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1 Intro duction

The mathematical modelling of many practical tasks leadsto problemsthat are usually
not sohable by analytic means. Numerical methods have to be applied; the given problem
has to be discretized and the solution can be computed only appraximately. Therefore,
reliable and excient a posteriori error estimatesbasedon a nite elemen solution are of
high interest to assessand to improve the discretization and therefore the quality of the
solution. A posteriori estimatesfor eigervalue problems were derived, for instance, by
Larson (2000) and Heuweline and Rannader (2001). An overview on error estimation for
problemsin two- or three-dimensionaldomainsis given, for example,in the monographs
by Verfith (1996), Ainsworth and Oden (2000), Bangerth and Rannader (2003).

The considerationof more complexdomains,for instancetwo-dimensionalmanifoldsin
R3, requiresa more careful analysis. The mixed boundary value problem for the Laplace-
Beltrami operator is a popular model problem for the analysisof nite elemen methods
for sudh domains, see,for example,Dziuk (1988), Mu (1996), Apel and Pester (2005) and
referencegherein.

In this paper, we concertrate on subdomainsof the unit sphereS? in R3. Our interestin
sphericaldomainsarosefrom the computation of three-dimensionalcorner singularities for
elliptic operatorslike the Laplaceor the Lam® operator, seeApel, Mehrmann, and Watkins
(2002a)for computational results. The quartitativ e knowledgeof thesesingularities is of
interest, for example, for engineersto predict the onset of cradks in brittle material, see
work by Leguillon (1995, 2002); Leguillon and Santez-Ralencia (1999), and Dimitrov,
Buchholz, and Sdnad (2002b,a); Sdinadk and Dimitrov (1999).

In the neighbourhood of polyhedral corners,the structure of the solutions to elliptic
boundary value problemsis known, seeKondrat'ev (1967). The ideais to considera ball
certered at the cornerand to write the solution in terms of the form

reu(!);

wherer is the distanceto the cornerand! is a point on the unit sphere. The regularity of
sud solutions was analyzed,for instance, by Kufner and Séndig (1987); Kozlov, Maz'ya,
and Ro¥samann(2001). The singular exponert ® and the function u are the solution to
an eigervalue problem that is related to the given boundary value problem. Usually, the
eigervalueswith smallestmagnitude are of interest. For the computation of ® and u, the
unit spherearound the corner hasto be parametrized.

We choosespherical coordinates for this parametrization as it was done, for example,
by Leguillon (1995); Kozlov, Maz'ya, and Ro¥smann(2001); Apel, Séndig, and Solo/'ev
(2002b); Apel and Pester(2005), but we are aware that the creation of arti cial polesleads
to dixculties in the further analysis. Other parametrizations were suggested,but they
producedixculties, too. For instance,the stereographicprojection as proposedby Fichera
(1975) or Steger(1983) possessea singularity aswell. It leadsto a non-uniform parameter
domain, which can becomearbitrarily large. The projection of a re ned icosahedrononto
the sphereis a popular discretization method, seeBaumgardnerand Frederickson (1985);
Mu (1996). Sincethe neighbourhood of the corner is intersectedwith the unit sphere,
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we have to considersubdomains of the spheredepending on the structure of the original
domain. But it is not clear how the icosahedronhas to look like to allow for arbitrary
sphericalsubdomains.

The big advantage of spherical coordinates is that there is a global map which trans-
forms the domain on the sphereto a bounded, connectedtwo-dimensionalparameter do-
main. This allows us to apply techniquessimilar to those for the two-dimensionalcase.
No matter how the parametrization is chosen,the eigervalue problem correspnding the
homogeneoud aplace equationin a conicaldomain is given by

i ¢su=u;

where, = ®&®+ 1) and ¢ 5 denotesthe Laplace-Beltrami operator, see,for example,
Grisvard (1985, 1992); Kozlov, Maz'ya, and Ro¥smann(2001). A detailed deduction of
this eigervalue problemin a generalparametrization is given by Meyer and Pester (2004).
In this paper, we derive a posteriori error estimatesfor this eigervalue problem, where
we follow the theory of a posteriori error estimation for the eigervalue problem for the
Laplace operator in plane domains, as demonstrated, for instance, by Verfikth (1996).
A priori error estimatesfor the eigervalue problem for the Laplace-Beltrami operator on
sphericaldomainshave beenderived, for example,by Steger(1983).

For the introduction of nite elemen spaces,we have to nd proper triangulations
so that a reliable and excient error estimator can be obtained. Careful analysis of an
a posteriori error estimator reveals that the elemens produced by sud triangulations
must have approximately the samesizeon the sphere,which meansthat the correspnding
elemerts in the parameter domain are the °atter the nearerthey are placedto the pole,
seeApel and Pester (2005) and referencegherein.

For technical reasons,we require that all elemerts in the parameter domain have
straight-lined boundaries. An algorithm which producesa triangulation with all the de-
sired propertieswas given by Apel and Pester(2005). The main dixcult y in the numerical
analysis of the problem and the main di®erenceto the two-dimensionalcaseis that the
transformation of the parameterdomain to the sphericaldomain in°uencesthe operators
and norms that are usedfor the estimations. We have to introduce special norms and a
weighted Cl§men-type interpolation operator; consequetly, the de nition of the Sololev
spaceon which the eigervalue problemis de ned hasto be adaptedto the weighted norms.

In the following, we denote the domain on the sphereby - and the correspnding
parameter domain by G, which is spannedby the sphericalangles’ and | Note that
- % S21%LR3and G 1 [0;2%) £ [0;%] Y2 R2. All functions shall be functions of the two
parameters’ and . We call - or G regular if - is an open, connectedsubsetof the unit
sphere,G is connected,polygonal and its boundary @5 is piecewiseparallel to the ' - or
p-axes. For simplicity, we consideronly regular domainsin this paper.

Throughout the paper, wewrite A; . Ay if A, - CAyandA; » Ay if cA, - Ay - CA,,
wherec and C are genericconstarts which vary with the context, but are independer of
the triangulation and the functions under consideration.

Section 2 contains the introduction of the model problem and provides the necessary
notation for a nite-element discretization. In Section3, we introducea weighted Cl§men-
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type operator and presert important estimateswhich allow the derivation of a residual
a posteriori error estimator for the eigenpairsin Section4. We enrich our results by a
separatea posteriori estimate for the eigervaluesusing a well-known approximation result
which yields an upper bound for the approximation error. We nish the paper with some
numerical results in Section5, wherethe residual error estimator is usedfor an adaptive
meshre nemert basedon the nite elemen solution of the problem.

2 Nomenclature

2.1 The model problem

For an open, connectedsubset- of the unit sphereS? with boundaryj = @, we consider
the model problem
i ¢su uoin -

u =0 onj; (2.1)

where ¢ 5 denotesthe Laplae-Beltrami operator. If | is the empty set,i.e.,- = S?, then
we omit the boundary condition.

Let r s be the spheri@l gradient, sothat r s ¢r s = ¢ 5, and denoteby d¥and d!
the line and surfaceelemerns, respectively. For a subsetS Y2 -, we denoteby jd¢gy.s and
d¢e.s the (weighed) Solmlevnorms and seminormsof orderk, k = 0; 1,

A Z I 1=2 A Z I 1=2
dueys = jdugos := juj?d! . dueps = jr suj?d! ;

S S

jdu@%;s = du%;s + duezl;s:

By analogyto the usual Sololev spaces,we introduce Sololev spacesover spherical do-
mains, denoted by H¥(S), which consistof functions u with bounded norms jdug-.s, O -

k, k= 0;1.

Sinceonly those solutions of (2.1) are of interest which do not vanishidertically on -,
we require

deQo;. =1
Wede nethe spacesX := Y := fv2 H(-) jv= 0onjg. Weusethe divergenceheorem
to derive the variational formulation of problem (2.1): Find [,; u] 2 R£ X, sud that
Z Z nZ 0
r sucr gvd! j ,uvd o +1 uldl § 1 =0 8% V]2 REY,

wherethe last term on the left hand side assureshat jdug,.. = 1. For the validity of the
divergencetheorem, we refer to work on spherical calculus, for example, Malvern (1969)
and Freeden,Gervens,and Sdreiner (1998).



2.2 Parametrization of the sphere

For the introduction of a nite elemen space,we have to parametrize-. As outlined in
Section 1, we choosesphericalcoordinatesx = sin' siny, y = cos' siny, z = cosy. The
considerationof the correspnding parameterdomain G allows approadessimilar to those
for two-dimensionaldomains. The variable transformation ('; W) ! (X;y;z) in°uences
operators and norms on G. The line and surface elemerts in spherical coordinates are
given by q

d¥%= ' (t)2sin® y(t) + t)2dt; d! = sinpd' dw

Here, and in the following, curves on the sphere are given in the form ° = °(t) =
f(" (t);ut) jt 2 [0;1]g. For more details on the de nition of operators in spherical
coordinates, we refer to Malvern (1969); a short introduction of the notation that is most
important for our purposesis givenin Meyer and Pester (2004).

When we insert spherical coordinates explicitly into the integrals, alsothe integration
domain transforms, sothat we have to useG instead of -. For line integrals over a curve
° Y% -, one hasto usethe parametrized form likewise. In order to keepthe amourt of
notation at the minimum, we will not distinguish the integration domainsfor line integrals;
their actual meaningis always clear from the corntext. We remark that @ and @5 do not
coincide. Indeed, if - = S?, then we have that @ = ;, but @ is the boundary of the
rectangle[0; 2v} £ [0;%). We do not introduce new synbols for X and Y, either, although
the functions are now de ned over the parameter domain G instead of -. The weak
formulation of problem (2.1) in sphericalcoordinatesreads: Find [,; *] 2 RE X, sud that
forall [}; V]2 RE Y

Z z nZ 0
r sucr gvsinpud' dyj Juv sinpd' du+t u?sinpd duj 1 = O (2.2)
G G G

2.3 Isotropic triangulation of the sphere

For practical reasons,we choosea triangulation of -, sothat it is the image of a trian-
gulation of the parameterdomain G with straight-lined elemens. From the point of view
of implemertation and for the comparisonto the two-dimensionalanalysis, an isotropic
triangulation of the parameter domain would be preferable. This means,the elemerts in
the parameter domain have a bounded aspect ratio (they are shape-regular). Sud a tri-
angulation results in an anisotropic triangulation of the spherewith meshcrowding near
the poles,seeApel and Pester (2005). Careful analysisrevealedthat it is not possibleto
‘nd an a posteriori error estimator which provides both, an upper and a lower bound for
the error. This property is calleda reliabilit y-exciency gap, seefor exampleKunert (1998,
2003); Apel and Pester (2005), and involves the danger of over- or underestimating the
exact error, which we could alsocon rm by numerical tests.

Consequetly, we have to usean alternative method to obtain an error estimator which
is both reliable and excient. The meshdistortion nearthe polesis a well-known problem.



Layton (2002) tried to avoid it by creating a quadrilateral grid, where the number of
grid points along a latitude circle decreasedowards the poles. With this skipped mesh
partition , hanging nodesare produced. We use a similar idea, but, for technical reasons,
we prefer a meshconsisting of triangles without hangingnodes. To this end, we consider
an isotropic triangulation of the sphere, which meansthat the elemerns on the sphere
are shape-regularand have approximately the samespatial dimensions,while the aspect
ratios of correspnding elemerts in the parameter domain are not bounded uniformly in
the discretization parameter.

We proceedassuggestedn Apel and Pester(2005). Let Ty, be a family of triangulations
of - and denoteby E, and N, the setsof all edgesand vertices, respectively. With E(T)
and N (T), we denote the sets of edgesand nodesof an elemenn T 2 T,. Furthermore,
let E,.p and Ny, cortain the boundary edgesand nodes, and ... := K, nE,p and
Np.. := Ny nNpp the inner edgesand the inner nodes.

Without lossof generality, we assumethat a pole belongsto the set Ny, if - cortains
this pole. Moreover, we assumethat all elemerns and edgesare open, and that

[ _
T:

T2Th

This is a standard assumptionwhich we extend, ascustomary by the conformity condition
that the closuresof two elemerts of Ty, are either disjoint or have exactly onecommonedge
or onecommonvertex. In addition, let the number of elemerts with one commonvertex
be bounded.

Remark 2.1. It is possiblethat there occur edgesin the parameter domain G, in partic-
ular, edgesat the poles, which belongto @ but do not exist on the sphee. In fact, they
correspnd to the north or south pole and therefore havethe spatial length zew. For this
reason, the setsk,, B,p etc. consistonly of thoseedgeswhich actually exist on the sphee.
Likewise, the nodal setsare de ned as the union of the poles (where applicable) and the
vertices of the elementsthat are not placd at a pole.

The nodesand edgesat ' = 2Yare identi ed with thoseat' = 0 and are not counted
twice.

For adomain! % -, weintroducethe parameters

#,. = inf siny #.4 = sup sinu
(w2 (u)2!
The relation #, ., = 0 characterizesdomains! which are placedat a pole. We de ne the

horizontal and vertical dimensionsof a domain! %2- in the parameter plane

hy = sup ' j inf hy = su i inf
’ (:u)gg ()21 e )E! M e

The term h.t #,.r standsfor the actual, spatial horizortal extert of ! .



Let T2 Ty, E 2 B, x 2 N,,. We de ne the patches

S S S
lr= TS 1= TS Ly o= TS
E(T)\EETOS; E2E(TQ x2N (T9)
!“T = TO; !"E = TO;
N (T)WN (T96: N (E)W (T96;

In addition to the above mertioned assumptionson the mesh(seepage5), we require
the following properties:

Axiparallel triangles. The nodesxit = ("it;MT), 1 = 1,2;3, of anelemen T 2 T,
satisfy

17 T tzroand it = T (2.3)

This means,in particular, that one edgeof eat elemen is parallel to the ' -axisin
the parameterplane.

Isotrop y. The isotropy of Ty, is characterizedby
This implies that the ' -extert of pole elemeits is independent of h, i.e.,

ht » 1 forT 2T, with # 1+ = O (2.5)

Comparable size of adjacent elements. We require
This is true, for example,if adjacert elemerts T have approximately the samesize.

Suzcien t neness. The meshgeneratedby T, is ne enoughthat hy., - ¥# at least
for elemens near the pole (i.e. for T with #; ..., = 0). Moreover, eah elemen
T 2 T, touchesmaximum oneboundary corner. For technical reasonsglemens with
#, .. = 0 must not touch a crad tip.

Remark 2.2. Pole elementsT (with #, .+ = 0) appear as rectanglesin the parameter
plane with the nodesxit = ("i;i), | = 1:::5;4, whee ' 1 = "4, "2 = "3, b = |k,
ke = W 2 f0;¥g. The nodesxst and x41 are identi ed in the parameter plane; they both
correswnd to one of the poles.

An algorithm for the construction of mesheswhich satisfy the above assumptionsis
givenin Apel and Pester (2005, Section3). Figure 1 shovs an exampleof an isotropic re-
“nement of the spherewith the correspnding (anisotropic) triangulation of the parameter
domain. Due to the singularity of the transformation, one cannot achieve mesheswhich
are shape-regularboth over G and -.

To eat edgeE 2 E, and eat x 2 E, we assigna unit vector ng (x) sothat ng(x) is
orthogonal to the tangertial vector on the curve E ¥ S? at x and sothat ng(x) liesin
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Figure 1: Isotropic triangulation of the spherewith n. = 4 divisionsin the ' -direction and
ny = 8 divisionsin the p-direction and the correspnding anisotropic triangulation in the
parameterdomain.

the tangertial plane at x. For boundary edgest 2 @, this vector will equalthe exterior
normal vector to @. For any interior edgeE 2 E,., the jump of a function A with
Ajro2 C(TY for all T°%! ¢ acrossE in direction ng is de ned by

[Ale (x) = t!w& A(X + tng (X)) i t!lra A(Xj tng(x)):
We nish this sectionstating someimportant properties of the proposedtriangulation.

They are consequencesf (2.6) and (2.4).

Lemma 2.3. The relation
#or» i (2.7)

holdstrue for all elementsT 2 T, with #;, 1+ > 0.

Corollary 2.4, LetT 2 Ty, with #, + > 0. Then

sinp » E“;T 8(; W2T: (2.8)
T

Remark 2.5. The properties (2.4), (2.5) and (2.8) yield that
die» hi; 8T 2T, and dEe» h,r 8E 2 E,; 8T Y!¢; (2.9)

whee dEe := dl4s; and dTe := jdlg{; denotethe smatial length of the edge E and the
spatial sizeof the T, respctively. This implies, in particular, that

hyr, » hyr, for any two adjacent elementsTy; T, 2 Ty: (2.10)



3 Interp olation error estimates on the sphere

3.1 Finite element discretization

Basedon the triangulation T, of - de ned in Section2.3, we introducethe nite elemer
spacesXy, Y, which consistof cortinuousfunctions v with vjr 2 sparfl;'; pygif #, .+ > 0,
and with vjr 2 sparf1;;'u g if #, .+ = 0. Moreover, the functions of Xy and Y shall
vanishon j.

Remark 3.1. The functions of X, or Y}, are elementwiseatne linear or axne bilinear
with resgct to ' or p, degending on whetherthe elementis a triangle (#; + > 0) or a
rectangle (pole element) in the parameter plane. They are linear combinations of nodal
basis functions A, which havethe value 1 in the node x 2 N}, and the valueO in all other
nodesand whosesupprt is ! . Thesehasis functions can be chosenso that

X

Ac=1 forall T2T,
x2N (T)

and A, 2 HY(G) for all x 2 N,. Hene Xp %X, Y, %2 Y.

Moreover, the nodal basis functions for elementsT 2 T, with # 1 > 0 equal the
barycentric coordinatescorresndingto T (considered asa planar triangle in the parameter
domain), and the nodal basis functions for elementsT 2 T, with #, .+ = 0 havethe same
properties as barycentric coordinates, esgcially A, A, A, - 1=27 with maximumvalue
1=27 and A, A, - 1=4for i & j with maximum value 1=4.

For details and a speci ¢ choie of suchfunctions, we refer to Apel and Pester (2005).

The nite elemen discretization of problem (2.1) is givenby: Find ([, n;un] 2 RE Xj,
such that for all [*;vh] 2 RE Y,

z Z nZ 0
I sun ¢r svy sinpd' dyj . hUpVp Sinpd' dp+ 1y uZsinpd' duj 1 = 0: (3.1)
G G G

3.2 Cl®ment-t ype interp olation

Let Py be the spaceof all functions which are constart over - andlet! % -. We denote
by Ya: :HC(')! Py the weighted L2-projection of a function v 2 H(! ) onto Py,
1 z z
Yo V = Je v('; W) sinpd' dp= jdlgif  vd!:
We de ne the (weighted) Cl€men-type interpolation operator I, : H(-) 7! X}, by

X )
Ihv(; W = (Yo V) ACs W);

X2N p nNh;D
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wherethe nodal basisfunctions A, are elemenwise a+ne linear (or bilinear) with respect
to ' and p, i.e. piecewisepolynomials of rst degreeover the parameter domain, see
Remark 3.1.

Remark 3.2. It WasproveninpApeI and,Pester(2005, Lemma4.5) that the interpolation
operator Iy is boundel. Since .,y )Ac = 1, the structure of I, assues that constant
functions are interpolated exactlyover elementsT 2 T, which haveno nodeson the Dirich-
let boundary, that is, Inv = v for v2 Pgr, T2 Ty, @ \ jp = ;. The de nition of the
interpolation operator impliesthat I,v = 0onj p. This allowsusto provethe interpolation
error estimatesin the following theorem.

Theorem 3.3 (Interp olation Error Estimates). Let Ty, be an isotropic triangulation
of a regular spheri@al domain, T 2 T,, E 2 E(T). Then the following interpolation error
estimateshold true:

Vi Thvgor . hyrdvep., 8v2 H(kr);
Vi Ihvdee . hiTdver. 8v2 H(ke):

The interpolation error estimatesin Theorem 3.3 are important ingredierts in the
derivation of a reliable error estimator. We refer to Apel and Pester (2005) for a proof of
the validity of theseestimates.

4 A residual error estimator

4.1 An a posteriori error estimate for the eigenpairs

For the deductionof a residuala posteriori error estimator, we trace the route of the planar
case,seefor exampleVerférth (1996), and adapt the ideasfor two-dimensionaldomainsto
our speci ¢ problem with weighted norms and operators.

Let V and W be two Banad spaces,andlet F : D %2V | W? be a given linear
functional that is di®ereniable on a subsetof D. If F(xo) = 0 for a xed element xo 2 V,
that is, if HF(Xp);yi = Ofor all y 2 W, then Xg is called a solution to

F(x) = 0; (4.2)

Xo is calleda regular solution to (4.1), if the Fr§det derivative DF (Xo) existsand is a linear
homeomorphism¢that is, DF (xo) : V ! W? is bijective and cortinuousin both directions.

Lemma 4.1 (Verfinth (1996, Prop osition 2.1)). Let xo 2 D be a regular solution
to problem(4.1). We assumethat DF (ug) is Lipschitz continuous with a constant ®° > 0.
Then, there is a constant R > 0 degendingon ° and X, so that

1 . ,
ékDF(Xo)k;_(lVWo)kF (X)kw? . kX| Xokv - 2kDF (Xo)l 1kL(W?;V)kF (X)kw?

for all x 2 V with kxj xoky < R.



The terms kDF (xo)k‘L(lv;W?) and kDF (Xo)! 1kL(W?;V) in the estimate of Lemma4.1 de-

pend only on V, W, F and Xo; they can therefore be treated as constarts and we can
write
kx i Xoky » kF(X)kw> for all x with kx j xoky < R: 4.2)

Lemma 4.2. Let \}, and W, be nite dimensional subspces of V and W, and let F, 2
C(Vh; W/?) be an approximation of F. We consider an approximate solution x, 2 \, to
Fn(x) = 0 and a restriction operator R, 2 L (W;W,). Then, the following estimate holds:

KF (xn)kw> - k(dw i Rn)F(Xn)kw> + KR{KL ww,) KF (Xn) i Fn(Xn)Kkw?
+ kR;kL (W,Wh)th(Xh)kW;1

whee Idy denotesthe identity operator on W.

Proof. The assertionfollows from

hE(xn);yi = BF(Xn);Yi Rayi + FE(Xn) i Fn(Xn); Rayi + HFq(Xn); Rhyi
k(ldw i Rn)7F (xn)kw> + KRE(F (xn) i Fn(Xn))kw>

+ kREFh(Xh)kW? kykW
3
k(ldw i Rn)’F (Xn)kw> + KR{KL (wawy) KF (Xn) i Fn(Xn)kwy

+ KRKL wiwy) KFn (Xn)kwy  Kykw

forally 2 W. O
We set, in particular, V.= RE X, W = R£ Y, V,:= RE XyandW, := RE Y,. The
norm on V is given by 3 .
1=2

K[,; UKrex = ], j%+ deQiG

The norm on W is de ned analogously We de ne the linear functional F : R£ X !
(RE Y)? by
Z . nZ 0]

¢
@ Uit vlii= rsutrsvi .uv sinpd du+t u?sinpd' dpj 1 :
G G
for[[; U2 RE X, [} V]2 RE Y.

Lemma 4.3. Let[, o;Up] 2 RE X be a solutionto F([, o;Uo]) = 0. Then, DF ([, o; uo]) is
a linear homemorphism,if andonly if | o 2 R is a simple eigenvalue.

Proof. For abbreviation, let A : X ! Y7 be the di®erenial operator ass@iated with
problem(2.1) andlet| : X ! Y? beanembeddingoperator (it existssinceX is compactly
embeddedinto Y?). The Fr§det derivativeof F : RE X | (R£ Y)?,
Z n< 0
HEQ U vlii= (A Duvd 20 u?dh o1
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in [, o; Uo] is given by
Z R i Z
hDF ([, o;uoDL; ul; [ vli = (Ai ,ol)ui ,uovd +2t  uoud!

for[; uJ2 RE X and[}; V]2 RE Y.

Employing spectral theory for linear operators (a short introduction is given in the
book by Kozlov, Maz'ya, and Ro¥2mann(2001), seealso Karma (1996a)), one can prove
that |, o is a simple eigervalue of problem (2.1), if and only if kerDF ([, o; Uo]) = f[0; O]g.
The latter condition is equivalert to the injectivity of DF ([, o; Uo]).

It remainsto show that DF ([, o; Uo]) is bijective; then DF ([, o; Uo])! ! exists. To this
end, compact embedding theory is needed;the spaceH?® is compactly enbeddedinto the
spaceH®. The bijectivity follows then from the Fredholm alternative, see,for example
Cotlar and Cignoli (1974); Werner (1997); Alt (1999). It follows from Banad's theorem
(theorem on inverseoperators) that the inverseoperator is cortinuous, seefor exampleAlt
(1999) or Berezanskij,Sheftel,and Us (1996). O

Let the discretization of F begivenby F, :R£ X, ! (R£ Y,)?,
hEn([L nsunl); rsveli == R nsunl)i rovell 8L niun] 2 RE Xip; 8[2h;vh]l 2 RE Yy:

Problem (3.1) can be rewritten then: Find [, n;un] 2 R £ Xy, sud that Fyp([, n;un]) = O,
that is, lFx([, n;unl);[Pn;vn]i = Oforall [t h;vh] 2 RE Y.

The consistencyerror KF ([, n;Un]) i Fn([, n; Un])Krev,)> vanishes. Moreover, the pair
[, h;un] is a solution to F,([, nh;un]) = O, if and only if [, ; un] solvesthe system

Z Z
r sup ¢r svpsinpd' du = ,p  upvysSinupd' dy;
G Z G
uZsinpd' du = 1 (4.3)
G

With this, we transformed problem (3.1) to a nite-dimensional standard eigervalue prob-
lem. In the following, let [, h;un] 2 R £ X, denote a solution to problem (4.3). The
estimatein Lemma4.2 reducesthen to

KF ([, n;unDKrevy? - K(drey i Rn)’F ([, h; Un])Kre v)7; (4.4)

whereRy, := [0; I 4] with the Cl§men-type interpolation operator I, from Section3.2.
Employing Green'sformula, onereadily veri es that

Xzi

¢
R nsunl)i 5 vl = i ¢sUni ,nun vsinud du
T2Th T
X
i [ng ¢r uplevd¥s  8[4 V]2 REY: (4.5)
E2En. g

11



We de ne the residual error estimator
, n 2 . -2 X . -2 01:2
7= hir[di ¢sunj , nUn8or + hyridne ¢r sun]egoe (4.6)
E2E(T)\E p..

and obtain the following upper bound for the error.

Theorem 4.4. Let, 2 R be a simple eigenvalueof the eigenvalueproblem(2.1) with the
correspnding eigenfunctionug 2 X, jdug8o.c = 1. Let[, n;un] 2 RE X be a solution to the
discretized problem(4.3), sothat , ;, and u;, are suzciently closeto , o and ug, resgctively,
in the senseof Lemma4.1. Then, an upper bound for the error is given by
n x 01
Joi ,nj*duoi Un8ic - S
T2Th

Proof. We know from the estimates(4.2) and (4.4) that

) . . p_
J,oi ,nl*jdUopi UnB1c - 2K[, osUo] i [, niunlkrex » KF([, n;un]Kre vy
k(ldrey i Rn)’F ([, n; Un])Kre vy?:

©P a

It remainsto shaw that k(idrey i Rn)’F ([, niUnKk®evy? - 1or, "2 . By deTnition,

we have that (Idgey i Rp)[%: vl= [ vi Ipv]foralll 2 R, v2 Y. Hence,we get from
(4.5) and Lemma 3.3 that

Jh(IdRLYI Eh) F( nunl)s [ VIij = jhE(], h)y(uh])Z(IdREYI Rn)[% Vlij
= (i CsUni ,nun)(vi lhv)d! j [Ne ¢r sunle(Vvi |hV)d37_
T2 E2Ep.

X .
i ¢suni ,nUn8or Cdvi Inveor + jdng ¢r sun]ge Cjav i Inhveoe
T2T§1 E2Ey. .
hyeridi € sun i |, hUnGor CdvEy, + h;ll;:Tzl'd[nE Cr sun]e @oe jdve s,
T2Th E2E(T)\E ..
forall [}; V]2 RE Y.

Sincethe number of elemens with one commonnode is boundedby a xed constart
independen of the speci ¢ triangulation, the number of patchgskT or k¢ that cortain the
gemerq:,T or the edgeE 2 E(T) is bounded,too. Therefore, 1, 1dve;1 v - Jdv@ic and

T2Th  E2E(T)E . jvél, . jdvéic. The Cauchy-Scwarz inequality ylelds
. 2 . n X -, 201:2. .
jh(ldrey i Rn)"F(L nyunl)s 4 VI - T veic:

T2Th

The assertionfollows from jovei.c - K[*; VlKrey - O
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Remark 4.5. Due to Lemma4.3, the requirementthat , ¢ is a simple eigenvalueassues
that [, o; Uo] is a regular solution of (4.1), sothat the assumptionsof Lemma4.1 are satis-
“ed.

The condition that | |, is suzciently closeto , o means, in particular, that , j is closerto
. o than to any other eigenvalueof problem(2.1). With the condition that uy is suzciently
closeto ug, we excludethat u, approximatesj ug instead of up.

The constantsin the estimate of Theorem 4.4 depend on the constantsin the standad
trace theorem and the Bramble-Hillert lemmaas wel as the constantsin (4.2), esgcially
KDF ([, o; Uo])! *k; they are also in°uenced by the spatial aspect ratios of the spheri@l ele-
ments, the relation of the sizesof adjaent elementsand the maximum numter of elements
with one common vertex. Due to the assumptionson the mesh, theseconstants are inde-
pendentof h and T,,. We did not trace their exactmagnitude, but concludefrom numerical
experience that they are about 2.

The tricky part is to prove an estimate in corversedirection. This requires special
care, becauseof our weighted norms. In fact, the proof of the exciency is similar to
the planar case,exceptfor the adaption of norms and separateconsiderationof pole and
non-pole elemens, oncewe have chosenthe right discretization of -. In our initial tests,
we obsened that the condition h.t #, + » hyr is essefial and that the exciency of the
error estimator is not a trivial consequencef the proofsin the planar case.Newertheless,
the stepsare mainly the same,sothat we presert hereonly the basicideasand refer, for
instance,to Verfith (1996) for details.

Lemma 4.6. The following estimate holds:
n X '201:2
T . KF([, nyun])kre vo:
T2Ty,

Proof. For T 2 T, and E 2 E(T), let + and g denotethe elemernt- and edge-bubble
functions de ned over the parameterdomain G %2 R?. They are given by

— 2TAG; A Ao, ONT; and _ A A0 Onead TO%! ¢;

T 0 onGnT; E 0 onGn!g;

whereAxi;T , are the nodal basisfunctions over the elemen T° correspnding to the nodes
Xito, SeeRemark 3.1, and where the vertices of E are courted rst. If #, .+ > 0, the
functions 1 and g arethe commontriangle- and edge-bubblefunctions.

Let Fey be an extensionoperator that extendsthe domain of de nition of a function
Az smoothly from an edgeE 2 E, to the domain! ¢ (see,for example, Verfiérth (1996,
Section3.1)). The functionswy = fj ¢ supj , hung 1t and wg = fFeq([Ne ¢ sup]e)g e
vanishon GnT and G n! g, respectively. They are elemens of a nite-dimensional space
Yh ¥2Y that consistsof conmbinations of the functions t and g:

Yh = sparf 1v; 1¢sVv; gFeq([nNe ¢r s¥e) j
V2 Py7; %2 Pye; T2 Ty, E 2 By 0
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ConsiderT 2 T, and E 2 E(T). We transform T to a referenceelemen T, so that
E is mapped to a referenceedgeE. The customary way is to apply known estimateson
the referencedomains, where the functions usually live in nite dimensionalspaces,and
to obtain the desiredestimatesby badckwards transformation.

In our case howeer, the operatorsr s and ¢ 5 appearin the de nition of the spaceY;
and compriseterms sud assinp or cosu sothat the transformed spaceis not necessarily
“nite dimensional. The trigonometric terms have to be dispelled (for examplewith (2.8))
beforefurther estimates. Hence,we have to distinguish the speci ¢ transformation maps
for pole and non-pole elemelts asthe term sinp tendsto zeroand estimate (2.8) doesnot
hold if #, + = 0. For a speci cation of these maps and appropriate techniques for the
estimation on the referenceelemerts, we refer to Apel and Pester (2005, Appendix).

After badkwards transformation, we can concludethat

z
di ¢suni ,nUn€5r - (i ¢sUni ,nup)wrdl = K[, n;unl); [O;wrli;
b4
dne ¢r sunleg5e - [Ne ¢r sun]ewWe d¥%
T X Z
= jh F([, n;unl); [O;weli + (i ¢suni ,nun)wed;
T%l g 1o

jdwrdyr . hidi €suni , nUnor;
dwedir . hi7 “ding ¢r sunledoe; k2 f0;1g:
Thus, we have that
di CsUni ,nUn@dr - J'dWTQil;%hL;%J'di ¢ suni , nUn8orhF ([, n;un]); [O;wrli;
Mne or stnledfe - Wedhl, i HiNe 6 stnledog GNP ([, n; unl); 0 weli
+ Jd(i € sUni , hUn)8oroldWe go;o

TOA ¢
n
jdne ¢r sunlegoe h;iﬂl'zzdeE Q.il;lleth (L, ni un]): [0 we i
0]
+ hiurod(i € sUn i, nUn)doo
TWs! ¢

Sincethe size of adjacent elemerts doesnot changerapidly, the terms hyt and h,to
di®eronly in a constart for ! ¢ = T[ T2 In both estimates,we divide by the norm jddjg.t
or [d¢ige . Inserting the estimate for the jd¢g.r-norm into the secondestimate, we get that

“t. sup jov@LrhF ([, n;unl); [O;V]i:

v2 Yy,
supp v¥%! 1

The summationover all T 2 T,, and the relation k ¢kvh? - k¢ky» dueto Y, 2Y yield the
assertion. O
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The following theoremis a simple consequencef Lemma4.6 and inequality (4.2).

Theorem 4.7. Let[, o;uUp] 2 RE X and[, ;un] 2 RE X}, be solutionsto the problems(2.1)
and (4.3), respctively, satisfying the assumptionsof Theorem 4.4. Then, a lower bound
for the error is given by
n X ’ 201:2 . . . .
T - loi ,nitdUoi Ungig:
T2Th

Remark 4.8. Theorems4.4 and 4.7 yield a glolal estimate for the exacterror,
J.oi .ni+jdUoi Ungic » T
T2Th

It is knownthat the eigenvaluesconvege faster than the eigenfunctions,which means that
the alove estimator is sub-optimalfor the eigenvaluesjthe estimate is dominated by the
approximation error of the eigenfunctions. From Theorem 4.7, we can extract the estimate

. . n X , 201:2

Jdug i Un@ic . T : (4.7)

T2Th

A similar estimateholdsfor j, o , nj, butit can be improvel. In the following subsetion,
we deduce a se@rate estimate for the eigenvalues.

4.2 An a posteriori error estimate for the eigenvalues

A posteriori error estimatesfor the eigervalueswere derived for the planar case,for ex-
ample, by Larson (2000) or Heuweline and Rannader (2001). De ning the cell-residuals
Ya = Y3 (up;, n) for the primal problem and %4 = % (u?;,{) for the dual problem (see
Heuweline and Rannader (2001)), they proved estimatesof the form

J,oi .nl- h1% (un;, n)?

for a symmetric eigervalue problem and

X

Joi ,nj- hZ % (un;, n)? + Y4 (U, 1)°g (4.8)

T2Th
for a non-symmetric eigervalue problem. We conjecturethat it is possibleto verify these
estimatesfor sphericaldomainswith similar techniquesas proposedby Larson (2000) or
Heuwelineand Rannader (2001)and that it is suxcient to replaceht by h,r andto de ne
1
by . _ 1 X .

7 = di Csni , nUngor + 5 jdne ¢r sun]eQok:
E2E(T)
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As the Laplace operator is self-adjoirt, the dual and the primal problem coincidein our
case,sothat %4 = 4.

In this paper, howewver, we prove an estimate similar to (4.8) by consideringa general
estimate for j, o i , nj Which was proven by Karma (1996b, Theorem 3). It states that
j.oi ,ni- (dhd?)¥, where- isthe dimensionof the generalizedeigenspaceorrespnding
to , o and where d;, is the maximum distance of the generalizedeigenfunctionsto the
interpolation of the spacewhich is usedfor the discretization of the eigervalue problem;
d? is de'ned similarly to dy, for the dual problem. As the primal and the dual problems
coincidein our case,we have that df = dy.

Sincewe required in Section4.1that | o is a simple eigervalue of (2.1), the dimension
- of the eigenspaceorrespnding to , o equalsl. Hence,

jooi .nj. di (4.9)
Furthermore, we can estimate

ah lenxfh Keg j Wkx = Wl,prhjduoi wéiG;
provided that tr is an eigenfunctionof (2.1) correspndingto , o with kttokyx = jotog1.c = 1.

In the calculations of the previous subsection,however, we consideredeigenfunctions
Uop with ,HUOQO;G = 1. Therefore,uo = Uo=de091;G = UO,HU'OQ.O;G = ®uUg with 0< ®- 1. We
concludethat

dn . inf ®dupi W=@R81c:
w2 X

Choosingw = ®u,, and using (4.9) and (4.7), we obtain the following theorem.

Theorem 4.9. Let[, o;Up] 2 RE X and[, n;un] 2 RE X}, be solutionsto the problems(2.1)
and (4.3), respectively, satisfying the assumptionsof Theorem 4.4. Then,

. . . . . .2
Jboi ,nj. Mduoi uUn@ig

and consejuently X
2.

T2Th
The constarts in Theorem 4.9 depend on the constarts in Theorem 4.7, seealso Re-
mark 4.5.

5 Numerical results

We considerthe model problem of a zone- which is boundedby two geaesiclines that
span an arbitrary but constart angle ». We choose» = 300F = §1/4 The assaiated
parameterdomain is the rectangleG = (0; 2% £ [0; ¥4, seeFigure 2.
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Figure 2: The domains- and G for » = 2Vawith isotropic triangulation.

The smallesteigervalue of the problem
i¢su=_u in-; u=0 on@
is givenby , o = ®®+ 1) with ®= %= 0:6. A correspnding eigenfunctionreads
Uo = (Sin)®sin(@® ):

©
The left diagram of Figur%g shaws the developmert of the relative errors } | Y0

chit jdugi Undie and}it L 7F 2 with } = j,oj + duper.c with respect to the

correspnding problem sizesin the courseof an adaptive re nemert. The dotted line has
the slope of the function N 2, whereN is the problemsize. Bygnalogy the right diagram
of Figure 3 shaws the dewelopmert of the errorsj, o ,nj and ;2 in the courseof the
adaptive re nemert, wherethe dotted line hasthe slope of the function N 1,

100 I —— exact error I 10" —— exact error
—e— error estimator —e— error estimator
S
E -1 —
010 ¢ S 107}
.2 LIj
8
(O]
04
-2
107} “
10 't
5 5
. 10 . 10
Problem size Problem size

Figure 3: Left: Relative exact error and relative estimated error (adaptive r%,_nemert);
Right: Exact error of the eigervalues(j, o i , nj) and squarederror estimator ( ;" 2)

The numerical tests were performedwith our program padkageCoCoS (computation of
cornersingularities) which comprisessomelibraries that were provided by the Departmert
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of Mathematics of Chemnitz University of Tednology (seethe documertation by Pester
(1996)).

6 Conclusion

We studied the eigervalue problemfor the Laplace-Beltramioperator on subdomainsof the
unit sphereand derived a residual a posteriori error estimator for the eigenpairs.In order
to apply techniqueswhich are known for the planar case,we parametrizedthe spherewith
spherical coordinates and chosea nite elemen discretization that yields straight-lines
elemerts in the correspnding parameterdomain.

As a consequencef the consideration of spherical domains, all operators or norms
had to be adapted and provided with certain weights. Therefore, it was not a simple
consequencef the two-dimensionalcasethat the error estimator de ned in (4.6) provides
an upper an a lower bound for the error. The speci c triangulation had to be chosenwith
careand certain parts of the proof had to be adaptedaswell, since,for example,the term
¢ sun doesnot vanishfor linear functions u,, although it doesin the usualtwo-dimensional
theory.

The derived error estimator can be usedto estimatethe eigervaluesand eigenfunctions
at once;the appropriate resultis summarizedin Remark4.8. Sincethe eigervaluesactually
converge faster and the error estimator estimatesmainly the error in the eigenfunctions,
we proved a separateestimate for the eigervalues.
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