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A

Abel's Inequality: » [10, Prop. 2.47]: If{a,) and
(bn) are sequences such that for somec N, and
a€R+b1 >b2 > ... > byp_1 > by > 0 and
lsn] = |04l < aforn = 1,2,...,m, then
| > anbs| < abi. w» [10, Cor. 2.48] If (b,) is a
sequence such that for somee Nbl > 02 > ... >
b, > 0, thend ™ (—=1)"b,, < by.

n=1

absolute value » [10, p. 11] if 2z € R, |z| =
{z if 2 > 0 and -z if z < 0} =
max{x, —z}. Thenfora,b € R: (1) |a| < b & —b <
a<b 2la =]|-alla? = a? andVa? = |a|,

(3) |ab] = |a||b| and a? < b* < |a| < |b], (4)
|a+b] < |a[+[b], [10, Prop. 1.8] (5)|z[—|y|| < [z —y].
accumulation point: seelimit point

B

ball, e=: » [2, p. 4] Fore > 0 thee—ball aroundr € X
is the setB.(z) = {y € X : d(z,y) < €}, withd(z,y)
being a metric.

bargaining game » seegame, bargaining
bimonotone hulls » seehulls, bimonotone
bimonotone sets » seeset, bimonotone

binary relation: » [16, p. 11] A binary relatiorGG on
a setX specifies for allz, y € X either thateGy is true
or thatxGy is false. » Properties [10, Def. 1.19] The
binary relationG on a setX is (a) antisymmetric iff:
(Vz,y € X) : [xGy A yGz] = = = y, (b) asymmetric
iff: (Vz,y € X) : 2Gy = —yGz, (c) irreflexive iff
(Vz € X) : ~zGx, (d) reflexive iff (Vz € X) : 2Gx,
(e) symmetric iff: (Vz,y € X) : Gy = yGz, (f)
transitive iff: (Vz,y,z € X) : [2Gy A yGz] = zGz,
(9) total iff: (Va,y € X) : aGyoryGxorz =y. »

[10, Def. 1.78] If P is a binary relation on a non—empt

subset ofR™, X, P is upper semi—continuou®n X)
iff (vx € X):xP :={y € X|xPy} is open relative
to X, lower semi—continuougon X) iff (vx € X) :
Px = {y € X|yPx}, continuous(on X) iff P is
both, upper and lower semi—continuous.¥n
bivariate subset » seesubset, bivariate

Blackwell's contraction mapping: » seecontraction
mapping

Bolzano—Weierstrass Theorems [10, Theorem 2.27]

bound, lower. » [10, Def. 1.9]IfA CRa € Risan
lower bound forA iff (Vz € A) : x > «. » [16, p. 12]
Let (X, =) be a partially ordered set am&i’ C X. If
2’ € X andx’ < z for eachr € X', thena’ is a lower
bound forX”.

bound, upper: » [10, Def. 1.9]IfACRa € Risan
upper bound fod iff (Vx € A) : x < . » [16, p. 12]
Let (X, =) be a partially ordered set amki’ C X. If
2z’ € X andz < 2’ foreache € X', thena’ is an upper
bound forx’.*

: (B(A)) » [10, Def. 1.67] The set of all bound-
ary points of A is the boundary ofA. » [10,
Prop. 1.68]Properties If A is a subset oR™, then (1)
intAN B(A) = (0 and (2)A = intA U B(A). » [12,
ch. 2, p. 3] Let X, d) be a metric space ar§iC X, let
int(S) be the interior ands the closureof S, then the
boundary ofS is defined af3(S) := S\ int(S).
boundary point: » [10, Def. 1.67] LetA be a sub-
set of R”. A pointx* € R" is said to be a boundary
point of A iff for eache € R, N(x*,¢)N A # () and
N(x*,€) N A # (.

C

Carathéodory Extension Theorem » [2, p. 9] states
that if P is a countably additive set function (probability
measure) on dield & with PQ) = 1 then there is a
unique probability measur® on the smallest—field
o(®) such thatPF = PF forall F € &.
Cauchy—-Schwarz Inequality » For allx,y € R",
- y| <[] - llyll.

Cauchy sequence » [10, Def. 2.28] A sequencér,,)

is called a Cauchy sequence iff, for every- 0, there
exists @ € Nsuch thatforalin,n > p, |z, —2,| <e.

» [10, Prop 2.29] If(x,,) is a Cauchy sequence, then

y<.f(1n> is bounded. » [10, Theorem 2.30] A sequence

(z,,) is convergent iff it is a Cauchy sequence.

chain » [15] A partially ordered set is a chain, if it
does not contain an unordered pair of elements
[16, p. 20] If X;, X, are chains, then any bimonotone
subset ofX; x X5 and hence any bimonotone hull of
any subset oX; x X5 is a sublattice ofX; x x».

. (A) » [10, Def. 1.64] LetA C R™. A pointx € R" is

a point of closure of A iff for each positive real number
e, N(x,6) N A # 0. » [10, Prop. 1.65Properties If

If (x,) is a bounded sequence, then there exists a sglb.— —

sequencéx,,,) of (x,), and a numbet € R such that
lim; oo Tp, = 2.

bound, greatest lower seeinfimum of A

bound, least upper seesupremum of A

1'is a subset oR™ then (1)A C 4, (2) (A) = A (3)

Alis closed. » [12, ch. 2, p. 6] Let(X, d) be a metric
space and C X. The smallest closed set containifig

INote that the upper bound need not to be an element &f.



is called closure of. » [16, p. 30] For aseX € R™ with a constantX’ > 0, then the functiory : R — R
the closure ofX is the intersection of all closed setslefined byg(x) := f(z) + Kz is increasing. Thug;,
containingX. and hencef, are differentiable almost everywhere by
cluster point: see alsdimit point » [10, Def. 2.24] Lebesgue’s theoremp [12, ch. 3, p. 43] Letl" be any
z* € Ris a cluster point of the sequente, ) iff, given non—empty set in a metric spa& Any Lipschitz con-
any e > 0, and any positive integei, there exists tinuous functionf € R” can be extended to a Lipschitz
n > m such thatz,, — 2*| < e. » [10, Prop. 2.25] continuous functior” € RX.

The real number* is a cluster point of the sequenceontinuous see alsdunction, continuousnd binary
(x,,) iff there exists a subsequence(af,), (x,,), such relation, continuous

thatx,, — =*. » [10, Cor. 2.26] If the sequencgr,,) contraction mapping: » [9, Def. 7.63] If (M, d) is a
converges ta* € R, thenz* is a cluster point; in fact metric space, a functiofi : M — M such that there
the only cluster point ofz,,). » Bolzano—\Weierstrassexists a constarit € [0, 1] satisfyingd(f(z), f(y)) <
Theorem[10, Theorem 2.27] If(x,,) is a bounded se- kd(x,y) for all z,y € M is called a contraction map-
quence, then there exists a subsequénrge) of (x,), ping. » [17, p. 47] Sufficiency condition Con-

and a numbet € R such thatim; ., z,,, = 2. sider a game4;,m;,7 € N), with A; as a product
collection of non—empty sublatticesC(X): seesub- of k; compact intervals and; be a smooth function
lattice, collection of non—empty on A and strictly quasi—concave im;. When A; is

comparative statics » [16, p. 7] Comparative static one—dimensionaly(-) is a contraction if0?; /0a? +

is concerned with the dependencies of optimal solutiohs, , |0%7;/0a;0a;| < 0. Similar dominant diagonal
on the parameter. conditions on the second derivativesmfyield the re-
comparative statics, monotone » [16, p. 7] Mono- sult for the multidimensional casel?, ch. 2, p.34] Let
tone comparative static is concerned the optimal solli-be a non—-empty set and I§tbe any non—empty set
tions varying monotonically with the parameter.» B(T') which is closed under addition by positive con-
[16, pp. 7] Monotone comparative statics considerestant functions. Assume thét : S — S has the fol-
conditions under which the set of optimal solutionewing properties: (i)f < g implies®(f) < ®(g) for
argmax . s, f(z,t) is increasing it and one can selectall f,g € S; (ii) there exists & € (0,1) such that
an optimal solutionz; in argmax g f(z,t) for each ®(f + a) < ®(f) + da forall f € S and alla > 0.

t € T suchthatift’,t” € T andt’ < t" it follows that Then® is a contraction.

Ty < x4 contraction mapping theorem » [9, Theorem 7.64]
comparison test » seeconvergency tests If (M, d) is acomplete metric space afid M — M is
connected space » seemetric space, connected a contraction mapping, thefihas a unique fixed point,
continuity: Uniform continuity » [12, ch. 3, p. 6] A i.e. there exists a* € M satisfyingz* = f(z*) and if
function f : X — Y is uniformly continuous if, for all & € M also satisfies = f(z), thenz* = z.

e > 0, there exists & > 0, such thatf(N(z,4)) C convergency tests » [10, Theorem 2.43] OMPAR-
N(f(z),e) for all z € X. Holder continuity » [12, 1SON TEST: Supposed_ -, b, is a non—-negative se-
ch. 2, p. 6] A functionf : (X,d) — (Y.dy) is said ries,andle§ - ; a,, be a second series such that there
to be Hblder continuous if there exists & > 0 and exists a constantv > 0, and an integern satisfy-
a« > 0 such thatdy (f(z), f(y)) < Kd(z,y)* for ing |a,| < ab, forn = m 4+ 1,m+ 2,.... Then
all z,y € X. Lipschitz continuity» [12, ch. 3, p. 7] (1) if Y2, bn is convergent, thei}"° | a,, is abso-
A function f : (X,d) — (Y,dy) is said to be Lip- lutely convergent and (2) i%_"", |a,| is divergent,
schitz continuous if there exists & > 0 such that then)" ", b, is also divergent. » [10, Prop. 2.45]
dy (f(z), f(y)) < Kd(x,y) forall z,y € X. Contrac- D'ALEMBERT'S RATIO TEST. Supposez, > 0 for
tion » [12, ch. 3, p. 7]A functionf : (X,d) — (Y,dy) n = 1,2,..., and thatlimsup(an+1/a,) = r <

is said to be a contraction if there existdac (0,1) 1. Then> > a, converges. If on the other hand,
such thatdy (f(z), f(y)) < Kd(x,y). w» [12 ch. 3, liminf(a,+1/a,) = s > 1, thenthe series diverges:

p. 7] Any differentiable function is Lipschitz continu{10, Prop. 2.49] DRICHLET’S TEST Suppos€a,,) is a
ous if its derivative is bounded; it is non—expansive §equence such that the corresponding sequence of par-
sup{|f'(f)| : t € R} < 1; and it is a contraction if tial sums(s,,) is bounded; and I&b,,) be a no—negative
sup{|f’'(f)| : t € R} < K < 1forsomeK € (0,1). monotone decreasing sequence suchithat- 0. Then
» [12,ch. 3, p. 8] Iff : R — Ris Lipschitz continuous the series" - | a,b,, converges.



correspondence, compact-valued» [12, ch. 4, p. 4] X andY be metric spaces, and [Bt: X — Y be any
A correspondencE : X — Y is compact—valued if the correspondencel is upper hemi—continuous at if,
image of each point is compact in the codom&irof for any sequencér,,) € X and(y,,) € Y with
the correspondence, Tm — x andy,, € Y for eachm, there exists a sub-
correspondence, continuous » [12, ch. 4, p. 9] Let sequencey,, that converges to a point in(z). If ' is

X andY be metric spaces. A correspondeficeX — compact-valued, then the converse is also trme.12,

Y is said to be continuous atin X if it is upperand ch. 4, p. 5] IfI'; andI'y are upper hemi—continuous
lower hemi—continuouat z. then so is® := I'; U T'y. If, in addition,I’; andT',
correspondence, increasing (decreasing) » [16, are compact valued andl := T'; NT'y # () thenW is

p. 33] A correspondencs, is increasing (decreasing)@lso upper hemi—continuous.» [12, ch. 4, p. 5] Let
in ¢ on T if the domainT is a poset, the ranggS, : ['1 andI'> be any two correspondences that map a met-
t € T} € £L(X), whereX is a lattice andZ(X) is a ric spaceX into R". Define® = (I';(z),I'>(z)) and
poset with ordering relatiof, andS; is an increasing ¥ := {y1 + %2 : y; € I}, then® : X — R*" and
(decreasing) froMl" into £(X), i.e. ' < ¢" € Tim- ¥ : X — R" are compact-valued and upper hemi—
pliesS, T Sy (Sp T Sy). » [16, p. 35, T. 2.4.2] continuous. » [12, ch. 4, p. 6] LetX andY be met-

If X is a latticeT is a poset, the corresponderig is ric spaces, and ldf : X — Y be a correspondence.
an increasing function affrom 7" into £(X) for each (@) If I' has a closed graph, then it need not be upper
o € A, andNacaS.: is non—-empty for eache T then hemi-continuous. But if" has a closed graph arid
the correspondence, c 45, is an increasing function is compact, then it is upper hemi—continuous. (b If
of t from T into £(X). is upper hemi-continuous, then it need not to have a
correspondence, increasing family of » [4] (¢, : closed graph. But it” is upper h_emi—continuous and
t € T): Let X be a complete lattice arifibe a partially closed—valued (i.el’(z) is closed inY” for all = € X)),
ordered set. An increasing family of correspondencedfin it has a closed graph.

a correspondencg : X x T — X such that (1)vt € cover. » [16, p. 11] Let(X, <) be a partially ordered
T) : x — ¢(z) is weakly increasingupper hemi— setandr’,z"” € X. If 2’ < 2’ and there does not exist
continuousand subcomplete sublattice valued and (2)z € X with 2/ < z < 2" thenz” coversz’ in X. »
(Vz € X) : t — ¢u(x) is weakly increasing. see also Set, partially ordered

correspondence, lower hemi—continuous » [12, cover, increasable » [16, p. 27] An increasable set
ch. 4, p. 8] LetX andY be metric spaces. A corresponef indices ! is an increasable cover far € S if T
dencel’ : X — Y is said to be lower hemi—continuouss a cover for the empty set in the collection of all in-
atz € X, if, for any sequenceér,,,) € X withz,,, — = creasable sets of indices fof; i.e. if | is a non—empty
andy € T'(z), there exists a sequen¢g,,) € Y such increasable set for’ and there does not exist an in-
thaty,, € I'(z,,) for eachm, andy,, — y. » [12, creasable set’ for z’ with 0 c I’ c I. » [16,
ch. 4, p. 8] LetX andY be metric spaces. The corp. 27, T. 2.2.3.] Suppos&,, ..., X,, are chains and
respondenc® : X — Y is lower hemi—continuous if, is a sublattice of?"_, X;. (a) The distinct increasable
and only if, for every open sé € Y withT'(z)N0 # @), covers forz’ € S are disjoint. (b) Ifz’, 2" € S corre-
there exists @ > 0 such thatl'(z) N O # ( for all spond to distinct increasable coversfonz” € S then

z € N(x,9). SN (xP{z},a}) ={a', 2", 2’ AN 2’ v} (c) If
correspondence, upper hemi—continuous » [12, ’,z” € S are unordered and N (x?_ {z},2/}) #
ch. 4, p. 3] LetX andY be metric spaces. A correspon{z’, 2", 2" A 2”2’ v z"}, then there exist’, 2" ¢
dencel : X — Y is said to be upper hemi—continuous$ N (x7_;{z}, ] }) such thatS N (xj_,{z},2/'}) =
atr € X if for every open seO in Y with T'(z) Cc O, {#,2",2' AN2",2" v 2"}, 2/, 2" correspond to distinct
there exists @ > 0 such thal'(N(z,0)) € 0.2 » increasable covers far' Az € SN (X {z],z}),
[12, ch. 4, p. 4] LetX andY be metric spaces. Ifz' X', 2" 22", 2" <a’' vz 2" <a" V2.

I' : X — Y is a compact-valued and upper hemi—

continuous correspondence, tHéfr) is compact in”

wheneverS is compact inX. » [12, ch. 4, p. 4] Let D

2A small perturbation of: does not cause the image $tr) to D'Alembert's ratio test: seeconvergency tests
suddenly get large. DeMorgan’s Laws:. » [10, Theorem 1.7]S, A non—



empty setsX = {X,la € A} is a family of sub-
sets 0ofS, then (1)(UseaXa)® = Nuea(X,)C and (2)
(ﬂtZEAXa)C = UaEA(Xa)C'

differences, decreasing» [17, p. 24] LetX be a lat-
tice andT a poset. The functiog : X x T — R
has (strictly) decreasing differences(in ¢) if g(z,t) —
g(s,t') is strictly decreasing forall > ¢’ (t > t/,t #
t').

differences, increasing » [17, p. 24] LetX be a lat-
tice andT a poset. The functioy : X x T — R
has (strictly) increasing differences(in, ¢) if g(z,t) —
g(s,t’) is strictly increasing for alt > ¢’ (¢t > t/,t #
t').  » [17, Remark 6] Ifg is (strictly) supermodular

element, minimat  » [16, p. 12] Let(X, <) be a
partially ordered set and’ C X. If 2/ € X’ and
(Fz"” € X') : 2" < 2’ thenz' is @ minimal element of
X'8

elements, join » [15] If two elements,z andy, on a
partially ordered set have a leagiper boundz V y) it
is their join/

elements, meety» [15] If two elementsx andy, on a
partially ordered set have a greatiester bound(x Ay)
it is their meet.

elements, ordered pair of » [16, p. 11] Let(X, <)
be a partially ordered set antl 2"/ € X. The elements
2’ andz” are ordered if either’ < =" orz” < z1.

on X x T, then it has (strictly) increasing differenceglements, unordered pair of » [15] Two elementse

on X x T andyg is (strictly) supermodular oX for any

tel.

Dirichlet’s Test: seeconvergency tests

distance function seemetric

distribution, exponential:  » [2, p. 36] An R, —

valued random variabl&' is exponentially distributed
if its survivor functionF'(t) = P[T > t] is given by

F(t) = e, t > 0 for some constank = 0.

Properties [2, p. 36] The mean and standard deviatio

is equal tol/A. » [2, p. 36] The conditional distribu-
tion of the remaining time given that > s is given by
P[T >t+s|T>s|=F(t+s)/F(s) =e .

dual of a partially ordered setw» [16, p. 11] Let(X, <)

be a partially ordered set. Then, the dual is the partia

ordered set consisting of the same Xewith the binary
relation=’, wherex’ <’ z” for 2/, z"” € X if and only
if 2/ < ',

E

element, greatest » [16, p. 12] Let(X, <) be a par-
tially ordered set an’ C X. If 2/ € X' is anupper
boundfor X, thenz’ is the greatest element af’ .2
element, least » [16, p. 12] Let(X, <) be a partially
ordered setand” C X. If 2’ € X' is anlower bound
for X', thenz’ is the least element of’ .4
elementmaximal  » [16, p. 12] Let (X, <) be a
partially ordered set an&’ € X. If 2’ € X’ and

andy of a partially ordered set are unordered if neither

z<ynory < z.

embedding » [12, ch. 3, p. 11] Iff is not necessarily
surjective, butf : X — f(X) is a homeomorphism,
thenf is called an embedding.

envelope Theorem » [6] Let K C X be non—empty
and compact, suppose that forallf (-, ¢) : K — Ris

upper semi—continuous. Further assume that the partial

%erivativeft(x,t) exists and is a continuous function
of (z,t). Define furtherV (t) = max,cx f(z,t) and
x*(t) = argmax,c i f(x,t). Then, (@) has bounded
right-hand and left-hand derivatives 1) and(0, 1],
respectively, and these are given by the formulds:=
aXyeoe(r) fe(z,t) and V2l = minge - fi(z,1), (D)
is almost everywhere differential ¢, 1) and when-
ever the derivative existd/’(¢t) = f:(xz(t),t) for any
x(t) € x*(t). (c) For everyt € [0, 1] and any selection
a(t) fromz* (1), V() = V(0) + [ fu(a(s),s)ds.
equivalence Relation on X » [10, Def. 1.25] If X is
a non—-empty set an is a binary relation onX, then
R is an equivalence relation oX iff R is reflexive,
symmetric, and transitive.
existence Theorem » [17, Theorem 2.5] DPKISIna
supermodular game the equilibrium geis non—empty
and has a largest, = sup{a € A : ¥(a) > a}, and
a smallestg = inf{a € A : ¥ < a}, element. »
[17, Theorem 2.6] ARSKI Let (S, >) be a completely
and densely ordered lattice arfd: S — S a quasi—
increasing function. Then, the set of fixed poiitds

(F2" € X') : 2’ < 2 thenz’ is a maximal element of non—empty andE, >) is a completely ordered lattice.

X'

3Note that there is at most one greatest elemeri of
“Note that there is at most one least elemenkéf

ments of X’. The distinct maximal elements are unordered pairs
elements.

In particular,z = sup{z € S : f(z) > z} andz =
inf{x € S: f(z) < a2} are the largest and the smallest

SUnlike the least element, there may be several minimal elements
SUnlike the greatest element, there may be several maximal eté-X’. The distinct minimal elements are unordered pairs of elements.

of Note that this is usually determined by tbemponentwiseom-
parison ofz andy.



fixed points of f.  » [17, p. 40] AMIR Let S be a lower semi—continuoug € RX which is bounded from

compact interval and : S — S be a correspondencebelow thend has a fixed point inX.

such that its slope is bounded below, i.exif # x5, fixed point theorem, Intermediate Value Theorem

y1 € Y(xy1), andys € Y(z2), then(yy — y2)/(x1 — » [12, ch. 3, p. 14] Any continuous functiorf :

x2) > —k, for somek > 0. Theny has a fixed point. [a,b] — [a, b] has a fixed point.

» [17, Theorem 2.7] Le#; be a compact interval of thefixed point theorem, Kakutani—Fan—Glicksberg »

reals, and suppose that the best repliesiaper hemi— [9, Cor. 12.24] LetK be a non—empty convex and com-

continuousstrongly decreasing correspondences of tpact subset of a locally convex Hausdorff space, and

type ¥;(3_;,; a; j) for all i. A fixed point of the best suppose that the correspondence K’ — K is closed,

reply map exists then. If in addition for all U; has and is hon—empty- and convex—valued. Then the set of

slopes strictly above -1, then the equilibrium is uniqudixed pointsy is compact and hon—empty.

existence Theorem for mixed strategies » [17, The- fixed point theorem, Tarski's: » [8] If T"is a com-

orem 2.9] Consider a gantél;, 7;,i € N). Ifthe (pure) plete lattice andf : 7" — T'is a non—decreasing func-

strategy sets are non—-empty subsets of the Euclidéian, thenf has a fixed point. Moreover, the set of fixed

space and payoffs are continuous there is a mixed stgnints of f hassup{z € T'|f(x) > =} as its largest ele-

egy NE. mentandnf{z € T|f(x) < z} as its smallest element.
» [17, Remark 2] Tarski’'s theorem is not asserting that
the set of fixed pointd’ is a sublattice off’, i.e. if

F x,y € E, supr{z,y} andinfs{z,y} need not to be

. . . elements ofF, butsupz{z,y} andinfg{z,y} belong

]ic:ﬁldli.esz“’[%—pflzglg clgss(;?](;s(;)gelgf. (2 ?melifs to E. » [17, Remark 3] The conclusion that the set

o pu O g \G e, 1,62 € b of fixed pointsE is a complete lattice is stronger than
1 2 .

the assertion thatup £ andinfg E belong toFE, i.e.
field, Borel o— (B(X)) » [2 p. 8] If (X,T) is a ! Ps s glos |

) ! X % it may be true that E,infg E € EbutE isnota
topological space then the BoreHield B(X) in X is Y HPs &, s

- complete lattice.
the oield generated by the open sds function, antitone: » [15] A function f from a par-

field, o— (§) » [2, p. 8] Ao—field§ icn {vis aclass of {ig)ly ordered sefS to a partially ordered sef is anti-
subsets such that:‘ (B) € T impliesF© :=Q\ Fe3% toneifz <yins implies f(y) < f(z)in T.

and (2) itF; € §,i = 1,2,... thenU;F; € §,1.6. § fynction, bijective: » [10] A function is bijective if it
is closed under countable unions» Properties [2, s poth one—to—one and onto.

p. 8] § is also closed under countable intersections, ignction bimonotone  » [16, p. 23] Let X; be a
if (ga,a € J) is an indexed family o—fields with poset, the range of (z) on x™_, be a poset. If there
arbitrary index set/ then® = NMaFa = {F € T are distinct’, ¢ such that the functiorf(x) does not
F e FVa e J} is also as—field. » [2, p. 8] For any depend onz;, i # il £ i, f($) is increasing inz;/
collection€ of subsets of2 there is a unique smallest; 4 decreasing im;, then f(z) is bimonotone. »
o—field containingZ, namely the intersection of &l— 116 ;23] A generalised indicator function of a bi-

fields containing?. monotone set is bimonotone. » [16, p. 23] Each

o

filtration, natural : » [2, p. 18] Let3X be the small- level set of a bimonotone function is bimonotones

esto—field in § with respect to which all the randoml 16, p. 25,L. 2.2.7.] Areal-valued separable sublattice—

variables { X;},c(0, are measurable By definition generating function on the direct product of a finite col-
o ’ lection of chains is either univariate or bimonotone.

3i C8s if t1 < ty is an increasing family of sule—  function, bivariate: » [16, p. 23] LetX, ..., X, be
fields of§. Itis called the natural filtration ok . sets,z = (z1,...,2,) € x_, X; with z; € X; and
fixed point theorem, Brouwer's: » [12, ch. 3, p. 14] f(z) a function onx™_,. If there are distinct’ andi”
Let S be a non—empty compact and convex seRih such thatf(z) does not depend an;, i # i, i # i”,
If f:S — Siscontinuous, then there exists are S then f(z) is bivariate. » [16, p. 23] A generalised
such thatf(x) = z. indicator function of a bivariate set is bivariate.

fixed point theorem, Caristi's: » [12, ch. 3, p. 23] function, bounded » [10, Def. 3.7] Letf : X —
Let ® be a self-map on a complete metric spacelf R™, whereX C R” is non—empty and lett C X. fis
d(z, Phi(z)) < f(x)— f(¢(x)) forallz € X for some bounded orA iff there existsa € R, such that(vx €



A) || fx)]] < a. »[10, Prop.3.8] Iff : X — R™, is continuous ak*. » [10, Theorem 3.24] Suppose
whereX C R™ is non-emptyx* is a limit point of X, f: X — R™andg : Y — R", whereX ¢ R™ and
andy € R™ is such thatimx_.x- f(x) =y, thenthere f(X) C Y C R"; and suppose thatis continuous on
exists a positive real numbérsuch thatf is bounded X, and thaty is continuous orY”. Then the composite
onN(x*,§)NX. »[12 ch. 3, p. 15] A continuous realfunction b = g o f, defined byh(z) = g[f(x)] for
function defined on a compact metric space is boundedec X is continuous orX. » [10, Prop. 3.14] Suppose
function, composite » [10, Lemma 3.23] Letf : f: X — R™, whereX is a non—-empty subset &"

X —Yandg:Y — Z,whereX,Y,andZ are non— and letx* € X. Thenf is continuous ak* if , and
empty sets, and define the composite funcfioon X only if, for every sequencéx,) C X, we havex, —
by: h(z) = g[f(z)] for z € X. Then, forany C z, x* = f(xq) — f(x*). »[12 ch. 3, Example 2] The
R (W) = f=Hg~ 1 (W)). composition of two continuous functions is continuous.
function, continuous. » [10, Def. 3.1] Letf : X — » [12 ch. 3, p. 8] Iff : R — Ris Lipschitz continuous
R™, whereX C R" is non—empty.f is continuous at with a constant’ > 0, then the functiory : R — R

x* € X iffforeverye € R ., there exists @ € R, defined byg(x) := f(z) + K« is increasing. Thug,
suchthatvx € N(x*,8)NX) : ||f(x)— f(x*)|| < 8 and hencef, are differentiable almost everywhere by
» [10, Theorem 3.2] Iff : X — R™, whereX C Lebesgue’s theorem.

R™ is non—empty, therf is continuous at a point* € function, generalised indicator. » [16, p. 15] LetX

X iff each f; is continuous ak*. » [10, Prop. 3.6] be a set(Y, <) be a posetf : X — Y. The function
Let f : X — R™, whereX is a non—empty subset off(z) is a generalised indicator function for the subset
R", and letx* € X be a limit point of X. Then,fis X' C X if
continuous ak* iff limy_x+ f(x) = f(x*). » [10,

Lemma 3.19] Letf : X — R", whereX c R”. Then (@)
f is continuous onX if, and only if, for every open

setU in R", f~Y(U) is open relative taX. » [10,

Theorem 3.20] Leff : X — R™, whereX C R™, and wherey’ < y”; i.e. if the only level sets of (x) on X
supposef(X) C Y C R™. Thenf is continuous onX areX andX’. » [16, p. 21] A generalised indicator
if, and only if, for each subset df, U, which is open function for a subseX’ of a lattice X is a sublattice—
relative toY’, we have thaif ~*(U) is open relative to generating function iffX” is a sublattice ofX. » see
X. »[10, Theorem 3.22] Lef : X — R™, whereX also Set, level » [16, p. 21] A generalised indicator
is a subset oR", and letY” be such thayf(X) Cc Y c function for a subseK’ of a latticeX is a sublattice—
R™. Thenf is continuous orX if, and only if, for each generating function iffX’ is a sublattice of{. » [16,
setC C Y which is closed relative td&”, f~1(C) is p. 23] A generalised indicator function of a bivariate
closed relative taX. » [10, Theorem 3.10] Supposeset is bivariate. » [16, p. 23] A generalised indicator
f: X — R™andg : X — R™, whereX is a non— function of a bimonotone set is bimonotone.

empty subset oR”. If f andg are both continuous atfunction, identity: is defined on an arbitrary séf by:
x* € X, then: (1)f + g is continuous, (2]Va € R) :  i(z) = x.

af is continuous, (3) - g is continuous ak*. » [10, function, indicator: » [16, p. 15] An indicator func-
Theorem 3.11] Supposg: X — Randg : X — R, tion is a generalised indicator function with = R,
whereX is a non—empty subset &", and that bothf 3’ = 0, andy” = 1.

andg are continuous at* € X. If g(x*) # 0, then function, injective: seefunction, one—to—one

the functionh(x) = f(x)/g(x), is well-defined in a function, isotone » [15] A function f from a partially
neighbourhood ok*, and is continuous at*. » [10, ordered sef to a partially ordered séf is antitone if
Theorem 3.12] Letf : X — R* andg : Y — RP, x <yinSimpliesf(z) < f(y)inT.

whereX C R™ andf(X) C Y C R"; and suppos¢ function, linear: » [10, Def. 1.80] A functionf :

is continuous ak* € X, andg is continuous ay* = R"™ — R™ islineariff for allx,y € R” and alla € R
f(x*) € Y. Then the composite functioh, = go f (1) f(x +y) = f(x) + f(y) and (2)f(ax) = af(x).

» [10, Prop. 1.81] Suppose : R™ — R™ is linear,

I .' m . . o
Notice thatiff : X — R™ andx* € X'is nota limit point of ypapee ,x, € R" and thatay, . . ., a, are real num-

X, then f is necessarily continuous at‘, i.e. any such functiorf q q

is continuious ak*. Hence, this is only a necessary, but no sufficie®ers. Thenf(3_ i, alxi) = 2ui=1 aif_(xi_)- > [10,

condition for f to be continuous at*. Prop. 1.82] A functionf : R™ — R™ is linear if and

y” forze X’
y forze X,z ¢ X'




only if there exists an x n matrix A such that for ev- a complete latticeS, a functionf : S — R is
eryx € R*. f(x) = Ax. » [10, 1.83] Suppose order continuous if it converges along evetyain

f : R" — R™ is linear, and letA be the matrix of C C S (in both the increasing and decreasing direc-
transformation. Thery is one—to—one if and only if tion), that is, iflim,ecc 4 supc f(z) < f(inf C) and
r(A) = n. »[10, 1.83] Suppos¢ : R” — R™isa limzecorsupc f(x) < f(sup C).

linear and letA be the matrix of transformation. Therfunction, quasi—concave » [17, p. 149] ForCournot
fis ontoR™ if and only if r(A) = m. » [10, 1.83] competition, the profit function is quasi—concave if
Supposef : R — R™ is linear and lefA be the matrix P;(q) is log—concave (and downward sloping)inand

of transformation. Therf is both one—to—one and ontdP;/dq; —C! < 0. Note: Log—concavity iy; is equiv-
R™ if and only if m = n andr(A) = n and thusA is alent top;0?P;/0q? — (OP;/0q;)?. w» [17, p. 149]
non-singular. With Bertrandcompetition the profit function is quasi—
function, log—concave (convex) » [17, p. 366, FN: 3] concave if (1)1/D;(p) is convex inp;, (2) D;(p) is

A function f is log—concave (convex) ibg f is con- log—concave irp; and the costs are convex or (3) if
cave (convex). log D;(p) is concave iflog p;.

function, lower semi—continuous » [14] A function function, quasi-increasing » [17, p. 39] A function

is called lower semi—continuous (I.s.c.)-#f is upper [ : S — S is quasi-increasing if for every non-empty
semi—continuous» [12, ch. 3 p. 13] LetX be a metric subsetX C S, f(sup X) > inf f(X) and f(inf X) <
space. f is lower semi—continuous at € X if, for sup f(X), wheref(X) = {z € S : y = f(z),z €

all e > 0, there exists @ > 0 such thatd(z,y) > 0 X}. » Note: A guasi—increasing function can only
implies thatf(y) > f(z) — e » [10, Def. 3.30] Let have upwards jumps.

f: X — R, whereX is a non—empty subset &. We function, sample  » [2, p. 17] Let X(¢,w) be a
shall say thaff is lower—semi continuous at* ¢ X iff stochastic processThen, the functiont — X(t,w)
the following holds: for eacl > 0, there existg > 0 is called a sample function of the process.

such that(Vz € N(z*,6) N X) : f(z) > f(z*) — e function, separable » [15 A real-valued function
function, measurable » [2, p. 9] Let (Q,3) and f on xi.,S; is separable iff(v) = >7I, fi(x;) for
(Y,9) be measurable spaces afid O — Y. fisa alz = (z1,...,2,) Withaz; € S;fori = 1,...,n.
measurable function if ' (Y’) € forall Y’ € ). » [15 If S; is achainfori = 1,...,n thenf is
function, monotone  » [16, p. 15] A function is Separable on<i, iff fis a valuation onxi ;. —»

monotone if it is either isotone (increasing) or antitorld-6 P- 25,L. 2.2.7.] Areal-valued separable sublattice—
(decreasing). generating function on the direct product of a finite col-

function, onto: » [10, Def. 1.3] A function is onta3 lection of chains is either univariate or bimonotone.
iff for all b € B there exists a € A such thab = f(a). function, sublattice—generating » [16, p. 21] Let
» [10, 1.83] Supposé : R” — R™ is a linear and let X be a lattice andZ be a poset. If each level set

A be the matrix of transformation. Thehis ontor™ ©f f : X' — Z on X is a sublattice, therf(z) is a
if and only if r(A) = m. sublattice—generating functiorw [16, p. 21] A gener-

function, one—to—one » [10, Def. 1.3] A function is 2lised indicator function for a subsat’ of a lattice.X
one—to—one iff for all,a* € A f(a) = f(a*) = is a sublattice—generating function X’ is a_sublattlce
a=a*. » [10, 183] Supposg -R™ — R™ is "near, OfX > [16, P. 22, L. 226] Let)( be a Ia'_[tlce_Y b.e a
chainandf : X — Y. (a) If f(z) is the pointwise infi-
mum of a collection of sublattice—generating functions,
then f(x) is a sublattice—generating function. (b) Sup-
poseY has at least two distinct elements. The function
f(x) is a sublattice—generating function and is bounded
gbove iff it is the pointwise infimum of collection of
sublattice—generating generalised indicator functions.
» [16, p. 23, T. 2.2.2] Letr > 2, X4,..., X, be lat-
tices andf(z) be a function fromx_; into achain
in which each non—empty subset that is bounded be-

%If f is lower semi—continuous, then the images of points nearBW h_as a greatt_a:’sower boun_d x = (1'_1, cesZn). (8)
z do not fall belowf () "to much”. f(z) is a sublattice—generating function and s bounded

and letA be the matrix of transformation. Thefiis
one—to—one if and only if(A) = n.

function, order continuous: » [8] Given a com-
plete lattice S, a functionf : S — R is or-
der continuous if it converges along eveghain
C C S (in both the increasing and decreasing dire
tion), that is, iflimycc 2 supc f(z) = f(inf C) and
hszC,stupC f(l’) = f(sup C)

function, order semi—continuous » [8] Given




above iff it is the pointwise infimum of(n — 1)/2 bi- a finite collection of chains is either univariate or bi-
variate sublattice—generating functions that are boundadnotone.

above. (b)f(z) is a sublattice—generating function anélnction, vector—valued » [12, ch. 3,Example 2(jii)]
is bounded above iff it is the pointwise infimum otet f; : X — R, ¢ = 1,...,n. A vector-valued
n(n — 1) bimonotone sublattice—generating functiorfeinction f : X — R" is defined by f(z) :=
that are bounded above anmdunivariate sublattice— (f1(z),..., fa(x)).

generating functions that are bounded aboveX lfis

a chainthen (c) if f(x) is univariate, thenf(z) is a

sublattice—generating function. (d) f{z) is bimono- G

tone, thenf(z) is a sublattice—generating function. (eéame, bargaining » [13, p. 5] A bargaining game
If f(x) is the pointwise infimum ofi(n — 1) bimono- s yascribed by ase¥ = {1,...,n} of players and a
tone functiqns anch uniyariate fl_mctions, thelf(:c) pair (S, d) wheres is a compact’, convex subset Bf

is a sublattice-generating function. (f) fi(z) is @ tenresenting the feasible utility payoffs to the players,

sublattice-generating function and is bounded abowgy; is an element of corresponding to the disagree-
then itis the pointwise infimum of(n—1) bimonotone qnt ytcome. For simplicity assume that there is a
functions that are bounded above andnivariate func- |o,¢¢ points in S such that! < s. Denote byB all such

tions that are bounded above» [16, p. 25,L. 2.2.7.] bargaining games.
A real-valued separable sublattice—generating fumti@%me ordered normal form: » [8] Let N' # () be

on the direct product of a finite collection of chains iﬁ1e set of players. Each playethas a strategy se,
either univariate or bimonotone. with typical elementz,,; the competitors’ strategies are
function, surjective: seefunction, onto denoted byz_,, and a full strategy profile is denoted
fgnctlon, upper seml|—cont|nuous. > [;4] A func- by 2 = (zn,2_n) € S. Each strategy sef,, comes
tion f : Ry — R, is upper semi—continuous (U.S.Cjith a partial order>,,, and the strategy profiles are
atz € Ry if for any sequencer; tending 10z, endowed with the product order, thatis > / means
limsupy,_ . f(zx) < f(z). Afunctionfiscalledu.s.c ;. '~ ./ foralln € N. Playern’s payoff function is

if itisu.s.cateveryr € R,. » [12 ch. 3 p. 13] Let fo(Zn,2_p). The object = {N, (Sy, fo,n € N),>

X be any metric space, and Ié¢te RX be any func- } is a game in ordered normal form.

tion. f is upper semi—continuous ate X if, for all Game, smooth supermodulars [17, p. 32] The game
e > 0, there exists & > 0 such thatd(x,y) implies (A;, 7, € N) is smooth supermodular, if each is a
fly) < flx) + e!% »[10, Def. 3.30] Letf : X — R, compact cube in the Euclidean spaggjs twice con-
where X is a non-empty subset 6f". We shall say {inyously differentiable an@?r; /da;,da;, > 0 for all
that f upper semi—continuous at € X iff the follow- . £h and@QWi/aaihaa]—k > 0 foralli # j and for all
ing holds: for eaclk > 0 there exist®$ > 0 such that: h, k.

(Vo € N(z*,0) N X): f(z) < f(z") + e Game, Solution to the bargaining game» [13, p. 5]
function, uniformly continuous » [10, Def. 3.16] Let The solution to a bargaining problem is a function
f: X — R™, whereX is a non—empty subset &". f : B — R" such thatf(S,d) is an element ofS

f is uniformly continuous orX iff, given ¢ > 0, there fof any (S,d) in B2 » [13, p. 6] Nash's proper-
existsé > 0 such that for all”,x’ € X itis true that tjes of a solution (1) Independence of Equivalent Util-
d(x',x*) <8 = |[f(x) = f(x*)]] < e ity Representation: For any bargaining gafsed) and
function, univariate: » [16, p. 23] LetXy,.... X real numbers; andb, for i = 1,...,n such that each
be setsy = (z1,...,2,) € x{L X; Withz; € X; and 4, > 0, let the bargaining game’, d’) be defined by
f(z) afunction onx!",. If there is some’ such that g/ — {y e R": 3z € 8) : yi = azai + by,i =
f(x) does not depend om;, i # ', thenf(z)isuni- 1 pn} andd, = a;d; + b; fori = 1,...,n. Then
variate. » [16, p. 25,L. 2.2.7.] A real-valued separablg, (s, ') — a,f,(S,d) + b; fori = 1,...,n.% (2)
sublattice—generating function on the direct product Sﬁ/mmetry: Supposés, d) is a symmetric bargaining

10/ # is upper semi—continuous, the images nearblp notexceed  1That s, a solution is a rule which assigns to each bargaining game
f(z) “too much”. a feasible utility payoff of the game.

1INote that every uniformly continuous function is continuous and 13As the utility function is unique only up to a positive monotone
that the reverse is not in general true. Any constant functio®®n transformation, the solution should be the same if the utility function
and mapping int®™ is uniformly continuous. is transformed.



game, i.e. suppose thdt = dy = ... = d,, and that this is equivalent t&* f,, /0x,, 07 > 0 for smooth func-
if 2 € S then every permutatidfi of z is contained in tions). Then, the smallest and largest serially undomi-
S. Thenfi(S,d) = f2(S,d) = ... = fn.(S,d). (3) nated strategies, (7) andz, () are nondecreasing in

Independence of irrelevant alternatives: Suppdse) 7. » [17, Remark 12] The set of NE of a supermodular
and(T,d) are bargaining games such tifatc 7', and game is a complete lattice.

f(T,d) € S. Thenf(S,d) = f(T,d). (4) Pareto Op- Graph, closed » [12 ch. 4, p. 6] LetX andY be
timality: For any given gamés, d), if x andy are el- metric spaces. A corresponderice X — Y is said
ements ofS such thaty > x then f(S,d) # . » tobe closed at ¢ X, if, for any sequencéz,,) € X
[13, p. 8] Nash’s Theorem There is a unique solu-and(y,,) € Y, z,, — z, ym € I'(x,,) (for eachm)
tion possessing Properties (1)—(4). It is the functiamdy,,, — y imply y € T'(x). I is said to have a closed
f = F defined byF(S,d) = = such thatr > d and graph if it is closed at every € X.'° » [12, ch. 4,
7 (z; — di) > 7wy (y; — d;) forally € S and p. 6] LetX andY be metric spaces, and [Bt: X — Y
y#al® be a correspondence. (a)llfhas a closed graph, then
Game, supermodular » [8 A game I' = itneed not beupper hemi—continuousBut if I has a
{N,(Sn, fn,n € N),>} is supermodular if for eachclosed graph and is compact, then it is upper hemi—
n € N: (1) S, is a complete lattice, (2f,, : S — continuous. (b) I is upper hemi—continuous, then it
RU{—oc} is ordered upper semi—continuousip (for need not to have a closed graph. But i upper hemi—
fixed z_,) and order continuous in_,, (for fixed z,,) continuous and closed—-valued (ilz) is closed inY’
and has a finiteipper boung(3) f,, is supermodular in for all z € X), then it has a closed graph.

x,, (for fixedz_,), (4) f, has increasing differences irGraph of a function f: » [10] G; = {(z,y) € A x

x, andz_,. » [8, Theorem 4] Suppose that a typi-3|y = f(x)}.

cal strategy for playen is (z,,;;j = 1,...,kn) € R*  Graph of a correspondencel™ » [12, ch. 4, p. 5] The
and that> is the usual componentwise ordering. SU%‘raph GIT) = {(z,y) € X x Y : y € T(a)}.

pose there are finitely many players and the strategies

and orders are described as in above. Tlheis,super-

modular if (1).S,, is in an interval inR*:, that isS,, = H

[y, 9n] = {zly, <z < gn}, (2) fu is twice continu- .

ously differentiable orf,,. (3) 92 f,, /0 ;0x,; > 0for Homeomorphism »[12, ch. 3, p. 11] Iff : X — ¥
allnand alll <i < j <k, (4) 0%f, /02,10, > 0 is a buei:?on betwe_en two metric spaces such that both
forallm # m, 1 <i < ky,andl < j < kn. » fandf~" are continuous, then it is called homeomor-

[8, Theorem 5] LeT" be a supermodular game. for eacRNiSM betweenX andY'.  » Properties[12, ch. 3,
playern, there exist largest and smallest serially uff: 111 The set” possesses any property thétpos-
dominated strategies, andz, . Moreover, the strategysesses so7 long as this property is defined in terms of
profiles (z,;n € N) and(z,,n € N) are pure Nash open sets! » [12, ch. 3, p. 12] Neither completer_1ess
equilibrium profiles.see also Existence Theorem, Togl0" Poundedness are preserved by homeomorphism.
kis' » [8, Corollaries] Assume that the assumptiorldomeomorphism Theorem » [12, ch. 3, p. 15] If

for a supermodular game are satisfied. Then (i) Thete S & compact metric space affd: X — Y is a
exists a pure Nash equilibrium (NE). Moreover, the@ntinuous bijection, thefi is a homeomorphism.

exists a largest and a smallest pure NE in the given btulls, bimonotone:  » [16, p. 18] If X; and X

der, (i) if the gamel’ has a unique pure NE, thah are posets and' is a subset ofX; x X, then the

is dominance solvable, (iii) if in addition the ganiie two bimonotone hulls generated &y on X; x X

is symmetric and” has a unique pure NE, then it i€ Hi(S) = Uy, am)es([z1,00) x (—00,z2]) and
dominance solvable. » [8, Theorem 6] Suppose that2(S) = Uz, a0)es((—00, 1] X [22,00)).  » [16,
{N,(Sp, fu(®n,z_pn,7),n € N),>}is afamily of su- P- 19, L. 2.2.5.] Suppose haf;, X, are lattices and
permodular games satisfying the condition tfiathas is a sublattice ofX; x X». (a) The bimonotone hulls
increasing differences in,, 7 (for fixedx_,,) (note that

16Closedness at simply says that if the images of points nearby

14 Remember that is an—tupel. Then a permutation afis when concentrate around a particular point in the codomain, this point must
the elements change places. correspond to the image af

15Just an odd formulation for the fact that the solution is function 7If X is a connected space aldis homeomorphic toX, theny’
F which selects unique outcome that maximises the Nash producimust be connected too.
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of S are sublattices ok; x X,.'8 (b) If 2o € X, and implicit function, f, on the neighbourhoody, (z*) =
xh, 2 € Sy,, then[z), 2f]N1lx, Sis contained irb,,. {z : ||z — z*|| < €} such thath(f(z),z) = 0 for all
Hence, ifz, € X, andinfx, S,,,supx, Su, € Si,, 2z in Ne(z*). Further, f is in C* with grad(z*) =
thenS,, = [infx, So,,supy, Sop] N1Ix, S. () The —grad,[h(x)]~'grad [h(z)]. » From Harcourt Aca-
sublatticesS' is the intersection of its two bimonotonalemic Press Dictionary of Science and Technoloy
hulls and the direct product of its two projection® theorem that states the conditions under which an im-
[16, p. 20] The bimonotone hulls are bimonotone sefslicit equationF (z1, z2, . . ., z,,, ) = 0 may be solved
» [16, p. 20] If Xy, 2 are lattices and is a sublattice for y as an explicit function of 1, zs, . . ., ,,. In partic-

of X x Xy, then the bimonotone hull,(S), H2(S) ular, suppose (aX,Y, andZ are Banach spaces (such
are sublattices» [16, p. 20] Any bimonotone set con-asR™); (b) U is an opensetak xY; () F : U — Zis
taining S must also contain at least one of the two bi continuously differentiable map such ti#ta, b) = 0
monotone hulls. » [16, p. 20] If Xy, X> are chains, for some poin{a, b) € U; and (d) the partial derivative
then any bimonotone subset&f x X, and hence any F//(a, b) is an isomorphism of” onto Z. Then there
bimonotone hull of any subset &f, x X, is a sublattice exists an open sé#/ in X with « € W, an open set

of X1 X To.

i'i"—Generator.
Xi1,..., X, aresetsand = (z1,...,2,) € X" 1 X;
with z; € X;. If L is a subset of;; x X;» for ¢ £ "
andS = {z:x € X, X;, (zy,z;») € L}. ThenL is

V contained inJ with (a,b) € V, and a continuously

differentiable mapping : W — Y such that, for all

(z,y) € V, F(z,y) = 0ifand only if z € W and
= g(z). Thatis, ifz € W, the implicit equation

» [16, p. 18] Suppose that F'(z,y) = 0 has a continuously differentiable solution

y = g(z) with (z,y) € V. This solution is unique on
some open subset of .
Inada conditions: » [10, p. 98] For each, f; is

the i'i’—generator of5. B see also Subset, bivariatdwice differentiable at each > 0 with f{(x) > 0 and

» [16, p. 20] If X1,... X,, are posetsS is a bivariate
subset ofx?"_; X, a subsel of X;; x X, fori’ # i"
is thei’i”—generator of, andL is bimonotone, the®
is bimonotone.

Image of Aunder f: » [10, Def. 1.4]If f : X - Y
and A and B are subsets ok andY’, the image of4
under f denoted byf(A) is f(A) = {y € Y|(3z €
A):y = f(z)}. »[10, Def. 3.17] Letf : X — R™,
where X C R"™. Then, given any subsefl C R™,
the inverse image aft (underf) is defined byf—*(A)
is defined byf~1(A) = {zr € X : f(z) € A}. »
[10, Prop. 3.18] Letf : X — Y. Then, (1) for any
ACY; 7YY\ A) =X\ f1(A), (2) for any fam-
ily of subsets ofY’, {B, : a € A}, f 1 (UseaBa) =
UaeAfil(A) and fﬁl(maeABa) = maEAfil(Ba)'
» [10, Lemma 3.19] Leff : X — R", whereX C R™.
Thenf is continuous orX if, and only if, for eery open
setU in R”, f~1(U) is open relative toX.

Implicit Function Theorem: » Supposée: : R" —

R™, wheren > m, andh is in C. Further, suppose

we can partition the variables, = (y, z), such thaty
is m—dimensional with gragh ()] nonsingular atr =
(y*, z*). Then, there exists > 0 for which there is an

18Note that bimonotone hulls are not generally sublatticeX pfk
X if X1, Xo are lattices but not chains aritlis not a sublattice of
X1 X XQ.

f{(x) <0, andlim,_o, f; > 1, andlim, . f{(z) <
1

Increasable set of indices see Set of indices, in-
creasable

Increasable cover seecover, increasable

Increasing (decreasing) optimal selection » see Se-
lection, increasing (decreasing) optimal

Increasing (decreasing) optimal solution » see So-
lution, increasing (decreasing) optimal

Increasing (decreasing) selection » see Selection,
increasing (decreasing)

Induced set ordering see Set ordering, induced
Inequality, properties: » [10, p. 11]a,b,c,d € R
then (1) ifa < bandc < d, thena + ¢ < b+ d, (2) if
c>0thena < b= ca < cb, (3) if c < 0thena <
b= cb<ca,(4)ifa>b>0,then0 < 1/a <1/b.
infimum of A: » [10, Def. 1.11]a € R is a infimum
of A C R, inf A, iff (1) « is anlower boundfor A and
(2) if g is anlower boundfor A, thena > 5. » [10,

Theorem 1.12] Any non—empty set of real numbers that

is bounded below has a infimum» [10, Prop. 1.15]
SupposeAd, B C R and non—empty satisfyinfva €
A)(Vb € B) : a > bthene A andsup B both exist and
inf A > supB. » [10, Prop. 1.17] Let\A = {x €
R|(3z' € A) : = = A2’} If A C R and non-empty,
which is bounded below, and € R, theninf(\A)



11

exists andnf(AA) = Ainf A. » [10, Prop. 1.18] Let Kakutani—Fan—Glicksberg Fixed Point Theorem »
A+ B ={zx € R|(Ja € A)b € B) : x = a+b}. seeFixed Point Theorem

If A, B C R and non—empty which are bounded frorkernel, of the associated transformation » [10,
below, thend + B is bounded below anihf(A+ B) = 1.83] If A is anm x n matrix of rankr, then the kernel
inf A +sup B. » [15 If S is a complete latticé(,Y of the associated transformation, the Sés defined as
are inP(S) and X <P Y, theninf X < infY and S = {x € R"|Ax = 0}, and is a linear subspace of
supX <sup?Y. dimensionn — r.

Inner Product: » [16, p. 8] Letx = (z1,22,...,2n)

andt = (t1,to,...,t,), with z;,t; € R. Then, the

inner product is given byx = 7" | t;z;.

Intermediate Value Theorem  » [12, ch. 3, p. 13] [ attice: » [4] A partially ordered sefX is a lattice
Let X be a connected metric space andfldie a con- jf wheneverz,y € X, bothz Ay = min{z,y} and
tinuous real function orX. If o belongs to the inter- zVy = max{z,y} exitsinX. » [16, p. 13] The direct
val (f (), f(y)) for somez,y € X then there exists aproduct of lattices is a lattice.» [15] For a lattices,
z € X suchthatf(z) = a. the relation<? is antisymmetric and transitive iR(.S).
Interior :  » [12, ch. 2, p. 6] Let(X, d) be a metric p. [15] If S is a lattice with relation<, then the set of
space and’ C X. The largest open set that is containegon—empty sublattices(S) is a partially ordered set
in S'is called the interior oty and denoted by ifif).  with the relation<?. » [16, p. 16, L. 2.2.1] IfX’ is a
Interior point : (int X) » [10, Def. 1.55] Letz € R™ sublattice of a latticeX and X" is a non—empty finite
and letX be a subset oR". Then,z is an interior subset ofX’, thensup y (X”’) andinf x (X”') exist and
point of X' iff there exists a positive real numbesuch are contained ifk’. Hence, ifX is a non—empty finite
that N(z,e) C X. » [10, Prop. 1.57] Letw* € R", |attice, thenX has a greatest and a least element.

6 € Ryy. ThenintN(z*, )] = N(z*,4). Lattice, compact » [17, p. 30] A lattice is compact
Intertemporal Efficiency:  » [10, Def. 2.52] If in its interval topology iff it is complete.

(z,y*, c") is afeasible program fdif, ), (z*,y",c*) Lattice, complete » [17] A lattice (S, >) is complete
is intertemporally efficient fo f, 7) iff there is no other if every non—empty subset of has a supremum and
feasible program fo(f,y) (x,y,c) suchthat > c*.  infimum in S. » [16, p. 29] By L. 2.2.1 any finite
ooy il P S el =) pe & lat_lattice is complete.» [16, p. 29] A complete lattice is
tice. Its interval Topology is defined by taking the setsompact in its interval topology» [16, p. 29] A lattice
of the type{z € S : 2 <z} and{z € S : z > z} thatis compact in its interval topology is complete.
to form a subbasis for closed sets [16, p. 29] The [attice, completely and densely ordered » [17,

interval topology on a posgtX =) is that topology for p_39] Let(5, >) be a completely ordered lattice. Then
which each closed set is eith&ror the empty set or canit js densely ordered if for alt, y € S there is & € S

be represented as the intersection of sets that are figi{eh thatr < » < y.
unions of closed intervals ol. » [16, p. 29] A com- Lebesgue’s Theorem » [12 ch. 3, p.8] If f : R —
plete lattice is compact in its interval topology [16, R is monotone, thery is differentiable (with a finite
p. 29] A lattice that is compact in its interval tOp°|09)derivative) almost everywheré.
is complete. Level set » see Set, level
Inverse image of B under f » [10, Def. 1.4] If |imit: » [10, p. 62] of a sequencés the z* € R
f+ X — YandA andB are subsets ok andY’, g which a sequencér,,) converges. The following
the inverse image aB under f denoted byf~'(B) is facts hold: (1) The limit of a sequence, if it exists, is
f1(B) = {z € X|f(z) € B}. unique. (2) The alteration of a finite number of terms of
a sequence has no effect on convergence, divergence,
or limit. (3) If all but a finite number of terms of
.J a sequence are equal to some constant, then the se-
Join: » see Elements, join quence converges to that constank [10, Def. 2.32]
Let (x,,) be a bounded sequence and defipg) and

K 19AImost everywhere means that there may exist countable excep-
tions.
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(zq) BY ym = infp>p 2, and z, = sup,s,n.
Then liminf 2, = lim,, . ¥y andlimsupz, =
limg .00 2. » [10, Def. 3.3] Letf : X — R™,
where X C R™ is non—-empty, and let* € R™ be a
limit point of X. y € R”™ is the limit of f asx ap-
proachesc* iff for eache > 0 there exists & € R,
such that(vx € N'(x*,0) N X) : ||f(x) —y|| < e
» [10, Def. 3.4]If f : X — R™, whereX C R" is
non—empty, anck* € R™ is a limit point of X. The
limit of f asx approaches* is +oo (—o0) iff for ev-
erya € Ry there exists @ € Ry, such that(vx €
N'(x*,0)nX) : f(x) > a(f(x) < —a). » Properties

trix A is said to havdull rank iff r(A) = min{m,n}.
Matrix of the transformation : » [10, 1.83] If f :
R™ — R™ is linear so thajf can be written in the form
f*(x) = Ax for x € R", A is called the matrix of
the transformatiorf. » [10, 1.83] Given twom x n
matricesA, B and the associated transformatighs
R™ — R™ andg : R™ — R™, the matrixC = A + B
is the matrix of the transformatiof+ g. » [10, 1.83]
Given anm x n matrix A and a scalatt € R the matrix
aA is the matrix of the transformationf, wheref is
defined byf(x) = Ax. » [10, 1.83] Letf : R" —
R™ andg : R™ — RP be defined byf(x) = Ax for

for vector-valued functions.0, Theorem 3.9] Supposex € R™ andg(y) = By for y € R™, then the matrix
f: X —=R™andg: X — R™, whereX C R", letx* C = BA is the matrix of the composite transformation
be a limit point of X’ and suppos&,y € R™ are such h = go f: h(x) = g[f(x)] = B(Ax) = (BA)x for
thatlimy_x+ f(x) = y andlimy_x+ g(x) = z. Then x e R".

(1) limy—x+ [f(x) + g(x)] = y + 2, (2) foranya € R, Matrix, sign of the elements
limy .y af (x) = oy, (3) limx—x+ f(x)g9(x) =yz.  siderDr; = —D;;' Djs. If the off-diagonal elements
limit point: » [10, Def. 1.69] If A is a non—-empty of D;; are non—negative it follows that the all elements
subset ofR™, a pointx* € R™ will be said to be a limit of —D;;* are non-negative and the diagonal elements
point of A iff for eache € R,y N'(x*,¢) N A # 0. are positive. A sufficient condition for the elements of
Log-supermodularity: » [1, p. 3] A function f is Dr; to be non—negative (non—positive) is that all the el-
log—supermodular ifog f is supermodular» [1, p. 3] ements ofD;, are non—-negative (non—positive).
Sufficient conditions for the reaction correspondence ifeet: » see Elements, meet

firm 1 to be globally non—increasing im, is that ei- metric: » [12, ch. 2, p.2] LetX be any non-empty
ther the profit function is log—supermodular or that theet. A functiond : X x X — R, that satisfies the fol-
profit function satisfies the single—crossing propemy. lowing properties is called a distance function or metric
[1, Lemma 2]II' is log—supermodular itfp;,p2) € onX: forallz,y,z € X (1) d(z,y) = 0if and only if

Pl x P?if D! is log—supermodular, or equivalentlyr = v, (i) (symmetry)d(z, y) = d(y, ), (iii) (triangle

if D! satisfiesA, := D'D} ., — D, D}, > 0forall inequality)d(z,y) < d(z,y) + d(y, 2).

(p1,p2) € P! x P2 Metric, discrete: » [12, ch. 2, p. 2] The functiom :
Lower semi—continuous see alsoFunction, lower 1 r#y
semi—continuousand Binary relation, lower semi— 0 r=y

continuous
M is defined byd(z,y) = [>1; (v — v:)?]Y? = [(x —
y) - (x —y)]/2 = ||z —y||. » [10, Def. 1.49]
Matrix, non-singular: » [10, 1.83] A square matrix Properties Forx,y,z € R" and a\ € R d(-) sat-
of full rank is said to be non-singulam [10, 1.83] An isfies (1)d(z,y) > 0 and[d(z,y) = 0 = x = Y],
n X n matrix is non—singular if and only {fA| # 0. (2) (symmetry)d(z,y) = d(y,z), (3) (triangle in-
Matrix, rank of : » [10, 1.83]row rank The row rank equality)d(z, z) < d(z,y) + d(y, z), (4) (homogene-
of anm x n matrix A is the number of linearly indepen-ity) d(Az, \y) = |A|d(x,y), (5) (translation invariance)
dent row vectors ofA. column rankThe column rank d(z + z,y + 2) = d(z,y). » [10, Cor. 1.54] De-
of anm x n matrix A is the number of linearly inde-noting the Euclidean metric oR™ by d;(-) for i
pendent column vectors &f. » [10, 1.83] For any 1,...,n and forR* with & = """ | m; by d(-) then,
matrix A the row rank is necessarily equal to the coz,y € RF, d;(z;,y;) < d(z,y) and d(z,y) <
umn rank. The common rank is denoted/fA). » > ., di(@s, ;).
[10, 1.83] If A is am x n matrix, it is necessarily true Metric, Hausdorff: » [12, ch. 4, p. 10] LetY” be a
thatr(A) < min{m,n}. » [10, 1.83] Anm x n ma- metric space and letY") be the set of all non—-empty

» [17, p. 38] Con-

X x X — Ry withd := is called the

discrete metric orX.
Metric, Euclidean: » [12, ch. 2, p. 2[d(-) onR™ x R™
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compact sets ir’. For any two setA, B € ¢(Y) N
let w(A, B) := max,ca dy(z, B), which is well de-
fined. Define the functiody : ¢(Y) x ¢(Y) — Ry
by di (A, B) := max{w(A, B),w(B, A)}, which is
called the Hausdorff metri€

Metric, p—m.: »[12,ch.2,p. 3] Letr,y e R*,p > 1

Nash equilibrium in mixed strategies » [17, p. 44]
A mixed strategy equilibrium of the gamiel;, 7;,i €
N) is a NE of the mixed extensiaiD(A4;), V;,i € N).
Nash equilibrium, of a game with strategic comple-
ments » [3] The set of Nash equilibria of a two player

n 1/
dp(z,y) = (T, [z —wil?) " GSC,{S1, Sa, u1,us} whereS,, S, are totally ordered,
Metric space  » [10, Def. 1.48] If d is a distance js a sublattice of; x 5.
function onX, (X, d) is called a metric space. Neighbourhood, Euclidean » [10, Def. 1.51] For

metric space, connected » [12, ch. 2, p. 11] Ametric x ¢ R” and aj € R, the Euclidean neighbourhood
spacg X, d) is said to be connected if there do not exigf x with radiuss, N(z,0) is defined byN(z,d) =
two nonempty and disjoint open se45andBin)_(such {y € R*|d(z,y) < 6}. » [10, Def. 1.51]deleted
thatAU B = X. » [12, ch. 2, p. 11] A metric spaceEyclidean neighbourhoodith radiusd, N’(z, ), by
(X, d) is connected if, and only if, the only subsets of’(,5) = {y € R"|0 < d(z,y) < 6}. » [10,
X that are both open and closed ¥ are) and X. |em. 1.56] Ifz2* is an element oR”, § € R, , and
> [12, ch. 3, p. 13] LetX andY be metric spaces,, ¢ N(z*,4) and ife := § — d(z*, y), thenN(y, ) C
and letf : X — Y be a continuous function. IX is N(x*,8). » [10, Prop. 1.57] Let:* € R",§ € R, .
connected, theyfi(X) is a connected subset bt Then in{N (z*, )] = N(x*,6).
Metric space, connected subset ak: » [12, ch. 2, Norm, Euclidean: » [10, Def. 1.45] Forx € R™,
p. 11] A subsetS of a metric spaceX is called con- o Eyclidean norm of x i) = (Zn 2)1/2 _

. . . - =11 -
nected inX'if (5, d) is connected. (x -x)/2.  » [10, Theorem 1.46)Cauchy—Schwarz
Metric, sup—-m: » [12, ch. 2, p. 4] Let(z,), (ym) €

= Inequality. For allx,y € R”, |x-y| < ||x|| - |ly]|- »
R be sequences. Let, be the set of all se-11q rheorem 1.47Properties If x,y,z € R™ and a

quences such thatup,,>, [zm| < oo. And let @ € R ||-|| satisfies (1)z]| > 0 with [[[z]| = 0 = x =
this set be endowed with the sup—metric defined ' (2) (homogeneity)|\z|| = [\ |||, (3) (triangle

dO_o((xm)v _(}/m_)) = Squ_Zl [Tm = Y- inequality) ||z + y|| < ||z|| + |ly||- » [10, Prop. 1.53]
Minkowski's inequality: — » [12, ch. 2, p. 3] penoting the Euclidean norm @& by ||-||, for all = =
For any ai,b; € R, i = L...nandany g ) eRethen,|lul; < ||l Vi=1,...,n,

p = L (Sl + b)Y < (S Jal)” + andllell < X0 fladll
(2 [bal?)' ™.

Mixed extension of the game » [17, p. 44] The

mixed extension of a gam@4;, m;,i € N) is defined

by the'§trategy spac@(4;), the set of all (Borel) Order, weak: » [10, Def. 1.21] LetG be a binary
probability measures orl; and the payoffVi(u) = relation on a non—empty séf. G is a weak order ifiz
J mila) du(a), wheredp(a) = (dur(a1) X ... X isioral reflexive, and transitive s [10, Prop. 1.26] If

din(an)) andp = (1, ... ), pi € D(Ag) forall i oo o \weak order o, then (1) the asymmetric part of

The mixed extension is denoted b(4:), Vi, i €N). - ' p s jrreflexive, asymmetric and transitive, and (2)

Monotone comparative statics » see Comparative e symmetric part of, I is an equivalence relation.

statics, monotone

Monotonicity Theorem, Topkis's: » [8] Let S; be

a lattice andS; be a partially ordered set. SupposP

flz,y) :+ S1 x Sy — R is supermodular inc for ) )

giveny and has increasing differencesiny. Suppose Partially ordered set: » see Set, partially orderea>

thaty > ¢ and thatr € M = argmax f(x,y) and S€€ also Dual

2/ € M' = argmax f(z,y'). Thenz A2’ € M’ and Poincaré—Hopf Index Theorem » [17, p. 362, FN

x V' € M. In particular, (whery = /), the set of 32] Let f : A — R* be a smooth vector field on a

maximisers off is a sublattice. compact cubel C R¥. Suppose thaf has only a finite

number of zeros;, ..., z, and that it points in on the

204y (z, B) is defined byd(z, S) := inf{d(z,x) : « € B}. boundaryof A. ThenY " | I(z;) = 1, wherel(z;) is
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the index ofz;. I(z;) = +1if det[-Df(z;)] > 0, creasing functiork such that: o f is supermodular.»-
I(z;) = —1if det[-Df(x;)] < 0 andI(z;) equals an [17, p. 29] LetS C X. ¢(¢, S) = arg maxzes g(x,t)
integer depending on further topological conditions i§ increasing in(¢,S) iff ¢ : X x T — R is quasi—
det[-Df(z;)] = 0. supermodular i and satisfies the single crossing prop-
Power set » [16, p. 12] The power seP(X) of aset erty in (x,t). If S is a sublattice ofX then¢(t, S) is

X is the set of all subsets of. a sublattice ofS. In in addition the constrain(t) is
Process, stochastic » [2, p. 16] A stochastic processincreasing int andg satisfies the strict single crossing
is a family X := {X,},c; of random variables with property in(z, ¢), thené(t, S(t)) is strongly increasing
some index sef C R. If J = Z, thenX is a discrete— in t.

time process, while iff = R, X is a continuous—time

process. » [2, p. 17] X is measurable if the function

(t,w) — X(¢,w) is measurablen the product spaceR

(R x 2,8 ® F), whereB is the Borel set.

Product, inner: » see Inner product

Production function, Stone—-Geary » [5, p. 227,
FN 2] ¢ = min{(K — K)/ax,(I — L)/ar}, with q
the output,K capital andL labour.

Product set
a € A. Then,x,caX, = {z = (24 :

X, foreacha € A} is the product set.

a€A):x, €

Program, competitive » [10, Def. 2.54] A feasible Relation, binary:

program(z*, y*, ¢*) is competitive for(f,y) iff there
exists ap € R, such that fort, (t = 0,1,2,...), and
forall (z,y) € R% such thaty < f,11(z) itis true that
Pr1fer1(2F) — peai > pri1y — pra.

Power set of A » [10, p. 6] Is the family of subsets of(Vz € X)

A.

Principle of Mathematical Induction: » [10, p. 16]If
A C N satisfies (a)l € A and (b) for eachk € A we
have alsd: + 1 € A, thenA = N.

Product, inner: » [10, Def. 1.42] Forx,y € R" the
inner product is defined as- y = >, z;5,. » [10,
Prop. 1.43]Properties if x,y,z € R™ anda € R then
Dx-x>0andx-x=0=x=0,2)x - y=y-x,
(3)x - (ay) = a(x-y) = (ax) - y), @) x - (y +2) =

X-y+X-2.
Product order: » [8] Let z,z € R™ thenz > y iff
x>y fori=1,...,n.

Projection: » [15] If S is a subset oX x T, then the
projection ofS att € T'isII,S = {t: S; # 0}. » see
also Section

Q

Quasi—supermodularity:  » [17, p. 29] Let X be a

lattice, the functionF’ : X — R is quasi—supermodular

if for z,y € X f(x) > f(inf(x,y)) implies that
f(sup(z,y)) = f(y).

» [17, p. 29] Sufficient con-

Rademacher’s Theorem » [12, ch. 3, p. 9] Any Lip-
schitz continuous functioff : R — R is differentiable
almost everywhere.

Reaction correspondence » [1, p. 3] Sufficient con-
ditions for the reaction correspondence of firm 1 to be

» [16, p. 12] Let X, be a set for each globally non—increasing ip, is that either the profit

function is log—supermodular or that the profit function
satisfies the single—crossing property.

» Let G be a binary relation on
a setX, thenG is (1) total iff (Vz,y € X) : zGy
or yGz or x = y, (2) reflexive iff (Vx € X) : 2Gx,
(3) irreflexive iff (Vv € X) : —zGzx, (4) symmetric
iff (Va,y € X) : Gy = yGz, (5) asymmetric iff
: xGy = —zGx, (6) antisymmetric iff
(Va,y € X) : [xGy A yGz] = = = y, (7) transi-
tive iff (Va,y,z € X) : [xGy A yGz] = =Gz (8) [10,
Def. 1.28] negative transitivévz,y,z € X) if 2Pz
then eitherc Py or y Pz.

S

Section » [15]If Sis asubset oX x T, then the sec-
tionof Satt € TisS; = {z : (x,t) € S}.21 » [15
If S,; is ascending irt on T for eachz in an arbitrary
setZ and ifN,cz 5.+ is nonempty for each € T, then
N.ezS,: is ascending it € 7. » [15 Lemma 6.1]
Let S} let be the set of optimal solutions for giver T
and letT™ = {t : S} # 0}. If S'is a lattice,T a par-
tially ordered setS; C S is ascending it on T, and
fl@Anyt)+ flxzVyb) < flz,t) + f(y,b) for all
t,b € Twitht < b,z € S, andy € Sy, thenS} is
ascending it on 7. » [15, Theorem 6.1] LetS}
let be the set of optimal solutions for givére 7" and
letT* = {t : S; # 0}. If Sis a lattice,T" a partially
ordered setS; C S is ascending it on T, f(x,t) is

2IHence, a section is the a subsetXfso that(z,t) € S for a

dition: f is quasi—supermodular if there is a strictly inparticular value ot.
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submodular inc on S for eacht € T, and f(z,t) has (z,) be a bounded sequence, and define the sequences
antitone differences iz, t) on S x T', thenS} is as- (ym), (zq) BY ym = inf,>pma, form = 1,2,...
cending inton7™. » [15 Theorem 6.2] If, in addition and z, = sup,,>,*, for ¢ = 1,2,.... Then, the se-
to the hypotheses of Theorem 6.1, e&glis compactin quencesy,,,) and(z,) both converge antim,_. ., z, >

a topology finer that the interval topology affi(lc, ¢) is  lim,,,—.o ym. (There is a largest and a smallestis-
lower semi—continuous im on S; for eacht € T, then ter poin). » [10, Prop 2.34] If(z,) is a bounded
eachS; has a least element;, and a greatest elementsequence, then (1)x,) converges iffliminfz, =
s¢, ands; ands; are both isotone imon7. » [15 limsupzx, in which caselim,, ., z, = limsupx,
Theorem 6.3] IfS is a lattice,T" a partially ordered set,and (2) if z is the limit of a subsequence @f,,) then
S; C Sis ascending it onT, f(x,t) is submodular liminf z,, < z < limsup x,,.

in z on S for eacht € T, and f(«x, t) has strictly anti- Sequence, convergent » [10, Def. 2.2] Let(x,,) be
tone differences ifiz, t) on.S x T', thenSy is strongly a sequence and let € R. The sequencér,,) is said
ascending it onT™*. to be converge ta* iff (Ve > 0)(Im € N)(Vn >
Selection » [16, p. 35] If X, T are setsS, is a subset m) : |z, — z*| < e. » [10, Prop. 2.8] If the se-
of X for eacht € T, andz; € S, for eacht € T, then quence(x,,) converges then it is boundead» [10, The-
the functionz; : T — X is a selection frong,. orem. 2.9] Let(x,,) and(y,,) be convergent sequences
Selection, increasing (decreasing) » [16, p. 35] If and defindim,, .o 2, = = andlim,, o y, = y then:
X, T are posetsS, C X for eacht € T, andz; is (1) lim,oc(zp + yn) = = + 9, 2) (Vo € R) :
a selection fromS, that is an increasing (decreasingyr, — oz, (3) lim, oo ¥p - yn = = -y. » [10,
function (correspondence) offrom 7T into X, thenz, Cor. 2.10] If (z,,) and (y,) are sequences such that
is an increasing (decreasing) selection. r, — 0 and(y,) is bounded, them,y, — 0. »
Selection, increasing (decreasing) optimal » [16, [10, Prop. 2.11] Suppose there are convergent se-
p. 35] For a collection of optimisation problems, maxduences(z;,), ¢ = 1,...,m, and thatz;, — ;
imise f(z,t) subject tax € S, with each problem de-for @ = 1,...,m. Given any real numbew; de-
termined by a parameter an increasing (decreasingfine the sequencez,,) by z, = 37, a;zi,, then
selection from argmay. 5, f(z, t) is an increasing (de-2n — >.;=; 0i&i.  » [10, Lem. 2.12] If (2,) hav-
creasing) optimal selection. ing no terms equal to zero, ang, — z* # 0 then
Semi—metric  » [12, ch. 2, p.2] Ifd satisfies condi- 1/%n — 1/2*. » [10, Theorem 2.13] Ifz,,) and(y,)
tions (ii) and (iii) of a metric andi(z,z) = 0 for all are sequences satisfying (&jn € N) : z, # 0, (2)
z € X, thend is called a semi-metric ok .>? zp — a7 0,and @yn — y*, theny, [z, — y* /z".
Semi—metric space » [12, ch. 2, p.2] Ifd is a semi— » [10, Prop 2.14] If(z,,) is a sequence anef is a real
metric onX, (X, d) is called a semi-metric space.  number,z, — «* if and only if [z, /z*| — 0. »
Sequence » [10, Def. 2.1] A sequence of real numl10 Prop. 2.15] Supposer,) is a sequence satisfy-
bers is a functiory : N — R, denoted byf(n) = z, 9% = 0forn =1.2,..., then if () converges,
forn =1,2,...0r (z,). »[10, Def. 2.4] A sequence lIMn—oc Tn = 0. > [10, Pro*p. 2.16] If (z,,) and
() is said to have the limit-oc (—oo) or diverge to (¥n) Salistyz, — T =Y andz, > y, for
+oo iff for every a € R, there existsn € N such that " = 1»2,-- - thenz®™ > y*. »[10, Prop. 2.17] If(z,,)
(Vn > m) : zn > a (Vn > m) : &, < Q). and(y,,) satisfy0 < z,, < |y,|forn = 1,2,..., and
Sequence, bounded » [10, Def. 2.6] A sequence,¥n — 0 thena, — 0 as well. - » [10, Prop. 2.18]
(z,,) is said to be bounded below (respectively abovll) () {yn), and <Z’;> satisfy z, S Un S fo*r
iff there existsa € R satisfyingz, > a (@, < a) "= L2 @n — % andz, — a7, theny, — x
forn = 1,2,.... The sequencéz,) is said to be as well. > [10 Theorem 2.30] A sequende,) is
bounded iff it is bounded both above and belows convergent iff it is &Cauchy sequence

: : Sequence of partial sums of a series » [10,
[10, Prop. 2.7] A sequencéz,,) is bounded if and )
only if there existsa: € R satisfying|z,| < « for Def. 2.35] If (a,,) Is a sequence, the sequerjsg) de-

n=1,2,.... »[10, Prop 2.29] If(x,) is aCauchy fined bys,, = >".", a; is called the sequence of partial

h .\ is bounded. » [10, Prop. 2.31] Let SUMS of the series.
sequencgthen(z,,) is bounded.» [10, Prop |Le Sequence, monotorie » [10, Def. 2.19] A sequence

22Note: the difference between a metric and a semi-metric is tHan) IS Said to be monotone iff either (), <z, for
for the latterd(z, y) may be zero for # v. aln=1,2...0r(2x, > z,41foraln=1,2,....
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» [10, Theorem 2.20] Every bounded monotone se- 20] If X1, X5 are chains, then any bimonotone sub-
guence converges. set of X1 x X, and hence any bimonotone hull of any
Separating hyperplane theorem  » [13, p. 12, subsetofX; x X, is a sublattice of{; x z2.%* » [16,
FN 12] The separating hyperplane theorem states tRal0] If X1, ... X,, are posetsy is a bivariate subset
two compact, convex sets which intersect at a uniq@é xj—, X;, a subsef of X; x X, for i’ # i is the
point have a common tangent through that point.  4'i”—generator ob, and L is bimonotone, thei¥ is bi-

Series, bounded » [10, Def. 2.41] A serie$ > | q,, Monotone. _

is bounded iff the sequence of partial surfis,) is Set, bounded » see also Supremum and Infimusn
bounded. [10, Def. 1.50] A setA € R™ is bounded iff there ex-
Series, geometric  » [10, p. 84] Leta, = a™. ists a positive real number satisfying(vVx,y € A) :
Then> °° | a™ is the geometric seriesy» [10, p. 84] d(fv_y) < a. » [10 Prop. 1.52] A subset! of
Note: (1) For|a| > 1 the series does not converge a& IS bounded iff there exists an < R, such that
lim,_co 0™ # 0. (2) If o] < 1then® an = ASN(0,0). o
1/(1—a)and¥>_, a™ = a/(1 — ). ' Set, closed » [10, Def. 1.61] A subset oR" is said
Series, harmonic ; [10, p. 85]3°°°_, 1/n is the har- to be closed iff its complement is open» [10, The-
monic series. n=l orem 1.62]Properties In R™ (1) § andR" are closed

Series, infinite  » [10, Def. 2.35] If (a,) is a se- sets, (2) |fC£n|s aplosed subset @ i=1,.,m,

i . ... thenC := U, C; is aclosed set, (3) §D,|a € A} is
quence, the expression,,~ ; a, is called an infinite a familv of élosed subsets & thenD ‘— M. D
series.  » [10, Theorem 2.36] The infinite series y ’ T lacAFa

S a, converges iff for each > 0 there exists a Is a closed set.»- [10, Theorem 1.66] A subset of o

n € N such that for alp € N |S,,,| < ¢, with S,,,, = R is closed iff A = A, i.e itis closed if it is equal to
S g — s >’[10 o. 83] Note: If its ownclosure
mentl Moo P ' . ' Set, closed relative » [10, Def. 1.74] LetX be a
a, converges, thetim,, .. a, — O.

the seriesy . . .
n= 0o o subset oiR™. A subset of X is closed relative t iff
» [10, Theorem 2.38] Suppose,,,_, an andy_ b, _ X\C'is openrelative to&X. » [10, Theorem 1.75]

are both convergent. If we form new series by Iettinlgroperties If X is a subset oR™ then (1)) and X are

— _ o0
gllgocnc oot [;Lnéovrv: h;@l&?’ = fhez'”;n:l " closed relative toX, (2) if C; C X is closed relative
g n=1n = L= 9n to X fori = 1,...,mthenC := U2, C; is closed

.Zn:l bn. (2) dn = can fSJ n =12,..., wherea relative to X, (3) if C, C X is closed relative taX
is any real number, thel "~ | d,, also converges andf h A th - ‘s closed relati
S d = a3 .. w[10, Def. 2.39] If the se- or eacha € A, thenC := Nuca is closed relative
—m=1 = n=1 "n- ' C 0o to X. » [10, Prop 1.76] LetA € X C R™. Then
ries) ", |an| converges, then we say that ", a, Ais closed relative tox if and onlv if th i
is absolutely convergentf > . a,, is convergent, but Is closed relative .t It and only If there exists a
572 | lan| is not, the series iggﬁdi%onall conver ,ent closed set (closed inR") such thatd = X' N C. »
n=110n ! y get [10, Theorem 1.77] IfA € X C R™, thenA is closed
relative toX ifandonly if A = AN X.

» [10, Prop. 2.40] Ify_"_, a,, is absolutely convergent,
Set, compact » [2, p. 3] AsetK C X is compact if

then it is convergent. » see also Comparison test
every opercoverof K has a finite sub—cover, i.e. when-

D’Alembert’s ratio test.
everK C UyeyO,, WhereJ is an arbitrary index set

Series, non-negative » [10, Def. 2.41] A series
2 =1 an, IS noN-negative ifs, > 0,7 = 1,2,.... andO,, is openfor eacha € J, thenK C U ,0,,
for someay,...,a, € J.  » [12 ch. 3, p. 15] If

» [10, Prop. 2.42] A non—negative seri®s -, a,, is
f : X — Y is a continuous function, thefi(.S) is

convergent iff it is bounded. » see also Comparison

test, l?’AIembert’s ratio text compact int” wheneverS is compact inX. » [2, The-
set, bimonotone » [16, p. 20] Let.Xy, X, be posets, 5rem 11.3] Letk” be a compact set: (1) Every infinite
S C Xy x Xp. § is bimonotone if eithefz1,00) X gequence ik has acluster point (2) If f : K — R
(=00, 2] € 5 or (=00, a1] x [13,00) € S for each s continuous therf attains its supremum. (3) H is a
(z1,72) € S. Hence,S is bimonotone if it equals onegsed subset ok thenA is compact.

of its bimonotone hulls. » [16, p. 20] The bimono- Set, complete » [4] A set X is complete if(VA C
tone hullsH,(S), Hz(S) are bimonotone setsp» [16,

p._20] Any bimonotone set Co_ntainir@mUSt also con- 23 himonotone subset of a direct product need not to be a sublat-
tain at least one of the two bimonotone hulla» [16, tice of X1 x Xo.
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X):inf A;sup A € X. open relative taX, (2) if A; C X is open relative toX
Set, increasing » [16, p. 15] Let(X, <) be a poset, fori = 1,...,mthenA := N, A; is open relative to
X' c X,andX N[z,00) C X' foreache € X’. Then, X, (3)if Uz C X is open relative toX for eachj € B,
X' is an increasing set» [16, p. 15] Let(X, <) be a thenU := UgcpBg is open relative toX.

poset. Asef{’ C X is anincreasing set if the indicatorSet ordering, inducedC: » [16, p. 32] Suppose that
function f : X' N [z,00) — {0,1} is an increasing X is a lattice with ordering relatio. The induced
function, i.e. ifx,2’ € X’ C X with < 2’ implies set ordering, is defined on a collection of non—empty
flz) = f(a). members of the power s&t(X) \ {0} such thatX’ C
Set, level » [16, p. 15] LetX be aset(Y, <) bea X" € P(X)\ {0} if 2/ € X’ andz” € X" imply
poset andf : X — Y. Then, the level sets of(z) on thata’ A 2" € X’ and2’ vV 2" € X”. » [16, p. 32,
X aretheset§z : 2z € X,y < f(z)}fory € Y. » L.24.1.] If X is a lattice, then the binary relatidh
[16, p. 23] Each level set of a bimonotone function is anti~symmetric and transitive da(X) \ {0}.%* »
bimonotone. [16, p. 33] L(X) is the greatest subset B¥(X) \ {0}
Set, lower than  » [15 Suppose a lattices with a on whichC is reflexive. » [16, p. 33, T. 2.4.1.] If
relation< is given. ForX andY in the power seP(S), X is a lattice, then(X) is a poset with the ordering
Xislowerthany (X <?Y)if z € X andy € Yimply relationC. Furthermore, any subsetBf X) \ {0} that
thatz Ay € X andz Vy € Y. » [15] For alatticeS, is a poset with ordering relation is a subset of2 (X).
the relation<” is antisymmetric and transitive iR(S). Set, partially ordered » [15] (X, <) is a setX on
Set of bounded functions » [12, ch. 2, p. 4] Letl'be which there is a binary relation that it is reflexive, an-
a non—empty set. The set of bounded real functionsiisymmetric and transitive.» [15] If S,, is a partially
defined byB(T) := {f € RT : sup{|f(t)| : t € T} < ordered set with relatior,, for eacha € A, then the
oo}. The usual metric of this space is the sup—metidtirect product of these partially ordered sets is the par-
doo- tially ordered set consisting of the set,c 4 S, = {z =
Set of continuous functions » [12, ch. 3, p. 39] Let (z,) : x, € S,,Va € A} with the relation< where
T be a metric space. II"is compact, therC(T) is z < yif 2, <. ya for eacha € A. (note: relation is
separable. defined componentwise)» [15] If S is a lattice with
Set of continuous bounded functions » [12, ch. 3, relation<, then the set of non—empty sublatticess)
p. 32] For any metric spacd, the set of continuousis a partially ordered set with the relatictP. » see
bounded functionsC'B(T') is a closed and completealso Dual. » see also Cover» see also Elements,
metric subspace of the set of bounded functiBii¥’). ordered pair of » see also Elements, unordered pair
Set of indices, increasable » [16, p. 27] Suppose of

Xi,..., X, are chainsS is a sublattice ok}, X;. A Set, subcomplete » [4] A non—empty setd C
subset/ of {1,...,n} is an increasable set of indicesy is subcomplete ifB c A, B # 0 implies
forz’ € S'if there exists” € Swith 2’ < z” and with jpf B,supy B € Ais complete if (VA C X) :
z; < 7 ifand only iff i € I. inf A,supA € X. infx B,supy B means that the
Set, open » [10, Def. 1.58] A subseX of R" is open sypremum and infimum is taken as a subseY of
ifintX = X. » [10, Prop. 1.59]Properties in R™  get_theoretic operations » [10, Prop 1.2] IfA, B, C
(1) 0 andR™ are open sets, (2) 7 = {Ui|a € A}isa are subsets of then (1)A C B < B C AC, (2)
family of subsets oR™ satisfying(Va € A) : Usisan ¢¢ = g, 9¢ = ¢, (3) AU AC = S, An AC = 0,
open subset dk™ thenU = UacaU, is an open subset, 4) (A)¢ = A, (5)A\B=ANB° (6)ANB =
(3)if V; is an open subset @" fori = 1,....nthen ( & 4 ¢ B¢ & B C A°, (1) AN B C A and
V:=ni., Vi is an open subset Gt". ANBCB,(8)ANB=A< ACB,(99AC AUB
Set, open relative » [10, Def. 1.71] LetX beanon— gndp ¢ AU B, (10)AUB = A < B C A, (11)
empty subset oR™. A subsetA4 of X is open relative 4 (BUC) = (AUB)UC = AUBUC, (12)
to X iff there exists an open subsetl®f, U, such that 4 A (BNC)=(ANB)NC = ANBNC, (13)
A=XnNU. »[10 Theorem 1.72] Lei be asubset 4n(BUC) = (ANB)U(ANC), (14) AU(BNC) =
of R™ and letA be a subset of. ThenA is open (4uB)N(AUC), (15)4A = (ANB)U(ANBC) =

relative to X iff for eachx € A, there exists € R (4nB)U(A\B). »[10, Prop. 1.6] Orinstead of (11)—
such thatN(x,e) N X C A. » [10, Theorem 1.73]

Properties If X is a subset oR"™ then (1)} andX are  24Both need not hold if) is included.
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(13): (1) AN (NxeaBr) = Naea(AN By) andA U Strategy set, rationalisable » [8] The sets of strate-
(UreaB)) = Uxea(AU By), (12) AN (UxeaBy) = diesS,, C S, m = 1,..., N are rationalisable if
Uxea(ANDBy), (13) AU(NaeaBy) = Naea(AUB,). for eachn andz,, € S,, z,, maximisesE|f,(-,z_,)]
Single Crossing Property » [17, p. 29] LetX be a for some probability distribution os_,, with support
lattice, T a poset ang : X x T'— R. Theng satisfies in S_,,.

the single crossing property if far' > = and¢’ > ¢, Strategy set of undominated responsesp [8] Given
g(a’,t) > g(z,t) implies thatg(z’,t') > g(z,t'), and a product sef the set of:’s undominated responses to
g(z',t) > g(z,t) implies thatg(z, ') > g(z,t') » S is defined by/(S) = {x, € Su|(Va), € S,)(3z €
[17, p. 29] LetS C X. ¢(t, S) = argmaxges g(x, t) S’) (@, Bon) > (T, 3-n)}

is increasing in(¢, .S) iff g : X x T — R is quasi— Strategy, strongly dominated » [8] A pure strat-
supermodular i and satisfies the single crossing progegy x,, for playern is strongly dominated by another
erty in (z,¢). If S is a sublattice ofX then¢(¢,S) is pure strategyz, if it is the case that for alk_,,

a sublattice ofS. In in addition the constrain§(t) is  f,(z,,7_n) < fu(Zn, T _n)-

increasing int andg satisfies the strict single crossinggubadditivity: » [10, Def. 5.8.1] If f : K — R,
property in(z, ), theng(t, S(t)) is strongly increasing where K is a convex cone, thefi is sub—additive iff,
int. forall z,y € K f(x +y) < f(z)+ f(y). » [10,
Solution, increasing (decreasing) optimal » [16, Prop. 5.82] Supposé : K — R is positively homoge-
p. 33] A collection of optimisation problems maximiséieous of degree one dd, whereK is a convex cone.
f(z,t) subject tox € S;, with each problem deter-Then f is concave (convex) ok if, and only if, f is
mined by a parameterin a posefl’ and with each con- super- (sub-) additive oA .

straint setS, contained in a latticeX has increasing Sublattice: » [4] A C X is a sublattice if(ve,y €
(decreasing) optimal solutions if the correspondengg cxAx y,xVxy € A wherex Ax y,z Vy y are
argmax ., f(z,t) is increasing (decreasing) as a fungptained taking the infimum and supremum as elements
tion of ¢ from {t : ¢t € T,argmax s, f(x,t) # 0} into  of X as opposed to using the relative ordern »
L(X) with the induced ordering set. [14] S C R?is a sublattice oR? if (z},2%) € S and
Space, measurable » [2, p. 9] A pair (2, ), where (2 24) € S = (max{z}, 2/}, max{z}, 24}) € S
Qis a set angy is ac—field of subsets ofl, is called a and (min{z},z}}, min{z}, z5}) € S. » [159 If Tis
measurable space. a subset of a lattic& andT contains the join and meet
Space, probability: » [2, p. 10] The triple(Q2, §, P), (with respect taS) of each pair of elements @f thenT
where( is a set,§ is ac—field of subsets of2 andP is a sublattice of5. » [16, p. 13] If X’ is a sublattice
a probability measure off2, §) is called a probability of the latticeX, thenX' is itself a lattice and inX’ the
space. join and meet of any two elements are the same as the
Space, topological » [2, p. 2] A topological space is join and meet of those same two elementXin » [16,

a setX together with a collectiory of subsets called p. 17, L. 2.2.2] IfX is a lattice and¥X, is a sublattice of
open setthat have the following properties: (K) € 7 X for eacha € A, thenn,c4 X, is a sublattice ofX .°
and) € 7; (2)If A,B € TthenAnB € T; (3)If » [16, p. 17, L. 2.2.3] Suppose tha, T are lattices
A, € T for all a € J, whereJ is an arbitrary index and S is a sublattice ofX x T. (a) the sectiorf; of

set, therU,c;A, € 7. S at eacht € T is a sublattice ofX (b) the projection
Stone—Geary technology » see Production function,II;S of S on T is a sublattice off’. » [16, p. 18]
Stone-Geary If X1,...,X, are non—empty latticesy is a bivariate

Stone-Weierstrass Theorem » [12, ch. 3, p. 38] subset ofx_; X; andL thei'i”"—generator of thenS
Let 7" be a compact metric space, andfebe a set in is a sublattice o}, X iff L is a sublattice ofX;, x
C(T) with the following properties: (i f + 8g € P Xi». »[16,p. 18, L. 2.2.4] Ifn > 2 andX;,..., X,
forall f,g € Panda,B € R; (i) fg € P for all are lattices, then a set is a sublatticedt , X; iff it is
f,g € P; (iii) all constant functions belong t@; (iv) the intersection ofi(n — 1)/2 bivariate sublattices of
for any distinctz,y € T, there exists arf € P such x/_,X;. » [16, p. 20] If Xy, z, are lattices and>
that f(x) # g(y). ThenP must be inC(T).?° is a sublattice ofX; x X5, then the bimonotone hulls
Stochastic process » seeProcess, stochastic H,(S), Hy(S) are sublattices» [16, p. 20] If X1, X,

25This is brick for separability o€ (T). 28Hence, the intersection of sublattices are sublattices.
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are chains, then any bimonotone subseXefx X, and sublattice ofS. » [15 Theorem 4.2] Iff is strictly
hence any bimonotone hull of any subsetdf x X, submodular on a latticé, then the se5* of points at
is a sublattice ofX; x x5. » [16, p. 20, T. 2.2.1.] If which f attains its minimum orf in achain » [15,
Xy,..., X, are lattices, then a sétis a sublattice of Theorem 4.3] IfX, T are lattices,S is a sublattice on
x_, X, iff itis the intersection ofi(n — 1) bimonotone X x T, f is submodular orf, S, is the section of5
sublattices ofx?"_, X; together with the direct productatt¢ € T, andg(t) = inf,cg, f(x,t) is finite on the
of the projection ofS on eachX; where the projection projectionII;S theng(t) is submodular ofl,S.

of S on eachX; is a sublattice ofX;. Subsequencew [10, Def. 2.21] If (x,,) and (y,,) are
Sublattice, collection of non-empty£(X): » [16, Sequencesy,) is said to be a subsequence(of,) iff

p. 32] Suppos&X is a lattice. ThenC(X) is the collec- there exists a sequen¢e;) of positive integers satis-
tion of all non—empty sublattices of. » [16, p. 33] fying: (1) (Vi,j € N) : i > j = n; > n; and (2)
L(X) is the greatest subset B X) \ {0} on whichC (Vk € N) : y; = x,,. » [10, Prop. 2.23] If(z,,) is

is reflexive. » [16, p. 33, T. 2.4.1.] IfX is a lattice, a sequence such thaf — z*, and(xz,,) is any subse-
then£(X) is a poset with the ordering relatian. Fur- quence ofz,,), thenz,,, — z*.

thermore, any subset &(X) \ {0} that is a poset with subset, bivariate ~ » [16, p. 18] Suppose that
ordering relatioriC is a subset of.(X). Xi,..., Xy aresets and = (zy,...,7,) € X[ X;
Sublattice, subcomplete’’” » [14] X is a subcomplete With z; € X;. If Lis a subset o, x X for i’ # 1"
sublattice ofS if for each non—empty subsef’ ¢ X andS = {z : 2 € X}, X;, (zy,zv) € L}. Then
the leastipper boundnd the greategbwer bouncexist S is the bivariate subset of7_,. » see alsoi’i"—
and are contained i. » [16, p. 29] If X’ is a sub- Generator » [16, p. 20] If X;, ... X,, are posetsy is
lattice of a latticeX and if, for each non—empty subsed bivariate subset of;., X, a subsef. of X,/ x X,
X" of X, supy X” andinfx X" exist and are con- fori’ # i is thei’s""—generator of, andL is bimono-
tained inX’, thenX" is a subcomplete sublattice &F. tone, thenS is bimonotone.

» [p. 29]topkis98b By L. 2.2.1, any finite sublattice oBupermodularity: ~ » [1] TT'(p1,p2) = (¢ —

a lattice is subcomplete. Hence, any sublattice of a i) D' (p1,p2) is supermodular in(py,ps) if AC £
nite lattice of X is subcomplete. » [16, T. 2.3.1] A D, + (p1 —c1)Dy,,, < 0forall (p1,p2) € P x Pa.
sublattice ofR™ is subcomplete iff it is compact. » [14] A real valued functionf(z) on a lattice X is
Submodularity:  » [14] If —f(z) is supermodular @lléd supermodular o’ if (vVa',2" € X) : f(2') +
then f(z) is submodular. » [15] If S; is a latiice /(@") < f(@" Az”) + f(a' v 2”). » [7] Equiv-
fori = 1,...,n, S is a sublattice ofx?_,S; and f alent represgntatlcan function f : R® — R is su-
is (strictly) submodular orf, then f has (strictly) an- Permodular if for allz, 2" € R", f(x) + f(z') <
titone differences ors.  » [15] If S; is achainfor f(min{z,2'}) + f(max{z,z’}). This inequality is

i = 1,...,n and f has (strictly) antitone differencesfauivalent to [f(z) — f(min{z,z'})] + [f(2’) —
on x?_,S;, then is (strictly) submodular on?_, §;. [ (min{z,z})] < f(min{z, 2'}) + f (max{z, 2}), i.e.
(note, this result is not valid for the product of a counfh® sum of the changes in the function when several ar-
able collection of chains!). » [15] Implications Let gumepts are mpreased separately is less than the change
u' be theith unit vector inE™. A function f is sub- resulting from increasing all the arguments togefther; or
modular iff (1) f(z + eu) — f(x) is antitone ing; J(max{z,z’}) = f(@') > f(z) - f(min{z,2'}), ie.
Vi # j, e € Ryy andz or iff (2) 9f(x)/dz; is anti- NCreasing one or more variables ra|ses.the return to in-
tone inz;, Vi # j anda or iff (3) 92 f(x)/0x;0z; < 0 creasing the other variables» [8] Topk|s’§ Chara(;—
Vi # jandz. w» [15 Lemma 3.1] IfS is a lat- terisation TheoremLet I = [x,X] be an interval in

tice andg, (z) is non—positive, isotone (antitone), an& - SUPPose thaf : R™ — R is twice continuously
submodular onS for i = 1,...,k, then f(z) = differentiable on some open set containihg Then,

(—1)"=1g;(2)g2(z) .. . gu(z) is also non—positive, iso- fzis supermodular iff for aIb; € I and alli # j,.
tone (antitone), and submodular 60 » [15, Theo- 9" f/9zidz; > 0. » [8]If fis an order upper semi-
rem 4.1] If f is submodular on a latticé, then the set continuous, supermodular function from a complete lat-

S* of points at whichf attains its minimum ors is a ticé S o R U {—oo}, thenf has a maximum ir. »
[8] If fis an order upper semi—continuous, supermod-

2717, p. 18]: Note that a lattice need not to be a sublattice ofdl@r function from a _co_mplete |?ttiC§ to R U {—o0},
larger lattice. then the set of maximisers gf is a complete sublat-
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tice of S.  » [17, Remark 6] Ifg is (strictly) su- point,a® € 4, is a strategy{a’}, t = 0, 1,.. ., such that
permodular onX x T, then it has (strictly) increasinga® = r(a*~1).

differences onX x T andg is (strictly) supermodu- Tietze’'s Extension Theorem » [12, ch. 3, p. 38] Let
lar on X for anyt € T. » [17, Theorem 2.3] Let T be a non—empty closed set in a metric spAceAny
g : X x T — R be supermodular on a latticé for functionf € CB(T') can be extended to a functidhe
eacht in the posetl’. Let S be a sublattice o and (C'B(X), that is, there exists a continuous and bounded
¢(t) = argmaxzes{g(z,t)}. (i) Theng(?) is a sub- functionF' € R* such thatF), = f.

lattice of S for all ¢. (ii) If g has increasing (decreasTopkis's Monotonicity Theorem: » see Monotonic-
ing) differences in(x, t), then,¢ is increasing (decreas-ity Theorem

Ing) (lll) If g is StriCtly SUpermOdUIar otX for each Topo|ogica| Space > SeeSpacel topo]ogica|

t € T, theng(t) is ordered for alt. (iv) If g has strictly Topology, metric: » [2, p. 4] The metric topology on
increasing differences i, t), then¢ is strongly in- x js defined as follows: a seb is open if and only

creasing. » [17, p. 28] Sufficient condition foy(z,t) if » ¢ O implies B.(z) C O for somee > 0, where
to be supermodular oX x T': The off-diagonal ele- B.(z) is thec—ball.

ments ofH,, the Jacobian o¥,g andV ;g are non- Topology,
negative. Note: The off-diagonal elementsidf are
nonnegative iffy(z, t) is supermodular oX for a given
t € T. » [17, Theorem 2.4]Existence of a solu-
tion: Letg : X x T — R be supermodular o,
a compact sublattice of the latticeé for eacht € T.
If g is upper semi—continuous ol for any ¢, then
¢(t) = argmax g IS a non—empty compact sublattice . . :
of S for all £. upper semi—continuous see aIs_oFuncUon, upper
Supremum of A: » [10, Def. 1.10]a € R is a supre- semi—continuousand binary relation, upper semi

continuous
mum of A C R, sup A, iff (1) « is anupper boundor , }
A and (2) if 5 is anupper boundor A, thena < 5. » Urysohn's Lemma: » [12, ch. 3, p. 40] LetX be any

[10, p. 12] Any non—empty set of real numbers that Irgetrlc space and let and B be two non—empty closed

bounded above has a supremum[10, Theorem 1.14] Sets| .W'th An B = 0. For any—co < a < b < oo,
: » . there exists a continuous functign: X — [a, b] such
a = sup A iff for every positive real numbee: (1)

VeeA):z<a+eand(2)(Fz' € A) : 2/ >a—ce thc’?l'Fg(x) - C.Lfor all A andg(z) = bforallz € B.

» [10, Prop. 1.15] Suppos&, B C R and non-empty Utility function, properties: » [17, Theorem 3.1]
satisf;/ing (Va € A)(Vb ¢ é) 4 > btheninf A Consider a utility function in the cladg™ which sat-
andsup B both exist andinf A > sup B > [10 isfies the regularity conditions, the uniform Inada prop-
Prop fﬂ] Lethd — {z c Rl(ﬂx_' c 2) _'x _ )\x,}’ erty, and the curvature property. Let prices for any good
If A C R and non—empty, which is bounded above, a % in a compact and positive interval. (i) The demand
X\ € Ry, thensup(AA) exi,sts andup(A4) = Asu A’ or any good and the marginal utility of income are uni-
> [10+I5rop 1 1p8] Letd + B — {:cpe R|(3a € Apb ¢ formly bounded above and away from zéfo(ii) The

B) : x o + é} fAB C IRzand non-empty ;/vhich order of magnitude of the (Euclidean) norm of the in-
are bounded from ab(;ve then+ B is bounded above “©™M€ derivative of demand of any goodlig/n. If
andsup(A + B) = sup A'+ sup B. »[15]If Sis a preferences are representable by additive sparable or

complete latticeX, Y are in P(S) and X <P Y, then Podmot??rt]lc .u““ty furgjctlpn? the?(;he or?jerfof magnl—d
inf X < inf Y andsup X < sup Y. ude of the income derivative of demand of any goo

is 1/n.?° (iii) The associated Slutsky matrix is non—

degeneraté’

-|- Utility function, regularity conditions : » [17, p. 80]
For any number of goods the assumed properties will

usual » [2, p. 2] The usual topology iR
is defined as follows: a set is openif and only if for
everyx € Athere exists a > 0 suchthatz—e, xz+¢[C

Tarski's Fixed Point Theorem: » see Fixed Point

Theorem 28Implies that the expenditure share on any good is small (and pos-
~ . . itive)

Tatpnnement, smultaneous discrete » [17, p- _5_1] 29mplies that the income effects are small.

A simultaneous discrete tatnement withz® as initial ~ 3%mplies that the substitution effects are non—-degenerate.




define a class of utility function§™. Regularity con-
dition: Let U : R}, — R be smooth (twice con-
tinuously differentiable) with strict positive gradient,
VU(q) > 0, and a negative definite Hessiaf,,(q),
for all ¢ € R’},. Uniform Inada Condition There
exist decreasing positive functioms: R, — R,
and¢ : Ry, — Ry, with ¢ < ¢, ¢(z) —.0
andd_)(Z) T z—00 Ol such thaté(qz) < aU(q)/a% <
¢(g;) for all ¢ € R7, and for alli.* Curvature prop-
erty: Theabsolute valuesf the eigenvalues off,, are
bounded above and away from zero (uniformlyrih
provided that the consumption of each good lies in a
compact set bounded away from zéfo.

V

Valuation: » [15] A function that is both submodular
and supermodular is a valuation.

W

Weierstrass’ Theorem  » [12, ch. 3, p. 16] If X
is a compact metric space and : X — Ris a
continuous function, then there existsy € X with
f(z) = sup f(X) andf(y) = inf f(X).>* » Gener-
alisation[12, ch. 3 p. 18] LetX be a compact metric
space, and lef : X — R be any function. Iff is up-
per semi—continuous, then there existsrag X with
f(x) =sup f(X). If fislower semi—continuous, then
there exists g with f(y) = inf f(X).

Well-Ordering Principle for Positive Integers: »
[10, p. 17] Every non—-empty subset Bf has a least
element; that is ifA C N is nonempty, then there exists
k* € A satisfying(Vn € A) : k* <mn.

31implies that utility function is not too asymmetric and that there
are no two goods which are close to perfect substitutes. Implies also,
that the expenditure shares become small as the number of goods in-
crease; the demands will be uniformly bounded above and away from
zero provided that the prices are not of different orders and magni-
tude.

32Allows us to obtain bounds on the income derivative of demand
in terms of the umber of goods; implies that the slopes of the Hicksian
demand curves are non-degenerate.

33Is used to show that a maximum or a minimum of optimisation
problem exists.
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