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On the blockwise perturbation of nearly uncoupled Markov chains

Jungong Xue !

Abstract

Let P be the transition matrix of a nearly uncoupled Markov chain. The states can
be grouped into aggregates such that P has the block form P = (Pm)i€ j—1 where P;
is square and P;; is small for ¢ # j. Let 7 be the stationary distribution partitioned
conformally as 77 = (71 ,---,7L). In this paper we present the relative error bounds
for 7TZT when each block P;; gets a small relative perturbation. These bounds show
that although the stationary distribution of a nearly uncoupled Markov chain is very

sensitive to general perturbations, small blockwise relative perturbations of P only

T

cause small relative errors in each aggregate distribution =; .

Keywords: nearly uncoupled Markov chains, blockwise perturbation, nonnegative matrices.
AMS Subject Classifications: 65F35, 15A42,

1 Introduction

A nearly uncoupled Markov chain is a discrete chain whose states can be ordered such that

the transition matrix assumes the form

Py Py - Py |
(1) P: P.12 P.22 F)‘Qk ,
| Po P - P |

where all the off-diagonal blocks P;; are small. Here each P;; is an n; x n; matrix. We set
(2) ezlrgiaggc;HPin,

where || * || is the oo-norm. Chains of this kind are used to model systems whose states

can be grouped into aggregates that are loosely connected to one another. They have been

!Research supported by Alexander von Humboldt Foundation of Germany and Natural Sciences Founda-

tion of China.



addressed by many authors, see e.g. [1, 2, 3, 4, 8, 9, 10, 12, 13]. One reason why nearly
uncoupled Markov chains receive so much attention is that their stationary distributions are
very sensitive to the perturbations in the transition matrices. Let 77 and #7 be stationary
distributions of transition matrices P and P = P + F, respectively; that is, 77 and 77 are

row vectors satisfying
7P =77, 7Tp =77, 1 =7T1=1,

where 1 is the vector of all ones. According to the perturbation theory for Markov chains,
see e.g. [5, 7],
(3) l=" =71 < [ AFF

where A# is the group inverse of the matrix A = I — P. Equality in (3) can be attained for
some F. It is shown in [14] that
l4#1>0(3).

This means that small perturbations in the transition matrices of nearly uncoupled Markov
chains can result in large errors in their stationary distributions. The smaller € is, the more
sensitive the stationary distributions are to the perturbations. However, if the perturbation
F has some special structure, the error bound (3) is often an overestimate. One typical
example is that if F' is a small entrywise relative perturbation to P, then the entrywise
relative error in 77 it causes must be small and independent of any condition number, see
[11, 16, 17]. In [19], Zhang studied a class of perturbations for nearly uncoupled Markov
chains to which their stationary distributions are insensitive. To state his result, we partition

F, 77 and 7T conformally with P as

Fiy Fip -+ Fy
Fip Fyy -+ Fy
_ T _ T T ~T _ 2T ~T
F= . . . ) ™ _[71-17"'77%]7 ™ _[71'1;"'77(]@]'
Fypi Fro - Fig

If the blocks of the perturbation F' satisfy
IFall <n  and  |[Fyll <en i#j,

then under some regularity conditions, it is proved in [19] that

I — &7
4 - <oen.
@) =



The quantity ¢ in (4) is bounded from above as € tends to zero. However, the upper bound for
c is not discussed in [19]. Besides,the error bound (4) is for the whole stationary distribution
7T and gives no information about the relative error in each aggregate distribution 7. In
fact, even under the regularity conditions in [19], some aggregate distributions can be very
small compared to others. A small relative error in 77 does not guarantee small relative
error in 7] when ||7]]| is tiny.

The goal of this paper is to analyze the sensitivity of each aggregate distribution 7} to small
relative blockwise perturbations in the transition matrix P. More precisely, we aim to bound

the relative error in the aggregate distributions

[
(5) L =1,k
[kl
under the assumption that
(6) | Fisll < nl| Pyl ij=1,..., k.

The error (5) will be bounded in terms of 7 and some quantities, which we discuss in detail.

T
)

The error bounds demonstrate that however small ||z} || is, 7} is very insensitive to the small
relative blockwise perturbation F'. This result reveals the fact that if we can obtain infor-
mation with high relative accuracy both in the aggregates and between the aggregates, we
can trust the solution from the measured system. Our result extends entrywise perturbation
theory for general Markov chains to the blockwise case for nearly uncoupled Markov chains.
Also it strengthens the result in [19] for more restrictive perturbations. Blockwise pertur-
bation theory has been studied in [15] and [18] for a class of Markov chains with transition
matrices assuming block p-cyclic form. In this paper, we generalize those results to general
nearly uncoupled Markov chains.

Throughout this paper we always assume that P is a primitive matrix of order n and for
each diagonal block Pj;, the second largest eigenvalue is bounded away from 1.

This paper is organized as follows. In Section 2 we present some notation and lemmas,
especially we introduce a special decomposition of nonnegative matrices. In Section 3 we
use this decomposition to define some quantities in terms of which we bound the error (5).
There we also analyze these quantities through the spectral analysis of P;;. In Section 4 we
investigate the structure of each block of the inverse of the matrix I — P;, where P; is the
principal submatrix of P with the ith row and column of blocks removed. This structure

will be exploited in Section 5 to bound the error (5).



2 Notation and lemmas

Throughout this article || x || denotes the co-norm for matrices and column vectors and the
1-norm for row vectors. Let B be the matrix with entries b;; and C' be the matrix with
entries ¢;;. We denote by |B| the matrix with entries |b;;| and let B < C' mean b;; < ¢;; for
all i and j. For vectors, |y| and y < x are defined in an analogous way. We denote by 1 the
column vector of all ones regardless of its dimension. For transition matrices P as in (1), we
denote by P;, the ith block row of P with P; deleted, P,; the ith block column of P with P;;
deleted, and P; the principal matrix of P obtained by deleting the ith block row and block

column. We let S;; denote the stochastic complement of P; in P, that is,

It was shown in [10] that S;; is stochastic and 77 /||x]|| is its stationary distribution.

Each nonnegative matrix A can be decomposed in the form
(8) A=1r" +R,

where r” is a nonnegative row vector and R is a nonnegative matrix with at least one zero
in each column. In other words, the i-th entry of r is the minimun of the entries in the
i-th column of A. The decomposition (8) is called the column parallel decomposition for
nonnegative matrices. Based on (8), we define the column parallel rate of a nonnegative

matrix A as

LR T
s(A):{’"Tl r'1#0

0 r’1 =0.

Now we present two basic properties of the column parallel rate.
Lemma 2.1 Let A; and Ay be nonnegative matrices, then
s(A; 4+ Ag) < max{s(A;),s(As)}.
Proof Let A; and A, have the column parallel decompositions
Ay =1l + R, Ay =1r] + Ry,

respectively. Let u” be a nonnegative row vector whose i-th entry is the smallest entry of

the i-th column of Ry + Ry. Then A; + A, has the column parallel decomposition

A+ Ay =1(ry +ro+u)' + Ry + Ry — 17,



from which it is straightforward to get that
s(Ar + Ay) < max(s(A;),s(A4z)).
g

Lemma 2.2 Let Ay, Ay and S be nonnegative matrices of orders my X pi, ma X py and

p1 X Mo, respectively. Let Ay and As have the column parallel decompositions

Al = 17"{ + Rl, AQ = ].Tg + RQ.

Set
B r{Sl
r{ 1S
then A1 N
Sy < SN ()
v

Proof We have
A1SAy = (rTS1)1rY + 1rT SRy + R S1rY + R SR,.

Let u” be the nonnegative row vector whose i-th entry is the minimun of the entries in the

i-th column of matrix R;S1r) + R;SRy. Then A;S A, has the column parallel decomposition
AlSAQ = ].Tg + R3,

where
7“3T = (r{S1)rs +r] SRy +u”

and
Ry = Ry S1r] + R SRy — 1u”.

Using the nonnegativity of matrices and norm inequalities we get

(9) r31 < (rS1)ry 1 =v(ry 1)(r; VIS

and

(10) [Ra|| < [[RiS1ry || + [[RiSRs|| < ISR [|(ry 1 + || Ro]l)-

Combining (9) and (10) completes the proof. .



These two lemmas will be used in Section 4 to investigate the decomposition of each block
of (I — P;)~". In the next section, we will bound s((I — P;)™") through the spectral analysis

of P;;. To do this, we need the following lemma.

Lemma 2.3 Let A be an m x m nonnegative matriz of the form A = 1vT + @, where vT is
a nonnegative row vector and ||Q|| is small compared to ||v”||. Note that we do not assume

that @ is nonnegative. Let
el

R

and let A have the column parallel decomposition

A=1r"+R.

If mé < 1, then
T T
(m+1)6 and ||r vl

1—md [o7 |

s(A) < < mé.

Proof Let u” be the row vector whose i-th entry is the minimun of the entries in the i-th
column of Q. Obviously, |u”] < ||Q||1" and thus

[u” | < m[|lQ[l = mélv"].
We have the column parallel decomposition of A with

r"=v" +u" and R=Q —1u".

the T —oT| T
r —v u
= <md
]
and IR QI+ la™) _ (m+1)6
=+ (lu m+1
A) = < .
=1 < pr = S Tome

3 Spectral analysis

In this section we will define some quantities in terms of which we bound the relative error
(5). These quantities are somewhat complicated at first sight. However, we will give insight

into them through spectral analysis of the diagonal blocks P;;.



Let (I — P;)~" have the column parallel decomposition (I — P;)~' = 1r] + R;. We define

[R: ] T
(11) 7 =s((I - Py)™") = { 7] ril#0
0 r’'1 =0
and for j # 1
O 1Pyll # 0
(12) iy = { TPy i
1 1P = 0.

In the following we derive bounds for 7; and ¢;;.
Let v; be the Perron root of P; and let v] be the corresponding left eigenvector normalized
so that v]'1 = 1. Let the columns of U; form an orthonormal basis for the space orthogonal
to v; and the columns of .J; form an orthonormal basis for the space orthogonal to 1. In
other words,

Ulvi=0, U'U;=1, J'1=0, J'J=1I.

Let
Vi=J(JTU) T,

then it is proved in [9] that

v
and

Uil =1, Vil = [I(J7U) 72 < /s,
where || * [|; is Euclidean norm. The following theorem bounds 7; and ¢;;.

Theorem 3.1 Let P;; of order n; be the i-th diagonal block of P in (1). Let B; = V;'(I —
Pi)U;, 6; = ||UiBfl‘/;T|| and let € be as in (2). For i # j, set

U.TPZ‘J‘].
- 2] | Pijl| # 0
” 1 1P| =0

If 2n;0;¢ < 1, then 7; in (11) is bounded as

< 2(n; + 1)6Z~e_
— 1 —2n,0;¢

Moreover, if 2n;0,¢ < ¢;;, then ¢;; is bounded as

(13)

Gij — 2nid;e

14 i > .



Proof We have

T
. 1—;
- pape-| 1 |
L V" ] v -pro1 B |
Then
1
(I-Py)~ " = 1 1v] + Qs
where
o 1 R—1yT o D T A
Qi=y—UiBWVIC and Ci=—(I = Pylol + (1= )1

Since (I — P;;)1 = X,4; P;;1 < €1, we have
1—7<e and IG5l < 2e.

Therefore
(1 = 7)[|Qil] < 20se.

Applying Lemma 2.3 gives (13) and

of = (1= 3T I1 < Jof = (1= 3T < 2nie.

It follows that
vl Pyl + (1 —y)rl —ol)Pj1

Gij = .
N (1 = 7a)ri 1| Pyl
S %~ 27%51'6.

O

Remark 3.1. The eigenvalues of B; are those eigenvalues of I — P; other than 1 — ;.

Throughout this article we always assume that the second largest eigenvalue of P;; is bounded

away from 1. Thus the eigenvalues of B; are bounded away from 0. If B; is diagonalizable,

that is, there exists nonsingular matrix T such that 7 !'B;T is a diagonal matrix, then
B < ITIT"|/|A], where X is the smallest eigenvalue (in modulus) of B;. Even though
I — P; is nearly singular and ||(I — P;)~"|| must be very large, we can expect that ||B;|| is

of moderate size. Noting that ||Uj]lz = 1 and ||Vi]|; < \/ni, we can also expect that §; is

of moderate size and so 7; is very small. The quantities ¢;; may be large if v; is not nearly

orthogonal to P;;1. In fact, let p; be the ratio between the largest and smallest entries of v/,



then we have ¢;; < 1/(n;p;). Therefore ¢;; can be bounded away from zero as long as p; is
not very large.

For 7; as in (11) and ¢;; as in (12), we define

(15) TS max T and ¢ = fg?é(f?gf Pij)-

We still need two other quantities to bound the error (5). To do this, we define the set of

stochastic matrices
(16) O, ={T|T>0,TL=1, ||T — Py|| <2n+¢€}.
and for each set ®;, we define

oi = sup{[|(T = T)*|| | T € ®;}

and

. [vTP;1
wij:mf{m ‘TECDZ-, vl =TT, UTI:I}.

Here € is as in (2) and 7 is as in (6). The quantities o; and v;; can also be bounded through
the spectral analysis of the diagonal blocks P;. Let v be the stationary distribution of
T € ®;, ie., vI'T = v" and v"1 = 1. According to the perturbation theory for the Perron
vector v} of Py, see [6], if 2n + € is sufficiently small, then |[v” — o || < 5;(2n + ¢€). Here s;
is the condition number for v} in infinity norm. It is shown in [6] that the separation of the
Perron root v; and other eigenvalues of P;; has a bearing upon s;. Since the eigenvalues other
than v; are bounded away from 1, this separation is not small. We can expect that s; is of

moderate size. If 5;(2n + €) < ¢;5, it is straightforward to get that
Vij > qij — 5:(2n + ).
The following theorem bounds [|(I — T)#|| for T € ®;.

Theorem 3.2 Let ®; be as in (16), let T € ®; and (I —T)# be the group inverse of [ — T,

and let, furthermore,
gle;n) = UV I(L + 25 + 5:(2n + €)) (2 + ¢).

I 1B M lg(e,n) < 1, then

(1 + si(2n + DGV NIB
L—1B; " lg(e, )

I(T = T)%|| <



Proof Let v’ be the stationary distribution of T and let v} be the left Perron vector of P

T

normalized so that v] 1 = 1. Set u” = v

T — ™. Choosing

Fi = luTUi
and noting that ||u”]| < 5;(2n + €) and v] U; = 0, we have
V(Ui F) =0, B < sillUill2n+e).

It follows that
T

v

vz (I-T)1 U +F)]=

~

B;

)

where B; = V;"(I — T)(U; + F;). The group inverse (I — T)# can be expressed as
(17) (I-T)* = (U; + F) BV,
The difference between B; and BZ is
B; — B; = Vy(Py; — T)(U; + Fy) + V;"(I - Py)F.
Taking norms we obtain
1B = Bill < [Uill[IV;"[|(2n + €)(1 + 25 + 5:(2n + 3€)) = g(e, ),

which implies that

- 1B
(15) 1B < —oe
L= [IB" [lg(e, n)
Using (18) and taking norms in (17) completes the proof. 0

By the definition of o;, it is easy to get that

< At siCn+ DIGIIVIIB T
- 1 —[1B; lg(e,n)

Just as pointed out Remark 3.1, we can expect that o; is small and ;; is bounded away

from zero.

We then define

(19) 0 = maxo; and Y= rnjn(m;n Vij)-
i i YE

10



4 Decomposition of blocks of the inverse

Because the transition matrix P is irreducible, the matrix I — P; is a nonsingular M-matrix.
In this section we will show that (I — P;)~! has a special structure. To be precise, we
partition (I — P;)~" conformally with P;. We will show that the columns of each block are
nearly parallel to 1. This property will be used to bound the error (5) in the following section.

Theorem 4.1 Let P; be the principal submatriz of P in (1) obtained by deleting the i-th block
row and block column. Let 7 and ¢ be as in (15). Let (I — P;)~' be partitioned conformally
with P; in the block form (I — P)™" = [Gy]. If T < &, then for all | and m, the column

parallel rate of Gy, is bounded as
-
r—s
Proof We only prove this theorem for : = 1. For ¢ # 1, it can be proved in a similar way.
Writing I — P; in the form I — P, = D — E, where

(20) $(Gim) <

I—Pll 0 P12 Pl,k—l
D— I — Py E— Py 0 PZ,kfl
I I = Py | | Pr-1g Preo1p oo 0
we have .
I-P)'=(I-D'E)y'D'=Y (D'EYD".
7=0

Let (D 'E) D! be partitioned conformally with P; in the block form

(D—lE)jD—l _ [G(j)].

Im

Obviously
(21) Gim =Y. G
=0

and the relation between Gl(ilz and Gﬂjl) can be described via

G(j+1) _ Z(I . F)”)—lplpG(]%.

Im p
p#l

11



To prove that for all [, m and j, we have

(22) (G < o

we proceed by induction on j. Obviously, (22) holds for j = 0, since Gglo) = (I — Py)~ ! and
GZ(E,B = 0 for [ # m. Suppose it holds for j. Setting

Hipoy = (I = Pu) ' PyG)

lpm p

and applying Lemma 2.2, we have

S(H(j) ) < _

lp

.From Lemma 2.1, it follows that

: T
3(G§7]n+1)) = ¢—T1

Using (21) and Lemma 2.1 completes the proof. O

One interesting consequence of this structure of G; is that for a nonnegative matrix B,

||BG;]| is near to || BJ|||G;||. To prove this, we let G;; have the column parallel decomposition

Gij = 1r" + R. We have
b —

i
5 1G4l

I >

and
(23) |BGij|| = | B1r" + BR[| > || B||||r"]] >

¢;T||B||||Gij||.

5 Main result

In this section we will bound the relative errors (5). First we bound them in the case that

only one row of blocks of P is perturbed.

Lemma 5.1 Let P be a transition matriz of a nearly uncoupled Markov chain of the form
(1). Let each block P,; in the l-th block row of P be perturbed by a small perturbation Fj; with
| Fill < nl|Pyl| and let the blocks in other block rows be unperturbed. Let P be the perturbed

stochastic matriz with stationary distribution 77 = (71,--- 7). Set
(1+0+0€)
f(ea 77) = T i N
(¢ —T)

12



where T and ¢ are defined as in (15), o and 1) are defined as in (19). Then for sufficiently

small n and for all i,
I — 77l

(24) TS 2f(e;mn + O(1”).

Proof We only prove this lemma for [ = k. If [ # k, then the proof is similar.

Set Fy. = (Fy1,- -+, Frr—1). The stochastic complement of P, in P is
S’\kk: = Sk;k + Fk:k + Fk*([ — Pk)ilp*k.
Since (I — Pk)_lp*k]_ =1,

[Fre(l — Po) "Po|| < [1Fe2]| < >0 (|1 Fuall < e,

1<i<k—1
and then ||Spe — Skel| < n(1 + €). Let
T ~T
T Tk ~T Tk
v, = and Uy = =70
7 17

The vectors v and o] are stationary distributions of Sy and Sy, respectively. With o as

in (19), we have
log = 0L || < [|(1 = Skie)*[||Skx — Skill < on(1 +€).

Let
v = (v Ppo(I — Pp)™",0)) and 0" = (0] (Pps + Fr)(I — P) "', 00)

be partitioned conformally with P as

’UT:(UT,---,U,{) and 'I/J\T:(Q/}T,,i},{)
It was proved in [10] that
T ~T
T v ~T v
T = —— and T = —.
[[o"]] 27|

Now we bound the relative errors between v]T and @T for 1 <j <k — 1. Letting (I — P;)~!
be partitioned conformally with P; as (I — P;)™" = [G},], then

T _ T T T
v; = > vl PuGy and o = Y. U (Pu+ Fia)Gy.
1<I<k—1 1<I<k—1

13



Using (23) implies that

¢—T ¢—T)Y
lojill="> llvk PuGill > 5 > IIUkTszIIIIGmIZQ > vl PallllGiyll-

! ¢
1<I<k—1 1<I<k—1 1<I<k—1
Thus
ol =07 < Y f —00)PuGuyll+ Y. 10 FuGill
1<I1<k—1 1<I<k—1
< (on(+a+n)+n > NvllllPualllGiyll
1<I<k—1
< (fle;mn+ Ol Il
Normalizing v and o7 to 77 and 77, respectively, leads to (24). 0

Based on Lemma 5.1, we can bound the relative error (5) as follows. We change the block
rows of P into that of P one row at a time. Each time with Lemma 5.1 we bound the relative
errors of aggregate distributions of two subsequently changed transition matrices, since they
differ only in one row of blocks. By proper permutation, we assume that the perturbation
at each time is added to the last row of blocks. Except for the first time, some blocks P;; in
Py, and P, have been changed to Pj; + F;; when we apply Lemma 5.1. This may perturb
the quantities 7, ¢, o and . It can be easily verified that Spr 18 always in ®;, which means
that the quantities ¢ and 1 can be used in the whole process. Now we show that the other
two quantities 7 and ¢ are only slightly perturbed.

;From the column parallel decomposition (I — P;)~' = 1r] + R;, we obtain

(I = Po)1r] || = (] )| D Pyl = |II — Ri({ — Py)l| < 2||Ri|| + 1.
J#i
It follows from
IFull| = 1Y Fydll < O NFyll < kY- Pyl
i i i
that
1F(I — Pa) 7'l = [|Fsslr] + FuRsl| < (r D||Fyll + nllRill < ((2k + D)[|Rill + k).

It is pointed out in [18] that we can expect that ||R;|| is of moderate size. Thus we can

expect that the norm ||F;(I — P;)~!|| is small compared to 1. Then

(I-Pi—Fy) '=(I—-Py) "(I-F;(I-Py) ") ' =] +R +Cj,

14



where

el \Eu(l - Po) | 2
< =(2k+ DRI+ k)n+ O .
T+ ] = T= [l = Py~ (GRADIE]+ K+ 067)

Let (I—P;—F;)~" have the decomposition (I — Py —F};)~' = 177 4+ R;. A detailed calculation
shows that

R;
7= U < (14 0@y + O
and (P + Fy)
Oij = i = (1= 0(n))¢i; — O(ne).
I 7Py + Fy) ’
Let
T = max{Ti, 7~'Z} ng’j = min{qﬁij, QNZJ}
We define
(25) T =maxT; and QE = mln(m;én ¢zg)
i 7 VE=D

Obviously, 7 and ¢ are very near to 7 and ¢, respectively.

The following theorem is the main result of this paper.

Theorem 5.2 Let P be the transition matriz of a nearly uncoupled Markov chain of the
form (1). Let P = P+ F be a perturbed transition matriz of P with ||Fy;|| < n|| Pyl for all

1 and j. Let

T T

' = (r],- 7)) and 7" = (7] 1)

7T1,---,7Tk

be stationary distributions of P and 15, respectively. Set

~ _ (I4+o0+0e)¢
flen) = w(&_%) ,

where o and 1 are as in (19), T and ¢ are as in (25). If n is sufficiently small, then for
1< <k
(26)

|7 7

o< 2R+ 00P),

Proof We change the block rows of P to those of Pink steps, one block row at each step.
From Lemma 5.1 and 7 and ¢ in (25), the relative error between the aggregate distributions
of two subsequently changed transition matrices is no more than 2f (e, n)n+O(n?). Applying
Lemma 5.1 k times gives (26). 0

15



This theorem demonstrates that the sensitivity f(e,n) of the aggregate distributions 77 to
blockwise perturbation F' depends on four quantities 7, ¢, o and 1. We can expect that

7 is small, ¢ is of moderate size and ¢ and 1 are bounded away from 0 and so f(e,7) is

of moderate size, which implies that the aggregate distributions 77 are insensitive to small
blockwise perturbation F'.
Acknowledgement. The author thanks Prof. Mehrmann for many insightful suggestions

and comments which greatly improve the presentation of the paper.
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