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A
Abel’s Inequality : I [10, Prop. 2.47]: If〈an〉 and
〈bn〉 are sequences such that for somem ∈ N, and
α ∈ R+ b1 ≥ b2 ≥ . . . ≥ bm−1 ≥ bm ≥ 0 and
|sn| ≡ |

∑n
i=1 ai| ≤ α for n = 1, 2, . . . ,m, then

|
∑m

n=1 anbn| ≤ αb1. I [10, Cor. 2.48] If 〈bn〉 is a
sequence such that for somem ∈ N b1 ≥ b2 ≥ . . . ≥
bm ≥ 0, then

∑m
n=1(−1)nbn ≤ b1.

absolute value: I [10, p. 11] if x ∈ R, |x| =
{x if x ≥ 0 and − x if x < 0} =
max{x,−x}. Then fora, b ∈ R: (1) |a| ≤ b ⇔ −b ≤
a ≤ b, (2) |a| = | − a|, |a|2 = a2 and

√
a2 = |a|,

(3) |ab| = |a||b| and a2 ≤ b2 ⇔ |a| ≤ |b|, (4)
|a+b| ≤ |a|+|b|, [10, Prop. 1.8] (5)||x|−|y|| ≤ |x−y|.
accumulation point: seelimit point

B
ball, ε–: I [2, p. 4] Forε > 0 theε–ball aroundx ∈ X
is the setBε(x) = {y ∈ X : d(x, y) < ε}, with d(x, y)
being a metric.
bargaining game: I seegame, bargaining
bimonotone hulls: I seehulls, bimonotone
bimonotone sets: I seeset, bimonotone
binary relation : I [16, p. 11] A binary relationG on
a setX specifies for allx, y ∈ X either thatxGy is true
or thatxGy is false. I Properties: [10, Def. 1.19] The
binary relationG on a setX is (a) antisymmetric iff:
(∀x, y ∈ X) : [xGy ∧ yGx] ⇒ x = y, (b) asymmetric
iff: (∀x, y ∈ X) : xGy ⇒ ¬yGx, (c) irreflexive iff
(∀x ∈ X) : ¬xGx, (d) reflexive iff (∀x ∈ X) : xGx,
(e) symmetric iff: (∀x, y ∈ X) : xGy ⇒ yGx, (f)
transitive iff: (∀x, y, z ∈ X) : [xGy ∧ yGz] ⇒ xGz,
(g) total iff: (∀x, y ∈ X) : xGy or yGx or x = y. I
[10, Def. 1.78] IfP is a binary relation on a non–empty
subset ofRn, X, P is upper semi–continuous(onX)
iff (∀x ∈ X) : xP := {y ∈ X|xPy} is open relative
to X, lower semi–continuous(on X) iff (∀x ∈ X) :
Px := {y ∈ X|yPx}, continuous(on X) iff P is
both, upper and lower semi–continuous onX.
bivariate subset: I seesubset, bivariate
Blackwell’s contraction mapping: I seecontraction
mapping.
Bolzano–Weierstrass TheoremI [10, Theorem 2.27]
If 〈xn〉 is a bounded sequence, then there exists a sub-
sequence〈xni〉 of 〈xn〉, and a numberz ∈ R such that
limi→∞ xni

= z.
bound, greatest lower: seeinfimum of A
bound, least upper: seesupremum of A

bound, lower: I [10, Def. 1.9] IfA ⊆ R α ∈ R is an
lower bound forA iff (∀x ∈ A) : x > α. I [16, p. 12]
Let (X,�) be a partially ordered set andX ′ ⊆ X. If
x′ ∈ X andx′ � x for eachx ∈ X ′, thenx′ is a lower
bound forX ′.
bound, upper: I [10, Def. 1.9] IfA ⊆ R α ∈ R is an
upper bound forA iff (∀x ∈ A) : x < α. I [16, p. 12]
Let (X,�) be a partially ordered set andX ′ ⊆ X. If
x′ ∈ X andx � x′ for eachx ∈ X ′, thenx′ is an upper
bound forX ′.1

: (B(A)) I [10, Def. 1.67] The set of all bound-
ary points ofA is the boundary ofA. I [10,
Prop. 1.68]Properties: If A is a subset ofRn, then (1)
intA ∩ B(A) = ∅ and (2)Ā = intA ∪ B(A). I [12,
ch. 2, p. 3] Let(X, d) be a metric space andS ⊆ X, let
int(S) be the interior and̄S the closureof S, then the
boundary ofS is defined asB(S) := S̄ \ int(S).
boundary point: I [10, Def. 1.67] LetA be a sub-
set ofRn. A point x∗ ∈ Rn is said to be a boundary
point ofA iff for eachε ∈ R++ N(x∗, ε) ∩ A 6= ∅ and
N(x∗, ε) ∩AC 6= ∅.

C
Carathéodory Extension Theorem: I [2, p. 9] states
that ifP is a countably additive set function (probability
measure) on afield G with PΩ = 1 then there is a
unique probability measurēP on the smallestσ–field
σ(G) such thatP̄F = PF for all F ∈ G.
Cauchy–Schwarz Inequality: I For all x,y ∈ Rn,
|x · y| ≤ ||x|| · ||y||.
Cauchy sequence: I [10, Def. 2.28] A sequence〈xn〉
is called a Cauchy sequence iff, for everyε > 0, there
exists ap ∈ N such that for allm,n ≥ p, |xn−xm| < ε.
I [10, Prop 2.29] If〈xn〉 is a Cauchy sequence, then
〈xn〉 is bounded. I [10, Theorem 2.30] A sequence
〈xn〉 is convergent iff it is a Cauchy sequence.
chain I [15] A partially ordered set is a chain, if it
does not contain an unordered pair of elements.I
[16, p. 20] If X1, X2 are chains, then any bimonotone
subset ofX1 × X2 and hence any bimonotone hull of
any subset ofX1 ×X2 is a sublattice ofX1 × x2.
: (Ā) I [10, Def. 1.64] LetA ⊂ Rn. A pointx ∈ Rn is
a point of closure of A iff for each positive real number
ε, N(x, ε) ∩ A 6= ∅. I [10, Prop. 1.65]Properties: If
A is a subset ofRn then (1)A ⊆ Ā, (2) (Ā) = Ā (3)
Ā is closed. I [12, ch. 2, p. 6] Let(X, d) be a metric
space andS ⊆ X. The smallest closed set containingS

1Note that the upper boundx′ need not to be an element ofX′.
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is called closure ofS. I [16, p. 30] For a setX ∈ Rn

the closure ofX is the intersection of all closed sets
containingX.
cluster point: see alsolimit point I [10, Def. 2.24]
x∗ ∈ R is a cluster point of the sequence〈xn〉 iff, given
any ε > 0, and any positive integerm, there exists
n > m such that|xn − x∗| < ε. I [10, Prop. 2.25]
The real numberx∗ is a cluster point of the sequence
〈xn〉 iff there exists a subsequence of〈xn〉, 〈xni

〉, such
thatxni → x∗. I [10, Cor. 2.26] If the sequence〈xn〉
converges tox∗ ∈ R, thenx∗ is a cluster point; in fact
the only cluster point of〈xn〉. I Bolzano–Weierstrass
Theorem[10, Theorem 2.27] If〈xn〉 is a bounded se-
quence, then there exists a subsequence〈xni

〉 of 〈xn〉,
and a numberz ∈ R such thatlimi→∞ xni

= z.
collection of non–empty sublatticesL(X): seesub-
lattice, collection of non–empty.
comparative statics: I [16, p. 7] Comparative static
is concerned with the dependencies of optimal solutions
on the parameter.
comparative statics, monotone: I [16, p. 7] Mono-
tone comparative static is concerned the optimal solu-
tions varying monotonically with the parameter.I
[16, pp. 7] Monotone comparative statics considerers
conditions under which the set of optimal solutions
argmaxx∈St

f(x, t) is increasing int and one can select
an optimal solutionxt in argmaxx∈St

f(x, t) for each
t ∈ T such that ift′, t′′ ∈ T andt′ ≤ t′′ it follows that
xt′ ≤ xt′′ .
comparison test: I seeconvergency tests.
connected space: I seemetric space, connected
continuity : Uniform continuity I [12, ch. 3, p. 6] A
functionf : X → Y is uniformly continuous if, for all
ε > 0, there exists aδ > 0, such thatf(N(x, δ)) ⊆
N(f(x), ε) for all x ∈ X. Hölder continuity I [12,
ch. 2, p. 6] A functionf : (X, d) → (Y, dY ) is said
to be Ḧolder continuous if there exists aK > 0 and
a α > 0 such thatdY (f(x), f(y)) ≤ Kd(x, y)α for
all x, y ∈ X. Lipschitz continuityI [12, ch. 3, p. 7]
A function f : (X, d) → (Y, dY ) is said to be Lip-
schitz continuous if there exists aK > 0 such that
dY (f(x), f(y)) ≤ Kd(x, y) for all x, y ∈ X. Contrac-
tion I [12, ch. 3, p. 7]A functionf : (X, d) → (Y, dY )
is said to be a contraction if there exists aK ∈ (0, 1)
such thatdY (f(x), f(y)) ≤ Kd(x, y). I [12, ch. 3,
p. 7] Any differentiable function is Lipschitz continu-
ous if its derivative is bounded; it is non–expansive if
sup{|f ′(f)| : t ∈ R} ≤ 1; and it is a contraction if
sup{|f ′(f)| : t ∈ R} ≤ K ≤ 1 for someK ∈ (0, 1).
I [12, ch. 3, p. 8] Iff : R → R is Lipschitz continuous

with a constantK > 0, then the functiong : R → R
defined byg(x) := f(x) +Kx is increasing. Thus,g,
and hencef , are differentiable almost everywhere by
Lebesgue’s theorem.I [12, ch. 3, p. 43] LetT be any
non–empty set in a metric spaceX. Any Lipschitz con-
tinuous functionf ∈ RT can be extended to a Lipschitz
continuous functionF ∈ RX .
continuous: see alsofunction, continuousandbinary
relation, continuous
contraction mapping: I [9, Def. 7.63] If (M,d) is a
metric space, a functionf : M → M such that there
exists a constantk ∈ [0, 1] satisfyingd(f(x), f(y)) ≤
kd(x, y) for all x, y ∈ M is called a contraction map-
ping. I [17, p. 47] Sufficiency condition: Con-
sider a game(Ai, πi, i ∈ N), with Ai as a product
of ki compact intervals andπi be a smooth function
on A and strictly quasi–concave inai. WhenAi is
one–dimensional,r(·) is a contraction if∂2πi/∂a

2
i +∑

j 6= |∂2πi/∂ai∂aj | < 0. Similar dominant diagonal
conditions on the second derivatives ofπi yield the re-
sult for the multidimensional case. [12, ch. 2, p.34] Let
T be a non–empty set and letS be any non–empty set
B(T ) which is closed under addition by positive con-
stant functions. Assume thatΦ : S → S has the fol-
lowing properties: (i)f ≤ g impliesΦ(f) ≤ Φ(g) for
all f, g ∈ S; (ii) there exists aδ ∈ (0, 1) such that
Φ(f + α) ≤ Φ(f) + δα for all f ∈ S and allα ≥ 0.
ThenΦ is a contraction.
contraction mapping theorem: I [9, Theorem 7.64]
If (M,d) is a complete metric space andf : M →M is
a contraction mapping, thenf has a unique fixed point,
i.e. there exists ax∗ ∈M satisfyingx∗ = f(x∗) and if
x̂ ∈M also satisfieŝx = f(x̂), thenx∗ = x̂.
convergency tests: I [10, Theorem 2.43] COMPAR-
ISON TEST: Suppose

∑∞
n=1 bn is a non–negative se-

ries, and let
∑∞

n=1 an be a second series such that there
exists a constantα > 0, and an integerm satisfy-
ing |an| ≤ αbn for n = m + 1,m + 2, . . .. Then
(1) if

∑∞
n=1 bn is convergent, then

∑∞
n=1 an is abso-

lutely convergent and (2) if
∑∞

n=1 |an| is divergent,
then

∑∞
n=1 bn is also divergent. I [10, Prop. 2.45]

D’A LEMBERT’ S RATIO TEST: Supposean > 0 for
n = 1, 2, . . ., and thatlim sup(an+1/an) = r <
1. Then

∑∞
n=1 an converges. If on the other hand,

lim inf(an+1/an) = s > 1, then the series diverges.I
[10, Prop. 2.49] DIRICHLET’ S TEST Suppose〈an〉 is a
sequence such that the corresponding sequence of par-
tial sums〈sn〉 is bounded; and let〈bn〉 be a no–negative
monotone decreasing sequence such thatbn → 0. Then
the series

∑∞
n=1 anbn converges.
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correspondence, compact–valued: I [12, ch. 4, p. 4]
A correspondenceΓ : X → Y is compact–valued if the
image of each point is compact in the codomainY of
the correspondence,
correspondence, continuous: I [12, ch. 4, p. 9] Let
X andY be metric spaces. A correspondenceΓ : X →
Y is said to be continuous atx in X if it is upperand
lower hemi–continuousatx.
correspondence, increasing (decreasing): I [16,
p. 33] A correspondenceSt is increasing (decreasing)
in t on T if the domainT is a poset, the range{St :
t ∈ T} ∈ L(X), whereX is a lattice andL(X) is a
poset with ordering relationv, andSt is an increasing
(decreasing) fromT into L(X), i.e. t′ � t′′ ∈ T im-
pliesSt′ v St′′ (St′′ v St′ ). I [16, p. 35, T. 2.4.2]
If X is a lattice,T is a poset, the correspondenceSαt is
an increasing function oft from T into L(X) for each
α ∈ A, and∩α∈ASαt is non–empty for eacht ∈ T then
the correspondence∩α∈ASαt is an increasing function
of t from T intoL(X).
correspondence, increasing family of: I [4] (φt :
t ∈ T ): LetX be a complete lattice andT be a partially
ordered set. An increasing family of correspondences is
a correspondenceφ : X × T → X such that (1)(∀t ∈
T ) : x 7→ φt(x) is weakly increasing,upper hemi–
continuousand subcomplete sublattice valued and (2)
(∀x ∈ X) : t 7→ φt(x) is weakly increasing.
correspondence, lower hemi–continuous: I [12,
ch. 4, p. 8] LetX andY be metric spaces. A correspon-
denceΓ : X → Y is said to be lower hemi–continuous
atx ∈ X, if, for any sequence(xm) ∈ X with xm → x
andy ∈ Γ(x), there exists a sequence(ym) ∈ Y such
that ym ∈ Γ(xm) for eachm, andym → y. I [12,
ch. 4, p. 8] LetX andY be metric spaces. The cor-
respondenceΓ : X → Y is lower hemi–continuous if,
and only if, for every open setO ∈ Y with Γ(x)∩0 6= ∅,
there exists aδ > 0 such thatΓ(z) ∩ O 6= ∅ for all
z ∈ N(x, δ).
correspondence, upper hemi–continuous: I [12,
ch. 4, p. 3] LetX andY be metric spaces. A correspon-
denceΓ : X → Y is said to be upper hemi–continuous
atx ∈ X if for every open setO in Y with Γ(x) ⊂ O,
there exists aδ > 0 such thatΓ(N(x, δ)) ⊆ O.2 I
[12, ch. 4, p. 4] LetX and Y be metric spaces. If
Γ : X → Y is a compact–valued and upper hemi–
continuous correspondence, thenΓ(S) is compact inY
wheneverS is compact inX. I [12, ch. 4, p. 4] Let

2A small perturbation ofx does not cause the image setΓ(x) to
suddenly get large.

X andY be metric spaces, and letΓ : X → Y be any
correspondence.Γ is upper hemi–continuous atx if,
for any sequence(xm) ∈ X∞ and(ym) ∈ Y∞ with
xm → x andym ∈ Y for eachm, there exists a sub-
sequenceym that converges to a point inΓ(x). If Γ is
compact–valued, then the converse is also true.I [12,
ch. 4, p. 5] If Γ1 and Γ2 are upper hemi–continuous
then so isΦ := Γ1 ∪ Γ2. If, in addition, Γ1 andΓ2

are compact valued andΨ := Γ1 ∩ Γ2 6= ∅ thenΨ is
also upper hemi–continuous.I [12, ch. 4, p. 5] Let
Γ1 andΓ2 be any two correspondences that map a met-
ric spaceX into Rn. DefineΦ = (Γ1(x),Γ2(x)) and
Ψ := {y1 + y2 : yi ∈ Γi}, thenΦ : X → R2n and
Ψ : X → Rn are compact–valued and upper hemi–
continuous. I [12, ch. 4, p. 6] LetX andY be met-
ric spaces, and letΓ : X → Y be a correspondence.
(a) If Γ has a closed graph, then it need not be upper
hemi–continuous. But ifΓ has a closed graph andY
is compact, then it is upper hemi–continuous. (b) IfΓ
is upper hemi–continuous, then it need not to have a
closed graph. But ifΓ is upper hemi–continuous and
closed–valued (i.e.Γ(x) is closed inY for all x ∈ X),
then it has a closed graph.
cover: I [16, p. 11] Let(X,�) be a partially ordered
set andx′, x′′ ∈ X. If x′ ≺ x′′ and there does not exist
a z ∈ X with x′ ≺ z ≺ x′′ thenx′′ coversx′ in X. I
see also Set, partially ordered.
cover, increasable: I [16, p. 27] An increasable set
of indicesI is an increasable cover forx′ ∈ S if I
is a cover for the empty set in the collection of all in-
creasable sets of indices forx′; i.e. if I is a non–empty
increasable set forx′ and there does not exist an in-
creasable setI ′ for x′ with ∅ ⊂ I ′ ⊂ I. I [16,
p. 27, T. 2.2.3.] SupposeX1, . . . , Xn are chains andS
is a sublattice of×n

i=1Xi. (a) The distinct increasable
covers forx′ ∈ S are disjoint. (b) Ifx′, x′′ ∈ S corre-
spond to distinct increasable covers forx′∧x′′ ∈ S then
S ∩ (×n

i=1{x′i, x′′i }) = {x′, x′′, x′ ∧ x′′, x′ ∨ x′′}. (c) If
x′, x′′ ∈ S are unordered andS ∩ (×n

i=1{x′i, x′′i }) 6=
{x′, x′′, x′ ∧ x′′, x′ ∨ x′′}, then there existz′, z′′ ∈
S ∩ (×n

i=1{x′i, x′′i }) such thatS ∩ (×n
i=1{z′i, z′′i }) =

{z′, z′′, z′ ∧ z′′, z′ ∨ z′′}, z′, z′′ correspond to distinct
increasable covers forx′ ∧ x′′ ∈ S ∩ (×n

i=1{x′i, x′′i }),
z′ � x′, z′′ � x′′, x′ ≺ x′ ∨ z′′, x′′ ≺ x′′ ∨ z′.

D
D’Alembert’s ratio test : seeconvergency tests

DeMorgan’s Laws: I [10, Theorem 1.7]S,A non–
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empty sets,X ≡ {Xa|a ∈ A} is a family of sub-
sets ofS, then (1)(∪a∈AXa)C = ∩a∈A(Xa)C and (2)
(∩a∈AXa)C = ∪a∈A(Xa)C .
differences, decreasingI [17, p. 24] LetX be a lat-
tice andT a poset. The functiong : X × T → R
has (strictly) decreasing differences in(x, t) if g(x, t)−
g(s, t′) is strictly decreasing for allt ≥ t′ (t ≥ t′, t 6=
t′).
differences, increasing I [17, p. 24] LetX be a lat-
tice andT a poset. The functiong : X × T → R
has (strictly) increasing differences in(x, t) if g(x, t)−
g(s, t′) is strictly increasing for allt ≥ t′ (t ≥ t′, t 6=
t′). I [17, Remark 6] Ifg is (strictly) supermodular
onX × T , then it has (strictly) increasing differences
onX×T andg is (strictly) supermodular onX for any
t ∈ T .
Dirichlet’s Test: seeconvergency tests.
distance function: seemetric.
distribution, exponential: I [2, p. 36] An R+–
valued random variableT is exponentially distributed
if its survivor functionF (t) = P [T > t] is given by
F (t) = e−λt, t ≥ 0 for some constantλ = 0. I
Properties: [2, p. 36] The mean and standard deviation
is equal to1/λ. I [2, p. 36] The conditional distribu-
tion of the remaining time given thatT > s is given by
P [T > t+ s|T > s] = F (t+ s)/F (s) = e−λt.
dual of a partially ordered set:I [16, p. 11] Let(X,�)
be a partially ordered set. Then, the dual is the partially
ordered set consisting of the same setX with the binary
relation�′, wherex′ �′ x′′ for x′, x′′ ∈ X if and only
if x′′ � x′.

E
element, greatest: I [16, p. 12] Let(X,�) be a par-
tially ordered set andX ′ ⊆ X. If x′ ∈ X ′ is anupper
boundfor X ′, thenx′ is the greatest element ofX ′.3

element, least: I [16, p. 12] Let(X,�) be a partially
ordered set andX ′ ⊆ X. If x′ ∈ X ′ is anlower bound
for X ′, thenx′ is the least element ofX ′.4

element,maximal: I [16, p. 12] Let (X,�) be a
partially ordered set andX ′ ⊆ X. If x′ ∈ X ′ and
(@x′′ ∈ X ′) : x′ ≺ x′′ thenx′ is a maximal element of
X ′.5

3Note that there is at most one greatest element ofX′.
4Note that there is at most one least element ofX′.
5Unlike the greatest element, there may be several maximal ele-

ments ofX′. The distinct maximal elements are unordered pairs of
elements.

element, minimal: I [16, p. 12] Let (X,�) be a
partially ordered set andX ′ ⊆ X. If x′ ∈ X ′ and
(@x′′ ∈ X ′) : x′′ ≺ x′ thenx′ is a minimal element of
X ′.6

elements, join I [15] If two elements,x andy, on a
partially ordered set have a leastupper bound(x ∨ y) it
is their join.7

elements, meetI [15] If two elements,x andy, on a
partially ordered set have a greatestlower bound(x∧y)
it is their meet.
elements, ordered pair of: I [16, p. 11] Let(X,�)
be a partially ordered set andx′, x′′ ∈ X. The elements
x′ andx′′ are ordered if eitherx′ � x′′ or x′′ � x′.
elements, unordered pair of I [15] Two elementsx
andy of a partially ordered set are unordered if neither
x ≤ y nory ≤ x.
embedding: I [12, ch. 3, p. 11] Iff is not necessarily
surjective, butf : X → f(X) is a homeomorphism,
thenf is called an embedding.
envelope Theorem: I [6] Let K ⊂ X be non–empty
and compact, suppose that for allt, f(·, t) : K → R is
upper semi–continuous. Further assume that the partial
derivativeft(x, t) exists and is a continuous function
of (x, t). Define furtherV (t) = maxx∈K f(x, t) and
x∗(t) = arg maxx∈K f(x, t). Then, (a)V has bounded
right-hand and left–hand derivatives on[0, 1) and(0, 1],
respectively, and these are given by the formulas:V ′

+ =
maxx∈x∗(t) ft(x, t) andV ′

− = minx∈x∗(t) ft(x, t), (b)
V is almost everywhere differential on(0, 1) and when-
ever the derivative exists,V ′(t) = ft(x(t), t) for any
x(t) ∈ x∗(t). (c) For everyt ∈ [0, 1] and any selection
x(t) from x∗(t), V (t) = V (0) +

∫ t

0
ft(x(s), s)ds.

equivalence Relation on X: I [10, Def. 1.25] IfX is
a non–empty set andR is a binary relation onX, then
R is an equivalence relation onX iff R is reflexive,
symmetric, and transitive.
existence Theorem: I [17, Theorem 2.5] TOPKIS In a
supermodular game the equilibrium setE is non–empty
and has a largest,̄a = sup{a ∈ A : Ψ̄(a) ≥ a}, and
a smallest,a = inf{a ∈ A : Ψ ≤ a}, element. I
[17, Theorem 2.6] TARSKI Let (S,≥) be a completely
and densely ordered lattice andf : S → S a quasi–
increasing function. Then, the set of fixed pointsE is
non–empty and(E,≥) is a completely ordered lattice.
In particular,x̄ = sup{x ∈ S : f(x) ≥ x} andx =
inf{x ∈ S : f(x) ≤ x} are the largest and the smallest

6Unlike the least element, there may be several minimal elements
of X′. The distinct minimal elements are unordered pairs of elements.

7Note that this is usually determined by thecomponentwisecom-
parison ofx andy.
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fixed points off . I [17, p. 40] AMIR Let S be a
compact interval andψ : S → S be a correspondence
such that its slope is bounded below, i.e. ifx1 6= x2,
y1 ∈ ψ(x1), andy2 ∈ ψ(x2), then(y1 − y2)/(x1 −
x2) ≥ −k, for somek > 0. Thenψ has a fixed point.
I [17, Theorem 2.7] LetAi be a compact interval of the
reals, and suppose that the best replies areupper hemi–
continuousstrongly decreasing correspondences of the
typeΨi(

∑
j 6=i a; j) for all i. A fixed point of the best

reply map exists then. If in addition for alli Ψi has
slopes strictly above -1, then the equilibrium is unique.
existence Theorem for mixed strategies: I [17, The-
orem 2.9] Consider a game(Ai, πi, i ∈ N). If the (pure)
strategy sets are non–empty subsets of the Euclidean
space and payoffs are continuous there is a mixed strat-
egy NE.

F
field: I [2, p. 9] A classG is a field if: (1)G ∈ G
impliesGc := Ω \G ∈ G, and (2)G1, G2 ∈ G implies
G1 ∪G2 ∈ G.
field, Borel σ–: (B(X)) I [2, p. 8] If (X, T ) is a
topological space then the Borelσ–field B(X) in X is
theσ–field generated by the open setsT .
field, σ–: (F) I [2, p. 8] A σ–fieldF in Ω is a class of
subsets such that: (1)F ∈ F impliesF c := Ω \ F ∈ F;
and (2) ifFi ∈ F, i = 1, 2, . . . then∪iFi ∈ F, i.e. F
is closed under countable unions.I Properties: [2,
p. 8] F is also closed under countable intersections, i.e.
if (Fα, α ∈ J) is an indexed family ofσ–fields with
arbitrary index setJ thenG = ∩αFα = {F ∈ F :
F ∈ Fα∀α ∈ J} is also aσ–field. I [2, p. 8] For any
collectionC of subsets ofΩ there is a unique smallest
σ–field containingC, namely the intersection of allσ–
fields containingC.

filtration, natural : I [2, p. 18] Let
◦

FX
t be the small-

estσ–field in F with respect to which all the random
variables{Xt}t∈[0,t] are measurable. By definition
◦

FX
t1⊂

◦
FX

t2 if t1 ≤ t2 is an increasing family of sub–σ–
fields ofF. It is called the natural filtration ofX.
fixed point theorem, Brouwer’s: I [12, ch. 3, p. 14]
Let S be a non–empty compact and convex set inRn.
If f : S → S is continuous, then there exists anx ∈ S
such thatf(x) = x.
fixed point theorem, Caristi’s: I [12, ch. 3, p. 23]
Let Φ be a self–map on a complete metric spaceX. If
d(x, Phi(x)) ≤ f(x)−f(φ(x)) for all x ∈ X for some

lower semi–continuousf ∈ RX which is bounded from
below thenΦ has a fixed point inX.
fixed point theorem, Intermediate Value Theorem:
I [12, ch. 3, p. 14] Any continuous functionf :
[a, b] → [a, b] has a fixed point.
fixed point theorem, Kakutani–Fan–Glicksberg: I
[9, Cor. 12.24] LetK be a non–empty convex and com-
pact subset of a locally convex Hausdorff space, and
suppose that the correspondenceψ : K → K is closed,
and is non–empty- and convex–valued. Then the set of
fixed pointsψ is compact and non–empty.
fixed point theorem, Tarski’s: I [8] If T is a com-
plete lattice andf : T → T is a non–decreasing func-
tion, thenf has a fixed point. Moreover, the set of fixed
points off hassup{x ∈ T |f(x) ≥ x} as its largest ele-
ment andinf{x ∈ T |f(x) ≤ x} as its smallest element.
I [17, Remark 2] Tarski’s theorem is not asserting that
the set of fixed pointsE is a sublattice ofT , i.e. if
x, y ∈ E, supT {x, y} and infS{x, y} need not to be
elements ofE, but supE{x, y} andinfE{x, y} belong
to E. I [17, Remark 3] The conclusion that the set
of fixed pointsE is a complete lattice is stronger than
the assertion thatsupS E and infS E belong toE, i.e.
it may be true thatsupS E, infS E ∈ E butE is not a
complete lattice.
function, antitone: I [15] A function f from a par-
tially ordered setS to a partially ordered setT is anti-
tone ifx ≤ y in S impliesf(y) ≤ f(x) in T .
function, bijective: I [10] A function is bijective if it
is both one–to–one and onto.
function, bimonotone: I [16, p. 23] LetXi be a
poset, the range off(x) on×n

i=1 be a poset. If there
are distincti′, i′′ such that the functionf(x) does not
depend onxi, i 6= i′, i 6= i′′, f(x) is increasing inxi′

and decreasing inxi′′ , thenf(x) is bimonotone. I
[16, p. 23] A generalised indicator function of a bi-
monotone set is bimonotone. I [16, p. 23] Each
level set of a bimonotone function is bimonotone.I
[16, p. 25,L. 2.2.7.] A real–valued separable sublattice–
generating function on the direct product of a finite col-
lection of chains is either univariate or bimonotone.
function, bivariate: I [16, p. 23] LetX1, . . . , Xn be
sets,x = (x1, . . . , xn) ∈ ×n

i=1Xi with xi ∈ Xi and
f(x) a function on×n

i=1. If there are distincti′ andi′′

such thatf(x) does not depend onxi, i 6= i′, i 6= i′′,
thenf(x) is bivariate. I [16, p. 23] A generalised
indicator function of a bivariate set is bivariate.
function, bounded: I [10, Def. 3.7] Letf : X →
Rm, whereX ⊂ Rn is non–empty and letA ⊂ X. f is
bounded onA iff there existsa ∈ R+ such that(∀x ∈
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A) : ||f(x)|| ≤ a. I [10, Prop. 3.8] Iff : X → Rm,
whereX ⊂ Rn is non–empty,x∗ is a limit point ofX,
andy ∈ Rm is such thatlimx→x∗ f(x) = y, then there
exists a positive real numberδ such thatf is bounded
onN(x∗, δ)∩X. I [12, ch. 3, p. 15] A continuous real
function defined on a compact metric space is bounded.
function, composite: I [10, Lemma 3.23] Letf :
X → Y andg : Y → Z, whereX, Y , andZ are non–
empty sets, and define the composite functionh onX
by: h(x) = g[f(x)] for x ∈ X. Then, for anyW ⊂ z,
h−1(W ) = f−1[g−1(W )].
function, continuous: I [10, Def. 3.1] Letf : X →
Rm, whereX ⊂ Rn is non–empty.f is continuous at
x∗ ∈ X iff for every ε ∈ R++, there exists aδ ∈ R++

such that(∀x ∈ N(x∗, δ)∩X) : ||f(x)−f(x∗)|| < ε.8

I [10, Theorem 3.2] Iff : X → Rm, whereX ⊂
Rn is non–empty, thenf is continuous at a pointx∗ ∈
X iff each fi is continuous atx∗. I [10, Prop. 3.6]
Let f : X → Rm, whereX is a non–empty subset of
Rn, and letx∗ ∈ X be a limit point ofX. Then,f is
continuous atx∗ iff limx→x∗ f(x) = f(x∗). I [10,
Lemma 3.19] Letf : X → Rn, whereX ⊂ Rn. Then
f is continuous onX if, and only if, for every open
setU in Rn, f−1(U) is open relative toX. I [10,
Theorem 3.20] Letf : X → Rn, whereX ⊂ Rm, and
supposef(X) ⊂ Y ⊂ Rn. Thenf is continuous onX
if, and only if, for each subset ofY , U , which is open
relative toY , we have thatf−1(U) is open relative to
X. I [10, Theorem 3.22] Letf : X → Rm, whereX
is a subset ofRn, and letY be such thatf(X) ⊂ Y ⊂
Rm. Thenf is continuous onX if, and only if, for each
setC ⊂ Y which is closed relative toY , f−1(C) is
closed relative toX. I [10, Theorem 3.10] Suppose
f : X → Rm andg : X → Rm, whereX is a non–
empty subset ofRn. If f andg are both continuous at
x∗ ∈ X, then: (1)f + g is continuous, (2)(∀α ∈ R) :
αf is continuous, (3)f · g is continuous atx∗. I [10,
Theorem 3.11] Supposef : X → R andg : X → R,
whereX is a non–empty subset ofRn, and that bothf
andg are continuous atx∗ ∈ X. If g(x∗) 6= 0, then
the functionh(x) = f(x)/g(x), is well–defined in a
neighbourhood ofx∗, and is continuous atx∗. I [10,
Theorem 3.12] Letf : X → Rn andg : Y → Rp,
whereX ⊂ Rm andf(X) ⊂ Y ⊂ Rn; and supposef
is continuous atx∗ ∈ X, andg is continuous aty∗ ≡
f(x∗) ∈ Y . Then the composite function,h = g ◦ f

8Notice that iff : X → Rm andx∗ ∈ X is not a limit point of
X, thenf is necessarily continuous atx∗, i.e. any such functionf
is continuous atx∗. Hence, this is only a necessary, but no sufficient
condition forf to be continuous atx∗.

is continuous atx∗. I [10, Theorem 3.24] Suppose
f : X → Rn andg : Y → Rn, whereX ⊂ Rm and
f(X) ⊂ Y ⊂ Rn; and suppose thatf is continuous on
X, and thatg is continuous onY . Then the composite
function h = g ◦ f , defined byh(x) = g[f(x)] for
x ∈ X is continuous onX. I [10, Prop. 3.14] Suppose
f : X → Rm, whereX is a non–empty subset ofRn

and letx∗ ∈ X. Thenf is continuous atx∗ if , and
only if, for every sequence〈xq〉 ⊂ X, we havexq →
x∗ ⇒ f(xq) → f(x∗). I [12, ch. 3, Example 2] The
composition of two continuous functions is continuous.
I [12, ch. 3, p. 8] Iff : R → R is Lipschitz continuous
with a constantK > 0, then the functiong : R → R
defined byg(x) := f(x) +Kx is increasing. Thus,g,
and hencef , are differentiable almost everywhere by
Lebesgue’s theorem.
function, generalised indicator: I [16, p. 15] LetX
be a set,(Y,�) be a poset,f : X → Y . The function
f(x) is a generalised indicator function for the subset
X ′ ⊂ X if

f(x) =

{
y′′ for x ∈ X ′

y′ for x ∈ X,x /∈ X ′

wherey′ � y′′; i.e. if the only level sets off(x) onX
areX andX ′. I [16, p. 21] A generalised indicator
function for a subsetX ′ of a latticeX is a sublattice–
generating function iffX ′ is a sublattice ofX. I see
also Set, level. I [16, p. 21] A generalised indicator
function for a subsetX ′ of a latticeX is a sublattice–
generating function iffX ′ is a sublattice ofX. I [16,
p. 23] A generalised indicator function of a bivariate
set is bivariate. I [16, p. 23] A generalised indicator
function of a bimonotone set is bimonotone.
function, identity : is defined on an arbitrary setX by:
i(x) = x.
function, indicator : I [16, p. 15] An indicator func-
tion is a generalised indicator function withY = R,
y′ = 0, andy′′ = 1.
function, injective: seefunction, one–to–one.
function, isotone: I [15] A functionf from a partially
ordered setS to a partially ordered setT is antitone if
x ≤ y in S impliesf(x) ≤ f(y) in T .
function, linear: I [10, Def. 1.80] A functionf :
Rn → Rm is linear iff for all x,y ∈ Rn and alla ∈ R
(1) f(x + y) = f(x) + f(y) and (2)f(ax) = af(x).
I [10, Prop. 1.81] Supposef : Rn → Rm is linear,
thatx1, . . . ,xq ∈ Rn and thata1, . . . , aq are real num-
bers. Thenf(

∑q
i=1 aixi) =

∑q
i=1 aif(xi). I [10,

Prop. 1.82] A functionf : Rn → Rm is linear if and
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only if there exists am × n matrixA such that for ev-
ery x ∈ Rn. f(x) = Ax. I [10, 1.83] Suppose
f : Rn → Rm is linear, and letA be the matrix of
transformation. Thenf is one–to–one if and only if
r(A) = n. I [10, 1.83] Supposef : Rn → Rm is a
linear and letA be the matrix of transformation. Then
f is ontoRm if and only if r(A) = m. I [10, 1.83]
Supposef : Rn → Rm is linear and letA be the matrix
of transformation. Thenf is both one–to–one and onto
Rm if and only ifm = n andr(A) = n and thusA is
non–singular.
function, log–concave (convex): I [17, p. 366, FN: 3]
A function f is log–concave (convex) iflog f is con-
cave (convex).
function, lower semi–continuous: I [14] A function
is called lower semi–continuous (l.s.c.) if−f is upper
semi–continuous.I [12, ch. 3 p. 13] LetX be a metric
space. f is lower semi–continuous atx ∈ X if, for
all ε > 0, there exists aδ > 0 such thatd(x, y) > δ
implies thatf(y) ≥ f(x) − ε.9 I [10, Def. 3.30] Let
f : X → R, whereX is a non–empty subset ofRn. We
shall say thatf is lower–semi continuous atx∗ ∈ X iff
the following holds: for eachε > 0, there existsδ > 0
such that:(∀x ∈ N(x∗, δ) ∩X) : f(x) > f(x∗)− ε.
function, measurable: I [2, p. 9] Let (Ω,F) and
(Y,Y) be measurable spaces andf : Ω → Y . f is a
measurable function iff−1(Y ′) ∈ F for all Y ′ ∈ Y.
function, monotone: I [16, p. 15] A function is
monotone if it is either isotone (increasing) or antitone
(decreasing).
function, onto: I [10, Def. 1.3] A function is ontoB
iff for all b ∈ B there exists aa ∈ A such thatb = f(a).
I [10, 1.83] Supposef : Rn → Rm is a linear and let
A be the matrix of transformation. Thenf is ontoRm

if and only if r(A) = m.
function, one–to–one: I [10, Def. 1.3] A function is
one–to–one iff for alla, a∗ ∈ A f(a) = f(a∗) ⇒
a = a∗. I [10, 1.83] Supposef : Rn → Rm is linear,
and letA be the matrix of transformation. Thenf is
one–to–one if and only ifr(A) = n.
function, order continuous: I [8] Given a com-
plete lattice S, a function f : S → R is or-
der continuous if it converges along everychain
C ⊂ S (in both the increasing and decreasing direc-
tion), that is, if limx∈C,x↓sup C f(x) = f(inf C) and
limx∈C,x↑sup C f(x) = f(supC).
function, order semi–continuous: I [8] Given

9If f is lower semi–continuous, then the images of points nearby
x do not fall belowf(x) ”to much”.

a complete latticeS, a function f : S → R is
order continuous if it converges along everychain
C ⊂ S (in both the increasing and decreasing direc-
tion), that is, if limx∈C,x↓sup C f(x) ≤ f(inf C) and
limx∈C,x↑sup C f(x) ≤ f(supC).
function, quasi–concave: I [17, p. 149] ForCournot
competition, the profit function is quasi–concave if
Pi(q) is log–concave (and downward sloping) inqi and
∂Pi/∂qi−C ′′i < 0. Note: Log–concavity inqi is equiv-
alent topi∂

2Pi/∂q
2
i − (∂Pi/∂qi)2. I [17, p. 149]

With Bertrandcompetition the profit function is quasi–
concave if (1)1/Di(p) is convex inpi, (2) Di(p) is
log–concave inpi and the costs are convex or (3) if
logDi(p) is concave inlog pi.
function, quasi–increasing: I [17, p. 39] A function
f : S → S is quasi–increasing if for every non–empty
subsetX ⊂ S, f(supX) ≥ inf f(X) andf(infX) ≤
sup f(X), wheref(X) = {x ∈ S : y = f(x), x ∈
X}. I Note: A quasi–increasing function can only
have upwards jumps.
function, sample: I [2, p. 17] LetX(t, ω) be a
stochastic process. Then, the functiont −→ X(t, ω)
is called a sample function of the process.
function, separable: I [15] A real–valued function
f on ×n

i=1Si is separable iff(x) =
∑n

i=1 fi(xi) for
all x = (x1, . . . , xn) with xi ∈ Si for i = 1, . . . , n.
I [15] If Si is a chain for i = 1, . . . , n then f is
separable on×n

i=1 iff f is a valuation on×n
i=1. I

[16, p. 25,L. 2.2.7.] A real–valued separable sublattice–
generating function on the direct product of a finite col-
lection of chains is either univariate or bimonotone.
function, sublattice–generating: I [16, p. 21] Let
X be a lattice andZ be a poset. If each level set
of f : X → Z on X is a sublattice, thenf(x) is a
sublattice–generating function.I [16, p. 21] A gener-
alised indicator function for a subsetX ′ of a latticeX
is a sublattice–generating function iffX ′ is a sublattice
ofX. I [16, p. 22, L. 2.2.6.] LetX be a lattice,Y be a
chainandf : X → Y . (a) If f(x) is the pointwise infi-
mum of a collection of sublattice–generating functions,
thenf(x) is a sublattice–generating function. (b) Sup-
poseY has at least two distinct elements. The function
f(x) is a sublattice–generating function and is bounded
above iff it is the pointwise infimum of collection of
sublattice–generating generalised indicator functions.
I [16, p. 23, T. 2.2.2] Letn ≥ 2, X1, . . . , Xn be lat-
tices andf(x) be a function from×n

i=1 into a chain
in which each non–empty subset that is bounded be-
low has a greatestlower bound, x = (x1, . . . , xn). (a)
f(x) is a sublattice–generating function and s bounded
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above iff it is the pointwise infimum ofn(n − 1)/2 bi-
variate sublattice–generating functions that are bounded
above. (b)f(x) is a sublattice–generating function and
is bounded above iff it is the pointwise infimum of
n(n − 1) bimonotone sublattice–generating functions
that are bounded above andn univariate sublattice–
generating functions that are bounded above. IfXi is
a chain then (c) if f(x) is univariate, thenf(x) is a
sublattice–generating function. (d) Iff(x) is bimono-
tone, thenf(x) is a sublattice–generating function. (e)
If f(x) is the pointwise infimum ofn(n − 1) bimono-
tone functions andn univariate functions, thenf(x)
is a sublattice–generating function. (f) Iff(x) is a
sublattice–generating function and is bounded above,
then it is the pointwise infimum ofn(n−1) bimonotone
functions that are bounded above andn univariate func-
tions that are bounded above.I [16, p. 25,L. 2.2.7.]
A real–valued separable sublattice–generating function
on the direct product of a finite collection of chains is
either univariate or bimonotone.
function, surjective: seefunction, onto.
function, upper semi–continuous: I [14] A func-
tion f : R+ → R+ is upper semi–continuous (u.s.c)
at x ∈ R+ if for any sequencexk tending to x,
lim supk→∞ f(xk) ≤ f(x). A functionf is called u.s.c
if it is u.s.c at everyx ∈ R+. I [12, ch. 3 p. 13] Let
X be any metric space, and letf ∈ RX be any func-
tion. f is upper semi–continuous atx ∈ X if, for all
ε > 0, there exists aδ > 0 such thatd(x, y) implies
f(y) ≤ f(x) + ε.10 I [10, Def. 3.30] Letf : X → R,
whereX is a non–empty subset ofRn. We shall say
thatf upper semi–continuous atx∗ ∈ X iff the follow-
ing holds: for eachε > 0 there existsδ > 0 such that:
(∀x ∈ N(x∗, δ) ∩X) : f(x) < f(x∗) + ε.
function, uniformly continuous I [10, Def. 3.16] Let
f : X → Rm, whereX is a non–empty subset ofRn.
f is uniformly continuous onX iff, given ε > 0, there
existsδ > 0 such that for allx∗,x′ ∈ X it is true that
d(x′,x∗) < δ ⇒ ||f(x′)− f(x∗)|| < ε.11

function, univariate: I [16, p. 23] LetX1, . . . , Xn

be sets,x = (x1, . . . , xn) ∈ ×n
i=1Xi with xi ∈ Xi and

f(x) a function on×n
i=1. If there is somei′ such that

f(x) does not depend onxi, i 6= i′, thenf(x) is uni-
variate. I [16, p. 25,L. 2.2.7.] A real–valued separable
sublattice–generating function on the direct product of

10If f is upper semi–continuous, the images nearbyx do not exceed
f(x) “too much”.

11Note that every uniformly continuous function is continuous and
that the reverse is not in general true. Any constant function onRn

and mapping intoRm is uniformly continuous.

a finite collection of chains is either univariate or bi-
monotone.
function, vector–valued: I [12, ch. 3,Example 2(iii)]
Let fi : X → R, i = 1, . . . , n. A vector–valued
function f : X → Rn is defined byf(x) :=
(f1(x), . . . , fn(x)).

G
game, bargaining: I [13, p. 5] A bargaining game
is described by a setN = {1, . . . , n} of players and a
pair (S, d) whereS is a compact, convex subset ofRn

representing the feasible utility payoffs to the players,
andd is an element ofS corresponding to the disagree-
ment outcome. For simplicity assume that there is a
least points in S such thatd < s. Denote byB all such
bargaining games.
Game, ordered normal form: I [8] Let N 6= ∅ be
the set of players. Each playern has a strategy setSn

with typical elementxn; the competitors’ strategies are
denoted byx−n and a full strategy profile is denoted
by x = (xn, x−n) ∈ S. Each strategy setSn comes
with a partial order≥n, and the strategy profiles are
endowed with the product order, that isX ≥ x′ means
xn ≥n x

′
n for all n ∈ N . Playern’s payoff function is

fn(xn, x−n). The objectΓ = {N, (Sn, fn, n ∈ N),≥
} is a game in ordered normal form.
Game, smooth supermodularI [17, p. 32] The game
(Ai, πi, i ∈ N) is smooth supermodular, if eachAi is a
compact cube in the Euclidean space,πi is twice con-
tinuously differentiable and∂2πi/∂ajh∂aik ≥ 0 for all
k 6= h and∂2πi/∂aih∂ajk ≥ 0 for all i 6= j and for all
h, k.
Game, Solution to the bargaining gameI [13, p. 5]
The solution to a bargaining problem is a function
f : B → Rn such thatf(S, d) is an element ofS
for any (S, d) in B.12 I [13, p. 6] Nash’s proper-
ties of a solution: (1) Independence of Equivalent Util-
ity Representation: For any bargaining game(S, d) and
real numbersai andbi for i = 1, . . . , n such that each
ai > 0, let the bargaining game(S′, d′) be defined by
S′ = {y ∈ Rn : (∃x ∈ S) : yi = aixi + bi, i =
1, . . . , n} andd′i = aidi + bi for i = 1, . . . , n. Then
fi(S′, d′) = aifi(S, d) + bi for i = 1, . . . , n.13 (2)
Symmetry: Suppose(S, d) is a symmetric bargaining

12That is, a solution is a rule which assigns to each bargaining game
a feasible utility payoff of the game.

13As the utility function is unique only up to a positive monotone
transformation, the solution should be the same if the utility function
is transformed.
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game, i.e. suppose thatd1 = d2 = . . . = dn and that
if x ∈ S then every permutation14 of x is contained in
S. Thenf1(S, d) = f2(S, d) = . . . = fn(S, d). (3)
Independence of irrelevant alternatives: Suppose(S, d)
and(T, d) are bargaining games such thatS ⊂ T , and
f(T, d) ∈ S. Thenf(S, d) = f(T, d). (4) Pareto Op-
timality: For any given game(S, d), if x andy are el-
ements ofS such thaty > x thenf(S, d) 6= x. I
[13, p. 8] Nash’s Theorem: There is a unique solu-
tion possessing Properties (1)–(4). It is the function
f = F defined byF (S, d) = x such thatx ≥ d and
Πn

i=1(xi − di) ≥ πn
i=1(yi − di) for all y ∈ S and

y 6= x.15

Game, supermodular: I [8] A game Γ =
{N, (Sn, fn, n ∈ N),≥} is supermodular if for each
n ∈ N : (1) Sn is a complete lattice, (2)fn : S →
R∪{−∞} is ordered upper semi–continuous inxn (for
fixed x−n) and order continuous inx−n (for fixed xn)
and has a finiteupper bound, (3) fn is supermodular in
xn (for fixedx−n), (4) fn has increasing differences in
xn andx−n. I [8, Theorem 4] Suppose that a typi-
cal strategy for playern is (xnj ; j = 1, . . . , kn) ∈ Rkn

and that≥ is the usual componentwise ordering. Sup-
pose there are finitely many players and the strategies
and orders are described as in above. Then,Γ is super-
modular if (1)Sn is in an interval inRki , that isSn =
[y

n
, ȳn] = {x|y

n
≤ x ≤ ȳn}, (2) fn is twice continu-

ously differentiable onSn. (3)∂2fn/∂xni∂xnj ≥ 0 for
all n and all1 ≤ i ≤ j ≤ kn, (4) ∂2fn/∂xni∂xmj ≥ 0
for all n 6= m, 1 ≤ i ≤ kn, and1 ≤ j ≤ km. I
[8, Theorem 5] LetΓ be a supermodular game. for each
playern, there exist largest and smallest serially un-
dominated strategies̄xn andxn. Moreover, the strategy
profiles(xn;n ∈ N) and(x̄n, n ∈ N) are pure Nash
equilibrium profiles.see also Existence Theorem, Top-
kis’ I [8, Corollaries] Assume that the assumptions
for a supermodular game are satisfied. Then (i) There
exists a pure Nash equilibrium (NE). Moreover, there
exists a largest and a smallest pure NE in the given or-
der, (ii) if the gameΓ has a unique pure NE, thenΓ
is dominance solvable, (iii) if in addition the gameΓ
is symmetric andΓ has a unique pure NE, then it is
dominance solvable. I [8, Theorem 6] Suppose that
{N, (Sn, fn(xn, x−n, τ), n ∈ N),≥} is a family of su-
permodular games satisfying the condition thatfn has
increasing differences inxn, τ (for fixedx−n) (note that

14Remember thatx is an–tupel. Then a permutation ofx is when
the elements change places.

15Just an odd formulation for the fact that the solution is function
F which selects unique outcome that maximises the Nash product.

this is equivalent to∂2fn/∂xn∂τ ≥ 0 for smooth func-
tions). Then, the smallest and largest serially undomi-
nated strategiesxn(τ) andx̄n(τ) are nondecreasing in
τ . I [17, Remark 12] The set of NE of a supermodular
game is a complete lattice.
Graph, closed: I [12, ch. 4, p. 6] LetX andY be
metric spaces. A correspondenceΓ : X → Y is said
to be closed atx ∈ X, if, for any sequence(xm) ∈ X
and(ym) ∈ Y , xm → x, ym ∈ Γ(xm) (for eachm)
andym → y imply y ∈ Γ(x). Γ is said to have a closed
graph if it is closed at everyx ∈ X.16 I [12, ch. 4,
p. 6] LetX andY be metric spaces, and letΓ : X → Y
be a correspondence. (a) IfΓ has a closed graph, then
it need not beupper hemi–continuous. But if Γ has a
closed graph andY is compact, then it is upper hemi–
continuous. (b) IfΓ is upper hemi–continuous, then it
need not to have a closed graph. But ifΓ is upper hemi–
continuous and closed–valued (i.e.Γ(x) is closed inY
for all x ∈ X), then it has a closed graph.
Graph of a function f : I [10] Gf = {(x, y) ∈ A ×
B|y = f(x)}.
Graph of a correspondenceΓ: I [12, ch. 4, p. 5] The
graph Gr(Γ) := {(x, y) ∈ X × Y : y ∈ Γ(x)}.

H
Homeomorphism: I [12, ch. 3, p. 11] Iff : X → Y
is a bijection between two metric spaces such that both
f andf−1 are continuous, then it is called homeomor-
phism betweenX andY . I Properties[12, ch. 3,
p. 11] The setY possesses any property thatX pos-
sesses so long as this property is defined in terms of
open sets.17 I [12, ch. 3, p. 12] Neither completeness
nor boundedness are preserved by homeomorphism.
Homeomorphism Theorem: I [12, ch. 3, p. 15] If
X is a compact metric space andf : X → Y is a
continuous bijection, thenf is a homeomorphism.
Hulls, bimonotone: I [16, p. 18] If X1 andX2

are posets andS is a subset ofX1 × X2, then the
two bimonotone hulls generated byS on X1 × X2

are H1(S) = ∪(x1,x2)∈S([x1,∞) × (−∞, x2]) and
H2(S) = ∪(x1,x2)∈S((−∞, x1] × [x2,∞)). I [16,
p. 19, L. 2.2.5.] Suppose hatX1, X2 are lattices andS
is a sublattice ofX1 × X2. (a) The bimonotone hulls

16Closedness atx simply says that if the images of points nearbyx
concentrate around a particular point in the codomain, this point must
correspond to the image ofx.

17If X is a connected space andY is homeomorphic toX, thenY
must be connected too.
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of S are sublattices ofX1 ×X2.18 (b) If x2 ∈ X2 and
x′1, x

′′
1 ∈ Sx2 , then[x′1, x

′′
1 ]∩ΠX1S is contained inSx2 .

Hence, ifx2 ∈ X2 and infX1 Sx2 , supX1
Sx2 ∈ Sx2 ,

thenSx2 = [infX1 Sx2 , supX1
Sx2 ] ∩ ΠX1S. (c) The

sublatticeS is the intersection of its two bimonotone
hulls and the direct product of its two projections.I
[16, p. 20] The bimonotone hulls are bimonotone sets.
I [16, p. 20] IfX1, x2 are lattices andS is a sublattice
of X1 ×X2, then the bimonotone hullsH1(S),H2(S)
are sublattices.I [16, p. 20] Any bimonotone set con-
tainingS must also contain at least one of the two bi-
monotone hulls. I [16, p. 20] If X1, X2 are chains,
then any bimonotone subset ofX1 ×X2 and hence any
bimonotone hull of any subset ofX1×X2 is a sublattice
of X1 × x2.

I
i′i′′–Generator: I [16, p. 18] Suppose that
X1, . . . , Xn are sets andx = (x1, . . . , xn) ∈ ×n

i=1Xi

with xi ∈ Xi. If L is a subset ofXi′ ×Xi′′ for i′ 6= i′′

andS = {x : x ∈ ×n
i=1Xi, (xi′ , xi′′) ∈ L}. ThenL is

the i′i′′–generator ofS. I see also Subset, bivariate
I [16, p. 20] If X1, . . . Xn are posets,S is a bivariate
subset of×n

i=1Xi, a subsetL of Xi′ ×Xi′′ for i′ 6= i′′

is thei′i′′–generator ofS, andL is bimonotone, thenS
is bimonotone.
Image of A under f: I [10, Def. 1.4] If f : X → Y
andA andB are subsets ofX andY , the image ofA
underf denoted byf(A) is f(A) = {y ∈ Y |(∃x ∈
A) : y = f(x)}. I [10, Def. 3.17] Letf : X → Rm,
whereX ⊂ Rn. Then, given any subset,A ⊂ Rm,
the inverse image ofA (underf ) is defined byf−1(A)
is defined byf−1(A) = {x ∈ X : f(x) ∈ A}. I
[10, Prop. 3.18] Letf : X → Y . Then, (1) for any
A ⊂ Y ; f−1(Y \ A) = X \ f−1(A), (2) for any fam-
ily of subsets ofY , {Ba : a ∈ A}, f−1(∪a∈ABa) =
∪a∈Af

−1(A) and f−1(∩a∈ABa) = ∩a∈Af
−1(Ba).

I [10, Lemma 3.19] Letf : X → Rn, whereX ⊂ Rn.
Thenf is continuous onX if, and only if, for eery open
setU in Rn, f−1(U) is open relative toX.
Implicit Function Theorem : I Supposeh : Rn →
Rm, wheren > m, andh is in C1. Further, suppose
we can partition the variables,x = (y, z), such thaty
ism–dimensional with grady[h(x)] nonsingular atx =
(y∗, z∗). Then, there existsε > 0 for which there is an

18Note that bimonotone hulls are not generally sublattices ofX1×
X2 if X1, X2 are lattices but not chains andS is not a sublattice of
X1 ×X2.

implicit function, f , on the neighbourhood,Nε(z∗) =
{z : ||z − z∗|| < ε} such thath(f(z), z) = 0 for all
z in Nε(z∗). Further,f is in C1 with gradf (z∗) =
−grady[h(x)]−1gradz[h(z)]. I From Harcourt Aca-
demic Press Dictionary of Science and TechnologyA
theorem that states the conditions under which an im-
plicit equationF (x1, x2, . . . , xn, y) = 0 may be solved
for y as an explicit function ofx1, x2, . . . , xn. In partic-
ular, suppose (a)X,Y , andZ are Banach spaces (such
asRn); (b)U is an open set ofX×Y ; (c)F : U → Z is
a continuously differentiable map such thatF (a, b) = 0
for some point(a, b) ∈ U ; and (d) the partial derivative
F ′′y (a, b) is an isomorphism ofY ontoZ. Then there
exists an open setW in X with a ∈ W , an open set
V contained inU with (a, b) ∈ V , and a continuously
differentiable mappingg : W → Y such that, for all
(x, y) ∈ V , F (x, y) = 0 if and only if x ∈ W and
y = g(x). That is, if x ∈ W , the implicit equation
F (x, y) = 0 has a continuously differentiable solution
y = g(x) with (x, y) ∈ V . This solution is unique on
some open subset ofW .
Inada conditions: I [10, p. 98] For eacht, ft is
twice differentiable at eachx > 0 with f ′t(x) > 0 and
f ′′t (x) < 0, andlimx→0+ f

′
t > 1, andlimx→∞ f ′t(x) <

1.
Increasable set of indices: see Set of indices, in-
creasable
Increasable cover: seecover, increasable
Increasing (decreasing) optimal selection: I see Se-
lection, increasing (decreasing) optimal.
Increasing (decreasing) optimal solution: I see So-
lution, increasing (decreasing) optimal.
Increasing (decreasing) selection: I see Selection,
increasing (decreasing).
Induced set ordering: see Set ordering, induced
Inequality, properties: I [10, p. 11] a, b, c, d ∈ R
then (1) ifa ≤ b andc ≤ d, thena + c ≤ b + d, (2) if
c ≥ 0 thena ≤ b ⇒ ca ≤ cb, (3) if c ≤ 0 thena ≤
b⇒ cb ≤ ca, (4) if a ≥ b > 0, then0 < 1/a ≤ 1/b.
infimum of A : I [10, Def. 1.11]α ∈ R is a infimum
of A ⊂ R, inf A, iff (1) α is anlower boundfor A and
(2) if β is anlower boundfor A, thenα ≥ β. I [10,
Theorem 1.12] Any non–empty set of real numbers that
is bounded below has a infimum.I [10, Prop. 1.15]
SupposeA,B ⊂ R and non–empty satisfying(∀a ∈
A)(∀b ∈ B) : a ≥ b then∈ A andsupB both exist and
inf A ≥ supB. I [10, Prop. 1.17] LetλA = {x ∈
R|(∃x′ ∈ A) : x = λx′}. If A ⊂ R and non–empty,
which is bounded below, andλ ∈ R+, then inf(λA)
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exists andinf(λA) = λ inf A. I [10, Prop. 1.18] Let
A + B = {x ∈ R|(∃a ∈ A, b ∈ B) : x = a + b}.
If A,B ⊂ R and non–empty which are bounded from
below, thenA+B is bounded below andinf(A+B) =
inf A + supB. I [15] If S is a complete latticeX,Y
are inP (S) andX ≤p Y , then infX ≤ inf Y and
supX ≤ supY .
Inner Product : I [16, p. 8] Letx = (x1, x2, . . . , xn)
and t = (t1, t2, . . . , tn), with xi, ti ∈ R. Then, the
inner product is given bytx =

∑n
i=1 tixi.

Intermediate Value Theorem: I [12, ch. 3, p. 13]
LetX be a connected metric space and letf be a con-
tinuous real function onX. If α belongs to the inter-
val (f(x), f(y)) for somex, y ∈ X then there exists a
z ∈ X such thatf(z) = α.
Interior : I [12, ch. 2, p. 6] Let(X, d) be a metric
space andS ⊆ X. The largest open set that is contained
in S is called the interior ofS and denoted by int(S).
Interior point : (int X) I [10, Def. 1.55] Letx ∈ Rn

and letX be a subset ofRn. Then,x is an interior
point ofX iff there exists a positive real numberε such
thatN(x, ε) ⊆ X. I [10, Prop. 1.57] Letx∗ ∈ Rn,
δ ∈ R++. Then int[N(x∗, δ)] = N(x∗, δ).
Intertemporal Efficiency : I [10, Def. 2.52] If
(x∗, y∗, c∗) is a feasible program for(f, ȳ), (x∗, y∗, c∗)
is intertemporally efficient for(f, ȳ) iff there is no other
feasible program for(f, ȳ) (x, y, c) such thatc > c∗.
Interval Topology: I [17, p. 30] Let(S,≥) be a lat-
tice. Its interval Topology is defined by taking the sets
of the type{z ∈ S : z ≤ x} and{z ∈ S : z ≥ x}
to form a subbasis for closed sets.I [16, p. 29] The
interval topology on a poset(X �) is that topology for
which each closed set is eitherX or the empty set or can
be represented as the intersection of sets that are finite
unions of closed intervals onX. I [16, p. 29] A com-
plete lattice is compact in its interval topology.I [16,
p. 29] A lattice that is compact in its interval topology
is complete.
Inverse image of B under f: I [10, Def. 1.4] If
f : X → Y andA andB are subsets ofX andY ,
the inverse image ofB underf denoted byf−1(B) is
f−1(B) = {x ∈ X|f(x) ∈ B}.

J
Join: I see Elements, join.

K

Kakutani–Fan–Glicksberg Fixed Point Theorem I
see Fixed Point Theorem
Kernel, of the associated transformation: I [10,
1.83] If A is anm× n matrix of rankr, then the kernel
of the associated transformation, the setS is defined as
S = {x ∈ Rn|Ax = 0}, and is a linear subspace of
dimensionn− r.

L
Lattice: I [4] A partially ordered setX is a lattice
if wheneverx, y ∈ X, bothx ∧ y = min{x, y} and
x∨y = max{x, y} exits inX. I [16, p. 13] The direct
product of lattices is a lattice.I [15] For a latticeS,
the relation≤p is antisymmetric and transitive inP (S).
I [15] If S is a lattice with relation≤, then the set of
non–empty sublatticesL(S) is a partially ordered set
with the relation≤p. I [16, p. 16, L. 2.2.1] IfX ′ is a
sublattice of a latticeX andX ′′ is a non–empty finite
subset ofX ′, thensupX(X ′′) andinfX(X ′′) exist and
are contained inX ′. Hence, ifX is a non–empty finite
lattice, thenX has a greatest and a least element.
Lattice, compact: I [17, p. 30] A lattice is compact
in its interval topology iff it is complete.
Lattice, complete: I [17] A lattice (S,≥) is complete
if every non–empty subset ofS has a supremum and
infimum in S. I [16, p. 29] By L. 2.2.1 any finite
lattice is complete.I [16, p. 29] A complete lattice is
compact in its interval topology.I [16, p. 29] A lattice
that is compact in its interval topology is complete.
Lattice, completely and densely ordered: I [17,
p. 39] Let(S,≥) be a completely ordered lattice. Then
it is densely ordered if for allx, y ∈ S there is az ∈ S
such thatx < z < y.
Lebesgue’s Theorem: I [12, ch. 3, p.8] Iff : R →
R is monotone, thenf is differentiable (with a finite
derivative) almost everywhere.19

Level set: I see Set, level
limit : I [10, p. 62] of a sequenceIs the x∗ ∈ R
to which a sequence〈xn〉 converges. The following
facts hold: (1) The limit of a sequence, if it exists, is
unique. (2) The alteration of a finite number of terms of
a sequence has no effect on convergence, divergence,
or limit. (3) If all but a finite number of terms of
a sequence are equal to some constant, then the se-
quence converges to that constant.I [10, Def. 2.32]
Let 〈xn〉 be a bounded sequence and define〈ym〉 and

19Almost everywhere means that there may exist countable excep-
tions.



12

〈zq〉 by ym = infn≥m xn and zq = supn≥q xn.
Then lim inf xn = limm→∞ ym and lim supxn =
limq→∞ zq. I [10, Def. 3.3] Letf : X → Rm,
whereX ⊂ Rn is non–empty, and letx∗ ∈ Rn be a
limit point of X. y ∈ Rn is the limit of f asx ap-
proachesx∗ iff for eachε > 0 there exists aδ ∈ R++

such that(∀x ∈ N ′(x∗, δ) ∩ X) : ||f(x) − y|| < ε.
I [10, Def. 3.4] If f : X → Rm, whereX ⊂ Rn is
non–empty, andx∗ ∈ Rn is a limit point ofX. The
limit of f asx approachesx∗ is +∞ (−∞) iff for ev-
ery a ∈ R+ there exists aδ ∈ R++ such that(∀x ∈
N ′(x∗, δ)∩X) : f(x) ≥ a (f(x) ≤ −a). I Properties
for vector–valued functions[10, Theorem 3.9] Suppose
f : X → Rm andg : X → Rm, whereX ⊂ Rn, letx∗

be a limit point ofX and supposex,y ∈ Rm are such
that limx→x∗ f(x) = y andlimx→x∗ g(x) = z. Then
(1) limx→x∗ [f(x) + g(x)] = y + z, (2) for anyα ∈ R,
limx→x∗ αf(x) = αy, (3) limx→x∗ f(x)g(x) = yz.
limit point : I [10, Def. 1.69] IfA is a non–empty
subset ofRn, a pointx∗ ∈ Rn will be said to be a limit
point ofA iff for eachε ∈ R++ N ′(x∗, ε) ∩A 6= ∅.
Log–supermodularity: I [1, p. 3] A functionf is
log–supermodular iflog f is supermodular.I [1, p. 3]
Sufficient conditions for the reaction correspondence of
firm 1 to be globally non–increasing inp2 is that ei-
ther the profit function is log–supermodular or that the
profit function satisfies the single–crossing property.I
[1, Lemma 2]Π1 is log–supermodular in(p1, p2) ∈
P 1 × P 2 if D1 is log–supermodular, or equivalently
if D1 satisfies∆o := D1D1

p1p2
− D1

p1
D1

p2
≥ 0 for all

(p1, p2) ∈ P 1 × P 2.
Lower semi–continuous: see alsoFunction, lower
semi–continuousand Binary relation, lower semi–
continuous

M
Matrix, non–singular : I [10, 1.83] A square matrix
of full rank is said to be non–singular.I [10, 1.83] An
n× n matrix is non–singular if and only if|A| 6= 0.
Matrix, rank of : I [10, 1.83]row rankThe row rank
of anm×nmatrixA is the number of linearly indepen-
dent row vectors ofA. column rankThe column rank
of anm × n matrix A is the number of linearly inde-
pendent column vectors ofA. I [10, 1.83] For any
matrix A the row rank is necessarily equal to the col-
umn rank. The common rank is denoted byr(A). I
[10, 1.83] If A is am × n matrix, it is necessarily true
thatr(A) ≤ min{m,n}. I [10, 1.83] Anm× n ma-

trix A is said to havefull rank iff r(A) = min{m,n}.
Matrix of the transformation : I [10, 1.83] If f :
Rn → Rm is linear so thatf can be written in the form
f ∗ (x) = Ax for x ∈ Rn, A is called the matrix of
the transformationf . I [10, 1.83] Given twom × n
matricesA,B and the associated transformationsf :
Rn → Rm andg : Rn → Rm, the matrixC = A + B
is the matrix of the transformationf + g. I [10, 1.83]
Given anm×nmatrixA and a scalarα ∈ R the matrix
αA is the matrix of the transformationαf , wheref is
defined byf(x) = Ax. I [10, 1.83] Letf : Rn →
Rm andg : Rm → Rp be defined byf(x) = Ax for
x ∈ Rn andg(y) = By for y ∈ Rm, then the matrix
C = BA is the matrix of the composite transformation
h = g ◦ f : h(x) = g[f(x)] = B(Ax) = (BA)x for
x ∈ Rn.
Matrix, sign of the elements: I [17, p. 38] Con-
siderDri = −D−1

i1 Di2. If the off–diagonal elements
of Di1 are non–negative it follows that the all elements
of −D−1

i1 are non–negative and the diagonal elements
are positive. A sufficient condition for the elements of
Dri to be non–negative (non–positive) is that all the el-
ements ofDi2 are non–negative (non–positive).
Meet: I see Elements, meet.
metric: I [12, ch. 2, p.2] LetX be any non–empty
set. A functiond : X ×X → R+ that satisfies the fol-
lowing properties is called a distance function or metric
onX: for all x, y, z ∈ X (1) d(x, y) = 0 if and only if
x = y, (ii) (symmetry)d(x, y) = d(y, x), (iii) (triangle
inequality)d(x, y) ≤ d(x, y) + d(y, z).
Metric, discrete: I [12, ch. 2, p. 2] The functiond :

X × X → R+ with d :=

{
1 x 6= y

0 x = y
is called the

discrete metric onX.
Metric, Euclidean: I [12, ch. 2, p. 2]d(·) onRn×Rn

is defined byd(x, y) = [
∑n

i=1(xi − yi)2]1/2 = [(x −
y) · (x − y)]1/2 = ||x − y||. I [10, Def. 1.49]
Properties: For x,y, z ∈ Rn and aλ ∈ R d(·) sat-
isfies (1)d(x, y) ≥ 0 and [d(x, y) = 0 ⇒ x = y],
(2) (symmetry)d(x, y) = d(y, x), (3) (triangle in-
equality)d(x, z) ≤ d(x, y) + d(y, z), (4) (homogene-
ity) d(λx, λy) = |λ|d(x, y), (5) (translation invariance)
d(x + z, y + z) = d(x, y). I [10, Cor. 1.54] De-
noting the Euclidean metric onRn by di(·) for i =
1, . . . , n and forRk with k =

∑n
i=1mi by d(·) then,

∀x, y ∈ Rk, di(xi, yi) ≤ d(x, y) and d(x, y) ≤∑n
i=1 di(xi, yi).

Metric, Hausdorff : I [12, ch. 4, p. 10] LetY be a
metric space and letc(Y ) be the set of all non–empty
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compact sets inY . For any two setsA,B ∈ c(Y )
let ω(A,B) := maxz∈A dY (z,B), which is well de-
fined. Define the functiondH : c(Y ) × c(Y ) → R+

by dH(A,B) := max{ω(A,B), ω(B,A)}, which is
called the Hausdorff metric.20

Metric, p–m.: I [12, ch. 2, p. 3] Letx, y ∈ Rn, p ≥ 1
dp(x, y) := (

∑n
i=1 |xi − yi|p)

1/p.
Metric space: I [10, Def. 1.48] If d is a distance
function onX, (X, d) is called a metric space.
metric space, connected: I [12, ch. 2, p. 11] A metric
space(X, d) is said to be connected if there do not exist
two nonempty and disjoint open setsA andB inX such
thatA ∪ B = X. I [12, ch. 2, p. 11] A metric space
(X, d) is connected if, and only if, the only subsets of
X that are both open and closed inX are ∅ andX.
I [12, ch. 3, p. 13] LetX and Y be metric spaces,
and letf : X → Y be a continuous function. IfX is
connected, thenf(X) is a connected subset ofY .
Metric space, connected subset ofX: I [12, ch. 2,
p. 11] A subsetS of a metric spaceX is called con-
nected inX if (S, d) is connected.
Metric, sup–m: I [12, ch. 2, p. 4] Let(xm), (ym) ∈
R∞ be sequences. Letl∞ be the set of all se-
quences such thatsupm≥1 |xm| < ∞. And let
this set be endowed with the sup–metric defined by
d∞((xm), (ym)) := supm≥1 |xm − ym|.
Minkowski’s inequality : I [12, ch. 2, p. 3]
For any ai, bi ∈ R, i = 1, . . . , n and any

p ≥ 1, (
∑n

i=1 |ai + bi|p)
1/p ≤ (

∑n
i=1 |ai|p)

1/p +
(
∑n

i=1 |bi|p)
1/p.

Mixed extension of the game: I [17, p. 44] The
mixed extension of a game(Ai, πi, i ∈ N) is defined
by the strategy spaceD(Ai), the set of all (Borel)
probability measures onAi and the payoffVi(µ) =∫
πi(a) dµ(a), wheredµ(a) = (dµ1(a1) × . . . ×

dµn(an)) andµ = (µ1, . . . , µn), µi ∈ D(Ai) for all i.
The mixed extension is denoted by(D(Ai), Vi, i ∈ N).
Monotone comparative statics: I see Comparative
statics, monotone.
Monotonicity Theorem, Topkis’s: I [8] Let S1 be
a lattice andS2 be a partially ordered set. Suppose
f(x, y) : S1 × S2 → R is supermodular inx for
giveny and has increasing differences inx, y. Suppose
that y ≥ y′ and thatx ∈ M ≡ arg max f(x, y) and
x′ ∈ M ′ ≡ arg max f(x, y′). Thenx ∧ x′ ∈ M ′ and
x ∨ x′ ∈ M . In particular, (wheny = y′), the set of
maximisers off is a sublattice.

20dY (z, B) is defined byd(x, S) := inf{d(z, x) : x ∈ B}.

N
Nash equilibrium in mixed strategies: I [17, p. 44]
A mixed strategy equilibrium of the game(Ai, πi, i ∈
N) is a NE of the mixed extension(D(Ai), Vi, i ∈ N).
Nash equilibrium, of a game with strategic comple-
ments: I [3] The set of Nash equilibria of a two player
GSC,{S1, S2, u1, u2} whereS1, S2 are totally ordered,
is a sublattice ofS1 × S2.
Neighbourhood, Euclidean: I [10, Def. 1.51] For
x ∈ Rn and aδ ∈ R++ the Euclidean neighbourhood
of x with radiusδ, N(x, δ) is defined byN(x, δ) =
{y ∈ Rn|d(x, y) < δ}. I [10, Def. 1.51]deleted
Euclidean neighbourhoodwith radiusδ, N ′(x, δ), by
N ′(x, δ) = {y ∈ Rn|0 < d(x, y) < δ}. I [10,
Lem. 1.56] If x∗ is an element ofRn, δ ∈ R++ and
y ∈ N(x∗, δ) and if ε := δ − d(x∗, y), thenN(y, ε) ⊆
N(x∗, δ). I [10, Prop. 1.57] Letx∗ ∈ Rn, δ ∈ R++.
Then int[N(x∗, δ)] = N(x∗, δ).
Norm, Euclidean: I [10, Def. 1.45] Forx ∈ Rn,

the Euclidean norm of x is||x|| =
(∑n

i=1 x
2
i

)1/2 =
(x · x)1/2. I [10, Theorem 1.46]Cauchy–Schwarz
Inequality: For allx,y ∈ Rn, |x · y| ≤ ||x|| · ||y||. I
[10, Theorem 1.47]Properties: If x,y, z ∈ Rn and a
λ ∈ R || · || satisfies (1)||x|| ≥ 0 with [||x|| = 0 ⇒ x =
0], (2) (homogeneity)||λx|| = |λ| ||x||, (3) (triangle
inequality)||x+ y|| ≤ ||x||+ ||y||. I [10, Prop. 1.53]
Denoting the Euclidean norm onRn by ||·||i for all x =
(x1, . . . , xn) ∈ Rn then,||xi||i ≤ ||x|| ∀i = 1, . . . , n,
and||x|| ≤

∑n
i=1 ||xi||i.

O
Order, weak: I [10, Def. 1.21] LetG be a binary
relation on a non–empty setX. G is a weak order iffG
is total, reflexive, and transitive.I [10, Prop. 1.26] If
G is a weak order onX, then (1) the asymmetric part of
G, P , is irreflexive, asymmetric and transitive, and (2)
the symmetric part ofG, I is an equivalence relation.

P
Partially ordered set: I see Set, partially orderedI
see also Dual
Poincaré–Hopf Index Theorem I [17, p. 362, FN
32] Let f : A → Rk be a smooth vector field on a
compact cubeA ⊂ Rk. Suppose thatf has only a finite
number of zerosx1, . . . , xn and that it points in on the
boundaryof A. Then

∑n
i=1 I(xi) = 1, whereI(xi) is
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the index ofxi. I(xi) = +1 if det[−Df(xi)] > 0,
I(xi) = −1 if det[−Df(xi)] < 0 andI(xi) equals an
integer depending on further topological conditions if
det[−Df(xi)] = 0.
Power set: I [16, p. 12] The power setP(X) of a set
X is the set of all subsets ofX.
Process, stochastic: I [2, p. 16] A stochastic process
is a familyX := {Xt}t∈J of random variables with
some index setJ ⊂ R. If J = Z+thenX is a discrete–
time process, while ifJ = R+ X is a continuous–time
process. I [2, p. 17]X is measurable if the function
(t, ω) −→ X(t, ω) is measurableon the product space
(R× Ω,B⊗ F), whereB is the Borel set.
Product, inner: I see Inner product.
Production function, Stone–Geary: I [5, p. 227,
FN 2] q = min{(K − K̄)/ak, (l − L̄)/aL}, with q
the output,K capital andL labour.
Product set: I [16, p. 12] LetXa be a set for each
a ∈ A. Then,×a∈AXa = {x = (xa : a ∈ A) : xa ∈
Xa for eacha ∈ A} is the product set.
Program, competitive: I [10, Def. 2.54] A feasible
program(x∗, y∗, c∗) is competitive for(f, ȳ) iff there
exists ap ∈ R∞

++ such that fort, (t = 0, 1, 2, . . .), and
for all (x, y) ∈ R2

+ such thaty ≤ ft+1(x) it is true that
pt+1ft+1(x∗t )− ptx

∗
t ≥ pt+1y − ptx.

Power set of A: I [10, p. 6] Is the family of subsets of
A.
Principle of Mathematical Induction : I [10, p. 16]If
A ⊂ N satisfies (a)1 ∈ A and (b) for eachk ∈ A we
have alsok + 1 ∈ A, thenA = N .
Product, inner: I [10, Def. 1.42] Forx,y ∈ Rn the
inner product is defined asx · y =

∑n
i=1 xiyi. I [10,

Prop. 1.43]Properties: if x,y, z ∈ Rn anda ∈ R then
(1) x · x ≥ 0 andx · x = 0⇒ x = 0, (2)x · y = y · x,
(3) x · (ay) = a(x · y) = (ax) · y), (4) x · (y + z) =
x · y + x · z.
Product order: I [8] Let x, z ∈ Rn thenx ≥ y iff
xi ≥ yi for i = 1, . . . , n.
Projection: I [15] If S is a subset ofX × T , then the
projection ofS at t ∈ T is ΠtS = {t : St 6= ∅}. I see
also Section

Q
Quasi–supermodularity: I [17, p. 29] LetX be a
lattice, the functionF : X → R is quasi–supermodular
if for x, y ∈ X f(x) ≥ f(inf(x, y)) implies that
f(sup(x, y)) ≥ f(y). I [17, p. 29] Sufficient con-
dition: f is quasi–supermodular if there is a strictly in-

creasing functionh such thath ◦ f is supermodular.I
[17, p. 29] LetS ⊂ X. φ(t, S) ≡ arg maxx∈S g(x, t)
is increasing in(t, S) iff g : X × T → R is quasi–
supermodular inx and satisfies the single crossing prop-
erty in (x, t). If S is a sublattice ofX thenφ(t, S) is
a sublattice ofS. In in addition the constraintS(t) is
increasing int andg satisfies the strict single crossing
property in(x, t), thenφ(t, S(t)) is strongly increasing
in t.

R
Rademacher’s Theorem: I [12, ch. 3, p. 9] Any Lip-
schitz continuous functionf : R → R is differentiable
almost everywhere.
Reaction correspondence: I [1, p. 3] Sufficient con-
ditions for the reaction correspondence of firm 1 to be
globally non–increasing inp2 is that either the profit
function is log–supermodular or that the profit function
satisfies the single–crossing property.
Relation, binary: I Let G be a binary relation on
a setX, thenG is (1) total iff (∀x, y ∈ X) : xGy
or yGx or x = y, (2) reflexive iff (∀x ∈ X) : xGx,
(3) irreflexive iff (∀x ∈ X) : ¬xGx, (4) symmetric
iff (∀x, y ∈ X) : xGy ⇒ yGx, (5) asymmetric iff
(∀x ∈ X) : xGy ⇒ ¬zGx, (6) antisymmetric iff
(∀x, y ∈ X) : [xGy ∧ yGx] ⇒ x = y, (7) transi-
tive iff (∀x, y, z ∈ X) : [xGy ∧ yGz] ⇒ xGz (8) [10,
Def. 1.28] negative transitive(∀x, y, z ∈ X) if xPz
then eitherxPy or yPz.

S
Section: I [15] If S is a subset ofX×T , then the sec-
tion of S at t ∈ T is St = {x : (x, t) ∈ S}.21 I [15]
If Szt is ascending int on T for eachz in an arbitrary
setZ and if∩z∈ZSzt is nonempty for eacht ∈ T , then
∩z∈ZSzt is ascending int ∈ T . I [15, Lemma 6.1]
LetS∗t let be the set of optimal solutions for givent ∈ T
and letT ∗ = {t : S∗t 6= ∅}. If S is a lattice,T a par-
tially ordered set,St ⊆ S is ascending int on T , and
f(x ∧ y, t) + f(x ∨ y, b) ≤ f(x, t) + f(y, b) for all
t, b ∈ T with t ≤ b, x ∈ St, andy ∈ Sb, thenS∗t is
ascending int on T ∗. I [15, Theorem 6.1] LetS∗t
let be the set of optimal solutions for givent ∈ T and
let T ∗ = {t : S∗t 6= ∅}. If S is a lattice,T a partially
ordered set,St ⊆ S is ascending int on T , f(x, t) is

21Hence, a section is the a subset ofX so that(x, t) ∈ S for a
particular value oft.
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submodular inx on S for eacht ∈ T , andf(x, t) has
antitone differences in(x, t) on S × T , thenS∗t is as-
cending int onT ∗. I [15, Theorem 6.2] If, in addition
to the hypotheses of Theorem 6.1, eachSt is compact in
a topology finer that the interval topology andf(x, t) is
lower semi–continuous inx onSt for eacht ∈ T , then
eachS∗t has a least element,st, and a greatest element,
s̄t, andst and s̄t are both isotone int on T . I [15,
Theorem 6.3] IfS is a lattice,T a partially ordered set,
St ⊆ S is ascending int on T , f(x, t) is submodular
in x onS for eacht ∈ T , andf(x, t) has strictly anti-
tone differences in(x, t) onS × T , thenS∗t is strongly
ascending int onT ∗.
Selection: I [16, p. 35] IfX,T are sets,St is a subset
of X for eacht ∈ T , andxt ∈ St for eacht ∈ T , then
the functionxt : T 7→ X is a selection fromSt.
Selection, increasing (decreasing): I [16, p. 35] If
X,T are posets,St ⊆ X for eacht ∈ T , andxt is
a selection fromSt that is an increasing (decreasing)
function (correspondence) oft from T intoX, thenxt

is an increasing (decreasing) selection.
Selection, increasing (decreasing) optimal: I [16,
p. 35] For a collection of optimisation problems, max-
imisef(x, t) subject tox ∈ St, with each problem de-
termined by a parametert, an increasing (decreasing)
selection from argmaxx∈St

f(x, t) is an increasing (de-
creasing) optimal selection.
Semi–metric: I [12, ch. 2, p.2] Ifd satisfies condi-
tions (ii) and (iii) of a metric andd(x, x) = 0 for all
x ∈ X, thend is called a semi–metric onX.22

Semi–metric space: I [12, ch. 2, p.2] Ifd is a semi–
metric onX, (X, d) is called a semi–metric space.
Sequence: I [10, Def. 2.1] A sequence of real num-
bers is a functionf : N → R, denoted byf(n) = xn

for n = 1, 2, . . . or 〈xn〉. I [10, Def. 2.4] A sequence
〈xn〉 is said to have the limit+∞ (−∞) or diverge to
+∞ iff for every α ∈ R, there existsm ∈ N such that
(∀n ≥ m) : xn > α ((∀n ≥ m) : xn < α).
Sequence, bounded: I [10, Def. 2.6] A sequence,
〈xn〉 is said to be bounded below (respectively above)
iff there existsα ∈ R satisfyingxn ≥ α (xn ≤ α)
for n = 1, 2, . . .. The sequence〈xn〉 is said to be
bounded iff it is bounded both above and below.I
[10, Prop. 2.7] A sequence〈xn〉 is bounded if and
only if there existsα ∈ R satisfying |xn| < α for
n = 1, 2, . . .. I [10, Prop 2.29] If〈xn〉 is a Cauchy
sequence, then〈xn〉 is bounded.I [10, Prop. 2.31] Let

22Note: the difference between a metric and a semi–metric is that
for the latterd(x, y) may be zero forx 6= y.

〈xn〉 be a bounded sequence, and define the sequences
〈ym〉, 〈zq〉 by ym = infn≥m xn for m = 1, 2, . . .
andzq = supn≥q xn for q = 1, 2, . . .. Then, the se-
quences〈ym〉 and〈zq〉 both converge andlimq→∞ zq ≥
limm→∞ ym. (There is a largest and a smallestclus-
ter point). I [10, Prop 2.34] If〈xn〉 is a bounded
sequence, then (1)〈xn〉 converges iff lim inf xn =
lim supxn in which caselimn→∞ xn = lim supxn

and (2) if z is the limit of a subsequence of〈xn〉 then
lim inf xn ≤ z ≤ lim supxn.
Sequence, convergent: I [10, Def. 2.2] Let〈xn〉 be
a sequence and letx∗ ∈ R. The sequence〈xn〉 is said
to be converge tox∗ iff (∀ε > 0)(∃m ∈ N)(∀n ≥
m) : |xn − x∗| < ε. I [10, Prop. 2.8] If the se-
quence〈xn〉 converges then it is bounded.I [10, The-
orem. 2.9] Let〈xn〉 and〈yn〉 be convergent sequences
and definelimn→∞ xn = x andlimn→∞ yn = y then:
(1) limn→∞(xn + yn) = x + y, (2) (∀α ∈ R) :
αxn → αx, (3) limn→∞ xn · yn = x · y. I [10,
Cor. 2.10] If 〈xn〉 and 〈yn〉 are sequences such that
xn → 0 and 〈yn〉 is bounded, thenxnyn → 0. I
[10, Prop. 2.11] Suppose there arem convergent se-
quences〈xin〉, i = 1, . . . ,m, and thatxin → x̄i

for i = 1, . . . ,m. Given any real numberαi de-
fine the sequence〈zn〉 by zn =

∑m
i=1 αixin, then

zn →
∑m

i=1 αix̄i. I [10, Lem. 2.12] If 〈xn〉 hav-
ing no terms equal to zero, andxn → x∗ 6= 0 then
1/xn → 1/x∗. I [10, Theorem 2.13] If〈xn〉 and〈yn〉
are sequences satisfying (1)(∀n ∈ N) : xn 6= 0, (2)
xn → x∗ 6= 0, and (3)yn → y∗, thenyn/xn → y∗/x∗.
I [10, Prop 2.14] If〈xn〉 is a sequence andx∗ is a real
number,xn → x∗ if and only if |xn/x

∗| → 0. I
[10, Prop. 2.15] Suppose〈xn〉 is a sequence satisfy-
ing xn ≥ 0 for n = 1, 2, . . ., then if 〈xn〉 converges,
limn→∞ xn ≥ 0. I [10, Prop. 2.16] If〈xn〉 and
〈yn〉 satisfyxn → x∗, yn → y∗, andxn ≥ yn for
n = 1, 2, . . ., thenx∗ ≥ y∗. I [10, Prop. 2.17] If〈xn〉
and〈yn〉 satisfy0 ≤ xn ≤ |yn| for n = 1, 2, . . ., and
yn → 0, thenxn → 0 as well. I [10, Prop. 2.18]
If 〈xn〉, 〈yn〉, and 〈zn〉 satisfy xn ≤ yn ≤ zn for
n = 1, 2, . . ., xn → x∗, andzn → x∗, thenyn → x∗

as well. I [10, Theorem 2.30] A sequence〈xn〉 is
convergent iff it is aCauchy sequence.
Sequence of partial sums of a series: I [10,
Def. 2.35] If 〈an〉 is a sequence, the sequence〈sn〉 de-
fined bysn =

∑n
i=1 ai is called the sequence of partial

sums of the series.
Sequence, monotone: I [10, Def. 2.19] A sequence
〈xn〉 is said to be monotone iff either (1)xn ≤ xn+1 for
all n = 1, 2, . . . or (2)xn ≥ xn+1 for all n = 1, 2, . . ..
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I [10, Theorem 2.20] Every bounded monotone se-
quence converges.
Separating hyperplane theorem: I [13, p. 12,
FN 12] The separating hyperplane theorem states that
two compact, convex sets which intersect at a unique
point have a common tangent through that point.
Series, bounded: I [10, Def. 2.41] A series

∑∞
n=1 an

is bounded iff the sequence of partial sums〈sn〉 is
bounded.
Series, geometric: I [10, p. 84] Let an = αn.
Then

∑∞
n=1 α

n is the geometric series.I [10, p. 84]
Note: (1) For|α| ≥ 1 the series does not converge as
limn→∞ αn 6= 0. (2) If |α| < 1 then

∑∞
n=0 α

n =
1/(1− α) and

∑∞
m=1 α

m = α/(1− α).
Series, harmonic: I [10, p. 85]

∑∞
n=1 1/n is the har-

monic series.
Series, infinite: I [10, Def. 2.35] If 〈an〉 is a se-
quence, the expression

∑∞
n=1 an is called an infinite

series. I [10, Theorem 2.36] The infinite series∑∞
n=1 an converges iff for eachε > 0 there exists a

n ∈ N such that for allp ∈ N |Sn,p| < ε, with Sn,p =∑n+p
m=n+1 am = sn+p − sn. I [10, p. 83] Note: If

the series
∑∞

n=1 an converges, thenlimn→∞ an → 0.
I [10, Theorem 2.38] Suppose

∑∞
n=1 an and

∑∞
n=1 bn

are both convergent. If we form new series by letting
(1) cn = an + bn for n = 1, 2, . . ., then

∑∞
n=1 cn

also converges and we have
∑∞

n=1 cn =
∑∞

n=1 an +∑∞
n=1 bn. (2) dn = αan for n = 1, 2, . . ., whereα

is any real number, then
∑∞

n=1 dn also converges and∑∞
n=1 dn = α

∑∞
n=1 an. I [10, Def. 2.39] If the se-

ries
∑∞

n=1 |an| converges, then we say that
∑∞

n=1 an

is absolutely convergent. If
∑∞

n=1 an is convergent, but∑∞
n=1 |an| is not, the series isconditionally convergent.

I [10, Prop. 2.40] If
∑∞

n=1 an is absolutely convergent,
then it is convergent. I see also Comparison test,
D’Alembert’s ratio test.
Series, non–negative: I [10, Def. 2.41] A series∑∞

n=1 an, is non–negative iffan ≥ 0, n = 1, 2, . . ..
I [10, Prop. 2.42] A non–negative series

∑∞
n=1 an is

convergent iff it is bounded. I see also Comparison
test, D’Alembert’s ratio text
set, bimonotone: I [16, p. 20] LetX1, X2 be posets,
S ⊆ X1 × X2. S is bimonotone if either[x1,∞) ×
(−∞, x2] ∈ S or (−∞, x1] × [x2,∞) ∈ S for each
(x1, x2) ∈ S. Hence,S is bimonotone if it equals one
of its bimonotone hulls. I [16, p. 20] The bimono-
tone hullsH1(S),H2(S) are bimonotone sets.I [16,
p. 20] Any bimonotone set containingS must also con-
tain at least one of the two bimonotone hulls.I [16,

p. 20] If X1, X2 are chains, then any bimonotone sub-
set ofX1 ×X2 and hence any bimonotone hull of any
subset ofX1×X2 is a sublattice ofX1× x2.23 I [16,
p. 20] If X1, . . . Xn are posets,S is a bivariate subset
of ×n

i=1Xi, a subsetL of Xi′ × Xi′′ for i′ 6= i′′ is the
i′i′′–generator ofS, andL is bimonotone, thenS is bi-
monotone.
Set, bounded: I see also Supremum and InfimumI
[10, Def. 1.50] A setA ∈ Rn is bounded iff there ex-
ists a positive real numberα satisfying(∀x,y ∈ A) :
d(x, y) < α. I [10, Prop. 1.52] A subsetA of
Rn is bounded iff there exists anε ∈ R++ such that
A ⊆ N(0, ε).
Set, closed: I [10, Def. 1.61] A subset ofRn is said
to be closed iff its complement is open.I [10, The-
orem 1.62]Properties: In Rn (1) ∅ andRn are closed
sets, (2) ifCi is a closed subset ofRn, i = 1, . . . ,m,
thenC := ∪m

i=1Ci is a closed set, (3) if{Da|a ∈ A} is
a family of closed subsets ofRn, thenD := ∩a∈ADa

is a closed set.I [10, Theorem 1.66] A subset ofA o
Rn is closed iffA = Ā, i.e it is closed if it is equal to
its ownclosure.
Set, closed relative: I [10, Def. 1.74] LetX be a
subset ofRn. A subsetC ofX is closed relative toX iff
A ≡ X\C is open relative toX. I [10, Theorem 1.75]
Properties: If X is a subset ofRn then (1)∅ andX are
closed relative toX, (2) if Ci ⊆ X is closed relative
to X for i = 1, . . . ,m thenC := ∪m

i=1Ci is closed
relative toX, (3) if Cα ⊆ X is closed relative toX
for eachα ∈ A, thenC := ∩α∈A is closed relative
to X. I [10, Prop 1.76] LetA ⊆ X ⊆ Rn. Then
A is closed relative toX if and only if there exists a
closed setC (closed inRn) such thatA = X ∩ C. I
[10, Theorem 1.77] IfA ⊆ X ⊆ Rn, thenA is closed
relative toX if and only ifA = Ā ∩X.
Set, compact: I [2, p. 3] A setK ⊂ X is compact if
every opencoverofK has a finite sub–cover, i.e. when-
everK ⊂ ∪α∈JOα, whereJ is an arbitrary index set
andOα is openfor eachα ∈ J , thenK ⊂ ∪n

i=1Oαi

for someα1, . . . , αn ∈ J . I [12, ch. 3, p. 15] If
f : X → Y is a continuous function, thenf(S) is
compact inY wheneverS is compact inX. I [2, The-
orem 11.3] LetK be a compact set: (1) Every infinite
sequence inK has acluster point. (2) If f : K → R
is continuous thenf attains its supremum. (3) IfA is a
closed subset ofK thenA is compact.
Set, complete: I [4] A setX is complete if(∀A ⊂

23A bimonotone subset of a direct product need not to be a sublat-
tice ofX1 ×X2.
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X) : inf A, supA ∈ X.
Set, increasing: I [16, p. 15] Let(X,�) be a poset,
X ′ ⊂ X, andX ∩ [x,∞) ⊂ X ′ for eachx ∈ X ′. Then,
X ′ is an increasing set.I [16, p. 15] Let(X,�) be a
poset. A setX ′ ⊂ X is an increasing set if the indicator
function f : X ′ ∩ [x,∞) → {0, 1} is an increasing
function, i.e. ifx, x′ ∈ X ′ ⊂ X with x � x′ implies
f(x) � f(x′).
Set, level: I [16, p. 15] LetX be a set,(Y,�) be a
poset andf : X → Y . Then, the level sets off(x) on
X are the sets{x : x ∈ X, y � f(x)} for y ∈ Y . I
[16, p. 23] Each level set of a bimonotone function is
bimonotone.
Set, lower than: I [15] Suppose a latticeS with a
relation≤ is given. ForX andY in the power setP (S),
X is lower thanY (X ≤p Y ) if x ∈ X andy ∈ Y imply
thatx ∧ y ∈ X andx ∨ y ∈ Y . I [15] For a latticeS,
the relation≤p is antisymmetric and transitive inP (S).
Set of bounded functions: I [12, ch. 2, p. 4] LetT be
a non–empty set. The set of bounded real functions is
defined byB(T ) := {f ∈ RT : sup{|f(t)| : t ∈ T} <
∞}. The usual metric of this space is the sup–metric
d∞.
Set of continuous functions: I [12, ch. 3, p. 39] Let
T be a metric space. IfT is compact, thenC(T ) is
separable.
Set of continuous bounded functions: I [12, ch. 3,
p. 32] For any metric space,T the set of continuous
bounded functions,CB(T ) is a closed and complete
metric subspace of the set of bounded functionsB(T ).
Set of indices, increasable: I [16, p. 27] Suppose
X1, . . . , Xn are chains,S is a sublattice of×n

i=1Xi. A
subsetI of {1, . . . , n} is an increasable set of indices
for x′ ∈ S if there existsx′′ ∈ S with x′ � x′′ and with
x′i ≺ x′′i if and only iff i ∈ I.
Set, open: I [10, Def. 1.58] A subsetX of Rn is open
if intX = X. I [10, Prop. 1.59]Properties: in Rn

(1) ∅ andRn are open sets, (2) ifU = {Ua|a ∈ A} is a
family of subsets ofRn satisfying(∀a ∈ A) : Ua is an
open subset ofRn thenU ≡ ∪a∈AUa is an open subset,
(3) if Vi is an open subset ofRn for i = 1, . . . , n then
V := ∩n

i=1Vi is an open subset ofRn.
Set, open relative: I [10, Def. 1.71] LetX be a non–
empty subset ofRn. A subsetA of X is open relative
toX iff there exists an open subset ofRn, U , such that
A = X ∩ U . I [10, Theorem 1.72] LetX be a subset
of Rn and letA be a subset ofX. ThenA is open
relative toX iff for eachx ∈ A, there existsε ∈ R++

such thatN(x, ε) ∩ X ⊆ A. I [10, Theorem 1.73]
Properties: If X is a subset ofRn then (1)∅ andX are

open relative toX, (2) if Ai ⊆ X is open relative toX
for i = 1, . . . ,m thenA := ∩m

i=1Ai is open relative to
X, (3) if Uβ ⊆ X is open relative toX for eachβ ∈ B,
thenU := ∪β∈BBβ is open relative toX.
Set ordering, inducedv: I [16, p. 32] Suppose that
X is a lattice with ordering relation�. The induced
set ordering,v, is defined on a collection of non–empty
members of the power setP(X) \ {∅} such thatX ′ v
X ′′ ∈ P(X) \ {∅} if x′ ∈ X ′ andx′′ ∈ X ′′ imply
thatx′ ∧ x′′ ∈ X ′ andx′ ∨ x′′ ∈ X ′′. I [16, p. 32,
L. 2.4.1.] If X is a lattice, then the binary relationv
is anti–symmetric and transitive onP(X) \ {∅}.24 I
[16, p. 33]L(X) is the greatest subset ofP(X) \ {∅}
on whichv is reflexive. I [16, p. 33, T. 2.4.1.] If
X is a lattice, thenL(X) is a poset with the ordering
relationv. Furthermore, any subset ofP(X) \ {∅} that
is a poset with ordering relationv is a subset ofL(X).
Set, partially ordered I [15] (X,≤) is a setX on
which there is a binary relation≤ that it is reflexive, an-
tisymmetric and transitive.I [15] If Sα is a partially
ordered set with relation≤α for eachα ∈ A, then the
direct product of these partially ordered sets is the par-
tially ordered set consisting of the set×α∈ASα = {x =
(xα) : xα ∈ Sα,∀α ∈ A} with the relation≤ where
x ≤ y if xα ≤α yα for eachα ∈ A. (note: relation is
defined componentwise).I [15] If S is a lattice with
relation≤, then the set of non–empty sublatticesL(S)
is a partially ordered set with the relation≤p. I see
also Dual. I see also CoverI see also Elements,
ordered pair of I see also Elements, unordered pair
of
Set, subcomplete: I [4] A non–empty setA ⊂
X is subcomplete ifB ⊂ A, B 6= ∅ implies
infX B, supX B ∈ Ais complete if (∀A ⊆ X) :
inf A, supA ∈ X. infX B, supX B means that the
supremum and infimum is taken as a subset ofX.
Set–theoretic operations: I [10, Prop 1.2] IfA,B,C
are subsets ofS then (1)A ⊆ B ⇔ BC ⊆ AC , (2)
∅C = S, SC = ∅, (3) A ∪ AC = S, A ∩ AC = ∅,
(4) (AC)C = A, (5)A \ B = A ∩ BC , (6)A ∩ B =
∅ ⇔ A ⊆ BC ⇔ B ⊆ AC , (7) A ∩ B ⊆ A and
A∩B ⊆ B, (8)A∩B = A⇔ A ⊆ B, (9)A ⊆ A∪B
andB ⊆ A ∪ B, (10)A ∪ B = A ⇔ B ⊆ A, (11)
A ∪ (B ∪ C) = (A ∪ B) ∪ C = A ∪ B ∪ C, (12)
A ∩ (B ∩ C) = (A ∩ B) ∩ C = A ∩ B ∩ C, (13)
A∩ (B∪C) = (A∩B)∪ (A∩C), (14)A∪ (B∩C) =
(A ∪B) ∩ (A ∪C), (15)A = (A ∩B) ∪ (A ∩BC) =
(A∩B)∪(A\B). I [10, Prop. 1.6] Or instead of (11)–

24Both need not hold if∅ is included.
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(13): (11’)A ∩ (∩λ∈ΛBλ) = ∩λ∈Λ(A ∩ Bλ) andA ∪
(∪λ∈ΛBλ) = ∪λ∈Λ(A ∪ Bλ), (12’) A ∩ (∪λ∈ΛBλ) =
∪λ∈Λ(A∩Bλ), (13’)A∪(∩λ∈ΛBλ) = ∩λ∈Λ(A∪Bλ).
Single Crossing Property: I [17, p. 29] LetX be a
lattice,T a poset andg : X × T → R. Theng satisfies
the single crossing property if forx′ > x andt′ > t,
g(x′, t) ≥ g(x, t) implies thatg(x′, t′) ≥ g(x, t′), and
g(x′, t) > g(x, t) implies thatg(x′, t′) > g(x, t′) I
[17, p. 29] LetS ⊂ X. φ(t, S) ≡ arg maxx∈S g(x, t)
is increasing in(t, S) iff g : X × T → R is quasi–
supermodular inx and satisfies the single crossing prop-
erty in (x, t). If S is a sublattice ofX thenφ(t, S) is
a sublattice ofS. In in addition the constraintS(t) is
increasing int andg satisfies the strict single crossing
property in(x, t), thenφ(t, S(t)) is strongly increasing
in t.
Solution, increasing (decreasing) optimal: I [16,
p. 33] A collection of optimisation problems maximise
f(x, t) subject tox ∈ St, with each problem deter-
mined by a parametert in a posetT and with each con-
straint setSt contained in a latticeX has increasing
(decreasing) optimal solutions if the correspondence
argmaxx∈St

f(x, t) is increasing (decreasing) as a func-
tion of t from {t : t ∈ T,argmaxx∈St

f(x, t) 6= ∅} into
L(X) with the induced ordering setv.
Space, measurable: I [2, p. 9] A pair (Ω,F), where
Ω is a set andF is aσ–field of subsets ofΩ, is called a
measurable space.
Space, probability: I [2, p. 10] The triple(Ω,F, P ),
whereΩ is a set,F is aσ–field of subsets ofΩ andP
a probability measure on(Ω,F) is called a probability
space.
Space, topological: I [2, p. 2] A topological space is
a setX together with a collectionT of subsets called
open setsthat have the following properties: (1)X ∈ T
and∅ ∈ T ; (2) If A,B ∈ T thenA ∩ B ∈ T ; (3) If
Aα ∈ T for all α ∈ J , whereJ is an arbitrary index
set, then∪α∈JAα ∈ T .
Stone–Geary technology: I see Production function,
Stone–Geary
Stone–Weierstrass Theorem: I [12, ch. 3, p. 38]
Let T be a compact metric space, and letP be a set in
C(T ) with the following properties: (i)αf + βg ∈ P
for all f, g ∈ P andα, β ∈ R; (ii) fg ∈ P for all
f, g ∈ P; (iii) all constant functions belong toP; (iv)
for any distinctx, y ∈ T , there exists anf ∈ P such
thatf(x) 6= g(y). ThenP must be inC(T ).25

Stochastic process: I seeProcess, stochastic.

25This is brick for separability ofC(T ).

Strategy set, rationalisable: I [8] The sets of strate-
gies S̄m ⊂ Sm, m = 1, . . . , N are rationalisable if
for eachn andxn ∈ S̄n, xn maximisesE[fn(·, x−n)]
for some probability distribution ons−n with support
in S̄−n.
Strategy set of undominated responses: I [8] Given
a product set̂S the set ofn’s undominated responses to
Ŝ is defined byU(Ŝ) = {xn ∈ Sn|(∀x′n ∈ Sn)(∃x̂ ∈
Ŝ) : fn(xn, x̂−n) ≥ fn(x′n, x̂−n)}.
Strategy, strongly dominated: I [8] A pure strat-
egy xn for playern is strongly dominated by another
pure strategyx̂n if it is the case that for allx−n,
fn(xn, x−n) < fn(x̂n, x−n).
Subadditivity : I [10, Def. 5.8.1] If f : K → R,
whereK is a convex cone, thenf is sub–additive iff,
for all x, y ∈ K f(x + y) ≤ f(x) + f(y). I [10,
Prop. 5.82] Supposef : K → R is positively homoge-
neous of degree one onK, whereK is a convex cone.
Thenf is concave (convex) onK if, and only if, f is
super- (sub-) additive onK.
Sublattice: I [4] A ⊂ X is a sublattice if(∀x, y ∈
A) : x ∧X y, x ∨X y ∈ A, wherex ∧X y, x ∨X y are
obtained taking the infimum and supremum as elements
of X as opposed to using the relative order onA. I
[14] S ⊂ R2 is a sublattice ofR2 if (x′1, x

′
2) ∈ S and

(x′′1 , x
′′
2) ∈ S ⇒ (max{x′1, x′′1},max{x′2, x′′2}) ∈ S

and(min{x′1, x′′1},min{x′2, x′′2}) ∈ S. I [15] If T is
a subset of a latticeS andT contains the join and meet
(with respect toS) of each pair of elements ofT thenT
is a sublattice ofS. I [16, p. 13] IfX ′ is a sublattice
of the latticeX, thenX ′ is itself a lattice and inX ′ the
join and meet of any two elements are the same as the
join and meet of those same two elements inX. I [16,
p. 17, L. 2.2.2] IfX is a lattice andXa is a sublattice of
X for eacha ∈ A, then∩a∈AXa is a sublattice ofX.26

I [16, p. 17, L. 2.2.3] Suppose thatX,T are lattices
andS is a sublattice ofX × T . (a) the sectionSt of
S at eacht ∈ T is a sublattice ofX (b) the projection
ΠTS of S on T is a sublattice ofT . I [16, p. 18]
If X1, . . . , Xn are non–empty lattices,S is a bivariate
subset of×n

i=1Xi andL thei′i′′–generator ofS thenS
is a sublattice of×n

i=1Xi iff L is a sublattice ofXi′ ×
Xi′′ . I [16, p. 18, L. 2.2.4] Ifn ≥ 2 andX1, . . . , Xn

are lattices, then a set is a sublattice of×n
i=1Xi iff it is

the intersection ofn(n − 1)/2 bivariate sublattices of
×n

i=1Xi. I [16, p. 20] If X1, x2 are lattices andS
is a sublattice ofX1 × X2, then the bimonotone hulls
H1(S),H2(S) are sublattices.I [16, p. 20] IfX1, X2

26Hence, the intersection of sublattices are sublattices.
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are chains, then any bimonotone subset ofX1×X2 and
hence any bimonotone hull of any subset ofX1 × X2

is a sublattice ofX1 × x2. I [16, p. 20, T. 2.2.1.] If
X1, . . . , Xn are lattices, then a setS is a sublattice of
×n

i=1Xi iff it is the intersection ofn(n−1) bimonotone
sublattices of×n

i=1Xi together with the direct product
of the projection ofS on eachXi where the projection
of S on eachXi is a sublattice ofXi.
Sublattice, collection of non–emptyL(X): I [16,
p. 32] SupposeX is a lattice. ThenL(X) is the collec-
tion of all non–empty sublattices ofX. I [16, p. 33]
L(X) is the greatest subset ofP(X) \ {∅} on whichv
is reflexive. I [16, p. 33, T. 2.4.1.] IfX is a lattice,
thenL(X) is a poset with the ordering relationv. Fur-
thermore, any subset ofP(X) \ {∅} that is a poset with
ordering relationv is a subset ofL(X).
Sublattice, subcomplete:27 I [14] X is a subcomplete
sublattice ofS if for each non–empty subsetX ′ ⊆ X
the leastupper boundand the greatestlower boundexist
and are contained inX. I [16, p. 29] If X ′ is a sub-
lattice of a latticeX and if, for each non–empty subset
X ′′ of X ′, supX X ′′ and infX X ′′ exist and are con-
tained inX ′, thenX ′ is a subcomplete sublattice ofX.
I [p. 29]topkis98b By L. 2.2.1, any finite sublattice of
a lattice is subcomplete. Hence, any sublattice of a fi-
nite lattice ofX is subcomplete. I [16, T. 2.3.1] A
sublattice ofRn is subcomplete iff it is compact.
Submodularity: I [14] If −f(x) is supermodular
then f(x) is submodular. I [15] If Si is a lattice
for i = 1, . . . , n, S is a sublattice of×n

i=1Si and f
is (strictly) submodular onS, thenf has (strictly) an-
titone differences onS. I [15] If Si is a chain for
i = 1, . . . , n andf has (strictly) antitone differences
on×n

i=1Si, thenf is (strictly) submodular on×n
i=1Si.

(note, this result is not valid for the product of a count-
able collection of chains!). I [15] Implications: Let
ui be theith unit vector inEn. A function f is sub-
modular iff (1) f(x + εui) − f(x) is antitone inxj

∀i 6= j, ε ∈ R++ andx or iff (2) ∂f(x)/∂xi is anti-
tone inxi, ∀i 6= j andx or iff (3) ∂2f(x)/∂xi∂xj ≤ 0
∀i 6= j and x. I [15, Lemma 3.1] IfS is a lat-
tice andgi(x) is non–positive, isotone (antitone), and
submodular onS for i = 1, . . . , k, then f(x) =
(−1)k−1g1(x)g2(x) . . . gk(x) is also non–positive, iso-
tone (antitone), and submodular onS. I [15, Theo-
rem 4.1] Iff is submodular on a latticeS, then the set
S∗ of points at whichf attains its minimum onS is a

27[17, p. 18]: Note that a lattice need not to be a sublattice of a
larger lattice.

sublattice ofS. I [15, Theorem 4.2] Iff is strictly
submodular on a latticeS, then the setS∗ of points at
which f attains its minimum onS in a chain. I [15,
Theorem 4.3] IfX,T are lattices,S is a sublattice on
X × T , f is submodular onS, St is the section ofS
at t ∈ T , andg(t) = infx∈St

f(x, t) is finite on the
projectionΠtS theng(t) is submodular onΠtS.
SubsequenceI [10, Def. 2.21] If 〈xn〉 and〈yn〉 are
sequences,〈yn〉 is said to be a subsequence of〈xn〉 iff
there exists a sequence〈nk〉 of positive integers satis-
fying: (1) (∀i, j ∈ N) : i > j ⇒ ni > nj and (2)
(∀k ∈ N) : yi = xni

. I [10, Prop. 2.23] If〈xn〉 is
a sequence such thatxn → x∗, and〈xni

〉 is any subse-
quence of〈xn〉, thenxni

→ x∗.
subset, bivariate: I [16, p. 18] Suppose that
X1, . . . , Xn are sets andx = (x1, . . . , xn) ∈ ×n

i=1Xi

with xi ∈ Xi. If L is a subset ofXi′ ×Xi′′ for i′ 6= i′′

andS = {x : x ∈ ×n
i=1Xi, (xi′ , xi′′) ∈ L}. Then

S is the bivariate subset of×n
i=1. I see alsoi′i′′–

Generator I [16, p. 20] IfX1, . . . Xn are posets,S is
a bivariate subset of×n

i=1Xi, a subsetL of Xi′ ×Xi′′

for i′ 6= i′′ is thei′i′′–generator ofS, andL is bimono-
tone, thenS is bimonotone.
Supermodularity: I [1] Π1(p1, p2) = (p1 −
c1)D1(p1, p2) is supermodular in(p1, p2) if ∆C ,
D1

p2
+ (p1 − c1)D1

p1p2
≤ 0 for all (p1, p2) ∈ P1 × P2.

I [14] A real valued functionf(x) on a latticeX is
called supermodular onX if (∀x′, x′′ ∈ X) : f(x′) +
f(x′′) ≤ f(x′ ∧ x′′) + f(x′ ∨ x′′). I [7] Equiv-
alent representation: A function f : Rn → R is su-
permodular if for allx, x′ ∈ Rn, f(x) + f(x′) ≤
f(min{x, x′}) + f(max{x, x′}). This inequality is
equivalent to [f(x) − f(min{x, x′})] + [f(x′) −
f(min{x, x′})] ≤ f(min{x, x′})+f(max{x, x′}), i.e.
the sum of the changes in the function when several ar-
guments are increased separately is less than the change
resulting from increasing all the arguments together; or
f(max{x, x′}) − f(x′) ≥ f(x) − f(min{x, x′}), i.e.
increasing one or more variables raises the return to in-
creasing the other variables.I [8] Topkis’s Charac-
terisation Theorem: Let I = [x, x̄] be an interval in
Rn. Suppose thatf : Rn → R is twice continuously
differentiable on some open set containingI. Then,
f is supermodular iff for allx ∈ I and all i 6= j,
∂2f/∂xi∂xj ≥ 0. I [8] If f is an order upper semi–
continuous, supermodular function from a complete lat-
ticeS to R ∪ {−∞}, thenf has a maximum inS. I
[8] If f is an order upper semi–continuous, supermod-
ular function from a complete latticeS to R ∪ {−∞},
then the set of maximisers off is a complete sublat-
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tice of S. I [17, Remark 6] If g is (strictly) su-
permodular onX × T , then it has (strictly) increasing
differences onX × T and g is (strictly) supermodu-
lar onX for any t ∈ T . I [17, Theorem 2.3] Let
g : X × T → R be supermodular on a latticeX for
eacht in the posetT . Let S be a sublattice ofX and
φ(t) = arg maxx∈S{g(x, t)}. (i) Thenφ(t) is a sub-
lattice ofS for all t. (ii) If g has increasing (decreas-
ing) differences in(x, t), then,φ is increasing (decreas-
ing). (iii) If g is strictly supermodular onX for each
t ∈ T , thenφ(t) is ordered for allt. (iv) If g has strictly
increasing differences in(x, t), thenφ is strongly in-
creasing. I [17, p. 28] Sufficient condition forg(x, t)
to be supermodular onX × T : The off–diagonal ele-
ments ofHx, the Jacobian of∇xg and∇xtg are non-
negative. Note: The off–diagonal elements ofHx are
nonnegative iffg(x, t) is supermodular onX for a given
t ∈ T . I [17, Theorem 2.4]Existence of a solu-
tion: Let g : X × T → R be supermodular onS,
a compact sublattice of the latticeX for eacht ∈ T .
If g is upper semi–continuous onX for any t, then
φ(t) ≡ arg max g is a non–empty compact sublattice
of S for all t.

Supremum of A: I [10, Def. 1.10]α ∈ R is a supre-
mum ofA ⊂ R, supA, iff (1) α is anupper boundfor
A and (2) ifβ is anupper boundfor A, thenα ≤ β. I
[10, p. 12] Any non–empty set of real numbers that is
bounded above has a supremum.I [10, Theorem 1.14]
α = supA iff for every positive real numberε: (1)
(∀x ∈ A) : x < α+ ε and (2)(∃x′ ∈ A) : x′ > α− ε.
I [10, Prop. 1.15] SupposeA,B ⊂ R and non–empty
satisfying (∀a ∈ A)(∀b ∈ B) : a ≥ b then inf A
and supB both exist andinf A ≥ supB. I [10,
Prop. 1.17] LetλA = {x ∈ R|(∃x′ ∈ A) : x = λx′}.
If A ⊂ R and non–empty, which is bounded above, and
λ ∈ R+, thensup(λA) exists andsup(λA) = λ supA.
I [10, Prop. 1.18] LetA+ B = {x ∈ R|(∃a ∈ A, b ∈
B) : x = a + b}. If A,B ⊂ R and non–empty which
are bounded from above, thenA+B is bounded above
andsup(A + B) = supA + supB. I [15] If S is a
complete latticeX,Y are inP (S) andX ≤p Y , then
infX ≤ inf Y andsupX ≤ supY .

T
Tarski’s Fixed Point Theorem: I see Fixed Point
Theorem

Tatônnement, simultaneous discrete: I [17, p. 51]
A simultaneous discrete tatônnement witha0 as initial

point,a0 ∈ A, is a strategy{at}, t = 0, 1, . . ., such that
at = r(at−1).
Tietze’s Extension Theorem: I [12, ch. 3, p. 38] Let
T be a non–empty closed set in a metric spaceX. Any
functionf ∈ CB(T ) can be extended to a functionF ∈
CB(X), that is, there exists a continuous and bounded
functionF ∈ RX such thatF|T = f .
Topkis’s Monotonicity Theorem: I see Monotonic-
ity Theorem
Topological Space: I seeSpace, topological
Topology, metric: I [2, p. 4] The metric topology on
X is defined as follows: a setO is open if and only
if x ∈ O impliesBε(x) ⊂ O for someε > 0, where
Bε(x) is theε–ball.
Topology, usual: I [2, p. 2] The usual topology inR
is defined as follows: a setA is openif and only if for
everyx ∈ A there exists aε > 0 such that]x−ε, x+ε[⊂
A.

U
upper semi–continuous: see alsoFunction, upper
semi–continuousand binary relation, upper semi–
continuous
Urysohn’s Lemma: I [12, ch. 3, p. 40] LetX be any
metric space and letA andB be two non–empty closed
sets inX with A∩B = ∅. For any−∞ < a < b <∞,
there exists a continuous functiong : X → [a, b] such
thatg(x) = a for all x ∈ A andg(x) = b for all x ∈ B.
Utility function, properties : I [17, Theorem 3.1]
Consider a utility function in the classUn which sat-
isfies the regularity conditions, the uniform Inada prop-
erty, and the curvature property. Let prices for any good
be in a compact and positive interval. (i) The demand
for any good and the marginal utility of income are uni-
formly bounded above and away from zero.28 (ii) The
order of magnitude of the (Euclidean) norm of the in-
come derivative of demand of any good is1/

√
n. If

preferences are representable by additive sparable or
homothetic utility functions, then the order of magni-
tude of the income derivative of demand of any good
is 1/n.29 (iii) The associated Slutsky matrix is non–
degenerate.30

Utility function, regularity conditions : I [17, p. 80]
For any number of goodsn the assumed properties will

28Implies that the expenditure share on any good is small (and pos-
itive)

29Implies that the income effects are small.
30Implies that the substitution effects are non–degenerate.
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define a class of utility functionsUn. Regularity con-
dition: Let U : Rn

++ → R be smooth (twice con-
tinuously differentiable) with strict positive gradient,
∇U(q) � 0, and a negative definite Hessian,Hu(q),
for all q ∈ Rn

++. Uniform Inada Condition: There
exist decreasing positive functionsφ : R++ → R++

andφ̄ : R++ → R++, with φ ≤ φ̄, φ(z) −→z→0 ∞
andφ̄(z) −→z→∞ 0, such thatφ(qi) ≤ ∂U(q)/∂qi ≤
φ̄(qi) for all q ∈ Rn

++ and for alli.31 Curvature prop-
erty: Theabsolute valuesof the eigenvalues ofHu are
bounded above and away from zero (uniformly inn)
provided that the consumption of each good lies in a
compact set bounded away from zero.32

V
Valuation: I [15] A function that is both submodular
and supermodular is a valuation.

W
Weierstrass’ Theorem: I [12, ch. 3, p. 16] IfX
is a compact metric space andf : X → R is a
continuous function, then there existsx, y ∈ X with
f(x) = sup f(X) andf(y) = inf f(X).33 I Gener-
alisation [12, ch. 3 p. 18] LetX be a compact metric
space, and letf : X → R be any function. Iff is up-
per semi–continuous, then there exists anx ∈ X with
f(x) = sup f(X). If f is lower semi–continuous, then
there exists ay with f(y) = inf f(X).
Well–Ordering Principle for Positive Integers: I
[10, p. 17] Every non–empty subset ofN has a least
element; that is ifA ⊆ N is nonempty, then there exists
k∗ ∈ A satisfying(∀n ∈ A) : k∗ ≤ n.

31Implies that utility function is not too asymmetric and that there
are no two goods which are close to perfect substitutes. Implies also,
that the expenditure shares become small as the number of goods in-
crease; the demands will be uniformly bounded above and away from
zero provided that the prices are not of different orders and magni-
tude.

32Allows us to obtain bounds on the income derivative of demand
in terms of the umber of goods; implies that the slopes of the Hicksian
demand curves are non–degenerate.

33Is used to show that a maximum or a minimum of optimisation
problem exists.
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