB
A9B:=| : .. | ecmwxn

amB ... an, B
This product has the following basic properties (see, e.g., [9, 12]).

Proposition 24 Let A,C € C""*P2, B, D € C"*®, F € Cr?*P3  and F € C2*%B, Then
the following identities hold.

1. AQ(B+D)=A®B+A®D, (A+C)®@B=A®B+(C®B.
2. (A® B)(E® F) = (AE) ® (BF).

3. A® B is invertible if and only if A and B are invertible. In this case we have that
(A By '=A"1® B

4. (A BT =AT@ B", (A®B)*=A*® B*.
5. A B=0 if and only if A=0 or B=0.
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We will frequently need the permutation matrix

Qm,n = [61a €ntly- -y €(m—1)n+15€2,€np2, -+ €(m—1)n425Cny €205 - - - 6mn]-

If A, B are m x n and p x g, respectively, then

O, ,(A® B)Q,,=B® A

In the following we derive the canonical forms for doubly structured matrices that are
nilpotent. This case is the most complicated case, since we have least symmetry in the
spectrum. Therefore, we have to use a very technical reduction procedure.

For the sake of briefness of notation, let J, denote the nilpotent Jordan block 7,(0) of
size p. O, is the p X ¢ zero matrix.

Lemma 25 Let Z,, D,, and F, be defined as in Section 2 and let k,l,p,q € N, (p > q).

Then
ZyJy = (T) 2y, Dy TyDy = (-1)'T},  F,J) = (=)"(T)*Fp. (39)
27| o, | | ftt | “
Bt | o, | = o | R | o
o, e [ G| 8

Definition 26 Let A = (aji)n, € C**”. Then the [-th lower anti-diagonal of A or, in
short, the [-th anti-diagonal of A is defined by the elements a;;, where j +k =n+141.
Here, we allow [ = 0. The 0-th anti-diagonal is also called the main anti-diagonal. If

B=[0 B] and cz{g],

where B and C are square matrices, then the [-th anti-diagonal of B and C is called the I-th
anti-diagonal of B and C, respectively. Analogously, we define the [-th block anti-diagonal
for square and non-square block matrices.

Lemma 27 Let G, H € C"" be Hermitian nonsingular such that the pencil oH — G is
nondefective and such that its spectrum is contained in {vy,—~v}, where ¥* € R\{0} and
Re(y), Im(y) > 0. Furthermore, let A € C"™ be nilpotent, H-selfadjoint and G-skew-
adjoint. Then there exists a nonsingular matrix P € C"*" such that

PlAP = A1 ®...0 A,

PGP = G1 ... Gy, (43)

P'HP = H,&... & H,,

28



where the blocks A;, G;, H; have corresponding sizes and, for each j, are of one and only
one of the following forms.

Type (1d1):
Aj = ._71,(0), Hj = 8Zp, and Gj = &:’}/Fp, (44)
where p € N is odd if v € R and even if v € iR.
Type (1d2):
| J(0) 0 10 Z o 0 ~vF,
AJ - |: 0 ‘717(0) ’ HJ - Zp 0 ) GJ - _,.YFp 0 ’ (45)

where p € N is even if v € R and odd if v € 1R.

Proof. Applying Theorem 9, we may assume that (A, H) is in canonical form, i.e., col-
lecting blocks of same size and representing them by means of the Kronecker product, we
may assume that

Iml ® ‘7]71 0 E7'7‘51 ® Zpl 0
A et . , H - .. ’
0 Imk X .7pk 0 ka ® Zpk
where p; > ... > p; are the sizes of Jordan blocks and X, are signature matrices for
g =1,...,k. Setting
I, ® F,, 0
F = . R
0 I, ®F,,

we obtain from —A*G = GA and (39) that A and FG commute. Thus, the structure of
G is implicitly given by the well-known form for matrices that commute with matrices in
Jordan canonical form (see [5]). For the sake of better clarity, we will not work directly
on A, H, and G, but first apply a permutation. Setting 2 = Q,,,,, & ... ®Q,,, ,, and
updating A, H, G by Q7 tAQ, Q*HQ, Q*GQ, we may consider the following situation.

Ty @ I, 0 Hy 0
A= and H = : (46)
0 Tpe @ Iy, 0 Hp,

where Hj; 1= Z, ® ¥,,. Partitioning

Gll e le
G=| : . (47)
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conformably and using the well-known structures of matrices that commute with matrices
in Jordan canonical form [5], we obtain that

Pg—1
qu = Z(qu‘ﬁq)(gGg{Z]

=0

[ 0 e .0 Gl ]
' -Gy G

- 6 ) (1)

0 . . :

(LG . (CoeadY

forq=1,...,k, where GE},L € Cma*™a and

pr—1

O q—HrsPr l

6= | Gt | oot (49)
=1 robr

for 1 < g <r <k, with ij} e Cmaxmr,
We will stepwise reduce the matrix GG, while keeping the forms of A and H.
Step (1): We first show that Ggo}) is nonsingular for j =1,... k.

Since the pencil pH — G is nondefective and has only the eigenvalues v, —vy, where
7?2 € R\{0}, we obtain from Lemma 19 that

GH 'G =+*H.
Comparing the j-th diagonal blocks on both sides, this implies in particular that
’)/2Hjj = GL’HHGU + ...+ ijHijjj +...+ ijHkkG;kk (50)

Because of the structure of the blocks Gy, it follows that all the block anti-diagonals
of GZququr and quHMGZT are zero for ¢ < r, and hence, comparing the main block
anti-diagonals on both sides of (50), we obtain that

0 0
P2y, @S, = (B ©GU)(Z, ®5)(F, @G
0 0
= (ij ij ij) ® (GE',J)Emj ng))

Since F,. 7, F,. = Z,., this implies that
(0) 0 _ 1
G 2m; Gy = ;Emj (51)

and thus, Ggoj) is nonsingular.
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Step (2): Elimination of Gya, ..., G

Assume that we already have G l_l = 0 for all j = ,k and Gl =0 for j =

2,.. — 1, where [ > 0 and r > 2. We then show how to ehmlnate G1 > while keeping
the forms of A and H. Let

have a block form analogous to GG, where zero blocks of the matrix are indicated by blanks
and, moreover,

0 x* 0]
l 1
e = o7 Jo(Grrrremet) [=lo
Opi—prpr 2 ' '
0 ... 0

1

X = [ Opr,pl—pr ‘7pl,~ } ® <_ -
Substep (2a) X is chosen such that it commutes with A.

Substep (2b) In the updated matrix G := X*GX we have C:'gl =

Indeed, it is easy to see that G is again a matrix of the form (47), (48), and (49). The
(1,7)-block of G satisfies

G = G Xy, + XnG1 Xy + Gy + X5Gy (52)

From the structure of G and X, we find immediately that the first [ —1 block anti-diagonals
of all the summands of the right hand side of (52) are zero. Furthermore, the [-th block
anti-diagonal of Gy, has the form

VA 1 ~ )
(Fpl ®G5(R) <|: O Dr :| () (5(_1)1’ Pr+1(G§?{) 1Ggl’)r>>

P1—DPr,Pr
Opi—pr.p ()
1 TT G
+ |: Fp"‘ﬂr :| ® b
Op, p1—p 1 1+1 ~(1) 0)\—1 @
+ rL o\ ® | 5(= 1\ pr® T
v o (S(-0MGHEI 1) ) (B, 9 6)
Pr

1 ! Op, -
= st (] o T [Jecl s | G ool
1=PrsPr Y pp

1_ 14+1 Op, p1-p, 0 _
vyt (| Sy | ) et =0
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using (39) and (41).
Substep (2¢) In the updated matrix G := X*GX we still have @y;l) = 0 for all
j=2,... kand G, =0forj=2,....r—1.
Indeed, the elements of the first block row of G have the form
G+ X5G,, forl<g<r and
G+ X 1Gy  forr <aq.

From the block structure of Gy, Gy, G, and X, we obtain that the first p, — p, + 2/
block anti-diagonals in X G}, and the first p, —p, + 20 — 1 block anti-diagonals in X G,
are zero.

Substep (2d) We show that the matrix H := X*HX is block diagonal.

The only changes outside the block diagonal can have happened to the (1, r)-block H;,
and the (r, 1)-block H,y = H{,. The (1,7)-block has the form

[:[11" - (Zp1 ® Em1)X1r + Xikr (Zpr ® Emr) (53)
1 Opl—p D

— _ rsPr 54

2 |: Zpr‘-7plr ( )

,\r

®(@4V1m“2maﬁb1G$+¢—D”¥#NG?)5%), (55)

using (39) and (40). On the other hand, we have GH'G = 4*H. Noting that H~! = H
and comparing the (1,7) blocks of both sides, we obtain that

r—1 k
0= Gy Hn Gy, + (Z quququ> + Gy H Gy + ( > ququG,’fq) . (56)

q=2 q=r+1

Clearly, the first [ — 1 anti-diagonals of all the summands in (56) are zero. We now
consider the [-th block anti-diagonal. We note that Gy H;;G, and Gy, H,,.G,, are the
only summands that have a nonzero [-th block anti-diagonal. For the terms G1,H,,G,
1 < g < r this follows from the fact that the [-th block anti-diagonal of Gy, is already zero.
For G1,H,,Gr,, ¢ > r this can be seen as follows. If we write the j-th block antidiagonal
of G1,H,G7, in the form S; ® T}, then we obtain

Pq

P P 0 Pr — pq pq
_ P17 Pq ' *
% = Pq {qu A ] Pra | P [ ’ o ]
Dr — pq pq
P1 — Dr 0 0 -|
= Pr— Dy 0 0 .
e L0 iz
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Having in mind that the first [ — 1 block anti-diagonals of Gy, are zero, we find that the
first p, — p, +1 — 1 block anti-diagonals of G1,H,,G7, are zero.

Finally comparing the [-th block anti-diagonals in (56), we obtain

Op, -
0 = (P ©Gua)(Zy 95 (| G | o))

FpT"7pr
Op, - )
+ P1—Pr,pr :| ® G( r) 7 i & Emr F ) R G£Ur
(| Tz | 6l) o5, 0 6
= | G o (o s Gl + (168, 6R).
Zpr%r l ’ ’ )

using (39), (40), and (41). Using then (51) and (54) this implies Hy, = 0.
Substep (2e): Retrieving H.

Although H is block diagonal, the diagonal blocks may differ from those of H. We now
show how to retrieve H from H while keeping the zero block anti-diagonals of G. It follows
from Theorem 9 that there exists a nonsingular matrix 7" € CP*™ *P1™1 guch that

NI @I )T =Ty, @Iy, and T*HuT = Z, @ Sy,
Since T' commutes with J,, ® I,,,,, it has the block structure

T ... Th,

0 Ty

with T; € CP**P1 5 =1,...,my. Setting T:=T® Iyymy @ ... ® I, m,, we obtain
T'AT =A and T*HT = H.

Moreover, the (1,q)~—block of T*GT has the form T*@lq. Note that the multiplication
from the left with 7™ does neither change the first [ — 1 block anti-diagonals of Gy, for
q = 2,...,k nor the [-th block anti-diagonals of G, for ¢ =2,...,r

Substep (2f): By induction, we finally obtain that there exists a nonsingular matrix
S, such that

-1 — ‘-7101 ® I, 0 * _ Zp1 Xm0
S AS—[ o "4 | STHS = o " |
* _ Gl 0
and S*GS = { 0 G ]

where GGy € CPrmxPimi - Hence, it is sufficient to assume that we are in the following
situation.

A=J,®l, H=2,8% and (57)
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0 Go

- —Go ~Gy
G=) (BJ))®Gk= L : . (38)

. R :
(“1)P1Gy ... ... (—1PHG,

i1

B
I

where k,m,p € N, ¥ is a signature matrix and G; € C™*™ for 7 =0,...,p— 1.
Step (3): Reducing G to block anti-diagonal form.

Assume that we already have G; = ... = G;_; = 0 for some [ < p — 1. We then
eliminate G; while keeping the structure of A and H.

Substep (3a): Elimination of Gj.

Since G is Hermitian and F}, is Hermitian for odd p and skew-Hermitian for even p, we
obtain that

Gi = (1P G, (59)
This implies, in particular, that
(Ga'Gi)" = (-1)'GiGy (60)
Setting
1
X =18 In—57,® (G G),

it follows that X commutes with A. Moreover, we obtain that the first [ — 1 block anti-
diagonals in G := X*GX are still zero. Then using (39), it follows that the [-th block
anti-diagonal has the form

(1, 1) ((F) @ Gi) (1, @ 1) = 5
5 L(F, 2 607 @ (6'G)) =0

(1) ((J,f)* ® (GiGT)) (Fy ® Go)(I, @ L)

Substep (3b): Retrieving H.

Comparing the I-th block anti-diagonals on both sides of GH'G = ¥?*H and using
that Gy = ... = G;_1 = 0, by applying (39) and Lemma 4 we obtain that

0 = (R8G)(%e%)((F7)eG)+ ((RJ) &G (7, D) (F,o G)
= (B4F,J) ® (GoSGi +(—1)GiSGy).
This implies, in particular, that for [ > p — 1
GGy + (—-1)'2GyGr = 0.
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Here we have used the identity GoX Gy = 422, which follows from comparing the diagonal
blocks in GH 'G = «?H. Therefore, with this relation and (60) we obtain that
X*HX
1 * Y —% — 1 * * Y —% —
= Z,8%- 77 @ (GiG7s +3G;"G1) + . (70 2,7)) ® (G656 G)

1
= 2,03 - (%) ® (2(05101)2).

The (20)-th block anti-diagonal of X*H X can now be eliminated by a congruence trans-
formation with

1
Y=1&I,+ gj,fl ® (Gy*Gy)*

This transformation does not change the first [ block anti-diagonals of G but may change
the j-th block anti-diagonal of X*H X for some j > 2[. However, repeating the procedure
described above a finite number of times, we can finally retrieve H while keeping the
property that the first [ block anti-diagonals in G are zero.

Substep (3c): By induction, we finally obtain that there exists a nonsingular matrix
S, such that

0 Y
STAS=TJ,®1,, S'HS=Z,0%= :
Y 0
0 Gy
and S*GS =F,® G =
(—1)P*1Gy 0

Step (4): Final reduction of G.

Since the pencil pH — G is nondefective and its spectrum is contained in {v, —v}, this
also holds for each subpencil pX — (+Gp). We will distinguish four cases.

Case (a): v € R and p is even.

Identity (59) implies that G is skew-Hermitian. Since the pencil p¥ — (£Gy) has only
real eigenvalues v and/or —v, it follows that 3 — (+Gp) has both eigenvalues with equal
algebraic multiplicity. This implies, in particular, that m is even and that there exists a
nonsingular matrix R € C™*™ such that

sop | 01 . _ 0 I
RER—[I 0] and RGOR_[—WI 0].

Set R = I, ® R. Then

0 I

R'AR = A, R*HR:ZP®[I 0

. _ 0 oI
], and RGR—Fp@)[_ﬂ 0].
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Applying a transformation with €2, ,,, the form stated in (45) for the case that p is even,
follows from a proper block permutation.

Case (b): v € R and p is odd.

In this case, (59) implies that Gy is Hermitian. Considering the Hermitian pencil
0% — (£G)), there exists a nonsingular matrix R € C™*™ such that

R'SR=Y and R*GyR =%,

where ¥ is another signature matrix. Setting R := I, ® R and applying transformations
with R and €, ,,, the form stated in (44) for the case that p is odd follows from a proper
block permutation.

Case (c): v € iR and p is even.
In this case, (59) implies that G is Hermitian. The rest follows as in Case (b).
Case (d): v € iR and p is odd.

This case follows analogously to Case (a). This concludes the proof. 0O

Definition 28 Let A = (a;)n, € C"*". Then the [-th upper diagonal of A or, in short,
the [-th diagonal of A is defined by the elements a;;, where k = j+1. Here, we allow [ = 0.
If

B=[0 B] and cz{gy

where B and C' are square matrices, then the [-th diagonal of B and C' is called the I-th
diagonal of B and C|, respectively. Analogously, we define the [-th block diagonal for square
and non-square block matrices.

Lemma 29 Supose that Ay, Gy € C"™" anti-commute, i.e. AgGy = —GoAg. Further-
more, let Ay be nilpotent and Gy be diagonalizable and nonsingular. Then there exists a
nonsingular matriz P € C**™ such that

P_IAOP = A1®®Ak,
P_IGOP = G1®®Gk, (61)

where the blocks Aj, G have corresponding sizes and, for each j, are of the following form.
A;=TJ,(0) and G =c¢ejvD,, (62)

where p € N, v € C with Re(y) > 0 and Im(y) > 0 if Re(y) = 0, and ¢; € {+1,—1}.
Moreover, the form (61) is unique up to the permutation of blocks.
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Proof. Let Q € C**" be nonsingular such that

-1 | A Ag -1 |G 0
o= | ] wd eee=| G ]

where the spectrum of Gy; is contained in {7y, —v} and the spectrum of Ga, is disjoint
from {7, —v}. Then —AyGy = GoAy implies A;; = Ay = 0. Hence, we may assume
w.l.o.g. that Gy has at most the eigenvalues 7, —y, where v € C\R with Re(y) > 0
and Im(y) > 0 if Re(y) = 0. Since Gy is diagonalizable, this implies in particular that
G2 = 4°I,. Furthermore, we may assume that Ay is in Jordan canonical form. Thus, we
obtain that

Tp1 © Iy, 0 Gu ... Gui
Ay = and Go=1| : .. = |. (63
0 T @ I, G ... G

for integers p1 > ... > pi, mq,...,my and Gy, € C™*™r . Setting

D, ® I, 0
D .= )
0 Dpk ® ‘[mk-

and using (39), the fact that Ay and Gy anti-commute is equivalent to Ay(DGy) =
(DGy)Ag. Therefore, we obtain the following structures for the blocks of Gj.

gL pr—1 ,
. . D. JI _
Goq = Z(qujp]q) ® Gg{g, Gy = Z [ or Ty ] ® Gg{,} forg <r, and (64)

j=0 j=0 Opq —DPr,Pr

Gy = [ Opapr—p4 qujqu ] ®GY)  forq>r, (65)

where G((f,'g, and GS},’Z are matrices of suitable dimensions. We will now reduce G stepwise
to canonical form.

Step (1): Since G2 = 421, as in Step (1) in the proof of Lemma 27, it follows that G\
is nonsingular.

Step (2) Elimination of Glg, ey le and Ggl, N le.

Assume that we already have Ggl,;-l) =0 for all j = 2,...,k and Ggl)] =0 for j =
2,...,7r—1, where I > 0, r > 1. We then eliminate Gﬁl. Note that G2 = I implies that

GuGy + ...+ GG =0
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for r > 1. From this and using an argument similar to the argument in Step (1) in the
proof of Lemma 27, we obtain that only the blocks G11Gy, and G4,G,, contribute to the
[-th diagonal of the left hand side. Using (39), this implies that

D l
0 = (D, ®GYY) ({ b ] ®G§l}>

P1—Pr,Dr
D l
+<{O”"7"’ ]@Gﬁl) (Dy, ® GY)
P1—DrPr
T, 0) (i I
= | o7 e (ctlelh+ -1rclan), (66
P1—DPr Pr
Setting
r
I Xlr
XO = s
I
where

1 l
X3 | o e e,

2 P1—DrPr

we obtain that X, commutes with Ay. Furthermore, partitioning Gy = Xo_ngXo con-
formably to Gy, we obtain for the (1,7) block Gy, that

Gir = Gir — X1,Grr + G11 X1r — X1,Gr1 X1,
From this and using (39) and (66), we obtain that the I-th diagonal of Gy, has the form
D 1 1 l
o Jactag ([ o7 |pn) e atimatan

Opl —DPr,Pr P1—Dr Pr

—— | Dy, Pr ®G;, = 0.
2 < P [ Opy—prpyr b

Analogously to the proof of Lemma 27, we can show that we still have éﬁl;” = 0 for all
j=2,... kand G =0forj=2,...,r — 1.

By induction, we can analogously eliminate G, ..., G1;. Moreover, we can eliminate
G5, ..., G}y using transformations of the form
I
XO = N
r Xrl
I
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where 1
l _
X’rl = _5 |: Opmpl—pr ‘7151“ i| ® (GE,ZQ(GE?])_) 1)'

Note that these transformations do not change Gio, ..., Gy;.

To complete Step (2), we may finally assume that

-1 Gy ... Gop-1
A=7,®1I,, Gy= Z(Dpjpk) ® Gop = : . (67)
Jj=k 0 (_1)p+1G00

where p,m € N.
Step (3): Reducing Gy to block diagonal form.

Assume that we have Gy = ... = Gp;—1 = 0 for some 0 <! < p —1. We then show
how to eliminate Gy;. The I-th block diagonal of G2 has the form

0 = ((Dy7}) @ Gor) (Dy @ Goo) + (D  Goo) ((DpT}) @ G
= J'® ((—1)100,000 + G00G01>.

Hence
GuGoo = (—=1)"GooGor. (68)

The matrix Xy := I, ® I, — 7. ® (G Go) commutes with Ag. Moreover, X! has the
structure

1 00
X(;l = [p X [m + 5‘_715 (03] (GaolGOZ) + Z%kl (03] X()k
k=2

for some matrices Xg,. Hence, setting ég = Xo_lGUXO, we obtain that the first [ — 1 block
diagonals are still zero and that the [-th block diagonal has the form

(550 ® (CoCn) ) (D, © Cuo) 1, @ 1) + (D7) © G
+(I, ® I,)(D, ® Goo)( — %J; ® (GEOIGOl))
= 0,
using (39) and (68).
By an induction argument and then applying ,,,, we may finally assume that
A=1,®J, and Gy= Gy D,.

Since Gy is diagonalizable, this also holds for the matrix Gyg. Moreover, Gy has at most
the eigenvalues v and —v. Hence, there exists a nonsingular matrix R such that

-1 . ’}/[q 0
R GOOR—[ ! _ﬂm_q]
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for some g € N. Setting R := R ® I,, we obtain that R "*AyR = A, and

RIGR = [”‘1 !

R -

The assertion then follows by a proper block permutation.

Uniqueness: Analogous to the argument in the proofs of Theorem 16 and 20, it is
sufficient to consider uniqueness for the case that Gy has at most the eigenvalues 7y, —y
with Re(y) > 0 and Im(y) > 0 if Re(y) = 0. Assume that

Imp ® L710 Emp ® DP
AO = - ) GO =7 - )
Iml ® jl Eml ® Dl
S, ® Dy
and GO =7 e )
iml ® Dl
where we allow m; = 0 for some 7 = 1,...,p and where %,,, and Em are signature

matrices. To prove the uniqueness of the form (61), we have to show that if S € C™" is
nonsingular such that S14,9 = A and S1GyS = Gy, then Y, and Zm]. are similar for

7=1,...,p.

Note that for each Jordan block, there exists a Jordan chain {xsﬁ), . ,x(%)}, where
a=p,...,1and g =1,...,m, Let P be the permutation matrix that reorders these
chains in the following way. First, we collect x% fora=p,...,1, 3=1,...,m,, then xfg

fora=p,...,2,8=1,...,m,, and so on. Denote ¢, = 22:1 m;. Then

Iy dp—1 qp—2 e ¢
_ L -
@ 0 [ qu ] 0
I
. dp, 0 |: q6_2 :|
AO = Pilep =
qp72 0 0
: Lh
0
Ui | 0 i
Moreover, we have

Go:= PT'GyP =
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Gj; = (1) and Gy = (=1)"" R
0 S, 0 S,

J

Assume that there exists a nonsingular matrix 7 such that T~'A,T = Ay and TG, T =

Go. Then the structure of A, implies that T"is block upper triangular with a block structure
corresponding to Ap. But then we obtain in particular that Gj; and Gj; are similar for
each j. This implies that %, and ¥,,, are similar for each j. O

Lemma 30 Let G, H € C"" be Hermitian nonsingular such that the pencil oH — G is
nondefective and such that its spectrum is contained in {y, —v,%, =7}, where v* € C\R and
Re(y)Im(vy) > 0. Furthermore, let A € C"*" be nilpotent, H-selfadjoint and G-selfadjoint.
Then there exists a nonsingular matriz P € C"™" such that

PIAP = A1 ®...0 A,
PGP = G1&...®Gy, (69)
P*HP = H,®...® Hy,
where, for each j, the blocks Aj, G;, H; have corresponding sizes and are of the following
form.
Type (2d):

U RO B

and G;= [ , (70)
where p € N, and e € {+1,—1}.

Moreover, the form (69) is unique up to the permutation of blocks.

Proof. Using the same argument as in Case (2) of the proof of Theorem 20, we may
assume that A, H, and G have the following forms.

|4 O |0 I | 0 Gf
A—[O AB], H—{IO}, and G—{GO 0], (71)
where .
-1 A~ | 0
H "GH G = [ 0 421 } ) (72)



This implies, in particular, that G2 = 32I. From —A*G = G A, we obtain that Ay and G,
anti-commute. We will now reduce G by congruence transformations with matrices of the

form
| Xe O
4= [ 0 X, } |

Then )

X, A X 0

-1 _ 0 0420 * —
X AX_[ 0 (Xo_leXo)*]’ X*HX = H, and
A 0 (X5 'GoXo)*
X'GX = { XJIGOXO 0 '

Thus, the problem of reducing GG, while keeping the forms of A and H, reduces to the
problem of finding a canonical form for Ay, and G, under simultaneous similarity. This
is done in Lemma 29. Hence, the result follows from noting that the spectrum of Gy is
contained in {7, —7}, and finally applying the Z-trick.

Uniqueness: Assume that

VA 10 I _ 0 Gy _ 0 G
A—|:0 j:|7H—|:I 0:|7G1_|:G11 0:|,G2—|:G22 0 ,

where J is a nilpotent matrix in Jordan canonical form, G, G, are Hermitian, and
o0(G11) = 0(Ga) C {7, —7}. Furthermore, assume that T'AT = A, T*HT = H, and
T*G1T = G4 for some nonsingular matrix T'. Partitioning

T11 T12 % Sll SIZ
|: T21 T22 :| an |: 521 522 :|

conformably with A, H, and G, we obtain that
Tio =S89 and GiiTi2 = 521G§2 = T12G§2-

This implies T15 = 0. Analogously, we show that T5; = 0 and hence, we obtain by symmetry
Ty, = T7;". Hence, the uniqueness of the form (69) follows from the uniqueness property
in Lemma 29. D

42



