Technische Universität Chemnitz

Sonderforschungsbereich 393 Numerische Simulation auf massiv parallelen Rechnern

Christian Mehl

Anti-triangular and anti-m-Hessenberg forms for Hermitian matrices and pencils

Preprint SFB393/99-30

Preprint-Reihe des Chemnitzer SFB 393

SFB393/99-30 November 1999

Abstract

Hermitian pencils, i.e., pairs of Hermitian matrices, arise in many applications, such as linear quadratic optimal control or quadratic eigenvalue problems. We derive conditions which anti-triangular and anti-m-Hessenberg forms for general (including singular) Hermitian pencils can be obtained under unitary equivalence transformations.

Key Words: Hermitian pencil, Hermitian matrix, Schur-form

AMS subject classification: 15A21, 15A22, 15A57, 93B25

Author’s address:

Christian Mehl^∗ TU Chemnitz Fakultät für Mathematik D-09107 Chemnitz

mehl@mathematik.tu-chemnitz.de
http://www.tu-chemnitz.de/ mehl

This work was completed while the author was visiting the College of William and Mary, Department of Mathematics, P.O. Box 8795, Williamsburg, VA 23187-8795, and while he was supported by Deutsche Forschungsgemeinschaft, Me 1797/1-1, Berechnung von Normalformen für strukturierte Matrizenbüschel.

1 Introduction

In this paper, we discuss necessary and sufficient conditions for the existence of particular condensed forms for Hermitian matrices and pencils from which eigenvalues and nested sets of invariant subspaces can be obtained.

Definition 1 Let X = (x_{jk}) ∈ C^{n×n} and m ∈ N .

1. We say that X is lower anti-triangular if x_{jk} = 0 for j + k ≤ n, i.e., X ^= [ � �^]_.

Analogously we say that X is upper anti-triangular if x_{j,k} = 0 for j + k ≥ n.

2. We say that X is lower anti-m-Hessenberg if x_{jk} = 0 for j + k ≤ n − m, i.e., X ^= [ � � � � � � � �^]_.

Analogously we define upper anti-m-Hessenberg matrices. If X is lower anti-1- Hessenberg, we also say that X is anti-Hessenberg.

As long as it is not stated otherwise, ’anti-triangular’ and ’anti-m-Hessenberg’ always means ’lower anti-triangular’ and ’lower anti-m-Hessemberg’, respectively. Analogous to the matrix case, we define anti-triangular and anti-m-Hessenberg forms for pencils.

In this paper we will discuss the reduction of Hermitian pencils to anti-m-Hessenberg forms and anti-triangular forms via unitary equivalence transformations that preserve the Hermitian structure.

The motivation for this research arises from structured eigenvalue problems in control theory and in the numerical simulation of mechanical systems.

The first application is the linear quadratic optimal control problem, see [12, 13, 18] and the references therein.

This is the problem of minimizing the cost functional 1 2 ∫_∞ t0 ( x(t)^∗Qx(t) + u(t)^∗Ru(t) + u(t)^∗S^∗x(t) + x(t)^∗Su(t) ) dt subject to the dynamics Eẋ(t) = Ax(t) + Bu(t), t_0 < t (1) x(t_0) = x_0, (2) where A, E, Q ∈ C^{n×n} , B, S ∈ C^{n×m}, R ∈ C^{m×m} , Q and R Hermitian, x_0, x(t), u(t) ∈ C^n, and t_0, t ∈ R . It is known that solutions of (1) can be obtained via the solution of a boundary value problem, see [17, 18] and the references therein. For the solution of this boundary value problem one has to compute deflating subspaces of the matrix pencil

λ E 0 0 0 −E^∗ 0 0 0 0 − A 0 B Q A^∗ S S^∗ B^∗ R . (3)

Multiplying both matrices with P = 0 I 0 I 0 0 0 0 I

from the left, we see that the pencil (3) is equivalent to the pencil

λA − B = λ 0 −E^∗ 0 E 0 0 0 0 0 − Q A^∗ S A 0 B S^∗ B^∗ R . (4)

Multiplying A by i, we find that λiA − B is a Hermitian pencil, i.e., both iA and B are Hermitian. Clearly, both pencils λA − B and λiA − B have the same right deflating subspaces and the eigenvalues of λiA−B coincide with the eigenvalues of λA−B multiplied by i. Therefore, to analyze and compute eigenvalues and deflating subspaces, it is sufficient to consider the Hermitian pencil λiA − B. It should be noted, however, that if the original problem is real, then we have obtained an Hermitian nonreal problem in this way. For the real case one has to discuss ’skew-Hermitian/Hermitian’ pencils λS − H, i.e., pencils where S is skew Hermitian and H is Hermitian. This case is more complicated, because one has to deal with an additional symmetry. It is well known that the spectra of skew- Hermitian/Hermitian pencils are symmetric with respect to the imaginary axis (see [23]). In the real case, the spectra have an additional symmetry with respect to the real axis. In this paper we only consider the complex case. The real case is referred to a later discussion.

Other applications of Hermitian pencils arise in the numerical treatment of quadratic eigenvalue problems in mechanics. In quadratic eigenvalue problems one is interested in computing λ ∈ C and x ∈ C^n\{0} such that

(A + λB + λ^2C)x = 0,

where typically A, C ∈ C^{n×n} are Hermitian and B is Hermitian or skew Hermitian. Hermitian quadratic eigenvalue problems arise for example in the analysis of geometrical nonlinear buckling structures with finite element methods (see [3, 9]) or in the theory of damped oscillatory systems (see [6, 11]). With the substitution μ =^1_λ for λ ≠ 0, the problem can be linearized such that it reduces to the generalized Hermitian eigenvalue problem μ [ B A A 0 ] [ λx x ] = [ −C 0 0 A ] [ λx x ] , (5) see, e.g., [9]. Quadratic eigenvalue problems with B skew Hermitian arise in numerical simulation of the deformation of anisotropic materials (see [14]) and the acoustic simulation of poroelastic materials (see [20]). In this case the substitution μ = iλ leads to the linearized eigenvalue problem μ [ 0 iC −iC −iB ] [ λx x ] = [ −C 0 0 −A ] [ λx x ] , (6)

For a detailed study of Hermitian quadratic eigenvalue problems and, more general, of matrix polynomials see [6].

Canonical forms for Hermitian pencils or for related pairs of quadratic or Hermitian forms are well known and have been widely discussed in literature, starting with results of Weierstraß for the regular case (see [24]) and results of Kronecker for the singular case (see [10]). For a complete discussion of canonical forms for Hermitian pencils see [22], and for a large list of references see [23].

But for the sake of numerical stability, we are interested in finding condensed forms for Hermitian pencils under unitary transformations. In other words, we try to reduce both matrices of the pencil via a simultaneous unitary similarity transformation. Anti-triangular forms for Hermitian pencils seem to be good forms to chase for. We say that a Hermitian pencil λA − B is congruent to a pencil in anti-triangular form if there exists a nonsingular matrix P such that P^∗(λA − B)P ^= [ � �^]_{. (7)}

Indeed, if one is interested in finding condensed forms under unitary transformations, it does not make sense to look for classical Schur forms for Hermitian pencils, because this reduces to the problem of diagonalizing two Hermitian matrices simultaneously. It is wellknown that this is possible if and only if the matrices commute (see, e.g., [21]). On the other hand, if (7) holds then P can be chosen to be unitary. This follows easily by applying the QR-decomposition on P , see also Lemma 2 in the following section. Hence, both A and B are simultaneously unitarily similar to anti-triangular matrices.

Anti-triangular forms for Hermitian pencils are related to Schur-like forms for skew- Hamiltonian/Hamiltonian pencils that are discussed in [16]. A skew-Hamiltonian/Hamiltonian pencil is a pencil λS − H such that S is skew-Hamiltonian, that is SJ − JS^∗ = 0, and such that H is Hamiltonian, that is HJ + JH^∗ = 0, where J = [ 0 I −I 0 ] . Thus, skew-Hamiltonian/Hamiltonian pencils are structured with respect to an indefinite (skew) scalar product, defined by the matix J. Condensed forms for matrices and pencils that are structured with respect to indefinite scalar products have been widely discussed in the literature, see [4, 5, 7, 12, 15, 19, 25], to name a few.

If λS − H is a skew-Hamiltonian/Hamiltonian pencil, then the pencil λiJS − JH is Hermitian. Furthermore, if λS − H is in Schur-like form, i.e., λS − H ^= [ @@ @@ ] , then the corresponding Hermitian pencil λiJS − JH is congruent to a pencil in antitriangular form and has the structure λiJS − JH ^= [ @@ @@^]_{∼c}^[ � �^]_.

From this point of view, it seems that anti-triangular forms for Hermitian pencils are the natural forms to look for if one is interested in obtaining condensed forms under unitary transformations.

In [16] it was shown that not every regular skew-Hamiltonian/Hamiltonian pencil can be reduced to Schur-like form. This generalizes a result on Hamiltonian matrices (see [15]). The reason why a Schur-like form does not always exist is because certain conditions on the purely imaginary eigenvalues have to be satisfied. This comes from the fact that purely imaginary eigenvalues of Hamiltonian matrices have signs ε = ±1 that are invariant under structure-preserving transformations, see [15], or [6] and [12] for a more general setting. An analogous situation holds in the pencil case (see [16] and [22]).

However, the consideration of Hermitian pencils is more general than the consideration of skew-Hamiltonian/Hamiltonian pencils, since the case of odd-sized pencils is included in the context of Hermitian pencils. Furthermore, only the case of regular pencils is discussed in [16] and it is the purpose of this paper to include the singular case. This case is of interest as well; see for example [18] for applications when the pencil (4) is singular.

It will turn out that the existence of anti-triangular forms for singular Hermitian pencils is equivalent to the existence of anti-m-Hessenberg forms for certain regular Hermitian pencils. But besides this, anti-m-Hessenberg forms of Hermitian pencils are of interest themselves. During the numerical computation of the Schur form of a matrix, the matrix is usually reduced to Hessenberg form in the first step (see, e.g., [8]). Hessenberg-like forms for Hamiltonian matrices have been discussed in, e.g., [1] and [4]. Anti-Hessenberg forms for Hermitian matrices correspond to Hessenberg-like forms for Hamiltonian matrices.

In section 2 we will discuss basic properties of Hermitian anti-triangular and anti-m- Hessenberg matrices and in section 3 we discuss corresponding forms for the case of regular Hermitian pencils. In section 3 another important condensed form for Hermitian pencils is derived, the so-called sign condensed form. In a certain sense, this form displays ’how far away’ a Hermitian pencil is from being congruent to anti-triangular or anti-m-Hessenberg form. The case of singular pencils will be discussed in section 4.

Throughout the paper we use the following notation.

1. Given two square matrices A, B, we define the direct sum A ⊕ B of A and B by A ⊕ B = [ A 0 0 B ] . Analogously we define the direct sum of square pencils.

2. By Z_p we denote the p×p zip matrix Z_p = [δ_{i+j,p+1}]^p_{i,j=1} with ones on the anti-diagonal and zeros elsewhere.

3. By σ(λ) we denote the sign of λ ∈ R , that is

σ(λ) = 1 if λ > 0, 0 if λ = 0, −1 if λ < 0. 4. By A ∼_c B we denote that the matrices A and B are congruent.

5. By spec(A) we denote the spectrum of a square matrix A.

6. By e_j we denote the jth unit vector.

2 Anti-triangular and anti-m-Hessenberg forms

In this section we discuss conditions when Hermitian matrices can be transformed to antitriangular and anti-m-Hessenberg matrices via unitary congruence transformations. It turns out that the conditions for unitary congruence are the same as for congruence.

Lemma 2 Let A ∈ C^{n×n} be Hermitian and congruent to an anti-m-Hessenberg matrix for some m ∈ N . Then A is unitarily similar to an anti-m-Hessenberg matrix.

Proof. Let Ã be in anti-m-Hessenberg form and let Ã and A be congruent, i.e., there exists a nonsingular matrix P ∈ C^{n×n} , such that P^∗AP = Ã. Let P = QR be the QR-decomposition (see [8]) of P . Then Q^∗AQ = R^{−∗}ÃR^{−1} is still anti-m-Hessenberg.

Let us recall that the inertia index of a Hermitian matrix G is

Ind(G) = (ν_+, ν_−, ν_0),

where ν_+, ν_−, ν_0 are the numbers of positive, negative and zero eigenvalues of G, respectively. Conditions for the existence of both anti-triangular and anti-m-Hessenberg forms will be based on the following lemma.

Lemma 3 Let A ∈ C^{n×n} be Hermitian and let Ind(A) = (ν_+, ν_−, ν_0). Then A is congruent to a matrix of the form [ 0 A_2 A^∗_2 A_3 ] , (8)

where A_3 ∈ C^{k×k}, A_2 ∈ C^{(n−k)×k} if and only if |ν_+ − ν_−| ≤ 2k + ν_0 − n.

Proof. ’⇒’: Let A be in the form (8). Then there exist nonsingular matrices S ∈ C (n−k)×(n−k) and T ∈_C k×k such that SA_2T = [ I_m 0 0 0 ] , where m ≤ k, n − k. From this we obtain that

[ S 0 0 T^∗ ] A [ S^∗ 0 0 T ] = m n − k − m m k − m 0 0 I_m 0 0 0 0 0 I_m 0 A_{31} A_{32} 0 0 A^∗_{32} A_{33} ,

where T^∗A_3T = [ A_{31} A_{32} A^∗_{32} A_{33} ] . Furthermore, we obtain

I 0 0 0 0 I 0 0 −^1_2 A_{31} 0 I 0 −A^∗_{32} 0 0 I

0 0 I_m 0 0 0 0 0 I_m 0 A_{31} A_{32} 0 0 A^∗_{32} A_{33}

I 0 −^1_2 A_{31} −A_{32} 0 I 0 0 0 0 I 0 0 0 0 I

= 0 0 I_m 0 0 0 0 0 I_m 0 0 0 0 0 0 A_{33} .

This implies Ind(A) = (m, m, n − k − m) + Ind(A_{33}) and since A_{33} is a (k − m) × (k − m) matrix, we obtain from n − k − m ≤ ν_0 that |ν_+ − ν_−| ≤ k − m = 2k + n − k − m − n ≤ 2k + ν_0 − n. ’⇐’: Assume w.l.o.g. that ν_+ − ν_− ≥ 0; otherwise consider −A. Then the matrix

Ã =

0 0 I_ν� 0 0 O_{ν0} 0 0 I_ν� 0 0 0 0 0 0 I_{ν+−ν}� , is congruent to A, since Ind(Ã) = (ν_+, ν_−, ν_0). Here O_{ν0} denotes the ν_0 × ν_0 zero matrix. It remains to show that ν_− + ν_0 ≥ n − k and this follows by

ν_− + ν_0 = n − ν_+ = n − ν_− − (ν_+ − ν_−) ≥ n − ν_− − (2k + ν_0 − n) = 2(n − k) − (ν_− + ν_0).

Corollary 4 Let A ∈ C^{n×n} be Hermitian, Ind(A) = (ν_+, ν_−, ν_0), and n > m ∈ N .

1. If n − m is even, then A is congruent to an anti-m-Hessenberg matrix if and only if

|ν_+ − ν_−| ≤ ν_0 + m.

2. If n − m is odd, then A is congruent to an anti-m-Hessenberg matrix if and only if

|ν_+ − ν_−| ≤ ν_0 + m + 1.

Proof. Let us first consider the case that n − m is even. If A is congruent to an anti-m- Hessenberg matrix, then in particular A is congruent to a matrix of the form [ 0 A_2 A^∗_2 A_3 ] , where A_3 ∈ C^{( n+m}2^{)×( n+m}2^) and A_2 ∈ C^{( n}

�m_{2 )×(} n+m_{2 )} . Hence, Lemma 3 implies that |ν_+ − ν_−| ≤ 2 n + m 2 + ν_0 − n = ν_0 + m.

Conversely assume that |ν_+ − ν_−| ≤ ν_0 + m. Then Lemma 3 implies that A is congruent to a matrix of the form [ 0 A_2 A^∗_2 A_3 ] , where A_2 ∈ C^{( n}

�m_{2 )×(} n+m_{2 )} and A_3 ∈ C^{( n+m}2^{)×( n+m}2^). Let S ∈ C^{( n}

�m_{2 )×(} n�m_{2 )} and T ∈

C (^n+^m2 )×(^n+^m2 ) be nonsingular, such that

SA_2T = [ 0 Ã_2 ] , where Ã_2 ∈ C^{( n}

�m_{2 )×(} n�m_{2 )} is anti-triangular. Clearly such matrices always exist. It follows that [ S 0 0 T^∗ ] [ 0 A_2 A^∗_2 A_3 ] [ S^∗ 0 0 T ] = [ 0 SA_2T (SA_2T )^∗ T^∗A_3T ]

is anti-triangular and thus, A is congruent to an anti-triangular matrix. The case that n − m is odd follows in an analogous way, noting that in this case an anti-m-Hessenberg form of A has the structure [ 0 A_2 A^∗_2 A_3 ] , where A_3 ∈ C^{( n+m+1}2^{)×( n+m+1}2^) and A_2 ∈ C^{( n}

�m�1_{2 )×(} n+m+1_{2 )} .

Corollary 5 Let A ∈ C^{n×n} be Hermitian and let Ind(A) = (ν_+, ν_−, ν_0).

1. If n is even, then A is congruent to an anti-triangular matrix if and only if |ν_+ − ν_−| ≤ ν_0. 2. If n is odd, then A is congruent to an anti-triangular matrix if and only if

|ν_+ − ν_−| ≤ ν_0 + 1.

We see from these results that the inertia indices of Hermitian matrices play a key role in the discussion of anti-triangular and anti-m-Hessenberg forms. The following lemma establishes an auxiliary result for the computation of the inertia index of some special Hermitian matrices.

Lemma 6 Let A ∈ C^{n×n} be an Hermitian matrix of the form

A = 0 0 A_{13} 0 A_{22} A_{23} A^∗_{13} A^∗_{23} A_{33}, ,

where A_{13} ∈ C^{m×k} and A_{22} ∈ C^{(n−m−k)×(n−m−k)} .

1. If m = k and A_{13} is invertible, then

Ind(A) = (m, m, 0) + Ind(A_{22}).

2. If A_{22} ∈ C^{(n−m−k)×(n−m−k)} is invertible, then

Ind(A) = Ind ([ 0 A_{13} A^∗_{13} Ã_{33} ]) + Ind(A_{22}),

where Ã_{33} = A_{33} − A^∗_{23}A_{22}A_{23}.

Proof. 1. If m = k and A_{13} is invertible, we find that

A^{−1}_{13} 0 0 −A_{23}A^{−1}_{13} I 0 −^1_2 A_{33}A^{−1}_{13} 0 I

0 0 A_{13} 0 A_{22} A_{23} A^∗_{13} A^∗_{23} A_{33}

A^{−∗}_{13} −A^{−∗}_{13} A^∗_{23} −^1_2 A^{−∗}_{13} A^∗_{33} 0 I 0 0 0 I = 0 0 I 0 A_{22} 0 I 0 0 ∼_c 0 I 0 I 0 0 0 0 A_{22}.

This implies that Ind(A) = (m, m, 0) + Ind(A_{22}).

2. If A_{22} is invertible, we find that

I_m 0 0 0 I 0 0 −A^∗_{23}A^{−1}_{22} I_k

0 0 A_{13} 0 A_{22} A_{23} A^∗_{13} A^∗_{23} A_{33}

I_m 0 0 0 I −A_{22}A_{23} 0 0 I_k = 0 0 A_{13} 0 A_{22} 0 A^∗_{13} 0 Ã_{33} ∼_c 0 A_{13} 0 A^∗_{13} Ã_{33} 0 0 0 A_{22},

where Ã_{33} = A_{33} − A^∗_{23}A_{22}A_{23}.

3 Condensed forms for regular Hermitian pencils

In this section we discuss condensed forms for regular Hermitian pencils, i.e., pencils λG − H ∈ C^{n×n} such that both G and H are Hermitian. These forms are the canonical form, anti-triangular forms that can be obtained via a unitary similarity transformation that operates simultaneously on G and H, anti-m-Hessenberg forms, and the so-called sign condensed form. First let us recall the well-known canonical form for Hermitian pencils (see [22]).

Theorem 7 Let λG − H be a regular Hermitian pencil. Then there exists a nonsingular matrix P ∈ C^{n×n} such that

P^∗(λG − H)P = (λG_1 − H_1) ⊕ . . . ⊕ (λG_l − H_l), (9)

where the blocks λG_j − H_j have one and only one of the following forms.

1. Blocks associated with paired nonreal eigenvalues λ_0, λ^∗_0: λ [ 0 Z_r Z_r 0 ] − [ 0 Z_rJ_r(λ_0) J_r(λ_0)^∗Z_r 0 ] .

2. Blocks associated with real eigenvalues λ_0 and sign ε ∈ {1, −1}:

λεZ_r − εZ_rJ_r(λ_0) = ε 0 1 ... 1 0 − ε 0 λ_0 λ_0 1 ... ...

λ_0 1 0 .

3. Blocks associated with the eigenvalue ∞ and sign ε ∈ {1, −1}:

λεZ_rJ_r(0) − εZ_r = ε 0 0 0 1 ... ...

0 1 0 − ε 0 1 ... 1 0 .

Proof. See [22].

Definition 8 Let λG − H be a regular Hermitian pencil and let λG_j − H_j be a single block of the canonical form (9) of λG − H. If λG_j − H_j is a block of type 2) or 3) then the parameter ε that appears in the canonical form (9) is called the sign associated with the block λG_j − H_j.

Besides the eigenvalues of a Hermitian pencil, the signs associated with blocks to real eigenvalues or the eigenvalue ∞ are invariants under congruence. The collection of these signs is sometimes referred to as the sign characteristic (see, e.g., [7] and [12] for related work on H-selfadjoint matrices, where H is a nonsingular Hermitian matrix). It will turn out that especially the signs of odd-sized blocks play a key role in our investigation of condensed forms. This motivates the following definition of the sign sum.

Definition 9 Let λG − H ∈ C^{n×n} be a regular Hermitian pencil and let λ_0 ∈ R ∪ {∞} be a real eigenvalue of λG − H with partial multiplicities (p_1, . . . , p_r, p_{r+1}, . . . , p_m), where p_1, . . . , p_r are odd and p_{r+1}, . . . , p_m are even.

1. The tupel (ε_1, . . . , ε_m) is called the sign characteristic of λ_0, where ε_j is the sign associated with the block in the canonical form (9) that corresponds to λ_0 and p_j.

2. The integer Signsum(λ_0, G, H) := ε_1 + . . . + ε_r is called the sign sum of λ_0 with respect to λG − H. If there is no risk of confusion we write Signsum(λ_0) instead of Signsum(λ_0, G, H).

In addition, we set Signsum(λ_0, G, H) = 0, whenever λ_0 ∈ R ∪ {∞} is not an eigenvalue of λG − H. We note that if in the canonical form (9) there are only even sized blocks associated with λ_0 then Signsum(λ_0) = 0, since the sign sum is obtained by the sum of the signs that correspond to odd sized blocks. The following theorem allows to ’split’ a regular Hermitian pencil into an anti-triangular part and a diagonal part. Furthermore, all the information on the sign sum, i.e., all the information on the signs that are needed in the following, can be read off the diagonal part. For the proof of this result, we first state the following auxiliary remark.

Remark 10 Let A ∈ C^{n×n} be Hermitian.

1. If A =

0 A_{12} 0 A^∗_{12} A_{22} 0 0 0 A_{33}

, then A is congruent to

0 0 A_{12} 0 A_{33} 0 A^∗_{12} 0 A_{22} .

2. If A =

0 0 A_{13} 0 0 A_{22} A_{23} 0 A^∗_{13} A^∗_{23} A_{33} 0 0 0 0 A_{44}

, then A is congruent to

0 0 0 A_{13} 0 A_{22} 0 A_{23} 0 0 A_{44} 0 A^∗_{13} A^∗_{23} 0 A_{33} .

Theorem 11 (Sign condensed form) Let λG − H ∈ C^{n×n} be a regular Hermitian pencil. Then there exists a nonsingular matrix P ∈ C^{n×n} and m ∈ N , such that

P^∗(λG − H)P = λ 0 0 G_{13} 0 G_{22} G_{23} G^∗_{13} G^∗_{23} G_{33} − 0 0 H_{13} 0 H_{22} H_{23} H^∗_{13} H^∗_{23} H_{33} , (10)

where G_{13}, H_{13} ∈ C^{m×m} are anti-triangular and

λG_{22} − H_{22} = λ ε_1I_{p1} 0 ... ε_kI_{pk} 0 0 − ε_1λ_1I_{p1} 0 ... ε_kλ_kI_{pk} 0 ε_{k+1}I_{pk+1}

, (11)

where λ_1 < . . . < λ_k and ε_1, . . . , ε_{k+1} ∈ {1, −1}. Furthermore, we have for all λ_0 ∈ R ∪{∞} that Signsum(λ_0, G, H) = Signsum(λ_0, G_{22}, H_{22}).

Proof. Assume, w.l.o.g., that λG−H is in the canonical form (9). The proof now proceeds by induction on the number l of distinct real eigenvalues, including the eigenvalue ∞.

’l = 0’: If λG − H has neither real eigenvalues nor the eigenvalue ∞, then clearly all the blocks in the canonical form (9) have even sizes. Thus, applying Remark 10 part 1 repeatedly, we find that λG − H is congruent to a pencil in form (10), where the block λG_{22} − H_{22} does not appear.

’l ⇒ l + 1’: Let us pick an eigenvalue λ_0 ∈ R ∪ {∞} of λG − H. For the sake of briefness of notation, we consider only the case λ_0 ∈ R . The case λ_0 = ∞ can be proved analogously. (This can be seen easily by interchanging the roles of G and H.) After an eventual reordering of blocks, we may assume that λG − H = λ [ G_1 0 0 G_2 ] − [ H_1 0 0 H_2 ] , where λG_1 − H_1 contains all the blocks associated with λ_0 and λG_2 − H_2 contains all the other blocks. We assume furthermore that λG_1 − H_1 contains p_+ odd sized blocks with sign ε and p_− odd sized blocks with sign −ε, where ε ∈ {1, −1}, i.e., in particular we have Signsum(λ_0) = ε(p_+ − p_−). Then, applying Remark 10 various times on λG_1 − H_1 and eventually reordering some blocks, we find that λG − H

∼_c λ 0 0 0 0 Ĝ_{15} 0 εI_{p+} 0 0 0 0 0 −εI_p� 0 0 0 0 0 G_2 0 Ĝ∗_{15} 0 0 0 Ĝ_{55} − 0 0 0 0 Ĥ_{15} 0 ελ_0I_{p+} 0 0 0 0 0 −ελ_0I_p� 0 0 0 0 0 H_2 0 Ĥ∗_{15} 0 0 0 Ĥ_{55} ,

where Ĝ_{15} and Ĥ_{15} are anti-triangular. Let us assume, w.l.o.g., that p_+ ≥ p_−. Setting P = 1 √ 2 √ 2I_{p+−p}� 0 0 0 εI_p� εI_p� 0 −εI_p� εI_p� and noting that P^∗ λ εI_{p+−p}� 0 0 0 εI_p� 0 0 0 −εI_p� − ελ_0I_{p+−p}� 0 0 0 ελ_0I_p� 0 0 0 −ελ_0I_p� P

= λ εI_{p+−p}�0 0 0 0 εI_p� 0 εI_p� 0 − ελ_0I_{p+−p}� 0 0 0 0 ελ_0I_p� 0 ελ_0I_p� 0 , we obtain by applying Remark 10 that

λG − H ∼_c λ 0 0 0 Ǧ_{14} 0 εI_{p+−p}� 0 0 0 0 G_2 0 Ǧ∗_{14} 0 0 Ǧ_{44} − 0 0 0 Ȟ_{14} 0 ελ_0I_{p+−p}� 0 0 0 0 H_2 0 Ȟ∗_{14} 0 0 Ȟ_{44} ,

where Ǧ_{14} and Ȟ_{14} are anti-triangular and the block ελI_{p+−p}� − ελ_0I_{p+−p}� displays the sign sum of λ_0. Using the induction hypothesis on λG_2 − H_2, the result follows by one more application of Remark 10.

Remark 12 The pencil P^∗(λG − H)P has the pattern

λ � � @ − � � @ ,

and the sign sum of each real eigenvalue or the eigenvalue ∞ of λG − H can be easily read off the subpencil λG_{22} − H_{22}, since obviously we have

Signsum(λ_α, G_{22}, H_{22}) = ε_αp_α for α = 1, . . . , k.

Remark 13 In [16], it was shown how to obtain an analogue of form (10) for skew-Hamil-tonian/Hamiltonian pencils. This method can be easily adapted to Hermitian pencils. Doing so, one can see that in a step-wise reduction, the reduction to the blocks G_{13} and H_{13} can be executed via unitary transformations.

In the following we will deduce necessary and sufficient conditions for the existence of anti-triangular forms and anti-m-Hessenberg forms for Hermitian pencils. Given a Hermitian pencil λG − H, we note that for every t ∈ R , we have a Hermitian matrix tG − H. It is clear that if the pencil λG − H is in anti-triangular form then so is the Hermitian matrix tG − H. It will turn out that also the converse is true - at least in the case that the size of the pencil is even. Therefore, the results of section 2 imply that the existence of anti-triangular forms for the Hermitian pencil λG − H is linked to conditions on the indices of the matrices tG − H, where t is real.

Moreover, we will see that these conditions on indices can be interpreted as conditions on the sign sums of the real eigenvalues and the eigenvalue ∞ of the pencil λG − H. Since we may assume that the pencil is in sign condensed form and since the blocks G_{13} and H_{13} in (10) are already in anti-triangular form, it remains to consider the block (11) that inherits all information on the sign sums. The following lemma examines this block and will be applied repeatedly.

Lemma 14 Consider the pencil λG_{22} − H_{22} in the form (11). Furthermore, let t_1, t_2 ∈ R such that λ_1 < . . . < λ_{α−1} < t_1 < λ_α < . . . < λ_{α+β} < t_2 < λ_{α+β+1} < . . . < λ_k. Setting Ind(tG_{22} − H_{22}) = ( ν_+(t), ν_−(t), ν_0(t) ) , we obtain that ( ν_+(t_2) − ν_−(t_2) ) − ( ν_+(t_1) − ν_−(t_1) ) = 2 α+β∑ j=α ε_jp_j. ( ν_+(t_2) − ν_−(t_2) ) + ( ν_+(t_1) − ν_−(t_1) ) = 2 (_{α−1} ∑ j=1 ε_jp_j ) − 2 (_k ∑ j=α+β+1 ε_jp_j ) − 2ε_{k+1}p_{k+1}.

Proof. We obtain that

ν_+(t_1) − ν_−(t_1) = (_{α−1} ∑ j=1 ε_jp_j ) − (_{α+β} ∑ j=α ε_jp_j ) − (_k ∑ j=α+β+1 ε_jp_j ) − ε_{k+1}p_{k+1}

and ν_+(t_2) − ν_−(t_2) = (_{α−1} ∑ j=1 ε_jp_j ) + (_{α+β} ∑ j=α ε_jp_j ) − (_k ∑ j=α+β+1 ε_jp_j ) − ε_{k+1}p_{k+1}.

This implies the assertion.

We are now able to discuss necessary and sufficient conditions for the existence of antitriangular forms for regular Hermitian pencils. We start with a result for the case that the size of the pencil is even.

Theorem 15 Let λG − H ∈ C^{2n×2n} be a regular Hermitian pencil and for t ∈ R let Ind(tG − H) = ( ν_+(t), ν_−(t), ν_0(t) ) . Then the following statements are equivalent.

1. λG − H is congruent to a pencil in anti-triangular form.

2. For all t ∈ R we have that |ν_+(t) − ν_−(t)| ≤ ν_0(t).

3. For almost all t ∈ R we have that |ν_+(t) − ν_−(t)| ≤ ν_0(t).

4. If λ_0 ∈ R ∪ {∞} is an eigenvalue of λG − H then Signsum(λ_0) = 0.

Proof. ’1) ⇒ 2)’: Let P ∈ C^{2n×2n} be a nonsingular matrix such that P^∗(λG − H)P is in anti-triangular form. Then clearly P^∗(tG − H)P is Hermitian anti-triangular for all t ∈ R . Thus, 2) follows from Corollary 5. ’2) ⇒ 3)’: is trivial.

’3) ⇒ 4)’: W.l.o.g. we may assume that λG − H is in sign condensed form (10). If λ_0 is not an eigenvalue of λG_{22} − H_{22} then trivially Signsum(λ_0) = 0. Thus, let us consider an eigenvalue λ_α of λG_{22} − H_{22}. There are two possible cases.

Case (1) Assume that λ_α ∈ R , that is α ∈ {1, . . . , k}, where λ_1, . . . , λ_k are as in (11). Choose t_1, t_2 ∈ R such that λ_1 < . . . < λ_{α−1} < t_1 < λ_α < t_2 < λ_{α+1} < . . . < λ_k, and furthermore, such that |ν_+(t_j) − ν_−(t_j)| ≤ ν_0(t_j) holds for j = 1, 2 and that t_1G − H and t_2G − H are nonsingular. This is possible, since the pencil λG − H is regular, i.e., tG − H is nonsingular for almost all t ∈ R , and, in addition, condition 3) holds for almost all t ∈ R . Then, we obtain from (10) and Lemma 6 that ( ν_+(t_j), ν_−(t_j), ν_0(t_j) ) = (m, m, 0) + Ind(t_jG_{22} − H_{22}) for j = 1, 2.

Since t_1G − H and t_2G − H are nonsingular, we have ν_0(t_1) = ν_0(t_2) = 0. Therefore, we obtain from Lemma 14 that

0 = ν_0(t_2) + ν_0(t_1) ≥ |ν_+(t_2) − ν_−(t_2)| + |ν_+(t_1) − ν_−(t_1)| ≥ | |(ν_+(t_2) − ν_−(t_2)) − (ν_+(t_1) − ν_−(t_1)) | | = 2 · Signsum(λ_α).

This implies Signsum(λ_α) = 0.

Case (2) If the assumption of Case (1) does not hold, then λ_α = ∞.

In this case, we choose t_1, t_2 ∈ R such that

t_1 < λ_1 < . . . < λ_k < t_2,

and furthermore such that |ν_+(t_j) − ν_−(t_j)| ≤ ν_0(t) holds for j = 1, 2 and that t_1G − H and t_2G − H are nonsingular. Then we obtain from Lemma 14 that 0 ≥ | | | ( ν_+(t_2) − ν_−(t_2) ) − ( ν_+(t_1) − ν_−(t_1) )| | = 2 Signsum(λ∞).

’4) ⇒ 1)’: This follows directly from Theorem 10, since 4) implies that the subpencil λG_{22} − H_{22} does not appear.

Remark 16 The condition Signsum(λ_0) = 0 means that in the canonical form (9) the oddsized blocks associated with λ_0 occur in pairs with opposite signs +1 and −1, respectively. (The pairing applies only to the signs, but not to the sizes of the blocks!)

Our next result gives necessary and sufficient conditions for the existence of anti- Hessenberg forms for a Hermitian pencil λG − H. Again, we will consider the indices of the Hermitian matrices tG − H, where t ∈ R , and then interprete these conditions in terms of the sign sums of the real eigenvalues and the eigenvalue ∞. First, we consider the case that the size of the pencil is odd.

Theorem 17 Let λG − H ∈ C^{(2n+1)×(2n+1)} be a regular Hermitian pencil and for t ∈ R let Ind(tG − H) = ( ν_+(t), ν_−(t), ν_0(t) ) . Then the following statements are equivalent.

1. λG − H is congruent to a pencil in anti-Hessenberg form.

2. For all t ∈ R we have that |ν_+(t) − ν_−(t)| ≤ ν_0(t) + 1.

3. For almost all t ∈ R we have that |ν_+(t) − ν_−(t)| ≤ ν_0(t) + 1.

4. For every real eigenvalue λ_0 ∈ R ∪ {∞} we have that |Signsum(λ_0)| ≤ 1 and if λ_1 < . . . < λ_r ≤ ∞ denote the real eigenvalues (including ∞) with nonzero sign sum then λ_1, . . . , λ_r satisfy the property

Signsum(λ_α) = −Signsum(λ_{α+1}), α = 1, . . . , r − 1. (12)

Proof. ’1) ⇒ 2)’: Let P ∈ C^{2n×2n} be a nonsingular matrix such that P^∗(λG − H)P is in anti-Hessenberg form. Then P^∗(tG − H)P is Hermitian anti-Hessenberg for all t ∈ R . Thus, 2) follows from Corollary 4.

’2) ⇒ 3)’: is trivial.

’3) ⇒ 4)’: W.l.o.g. we may assume that λG − H is in sign condensed form (10). Again, it is sufficient to consider the subpencil λG_{22} − H_{22} that has the form (11). Let us consider an eigenvalue λ_α of λG_{22} − H_{22}.

Case (1) Assume that λ_α ∈ R , that is λ_α ∈ {λ_1, . . . , λ_k}. Choose t_1, t_2 ∈ R such that λ_1 < . . . < λ_{α−1} < t_1 < λ_α < t_2 < λ_{α+1} < . . . < λ_k, and such that t_jG − H is nonsingular and |ν_+(t_j) − ν_−(t)| ≤ ν_0(t_j) + 1 for j = 1, 2. Then we obtain from Lemma 14 and ν_0(t_1) = ν_0(t_2) = 0 that 2 ≥ |ν_+(t_1) − ν_−(t_1)| + |ν_+(t_2) − ν_−(t_2)| ≥ | | ( ν_+(t_1) − ν_−(t_1) ) − ( ν_+(t_2) − ν_−(t_2) )| | = |2Signsum(λα)|.

This implies |Signsum(λ_α)| ≤ 1.

Case (2) If the assumption of Case (1) does not hold then λ_α = ∞. In this case, we choose t_1, t_2 ∈ R such that t_1 < λ_1 < . . . < λ_k < t_2, and, furthermore, such that t_jG − H is nonsingular and |ν_+(t_j) − ν_−(t_j)| ≤ ν_0(t_j) + 1 for j = 1, 2. Applying Lemma 14 once more, we conclude that 2 ≥ 2|Signsum(λ_∞)|.

For the second part of 3) we first note that |Signsum(λ_β)| = 1 for all the eigenvalues λ_β of λG_{22} − H_{22}, since this subpencil does not contain eigenvalues with sign sum zero. We pick an α ∈ {1, . . . , k} and distinguish two cases.

Case (a) Assume α < k. Then choose t_1, t_2 ∈ R such that t_jG − H is nonsingular, |ν_+(t_j) − ν_−(t)| ≤ ν_0(t_j) + 1 for j = 1, 2, and such that λ_1 < . . . < λ_{α−1} < t_1 < λ_α < λ_{α+1} < t_2 < λ_{α+2} < . . . < λ_k.

Applying Lemma 14 again, we obtain that 2 ≥ 2|Signsum(λ_α) + Signsum(λ_{α+1})|.

This implies Signsum(λ_α) = −Signsum(λ_{α+1}), since both terms do not vanish. Case (b) If the assumption of Case (a) does not hold, then α = k. If λG_{22} − H_{22} does not have the eigenvalue ∞ then λ_α is already the eigenvalue of maximal modulus and the proof of (12) proceeds as in Case (a). Otherwise, choose t_1, t_2 ∈ R such that t_jG − H is nonsingular, |ν_+(t_j) − ν_−(t)| ≤ ν_0(t_j) + 1 for j = 1, 2, and such that

t_1 < λ_1 < . . . < λ_{k−1} < t_2 < λ_k.

Then we obtain from Lemma 14 that

2 ≥ |ν_+(t_2) − ν_−(t_2)| + |ν_+(t_1) − ν_−(t_1)| ≥ |ν_+(t_2) − ν_−(t_2) + ν_+(t_1) − ν_−(t_1)| = 2|Signsum(λ_k) + Signsum(λ_∞)|.

This implies Signsum(λ_k) = −Signsum(λ_∞).

’4) ⇒ 1)’: Again, we may assume that the pencil is in sign condensed form (10). It remains to show that the subpencil λG_{22} − H_{22} of the form (11) is congruent to anti-Hessenberg form. From 4) we find in particular that all the eigenvalues of λG_{22} − H_{22} are simple. Again, we consider two different cases.

Case (1) Assume that λG_{22} − H_{22} does not have the eigenvalue ∞.

This implies in particular that k = 2q + 1 is odd, since the size of λG_{22} − H_{22} is necessarily odd and all its eigenvalues are simple. Let us assume, w.l.o.g., that the sign ε_1 of λ_1 is equal to one. Otherwise, we may consider the pencil −(λG−H). Then, the property (12) implies that the eigenvalues with sign +1 interlace the eigenvalues with sign −1. We visualize that by the following formula.

λ_1 < λ_3 < . . . < λ_{2q−1} < λ_{2q+1} sign 1 λ_2 < λ_4 < . . . < λ_{2q} sign − 1

(13)

By row and column permutations we find that

λG_{22} − H_{22} ∼_c λ [ −I_q 0 0 I_{q+1} ] − [ −H̃_1 0

0 H̃_2 ] , where spec(H̃_1) = {λ_2, λ_4, . . . , λ_{2q}} and spec(H̃_2) = {λ_1, λ_3, . . . , λ_{2q+1}}.

The interlacing property (13) allows us to solve an inverse eigenvalue problem (see [2] or [8]). There, it is shown that (13) is sufficient for the existence of a unitary matrix Q ∈ C^{(q+1)×(q+1)} such that

Q^∗H̃_2Q = [~ H_{21} H̃_{22} H̃∗_{22} H̃_{23} ] , where H̃_{23} ∈ R and spec(H̃_{21}) = spec(H̃_1). From this, we see that

λG_{22} − H_{22} ∼_c λ

−I_q 0 0 0 I_q 0 0 0 1 − −H̃_1 0 0 0 H̃_{21} H̃_{22} 0 H̃^∗_{22} H̃_{23} .

Note that we obtain from spec(H̃_{21}) = spec(H̃_1) that every eigenvalue of the upper principal subpencil λ [ −I_q 0 0 I_q ] − [ −H̃_1 0

0 H̃_{21} ]

occurs with algebraic multiplicity 2 and opposite signs. Hence, the pencil satisfies condition 4) of Theorem 15 and there exists a nonsingular P ∈ C^{2q×2q} such that P^∗ ( λ [ −I_q 0 0 I_q ] − [~ H_1 0 0 H̃_{21} ]) P is in anti-triangular form. This implies that [ P 0 0 1 ]_∗ λ −I_q 0 0 0 I_q 0 0 0 1 − −H̃_1 0 0 0 H̃_{21} H̃_{22} 0 H̃^∗_{22} H̃_{23} [ P 0 0 1 ]

is in anti-Hessenberg form.

Case (2) If the assumption of Case (1) does not hold then λG_{22} − H_{22} has the eigenvalue ∞. This implies that k = 2q is even. Again, property (12) implies that the eigenvalues with sign +1 interlace the eigenvalues with sign −1, where we assume again that ε_1 = 1. Thus, we have the following situation.

λ_1 < λ_3 < . . . < λ_{2q−1} with sign + 1 λ_2 < λ_4 < . . . < λ_{2q} with sign − 1

(14)

Furthermore, the eigenvalue ∞ has the sign +1. By row and column permutations we find that

λG_{22} − H_{22} ∼_c λ

I_q 0 0 0 −I_q 0 0 0 0 − H̃_1 0 0 0 −H̃_2 0 0 0 1 ,

where spec(H̃_1) = {λ_1, λ_3, . . . , λ_{2q−1}} and spec(H̃_2) = {λ_2, λ_4, . . . , λ_{2q}}.

The interlacing property (14) allows us to solve another inverse eigenvalue problem. In [26] it is shown that (14) is sufficient for the existence of a rank-one updating with a vector x ∈ R^q such that spec(H̃_1 + xx^∗) = spec(H̃_2). From this, we see that

I_q 0 x 0 I_q 0 0 0 1 λ I_q 0 0 0 −I_q 0 0 0 0 − H̃_1 0 0 0 −H̃_2 0 0 0 1

I_q 0 0 0 I_q 0 x^∗ 0 1 = λ I_q 0 0 0 −I_q 0 0 0 0 − H̃_1 + xx∗ 0 x 0 −H̃_2 0 x^∗ 0 1 .

Again, we see from Theorem 15 that the upper principal 2q × 2q subpencil is congruent to a pencil in anti-triangular form and thus, λG_{22} − H_{22} is congruent to a pencil in anti- Hessenberg form.

Theorem 15 and Theorem 17 are special cases of a more general result for anti-m- Hessenberg forms. This general result can be shown by induction on m. For the induction step, we need the following lemma.

Lemma 18 Let λG_{22} − H_{22} ∈ C^{(n−2m)×(n−2m)} be a pencil in form (11). Furthermore, let Ind(tG_{22} − H_{22}) = ( ν_+(t), ν_−(t), ν_0(t) ) , and assume that

|ν_+(t) − ν_−(t)| ≤ ν_0(t) + m + 1 for almost all t ∈ R .

Then there exists a nonsingular matrix P ∈ C^{(n−2m)×(n−2m)} such that

P^∗(λG_{22} − H_{22})P = λ [ G^′ 0 0 G^{′′} ] − [ H^′ 0 0 H^{′′} ] , where the size of λG^{′′} − H^{′′} is odd and such that the following conditions are satisfied.

1. Setting Ind(tG^′ − H^′) = ( μ_+(t), μ_−(t), μ_0(t) ) , we have that

|μ_+(t) − μ_−(t)| ≤ μ_0(t) + m for almost all t ∈ R .

2. Setting Ind(tG^{′′} − H^{′′}) = ( π_+(t), π_−(t), π_0(t) ) , we have that

|π_+(t) − π_−(t)| ≤ π_0(t) + 1 for almost all t ∈ R .

Proof. Let s_1, . . . , s_{k+1} ∈ R be arbitrary with the condition that for j = 1, . . . , k + 1 we have that |ν_+(s_j) − ν_−(s_j)| ≤ ν_0(s_j) + m + 1, and such that

s_1 < λ_1 < s_2 < . . . < s_k < λ_k < s_{k+1}.

This implies in particular that ν_0(s_j) = 0. Applying Lemma 14, we find the recursive formula ( ν_+(s_{α+1}) − ν_−(s_{α+1}) ) − ( ν_+(s_α) − ν_−(s_α) ) = 2p_αε_α.

Thus, the map α → ( ν_+(s_α)−ν_−(s_α) ) is increasing whenever ε_α is positive and decreasing whenever ε_α is negative. Hence, ’extremal points’ such that |ν_+(s_α) − ν_−(s_α)| = m + 1, can only be reached for an α such that ε_α ≠ ε_{α−1}. Therefore, let us combine adjacent blocks with equal signs. W.l.o.g., we may assume that ε_1 = 1. Hence, we find that λG_{22} − H_{22} is in the form

λG_{22} − H_{22} = λ

(−1)^2E_{q1} 0 ... 0 (−1)^{l+1}E_{ql} − (−1)^2D_{q1} 0 . ..

0 (−1)^{l+1}D_{ql} ,

where E_{qα} = I_{qα} for α = 1, . . . , l − 1 and E_{ql} = [ I_{ql−pk+1} 0 0 0 ] ∈ C^{ql ×ql} , and the matrices

D_{qα} ∈ C^{qα ×qα} , α = 1, . . . , l are diagonal. Choose t_α ∈ {s_1, . . . , s_{k+1}} such that t_α is smaller than all the eigenvalues displayed by the blocks λE_β − D_β for β ≥ α and larger than all the eigenvalues displayed by the blocks λE_β − D_β for β < α. We will distinguish two cases.

Case (1) Assume that l is odd.

We construct λG^′ − H^′ and λG^{′′} − H^{′′} as follows. Writing

E_α = [ e_α 0 0 Ẽ_α ] and D_α = [ d_α 0 0 D̃_α ] , (15)

where e_α, d_α ∈ C , let us define

λG^′ − H^′ = λ (−1)^2Ẽ_1 . ..

(−1)^{l+1}Ẽ_l − (−1)^2D̃_1 ... (−1)^{l+1}D̃_l ,

λG^{′′} − H^{′′} = λ (−1)^2e_1 . ..

(−1)^{l+1}e_l − (−1)^2d_1 ... (−1)^{l+1}d_l .

From the construction, we see immediately that the eigenvalues of λG^{′′} − H^{′′} have sign sum equal to one and satisfy the interlacing property (12) of Theorem 17. This implies in particular |π_+(t) − π_−(t)| ≤ π_0(t) + 1.

It remains to show that |μ_+(t)−μ_−(t)| ≤ μ_0(t)+m. For this, we note that from Lemma 14 we obtain that ( ν_+(t_{α+1}) − ν_−(t_{α+1}) ) − ( ν_+(t_α) − ν_−(t_α) ) = 2(−1)^{α+1}q_α, (16) ( μ_+(t_{α+1}) − μ_−(t_{α+1}) ) − ( μ_+(t_α) − μ_−(t_α) ) = 2(−1)^{α+1}(q_α − 1). (17)

Furthermore, for α = 1 we obtain that

ν_+(t_1) − ν_−(t_1) = −q_1 + q_2 − + . . . + q_{l−1} − q_l, μ_+(t_1) − μ_−(t_1) = −(q_1 − 1) + (q_2 − 1) − + . . . + (q_{l−1} − 1) − (q_l − 1) = ν_+(t_1) − ν_−(t_1) + 1.

From this and from (16) and (17), we conclude that ( μ_+(t_α) − μ_−(t_α) ) − ( ν_+(t_α) − ν_−(t_α) ) = (−1)^{α+1}. (18)

Formulas (16) and (17) imply in particular that the map α → ( ν_+(t_α) − ν_−(t_α) ) reaches a maximum only for an even α and a minimum only for an odd α. This, together with (18) implies that max_α |ν_+(t_α) − ν_−(t_α)| = max_α |μ_+(t_α) − μ_−(t_α)| + 1,

that is |μ_+(t_α) − μ_−(t_α)| ≤ m for all α. (19)

By the choice of the t_α, it is now clear that we have

|μ_+(t) − μ_−(t)| ≤ μ_0(t) + m

for almost all t ∈ R .

Case (2) If l is even, then the situation is more complicated, since we want the pencil λG^{′′} − H^{′′} to have odd size. Therefore, we have to change the construction of Case (1). We consider two different subcases.

Subcase (2a) Assume that |ν_+(t_l) − ν_−(t_l)| < |ν_+(t_1) − ν_−(t_1)|.

With the notation (15), let us define λG^′ − H^′

= λ (−1)^2Ẽ_1 ... (−1)^lẼ_{l−1} −E_l − (−1)^2D̃_1 ... (−1)^lD̃_{l−1} −D_l ,

and λG^{′′} − H^{′′} = λ (−1)^2e_1 ... (−1)^le_{l−1} − (−1)^2d_1

.. . (−1)^ld_{l−1} , i.e., we left out e_l and d_l in the construction of λG^{′′} − H^{′′}. Analogous to Case 91) we find that ( μ_+(t_α) − μ_−(t_α) ) − ( ν_+(t_α) − ν_−(t_α) ) = (−1)^{α+1}

for α = 1, . . . , l − 1, but ( μ_+(t_l) − μ_−(t_l) ) − ( ν_+(t_l) − ν_−(t_l) ) = 1.

For α = 1, . . . , l − 1, we can proceed as in Case (1) such that we find |μ_+(t_α) − μ_−(t_α)| ≤ m for α = 1, . . . , l − 1.

Thus, the only case that may cause problems is the case that ν_+(t_l) − ν_−(t_l) ≥ m, since then μ_+(t_l) − μ_−(t_l) ≥ m + 1. We show that this case does not occur.

Assume ν_+(t_l) − ν_−(t_l) ≥ m. From the assumption of the Subcase (2a) and the fact that for odd α the term ν_+(t_α) − ν_−(t_α) may only reach a minimum, but not a maximum, we obtain that ν_+(t_1) − ν_−(t_1) = −(m + 1).

It follows from Lemma 14 that

2q_l = ν_+(t_1) − ν_−(t_1) + ν_+(t_l) − ν_−(t_l) ≤ m − (m + 1) = −1.

This is a contradiction. Therefore, we have ν_+(t_l) − ν_−(t_l) < m and thus, we obtain analogous to Case (1) for almost all t ∈ R that

|μ_+(t) − μ_−(t)| ≤ μ_0(t) + m.

Subcase (2b) If the assumption of (2a) does not hold then |ν_+(l) − ν_−(l)| ≥ |ν_+(1) − ν_−(1)|.

In this case we leave out e_1 and d_1 in the construction of λG^{′′} − H^{′′}, i.e., we set

λG^′ − H^′ = λ E_1 −Ẽ_2 ... (−1)^{l+1}Ẽ_l − D_1 −D̃_2 ... (−1)^{l+1}D̃_l ,

λG^{′′} − H^{′′} = λ −e_2 . ..

(−1)^{l+1}e_l − −d_2 ... (−1)^{l+1}d_l .

Analogous to Case (1) we find that ( μ_+(t_α) − μ_−(t_α) ) − ( ν_+(t_α) − ν_−(t_α) ) = (−1)^{α+1}

for α = 2, . . . , l, but ( μ_+(t_1) − μ_−(t_1) ) − ( ν_+(t_1) − ν_−(t_1) ) = −1. Analogous to Subcase (2a) it remains to show that ν_+(t_1) − ν_−(t_1) > −m.

Assume ν_+(t_1) − ν_−(t_1) ≤ −m. Then

2q_l = ν_+(t_1) − ν_−(t_1) + ν_+(t_l) − ν_−(t_l) ≤ −m + (m + 1) = 1,

and this is a contradiction. The rest of the proof proceeds analogous to Subcase (2a).

Theorem 19 Let λG − H ∈ C^{n×n} be a regular Hermitian pencil and let m ≤ n be such that n − m is even. Furthermore, let Ind(tG − H) = ( ν_+(t), ν_−(t), ν_0(t) ) for t ∈ R . Then the following statements are equivalent.

1. λG − H is congruent to a pencil in anti-m-Hessenberg form.

2. For all t ∈ R we have that |ν_+(t) − ν_−(t)| ≤ ν_0(t) + m.

3. For almost all t ∈ R we have that |ν_+(t) − ν_−(t)| ≤ ν_0(t) + m.

Proof. ’1) ⇒ 2)’: Let P ∈ C^{n×n} be nonsingular such that P^∗(λG − H)P is in anti-m- Hessenberg form. Then 2) follows from Corollary 4. ’2) ⇒ 3)’: is trivial.

’3) ⇒ 1)’: We proceed by induction on m.

’m = 0’ and ’m = 1’ have already been proved, see Theorem 15 and Theorem 17. ’m ⇒ (m+1)’: Once again we may assume that λG−H is in sign condensed form (10) and it is sufficient to consider the subpencil λG_{22} − H_{22} that has the form (11). By Lemma 18 we find that there exists a nonsingular matrix P̃ ∈ C^{n×n} such that

P̃^∗(λG_{22} − H_{22})P̃ = λ [ G^′ 0 0 G^{′′} ] − [ H^′ 0 0 H^{′′} ] , where the size of λG^{′′} − H^{′′} is odd and, setting Ind(tG^′ − H^′) = ( μ_+(t), μ_−(t), μ_0(t) ) and Ind(tG^{′′} − H^{′′}) = ( π_+(t), π_−(t), π_0(t) ) , the following conditions are satisfied for almost all t ∈ R . |μ_+(t) − μ_−(t)| ≤ μ_0(t) + m, |π_+(t) − π_−(t)| ≤ π_0(t) + 1.

Let n^′ and n^{′′} denote the sizes of λG^′ − H^′ and λG^{′′} − H^{′′}, respectively. By assumption, n − (m + 1) is even and thus, so is n^′ − m, since n − n^′ = n^{′′} is odd. Therefore, by the induction hypothesis and by Theorem 17, the pencil λG^′ − H^′ is congruent to a pencil in anti-m-Hessenberg form and λG^{′′} − H^{′′} is congruent to a pencil in anti-Hessenberg form, i.e.,

λG_{22} − H_{22}

∼_c λ 0 Ĝ_{12} Ĝ_{13} 0 0 0 Ĝ∗_{12} Ĝ_{22} Ĝ_{23} 0 0 0 Ĝ∗_{13} Ĝ∗_{23} Ĝ_{33} 0 0 0 0 0 0 0 Ǧ_{12} Ǧ_{13} 0 0 0 Ǧ^∗_{12} Ǧ_{22} Ǧ_{23} 0 0 0 Ǧ^∗_{13} Ǧ^∗_{23} Ǧ_{33}

− 0 Ĥ_{12} Ĥ_{13} 0 0 0 Ĥ∗_{12} Ĥ_{22} Ĥ_{23} 0 0 0 Ĥ∗_{13} Ĥ∗_{23} Ĥ_{33} 0 0 0 0 0 0 0 Ȟ_{12} Ȟ_{13} 0 0 0 Ȟ^∗_{12} Ȟ_{22} Ȟ_{23} 0 0 0 Ȟ^∗_{13} Ȟ^∗_{23} Ȟ_{33}

∼_c λ 0 0 0 0 Ĝ_{12} Ĝ_{13} 0 0 Ǧ_{12} Ǧ_{13} 0 0 0 Ǧ^∗_{12} Ǧ_{22} Ǧ_{23} 0 0 0 Ǧ^∗_{13} Ǧ^∗_{23} Ǧ_{33} 0 0 Ĝ∗_{12} 0 0 0 Ĝ_{22} Ĝ_{23} Ĝ∗_{13} 0 0 0 Ĝ∗_{23} Ĝ_{33} − 0 0 0 0 Ĥ_{12} Ĥ_{13} 0 0 Ȟ_{12} Ȟ_{13} 0 0 0 Ȟ^∗_{12} Ȟ_{22} Ȟ_{23} 0 0 0 Ȟ^∗_{13} Ȟ^∗_{23} Ȟ_{33} 0 0 Ĥ∗_{12} 0 0 0 Ĥ_{22} Ĥ_{23} Ĥ∗_{13} 0 0 0 Ĥ∗_{23} Ĥ_{33}

(20)

where the submatrices have the following forms.

Ĝ_{12}, Ĥ_{12} ∈_C^{( n}

0�_{m2 )×( n}0�_{m2 )} are anti-triangular, Ĝ_{13}, Ĥ_{13} ∈_C^{( n}

0�_{m2 )×m} , Ǧ_{12}, Ȟ_{12} ∈_C^{( n}

00�_{12 )×( n}00�_{12 )} are anti-triangular, Ǧ_{13}, Ȟ_{13} ∈_C^{( n}

00�_{12 )×1} , and the other blocks have corresponding sizes. Hence, the pencil (20) is in anti-(m+1)- Hessenberg form.

In Theorem 19 we did not give conditions on the sign sums as in the Theorems 15 and 17. In principle, this is also possible for the case m > 1. But then the conditions become very complicated, since we have to consider many subcases. Therefore, we prefer the conditions given in Theorem 19.

Clearly, Theorem 19 does not hold in the case that n − m is odd. For example, let us consider the case m = 0 and n = 3. The Hermitian pencil

λ 0 0 1 0 1 0 1 0 0 − 0 0 1 0 2 0 1 0 0

is in anti-triangular form, but we immediately obtain Signsum(2) = 1. We see from this example that the eigenvalue that is displayed in the middle of the anti-diagonal plays an exceptional role and has to be treated differently from the rest of the eigenvalues. In fact, we may omit the eigenvalue that is displayed in the middle of the anti-diagonal, and its tribute to the sign sum may also be omitted, such that we can use the fact that n − 1 − m is even and apply Theorem 19. This is done in the proof of the next theorem.

Theorem 20 Let λG − H ∈ C^{n×n} be a regular Hermitian pencil and let m ≤ n be such that n − m is odd. Furthermore, let Ind(tG − H) = ( ν_+(t), ν_−(t), ν_0(t) ) for t ∈ R . Then the following statements are equivalent.

1. λG − H is congruent to a pencil in anti-m-Hessenberg form.

2. There exists t_0 ∈ R ∪ {∞} and ε ∈ {1, −1} such that

|ν_+(t) − ν_−(t) + ε| ≤ ν_0(t) + m for all t < t_0 and |ν_+(t) − ν_−(t) − ε| ≤ ν_0(t) + m for all t > t_0.

3. There exists t_0 ∈ R ∪ {∞} and ε ∈ {1, −1} such that

|ν_+(t) − ν_−(t) + ε| ≤ ν_0(t) + m for almost all t < t_0 and |ν_+(t) − ν_−(t) − ε| ≤ ν_0(t) + m for almost all t > t_0.

Proof. ’1) ⇒ 2)’: Let P ∈ C^{n×n} be nonsingular such that P^∗(λG − H)P is in anti-m- Hessenberg form. Thus, P^∗(tG − H)P is Hermitian anti-m-Hessenberg for all t ∈ R . This means in particular that

P^∗(tG − H)P = 0 0 tG_{13} − H_{13} 0 tg_{22} − h_{22} tG_{23} − H_{23} tG^∗_{13} − H^∗_{13} tG^∗_{23} − H^∗_{23} tG^∗_{33} − H^∗_{33} ,

where tG_{13} − H_{13} ∈ C^{( n}

�m�1_{2 )×(} n+m�1_{2 )} , and tg_{22} − h_{22} ∈ C , and where the other blocks have corresponding sizes. If g_{22} ≠ 0 then let t_0 =^{h22}_{g22} , otherwise set t_0 = ∞. Then Lemma 6 for t ≠ t_0 implies that

Ind(tG − H) = Ind(tG̃ − H̃) + Ind(tg_{22} − h_{22}), (21)

where tG̃ − H̃ = [ 0 tG_{13} − H_{13} tG^∗_{13} − H^∗_{13} ∗ ] . For some t̃ < t_0, set ε = −σ(t̃g_{22} − h_{22}) and ( μ_+(t), μ_−(t), μ_0(t) ) = Ind(tG̃ − H̃), and note that tG̃ − H̃ is in anti-m-Hessenberg form with size n − 1. Thus, since n − 1 − m is even, we can apply Theorem 19 and we obtain from (21) for t > t_0 that

|ν_+(t) − ν_−(t) + ε| = |μ_+(t) − μ_−(t)| ≤ μ_0(t) + m = ν_0(t) + m,

since μ_0(t) = ν_0(t) for t ≠ t_0. Analogously we obtain for t > t_0 that

|ν_+(t) − ν_−(t) − ε| = |μ_+(t) − μ_−(t)| ≤ μ_0(t) + m = ν_0(t) + m.

’2) ⇒ 3)’: is trivial.

’3) ⇒ 1)’: W.l.o.g. we may assume that ε = 1. Otherwise, we may consider the pencil −(λG − H). Repeating our proof strategy once more, we assume that λG − H is in sign condensed form (10) and we consider the subpencil λG_{22} − H_{22}. By 2) there exists t_0 ∈ R ∪ {∞}, such that

|ν_+(t) − ν_−(t) + 1| ≤ ν_0(t) + m for almost all t < t_0 |ν_+(t) − ν_−(t) − 1| ≤ ν_0(t) + m for almost all t > t_0.

(22)

We show next that we may assume that t_0 is an eigenvalue of λG_{22} − H_{22}. For this, let λ_α be an eigenvalue of λG_{22} − H_{22} such that |λ_α − t_0| is minimal. We assume that λ_α ≤ t_0; the case t_0 < λ_α can be proved analogously. Clearly we have

|ν_+(t) − ν_−(t) + 1| ≤ ν_0(t) + m for almost all t < λ_α (since λ_α ≤ t_0) and |ν_+(t) − ν_−(t) − 1| ≤ ν_0(t) + m for almost all t > t_0.

Thus, it remains to show that |ν_+(t)−ν_−(t)−1| ≤ ν_0(t)+m for almost all t ∈ (λ_α, t_0). But this follows from the fact that t → ( ν_+(t) − ν_−(t) − 1 ) and ν_0(t) are constant on (λ_α, t_0), since by the choice of λ_α there are no other eigenvalues in the interval (λ_α, t_0).

Hence, we may assume that t_0 = λ_α is an eigenvalue of λG_{22} − H_{22}. Let α be chosen minimal with the property that (22) is satisfied for all t_0 = λ_β, where β ≥ α. For the rest of the proof, we distinguish two different cases.

Case (1) Assume that α > 1. Then there exists infinitely many t_1 with λ_{α−1} < t_1 < λ_α, such that |ν_+(t_1) − ν_−(t_1) − 1| > ν_0(t_1) + m.

On the other hand, we know that (22) holds for t_0 = λ_α, i.e., t_1 can be chosen, such that

|ν_+(t_1) − ν_−(t_1) + 1| ≤ ν_0(t_1) + m.

Both inequalities hold simultaneously only if ν_+(t_1) − ν_−(t_1) − 1 < − ( ν_0(t_1) + m ) . Choose

t_2 such that λ_α < t_2 < λ_{α+1} and | | |ν+(t2) − ν−(t2) − 1 | | | ≤ ν0(t2) + m. Then Lemma 14 implies that ( ν_+(t_2) − ν_−(t_2) ) − ( ν_+(t_1) − ν_−(t_1) ) = 2ε_αp_α.

If ε_α is equal to −1, then

ν_+(t_2) − ν_−(t_2) < ν_+(t_1) − ν_−(t_1) ≤ − ( ν_0(t_1) + m ) = − ( ν_0(t_2) + m ) , since ν_0(t_1) = ν_0(t_2) = 0, which is a contradiction to |ν_+(t_2) − ν_−(t_2) − 1| ≤ ν_0(t_2) + m. Thus, ε_α = 1. By permuting some rows and columns, we obtain that

λG_{22} − H_{22} ∼_c λ [ g 0 0 G̃ ] − λ [ h 0 0 H̃ ] , where λg − h ∈ C has the eigenvalue λ_α. Defining ( μ_+(t), μ_−(t), μ_0(t) ) = Ind(tG̃ − H̃), we find that

|μ_+(t) − μ_−(t)| = { |ν_+(t) − ν_−(t) + 1| for all t < λ_α |ν_+(t) − ν_−(t) − 1| for all t > λ_α.

This implies that |μ_+(t) − μ_−(t)| ≤ ν_0(t) + m = μ_0(t) + m for almost all t ∈ R . Hence, by Theorem 19 the pencil λG_{22} − H_{22} is congruent to a pencil

λ g 0 0 0 0 Ĝ_{23} 0 Ĝ^∗_{23} Ĝ_{33} − h 0 0 0 0 Ĥ_{23} 0 Ĥ^∗_{23} Ĥ_{33} ,

where the subpencil λ [ 0 Ĝ_{23} Ĝ∗_{23} Ĝ_{33} ] −λ [ 0 Ĥ_{23} Ĥ∗_{23} Ĥ_{33} ] is in anti-m-Hessenberg form. Thus,

we finally obtain

λG_{22} − H_{22} ∼_c λ

0 0 Ĝ_{23} 0 g 0 Ĝ∗_{23} 0 Ĝ_{33} − 0 0 Ĥ_{23} 0 h 0 Ĥ∗_{23} 0 Ĥ_{33} ,

and this pencil is in anti-m-Hessenberg form.

Case (2) If α ≯ 1, then α = 1. Thus, (22) holds for all t_0 = λ_β. This means in particular that both

|ν_+(t) − ν_−(t) + 1| ≤ ν_0(t) + m (23) and |ν_+(t) − ν_−(t) − 1| ≤ ν_0(t) + m (24)

hold for almost all t ∈ R . Permuting some rows and columns, we obtain that

λG_{22} − H_{22} ∼ λ [ g 0 0 G̃ ] − λ [ h 0 0 H̃ ] , where λg − h ∈ C has the eigenvalue λ_1. Setting ( μ_+(t), μ_−(t), μ_0(t) ) = Ind(tG̃ − H̃), we find that |μ_+(t) − μ_−(t)| = { |ν_+(t) − ν_−(t) + ε_1| for all t < λ_1 |ν_+(t) − ν_−(t) − ε_1| for all t > λ_1.

Then (23) and (24) imply that

|μ_+(t) − μ_−(t)| ≤ ν_0(t) + m = μ_0(t) + m,

for almost all t ∈ R and hence we may proceed as in Case (1). This completes the proof.

Analogous to the proof of Theorem 15, we obtain conditions on the sign sum for the real eigenvalues and the eigenvalue ∞. We only state this for the anti-triangular case.

Corollary 21 Let λG − H ∈ C^{(2n+1)×(2n+1)} be a regular Hermitian pencil. Then the following statements are equivalent.

1. λG − H is congruent to a pencil in anti-triangular form.

2. There exists exactly one eigenvalue λ_0 ∈ R such that Signsum(λ_0) = ±1 and for every eigenvalue λ_α ∈ R ∪ {∞} with λ_α ≠ λ_0 we have that Signsum(λ_α) = 0.

4 Condensed forms for singular Hermitian pencils

In this section we include the case of singular Hermitian pencils. Although in this case an anti-triangular form does not necessarily display the roots of the elementary divisors, it still displays a nested set of invariant subspaces and therefore, the consideration of condensed forms of singular Hermitian pencils does still make sense.

Analogous to the regular case, we derive a sign condensed form and then discuss the existence of anti-triangular and anti-m-Hessenberg forms. Let us first consider the canonical form (see [22]).

Theorem 22 Let λG − H ∈ C^{n×n} be a Hermitian pencil. Then there exists a nonsingular matrix P ∈ C^{n×n} , such that P^∗(λG − H)P = λ [ G^′ 0 0 G^{′′} ] − [ H^′ 0 0 H^{′′} ] , (25)

where the following conditions are satisfied.

1. The subpencil λG^′ − H^′ is block diagonal with diagonal blocks of the form

λ 0 0 Z_r 0 0 0 Z_r 0 0 − 0 0 J_r(0)^∗Z_r 0 0 e^∗_1 Z_rJ_r(0) e_1 0

∈_C^{(r+1)×(r+1)} , (26)

where r ≥ 0.

2. The subpencil λG^{′′} − H^{′′} is regular and in canonical form (9).

Proof. The proof follows directly from [22], Lemma 3.

In the following, if we speak of the sign characteristic or sign sum of λ_0 ∈ R ∪ {∞} with respect to λG − H, we mean the sign characteristic or sign sum, respectively, of λ_0 ∈ R ∪ {∞} with respect to the regular subpencil λG^{′′} − H^{′′} in the canonical form (25) of λG − H. Next, we generalize Theorem 11 to the case of singular pencils.

Theorem 23 (Sign condensed form) Let λG−H ∈ C^{n×n} be a Hermitian pencil. Then there exists a nonsingular matrix P ∈ C^{n×n} and m ∈ N , such that

P^∗(λG − H)P = λ 0 0 G_{13} 0 G_{22} G_{23} G^∗_{13} G^∗_{23} G_{33} − 0 0 H_{13} 0 H_{22} H_{23} H^∗_{13} H^∗_{23} H_{33} , (27)

where the subpencil λ [ 0 G_{13} G^∗_{13} G_{33} ] − [ 0 H_{13} H^∗_{13} H_{33} ] is regular and G_{13}, H_{13} ∈ C^{m×m} are

lower anti-triangular. Furthermore

λG_{22} − H_{22}

= λ O_l 0 ε_1I_{p1} ... ε_kI_{pk} 0 0 − O_l 0 ε_1λ_1I_{p1} ... ε_kλ_kI_{pk} 0 ε_{k+1}I_{pk+1} , (28)

where λ_1 < . . . < λ_k. In addition we have for all λ_0 ∈ R ∪ {∞} that

Signsum(λ_0, G, H) = Signsum(λ_0, G_{22}, H_{22}).

Proof. Let λG − H be in canonical form (25) and let l denote the number of singular blocks of type (26). We prove the result by induction on l.

’l = 0’: This is Theorem 10.

’l ⇒ (l + 1)’: It follows from Remark 10 that

λG − H = λ 0 0 Z_r 0 0 0 0 0 Z_r 0 0 0 0 0 0 G̃ − 0 0 J_r(0)^∗Z_r 0 0 0 e^∗_1 0 Z_rJ_r(0) e_1 0 0 0 0 0 H̃

∼_c λ 0 0 0 Z_r 0 0 0 0 0 0 G̃ 0 Z_r 0 0 0 − 0 0 0 J_r(0)^∗Z_r 0 0 0 e^∗_1 0 0 H̃ 0 Z_rJ_r(0) e_1 0 0 ,

where the number of blocks of type (26) of the subpencil λG̃ − H̃ is equal to l. By the induction hypothesis we find that λG̃−H̃ is congruent to a pencil that is in sign condensed form (27). Thus, the result follows by again applying Remark 10.

We are now able to discuss necessary and sufficient conditions for the existence of antitriangular and anti-m-Hessenberg forms for the singular case. A condition on sign sums of real eigenvalues (including ∞) of the regular subpencil that is analogous to the condition in Theorem 15 or Theorem 21 does not hold as we can see from the following example. The Hermitian pencil λ [ 0 0 0 0 ] − [ 0 0 0 1 ]

is already in anti-triangular form, but Signsum(∞) = 1. The background is that the problem of reducing a singular Hermitian pencil to anti-m-Hessenberg form is basically the problem of reducing a regular subpencil to anti-(m + l)-Hessenberg form, where l denotes the number of singular blocks of the pencil.

Theorem 24 Let λG − H ∈ C^{n×n} be a Hermitian pencil and let m ≤ n be such that n − m is even. Furthermore, let Ind(tG−H) = ( ν_+(t), ν_−(t), ν_0(t) ) for t ∈ R . Then the following statements are equivalent.

1. λG − H is congruent to a pencil in anti-m-Hessenberg form.

2. For all t ∈ R we have that |ν_+(t) − ν_−(t)| ≤ ν_0(t) + m.

3. For almost all t ∈ R we have that |ν_+(t) − ν_−(t)| ≤ ν_0(t) + m.

Proof. ’1) ⇒ 2)’: As in the regular case, this follows from Lemma 3.

’2) ⇒ 3)’: is trivial.

’3) ⇒ 1)’: Assume that λG − H is in sign condensed form (27), i.e.,

λG − H = λ 0 0 0 G_{14} 0 O_l 0 G_{24} 0 0 G_{33} G_{34} G^∗_{14} G^∗_{24} G^∗_{34} G_{44} − 0 0 0 H_{14} 0 O_l 0 H_{24} 0 0 H_{33} H_{34} H^∗_{14} H^∗_{24} H^∗_{34} H_{44} ,

where λG_{14} − H_{14} ∈ C^{k×k} is regular. For all t ∈ R that are not eigenvalues of the regular

pencil λ [ 0 G_{14} G^∗_{14} G_{44} ] − [ 0 H_{14} H^∗_{14} H_{44} ] we have that

Ind(tG − H) = (k, k, 0) + (0, 0, l) + Ind(tG_{33} − H_{33}).

Setting ( μ_+(t), μ_−(t), μ_0(t) ) := Ind(tG_{33} − H_{33}), we obtain for almost all these t that

|μ_+(t) − μ_−(t)| = |ν_+(t) − ν_−(t)| ≤ ν_0(t) + m = μ_0(t) + m + l.

The size of λG_{33} − H_{33} is n − 2k − l, such that n − 2k − l − (m − l) = n − m − 2k − 2l is even. Thus, Theorem 19 can be applied and λG_{33} − H_{33} is congruent to a pencil λĜ_{33} − Ĥ_{33} in anti-(m + l)-Hessenberg form. Hence

λG − H ∼_c λ 0 0 0 G_{14} 0 O_l 0 G_{24} 0 0 Ĝ_{33} ∗ G^∗_{14} G^∗_{24} ∗ G_{44} − 0 0 0 H_{14} 0 O_l 0 H_{24} 0 0 Ĥ_{33} ∗ H^∗_{14} H^∗_{24} ∗ H_{44} , and this pencil is in anti-m-Hessenberg form.

We have a corresponding result for the case that n−m is odd. Analogous to the regular case, the entry on the middel of the leftmost nonzero anti-diagonal plays an exceptional role.

Theorem 25 Let λG − H ∈ C^{n×n} be a Hermitian pencil and let n ≥ m ∈ N such that n − m is odd. Furthermore, let Ind(tG − H) = ( ν_+(t), ν_−(t), ν_0(t) ) for t ∈ R . Then the following statements are equivalent.

1. λG − H is congruent to a pencil in anti-m-Hessenberg form.

2. There exists t_0 ∈ R ∪ {∞} and ε ∈ {1, −1}, such that

|ν_+(t) − ν_−(t) + ε| ≤ ν_0(t) + m for all t < t_0 and |ν_+(t) − ν_−(t) − ε| ≤ ν_0(t) + m for all t > t_0.

3. There exists t_0 ∈ R ∪ {∞} and ε ∈ {1, −1}, such that

|ν_+(t) − ν_−(t) + ε| ≤ ν_0(t) + m for almost all t < t_0 and |ν_+(t) − ν_−(t) − ε| ≤ ν_0(t) + m for almost all t > t_0.

Proof. ’1) ⇒ 2)’: Assume there exists a nonsingular matrix P ∈ C^{2n×2n} such that P^∗(λG − H)P is in anti-m-Hessenberg form, thus, P^∗(tG − H)P is Hermitian anti-m- Hessenberg for all t ∈ R . This means in particular that

P^∗(tG − H)P = 0 0 tG_{13} − H_{13} 0 tg_{22} − h_{22} tG_{23} − H_{23} tG^∗_{13} − H^∗_{13} tG^∗_{23} − H^∗_{23} tG^∗_{33} − H^∗_{33} ,

where tG_{13} − H_{13} ∈ C^{( n}

�m�1_{2 )×(} n+m�1_{2 )} , tg_{22} − h_{22} ∈ C , and the other blocks have corresponding sizes. If the subpencil λg_{22} − h_{22} is regular we may proceed as in the proof of Theorem 20. Otherwise, λg_{22} − h_{22} ≡ 0. Then it follows from Lemma 3 that |ν_+(t) − ν_−(t)| ≤ 2 n + m − 1 2 + ν_0(t) − n = ν_0(t) + m − 1

for all t ∈ R . Hence, 2) is trivially satisfied for any t_0 ∈ R ∪ {∞}. ’2) ⇒ 3)’: is trivial.

’3) ⇒ 1)’: is proved analogous to the proof of Theorem 24.

It was our main goal to obtain necessary and sufficient conditions for the existence of anti-triangular forms for general (including singular) Hermitian pencils. This explicit result follows now directly from Theorem 24 and Theorem 25.

Corollary 26 Let λG − H ∈ C^{2n×2n} be a Hermitian pencil. Furthermore, for t ∈ R let Ind(tG − H) = ( ν_+(t), ν_−(t), ν_0(t) ) . Then the following statements are equivalent.

1. λG − H is congruent to a pencil in anti-triangular form.

2. For all t ∈ R we have that |ν_+(t) − ν_−(t)| ≤ ν_0(t).

Corollary 27 Let λG − H ∈ C^{(2n+1)×(2n+1)} be a Hermitian pencil. Furthermore, for t ∈ R let Ind(tG − H) = ( ν_+(t), ν_−(t), ν_0(t) ) . Then the following statements are equivalent.

1. λG − H is congruent to a pencil in anti-triangular form.

2. There exists t_0 ∈ R ∪ {∞} and ε ∈ {1, −1}, such that

|ν_+(t) − ν_−(t) + ε| ≤ ν_0(t) for all t < t_0 and |ν_+(t) − ν_−(t) − ε| ≤ ν_0(t) for all t > t_0.

5 Conclusions

We have obtained the so-called sign condensed form for general Hermitian pencils. This form is a mixture of a triangular form and a diagonal form, where the diagonal form displays all the ’singularity’ and all the sign sums of the real eigenvalues of the pencil (or of the regular subpencil), including the eigenvalue ∞. We have furthermore obtained necessary and sufficient conditions for the existence of anti-triangular and anti-m-Hessenberg forms for Hermitian pencils in terms of conditions on the sign sum of the real eigenvalues and the eigenvalue ∞ and in terms of the inertia indices of certain Hermitian matrices. The latter conditions hold also in the case that the pencil is singular. If a Hermitian pencil can be transformed to anti-m-Hessenberg form via congruence, then the transformation matrices can be chosen to be unitary, i.e., in this case both matrices of the pencil are simultaneously unitarily similar to anti-m-Hessenberg forms.

Acknowledgment

I would like to thank V. Mehrmann for his support through many years and for many helpful comments on this topic. Furthermore, I would like to thank L. Rodman for his support during my research visit at the College of William and Mary.

References

[1] G. Ammar and V. Mehrmann. On Hamiltonian and symplectic Hessenberg forms.

Linear Algebra Appl., 149:55–72, 1991.

[2] D. Boley and G. Golub. A survey of matrix inverse eigenvalue problems. Inverse Problems, 3:595–622, 1987.

[3] M. Borri and P. Mantegazza. Efficient solution of quadratic eigenproblems arising in dynamic analysis of structures. Comput. Methods Appl. Mech. Engrg, 12 No.1:19–31, 1977.

[4] A. Bunse-Gerstner, R. Byers, and V. Mehrmann. A chart of numerical methods for structured eigenvalue problems. SIAM J. Matrix Anal. Appl., 13:419–453, 1992.

[5] D. Djoković, J. Patera, P. Winternitz, and H. Zassenhaus. Normal forms of elements of classical real and complex Lie and Jordan algebras. J. Math. Phys, 24:1363–1373, 1983.

[6] I. Gohberg, P. Lancaster, and L. Rodman. Matrix polynomials. Academic Press, Inc.

[Harcourt Brace Jovanovich, Publishers], New York-London, 1982.

[7] I. Gohberg, P. Lancaster, and L. Rodman. Matrices and Indefinite Scalar Products.

Birkhäuser Verlag, Basel, Boston, Stuttgart, 1983.

[8] G. Golub and C. Van Loan. Matrix Computations. Johns Hopkins University Press, Baltimore, 1983. (third edition: 1996).

[9] J.-S. Guo, W.-W. Lin, and C. Wang. Numerical solutions for large sparse quadratic eigenvalue problems. Linear Algebra Appl., 225:57–89, 1995.

[10] L. Kronecker. Algebraische Reduction von Scharen bilinearer Formen, 1890. In Collected Works III (second part), pages 141–155, Chelsea, New York, 1968.

[11] P. Lancaster. Lambda-matrices and vibrating systems. International Series of Monographs in Pure and Applied Mathematics, Vol. 94. Pergamon Press, Oxford-New York-Paris, 1966.

[12] P. Lancaster and L. Rodman. Algebraic Riccati Equations. Clarendon Press, Oxford, 1995.

[13] A. Laub. A Schur method for solving algebraic riccati equations. IEEE Trans. Automat. Control, AC-24:913–921, 1979.

[14] D. Leguillon. Computation of 3d-singularities in elasticity. In M. C. et al., editor, Boundary value problems and integral equations in nonsmooth domains, volume 167 of Lect. Notes Pure Appl. Math., pages 161–170, New York, 1995. Marcel Dekker. Proceedings of the conference, held at the CIRM, Luminy, France, May 3-7, 1993.

[15] W.-W. Lin, V. Mehrmann, and H. Xu. Canonical forms for Hamiltonian and symplectic matrices and pencils. to appear in Linear Algebra and its Applications, 1999.

[16] C. Mehl. Condensed forms for skew-Hamiltonian/Hamiltonian pencils. SIAM J. Matrix Anal. Appl., 21:454–476, 1999.

[17] V. Mehrmann. Existence, uniqueness, and stability of solutions to singular linear quadratic optimal control problems. Linear Algebra Appl., 121:291–331, 1989.

[18] V. Mehrmann. The Autonomous Linear Quadratic Control Problem, Theory and Numerical Solution. Number 163 in Lecture Notes in Control and Information Sciences. Springer-Verlag, Heidelberg, July 1991.

[19] C. Paige and C. Van Loan. A Schur decomposition for Hamiltonian matrices. Linear Algebra Appl., 14:11–32, 1981.

[20] B. Simon, J. Wu, O. Zienkiewicz, and D. Paul. Evaluation of u-w and u-p finite element methods for the dynamic response of sturated porous media using one-dimensional models. Internat. J. Numer. Anal. Methods Geomech., 10:461–482, 1986.

[21] I. Smirnov. Linear Algebra and Group Theory. McGraw-Hill, New York, Toronto, London, 1961.

[22] R. Thompson. The characteristic polynomial of a principal subpencil of a Hermitian matrix pencil. Linear Algebra Appl., 14:135–177, 1976.

[23] R. Thompson. Pencils of complex and real symmetric and skew matrices. Linear Algebra Appl., 147:323–371, 1991.

[24] K. Weierstraß. Zur Theorie der bilinearen und quadratischen Formen. Monatsb. Akad.

d. Wiss. Berlin, pages 310–338, 1867.

[25] H. Wimmer. Normal forms of symplectic pencils and the discrete-time algebraic Riccati equation. Linear Algebra Appl., 147:411–440, 1991.

[26] S. Yang-Feng and J. Er-Xiong. The inverse eigenproblem with rank-one updating and its stability. Numerical Mathematics, Vol.3. No.1:87–95, 1994.

Other titles in the SFB393 series:

98-01 B. Heinrich, S. Nicaise, B. Weber. Elliptic interface problems in axisymmetric domains.

Part II: The Fourier-finite-element approximation of non-tensorial singularities. January 1998.

98-02 T. Vojta, R. A. Römer, M. Schreiber. Two interfacing particles in a random potential: The random model revisited. February 1998.

98-03 B. Mehlig, K. Müller. Non-universal properties of a complex quantum spectrum. February 1998.

98-04 B. Mehlig, K. Müller, B. Eckhardt. Phase-space localization and matrix element distributions in systems with mixed classical phase space. February 1998.

98-05 M. Bollhöfer, V. Mehrmann. Nested divide and conquer concepts for the solution of large sparse linear systems. March 1998.

98-06 T. Penzl. A cyclic low rank Smith method for large, sparse Lyapunov equations with applications in model reduction and optimal control. March 1998.

98-07 V. Mehrmann, H. Xu. Canonical forms for Hamiltonian and symplectic matrices and pencils. March 1998.

98-08 C. Mehl. Condensed forms for skew-Hamiltonian/Hamiltonian pencils. March 1998. 98-09 M. Meyer. Der objektorientierte hierarchische Netzgenerator Netgen69-C++. April 1998. 98-10 T. Ermer. Mappingstrategien für Kommunikatoren. April 1998.

98-11 D. Lohse. Ein Standard-File für 3D-Gebietsbeschreibungen. – Definition des Fileformats V 2.1 –. April 1998.

98-13 L. Grabowsky, T. Ermer. Objektorientierte Implementation eines PPCG-Verfahrens. April 1998.

98-14 M. Konik, R. Schneider. Object-oriented implementation of multiscale methods for boundary integral equations. May 1998.

98-15 W. Dahmen, R. Schneider. Wavelets with complementary boundary conditions - Function spaces on the cube. May 1998.

98-16 P. Hr. Petkov, M. M. Konstantinov, V. Mehrmann. DGRSVX and DMSRIC: Fortran 77 subroutines for solving continuous-time matrix algebraic Riccati equations with condition and accuracy estimates. May 1998.

98-17 D. Lohse. Ein Standard-File für 3D-Gebietsbeschreibungen. - Datenbasis und Programmschnittstelle data read. April 1998.

98-18 A. Fachat, K. H. Hoffmann. Blocking vs. Non-blocking Communication under MPI on a Master-Worker Problem. June 1998.

98-19 W. Dahmen, R. Schneider, Y. Xu. Nonlinear Functionals of Wavelet Expansions - Adaptive Reconstruction and Fast Evaluation. June 1998.

98-20 M. Leadbeater, R. A. Römer, M. Schreiber. Interaction-dependent enhancement of the localisation length for two interacting particles in a one-dimensional random potential. June 1998.

98-21 M. Leadbeater, R. A. Römer, M. Schreiber. Formation of electron-hole pairs in a onedimensional random environment. June 1998.

98-22 A. Eilmes, U. Grimm, R. A. Römer, M. Schreiber. Two interacting particles at the metalinsulator transition. August 1998.

98-23 M. Leadbeater, R. A. Römer, M. Schreiber. Scaling the localisation lengths for two interacting particles in one-dimensional random potentials. July 1998.

98-24 M. Schreiber, U. Grimm, R. A. Römer, J. X. Zhong. Application of random matrix theory to quasiperiodic systems. July 1998.

98-25 V. Mehrmann, H. Xu. Lagrangian invariant subspaces of Hamiltonian matrices. August 1998.

98-26 B. Nkemzi, B. Heinrich. Partial Fourier approximation of the Lamé equations in axisymmetric domains. September 1998.

98-27 V. Uski, B. Mehlig, R. A. Römer, M. Schreiber. Smoothed universal correlations in the two-dimensional Anderson model. September 1998.

98-28 D. Michael, M. Meisel. Some remarks to large deformation elasto-plasticity (continuum formulation). September 1998.

98-29 V. Mehrmann, H. Xu. Structured Jordan Canonical Forms for Structured Matrices that are Hermitian, skew Hermitian or unitary with respect to indefinite inner products. October 1998.

98-30 G. Globisch. The hierarchical preconditioning on locally refined unstructured grids. October 1998.

98-31 M. Bollhöfer. Algebraic domain decomposition. (PhD thesis) March 1998.

98-32 X. Guan, U. Grimm, R. A. Römer. Lax pair formulation for a small-polaron chain. (Proceedings PILS’98, in: Ann. Physik, Leipzig 1998). November 1998.

98-33 U. Grimm, R. A. Römer, G. Schliecker. Electronic states in topologically disordered systems. (Proceedings PILS’98, in: Ann. Physik, Leipzig 1998). November 1998.

98-34 C. Villagonzalo, R. A. Römer. Low temperature behavior of the thermopower in disordered systems near the Anderson transition. (Proceedings PILS’98, in: Ann. Physik, Leipzig 1998). November 1998.

98-35 V. Uski, B. Mehlig, R. A. Römer. A numerical study of wave-function and matrix-element statistics in the Anderson model of localization. (Proceedings of PILS’98, in: Ann. Physik, Leipzig 1998) November 1998.

98-36 F. Milde, R. A. Römer. Energy level statistics at the metal-insulator transition in the Anderson model of localization with anisotropic hopping. (Proceedings of PILS’98, in: Ann. Physik, Leipzig 1998). November 1998.

98-37 M. Schreiber, U. Grimm, R. A. Römer, J. X. Zhong. Energy Levels of Quasiperiodic Hamiltonians, Spectral Unfolding and Random Matrix Theory. November 1998.

99-01 P. Kunkel, V. Mehrmann, W. Rath. Analysis and numerical solution of control problems in descriptor form. January 1999.

99-02 A. Meyer. Hierarchical preconditioners for higher order elements and applications in computational mechanics. January 1999.

99-03 T. Apel. Anisotropic finite elements: local estimates and applications (Habilitationsschrift).

January 1999.

99-04 C. Villagonzalo, R. A. Römer, M. Schreiber. Thermoelectric transport properties in disordered systems near the Anderson transition. February 1999.

99-05 D. Michael. Notizen zu einer geometrisch motivierten Plastizitätstheorie. Februar 1999. 99-06 T. Apel, U. Reichel. SPC-PM Po 3D V 3.3, User’s Manual. February 1999. 99-07 F. Tröltzsch, A. Unger. Fast solution of optimal control problems in the selective cooling of steel. March 1999.

99-08 W. Rehm, T. Ungerer (Eds.). Ausgewählte Beiträge zum 2. Workshop Cluster-Computing 25./26. März 1999, Universität Karlsruhe. März 1999.

99-09 M. Arav, D. Hershkowitz, V. Mehrmann, H. Schneider. The recursive inverse eigenvalue problem. March 1999.

99-10 T. Apel, S. Nicaise, J. Schöberl. Crouzeix-Raviart type finite elements on anisotropic meshes. May 1999.

99-11 M. Jung. Einige Klassen iterativer Auflösungsverfahren (Habilitationsschrift). Mai 1999. 99-12 V. Mehrmann, H. Xu. Numerical methods in control, from pole assignment via linear quadratic to H_∞ control. June 1999.

99-13 K. Bernert, A. Eppler. Two-stage testing of advanced dynamic subgrid-scale models for Large-Eddy Simulation on parallel computers. June 1999.

99-14 R. A. Römer, M. E. Raikh. The Aharonov-Bohm effect for an exciton. June 1999. 99-15 P. Benner, R. Byers, V. Mehrmann, H. Xu. Numerical computation of deflating subspaces of embedded Hamiltonian pencils. June 1999.

99-16 S. V. Nepomnyaschikh. Domain decomposition for isotropic and anisotropic elliptic problems. July 1999.

99-17 T. Stykel. On a criterion for asymptotic stability of differential-algebraic equations. August 1999.

99-18 U. Grimm, R. A. Römer, M. Schreiber, J. X. Zhong. Universal level-spacing statistics in quasiperiodic tight-binding models. August 1999.

99-19 R. A. Römer, M. Leadbeater, M. Schreiber. Numerical results for two interacting particles in a random environment. August 1999.

99-20 C. Villagonzalo, R. A. Römer, M. Schreiber. Transport Properties near the Anderson Transition. August 1999.

99-21 P. Cain, R. A. Römer, M. Schreiber. Phase diagram of the three-dimensional Anderson model of localization with random hopping. August 1999.

99-22 M. Bollhöfer, V. Mehrmann. A new approach to algebraic multilevel methods based on sparse approximate inverses. August 1999.

99-23 D. S. Watkins. Infinite eigenvalues and the QZ algorithm. September 1999.

99-24 V. Uski, R. A. Römer, B. Mehlig, M. Schreiber. Incipient localization in the Anderson model. August 1999.

99-25 A. Meyer. Projected PCGM for handling hanging in adaptive finite element procedures.

September 1999.

99-26 F. Milde, R. A. Römer, M. Schreiber. Energy-level statistics at the metal-insulator transition in anisotropic system. September 1999.

99-27 F. Milde, R. A. Römer, M. Schreiber, V. Uski. Critical properties of the metal-insulator transition in anisotropic systems. October 1999.

99-28 M. Theß. Parallel multilevel preconditioners for thin shell problems. November 1999.

The complete list of current and former preprints is available via

http://www.tu-chemnitz.de/sfb393/preprints.html.