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1 In tro duction

The mathematical modelling of many practical tasks leads to problems that are usually
not solvable by analytic means.Numerical methods have to be applied; the given problem
has to be discretized and the solution can be computed only approximately. Therefore,
reliable and e±cient a posteriori error estimatesbasedon a ¯nite element solution are of
high interest to assessand to improve the discretization and therefore the quality of the
solution. A posteriori estimates for eigenvalue problems were derived, for instance, by
Larson (2000) and Heuveline and Rannacher (2001). An overview on error estimation for
problems in two- or three-dimensionaldomains is given, for example, in the monographs
by VerfÄurth (1996), Ainsworth and Oden (2000), Bangerth and Rannacher (2003).

The considerationof morecomplexdomains,for instancetwo-dimensionalmanifolds in
R3, requiresa more careful analysis. The mixed boundary value problem for the Laplace-
Beltrami operator is a popular model problem for the analysisof ¯nite element methods
for such domains,see,for example,Dziuk (1988), Mu (1996), Apel and Pester (2005) and
referencestherein.

In this paper, weconcentrate on subdomainsof the unit sphereS2 in R3. Our interest in
sphericaldomainsarosefrom the computation of three-dimensionalcornersingularities for
elliptic operatorslike the Laplaceor the Lam¶eoperator, seeApel, Mehrmann,and Watkins
(2002a) for computational results. The quantitativ e knowledgeof thesesingularities is of
interest, for example, for engineersto predict the onset of cracks in brittle material, see
work by Leguillon (1995, 2002); Leguillon and Sanchez-Palencia (1999), and Dimitro v,
Buchholz, and Schnack (2002b,a);Schnack and Dimitro v (1999).

In the neighbourhood of polyhedral corners, the structure of the solutions to elliptic
boundary value problemsis known, seeKondrat'ev (1967). The idea is to considera ball
centered at the corner and to write the solution in terms of the form

r ®u(! );

wherer is the distanceto the cornerand ! is a point on the unit sphere.The regularity of
such solutions was analyzed,for instance,by Kufner and SÄandig (1987); Kozlov, Maz'ya,
and Ro¼mann(2001). The singular exponent ® and the function u are the solution to
an eigenvalue problem that is related to the given boundary value problem. Usually, the
eigenvalueswith smallestmagnitude are of interest. For the computation of ® and u, the
unit spherearound the corner has to be parametrized.

We choosesphericalcoordinates for this parametrization as it was done, for example,
by Leguillon (1995); Kozlov, Maz'ya, and Ro¼mann(2001); Apel, SÄandig, and Solov'ev
(2002b);Apel and Pester(2005),but we areaware that the creationof arti¯cial polesleads
to di±culties in the further analysis. Other parametrizations were suggested,but they
producedi±culties, too. For instance,the stereographicprojection asproposedby Fichera
(1975)or Steger(1983)possessesa singularity aswell. It leadsto a non-uniform parameter
domain, which can becomearbitrarily large. The projection of a re¯ned icosahedrononto
the sphereis a popular discretization method, seeBaumgardnerand Frederickson (1985);
Mu (1996). Since the neighbourhood of the corner is intersectedwith the unit sphere,
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we have to considersubdomainsof the spheredepending on the structure of the original
domain. But it is not clear how the icosahedronhas to look like to allow for arbitrary
sphericalsubdomains.

The big advantage of sphericalcoordinates is that there is a global map which trans-
forms the domain on the sphereto a bounded,connectedtwo-dimensionalparameter do-
main. This allows us to apply techniquessimilar to those for the two-dimensionalcase.
No matter how the parametrization is chosen,the eigenvalue problem corresponding the
homogeneousLaplaceequation in a conical domain is given by

¡ ¢ Su = ¸u;

where ¸ = ®(® + 1) and ¢ S denotesthe Laplace-Beltrami operator, see, for example,
Grisvard (1985, 1992); Kozlov, Maz'ya, and Ro¼mann(2001). A detailed deduction of
this eigenvalue problem in a generalparametrization is given by Meyer and Pester(2004).
In this paper, we derive a posteriori error estimates for this eigenvalue problem, where
we follow the theory of a posteriori error estimation for the eigenvalue problem for the
Laplace operator in plane domains, as demonstrated, for instance, by VerfÄurth (1996).
A priori error estimatesfor the eigenvalue problem for the Laplace-Beltrami operator on
sphericaldomainshave beenderived, for example,by Steger(1983).

For the introduction of ¯nite element spaces,we have to ¯nd proper triangulations
so that a reliable and e±cient error estimator can be obtained. Careful analysis of an
a posteriori error estimator reveals that the elements produced by such triangulations
must have approximately the samesizeon the sphere,which meansthat the corresponding
elements in the parameter domain are the °atter the nearer they are placed to the pole,
seeApel and Pester (2005) and referencestherein.

For technical reasons,we require that all elements in the parameter domain have
straight-lined boundaries. An algorithm which producesa triangulation with all the de-
siredpropertieswasgiven by Apel and Pester(2005). The main di±cult y in the numerical
analysis of the problem and the main di®erenceto the two-dimensionalcaseis that the
transformation of the parameterdomain to the sphericaldomain in°uencesthe operators
and norms that are usedfor the estimations. We have to introduce special norms and a
weighted Cl¶ement-t ype interpolation operator; consequently, the de¯nition of the Sobolev
spaceon which the eigenvalueproblem is de¯ned hasto be adaptedto the weighted norms.

In the following, we denote the domain on the sphereby ­ and the corresponding
parameter domain by G, which is spannedby the spherical angles' and µ. Note that
­ ½ S2 ½ R3 and G ½ [0; 2¼) £ [0; ¼] ½ R2. All functions shall be functions of the two
parameters' and µ. We call ­ or G regular if ­ is an open, connectedsubsetof the unit
sphere,G is connected,polygonal and its boundary @G is piecewiseparallel to the ' - or
µ-axes.For simplicity, we consideronly regular domainsin this paper.

Throughout the paper, we write Ã1 . Ã2 if Ã1 · C Ã2 and Ã1 » Ã2 if cÃ2 · Ã1 · C Ã2,
wherec and C are genericconstants which vary with the context, but are independent of
the triangulation and the functions under consideration.

Section2 contains the introduction of the model problem and provides the necessary
notation for a ¯nite-element discretization. In Section3, we introducea weighted Cl¶ement-
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type operator and present important estimateswhich allow the derivation of a residual
a posteriori error estimator for the eigenpairsin Section 4. We enrich our results by a
separatea posteriori estimate for the eigenvaluesusing a well-known approximation result
which yields an upper bound for the approximation error. We ¯nish the paper with some
numerical results in Section5, where the residual error estimator is usedfor an adaptive
meshre¯nement basedon the ¯nite element solution of the problem.

2 Nomenclature

2.1 The mo del problem

For an open, connectedsubset­ of the unit sphereS2 with boundary ¡ = @­, we consider
the model problem

¡ ¢ Su = ¸u in ­ ;
u = 0 on ¡ ;

(2.1)

where¢ S denotesthe Laplace-Beltrami operator. If ¡ is the empty set, i.e., ­ = S2, then
we omit the boundary condition.

Let r S be the spherical gradient, so that r S ¢r S = ¢ S, and denote by d¾ and d!
the line and surfaceelements, respectively. For a subsetS ½ ­, we denoteby jd¢ejk;S and
d¢ek;S the (weighted) Sobolev norms and seminormsof order k, k = 0; 1,

due0;S = jduej0;S :=

Ã Z

S

juj2 d!

! 1=2

; due1;S :=

Ã Z

S

jr Suj2 d!

! 1=2

;

jduej21;S := due2
0;S + due2

1;S:

By analogy to the usual Sobolev spaces,we introduce Sobolev spacesover spherical do-
mains, denotedby H k(S), which consist of functions u with boundednorms jduej `;S , 0 ·
` · k, k = 0; 1.

Sinceonly thosesolutionsof (2.1) are of interest which do not vanish identically on ­,
we require

jduej0;­ = 1:

We de¯ne the spacesX := Y := f v 2 H 1(­) j v = 0 on ¡ g. We usethe divergencetheorem
to derive the variational formulation of problem (2.1): Find [¸; u] 2 R £ X , such that

Z

­

r Su ¢r Sv d! ¡
Z

­

¸uv d! + ¹
n Z

­

u2 d! ¡ 1
o

= 0 8[¹; v] 2 R £ Y;

where the last term on the left hand side assuresthat jduej0;­ = 1. For the validit y of the
divergencetheorem, we refer to work on spherical calculus, for example,Malvern (1969)
and Freeden,Gervens,and Schreiner (1998).
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2.2 Parametrization of the sphere

For the introduction of a ¯nite element space,we have to parametrize ­. As outlined in
Section1, we choosesphericalcoordinates x = sin' sinµ, y = cos' sinµ, z = cosµ. The
considerationof the corresponding parameterdomain G allows approachessimilar to those
for two-dimensionaldomains. The variable transformation ('; µ) ! (x; y; z) in°uences
operators and norms on G. The line and surfaceelements in spherical coordinates are
given by

d¾=
q

_' (t)2 sin2 µ(t) + _µ(t)2 dt; d! = sinµd' dµ:

Here, and in the following, curves on the sphere are given in the form ° = ° (t) =
f (' (t); µ(t)) j t 2 [0; 1]g. For more details on the de¯nition of operators in spherical
coordinates,we refer to Malvern (1969); a short introduction of the notation that is most
important for our purposesis given in Meyer and Pester (2004).

When we insert sphericalcoordinates explicitly into the integrals, also the integration
domain transforms, so that we have to useG instead of ­. For line integrals over a curve
° ½ ­, one has to use the parametrized form likewise. In order to keep the amount of
notation at the minimum, we will not distinguish the integration domainsfor line integrals;
their actual meaningis always clear from the context. We remark that @­ and @G do not
coincide. Indeed, if ­ = S2, then we have that @­ = ; , but @G is the boundary of the
rectangle[0; 2¼] £ [0; ¼]. We do not introducenew symbols for X and Y, either, although
the functions are now de¯ned over the parameter domain G instead of ­. The weak
formulation of problem (2.1) in sphericalcoordinatesreads: Find [¸; ¹ ] 2 R£ X , such that
for all [¹; v] 2 R £ Y

Z

G

r Su ¢r Sv sinµd' dµ ¡
Z

G

¸uv sinµd' dµ + ¹
n Z

G

u2 sinµd' dµ ¡ 1
o

= 0: (2.2)

2.3 Isotropic triangulation of the sphere

For practical reasons,we choosea triangulation of ­, so that it is the image of a trian-
gulation of the parameterdomain G with straight-lined elements. From the point of view
of implementation and for the comparisonto the two-dimensionalanalysis, an isotropic
triangulation of the parameter domain would be preferable. This means,the elements in
the parameter domain have a boundedaspect ratio (they are shape-regular). Such a tri-
angulation results in an anisotropic triangulation of the spherewith meshcrowding near
the poles,seeApel and Pester (2005). Careful analysisrevealedthat it is not possibleto
¯nd an a posteriori error estimator which provides both, an upper and a lower bound for
the error. This property is calleda reliabilit y-e±ciency gap, seefor exampleKunert (1998,
2003); Apel and Pester (2005), and involves the danger of over- or underestimating the
exact error, which we could alsocon¯rm by numerical tests.

Consequently, we have to usean alternative method to obtain an error estimator which
is both reliable and e±cient. The meshdistortion near the polesis a well-known problem.
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Layton (2002) tried to avoid it by creating a quadrilateral grid, where the number of
grid points along a latitude circle decreasestowards the poles. With this skipped mesh
partition , hanging nodesare produced. We usea similar idea, but, for technical reasons,
we prefer a meshconsistingof triangles without hanging nodes. To this end, we consider
an isotropic triangulation of the sphere, which meansthat the elements on the sphere
are shape-regularand have approximately the samespatial dimensions,while the aspect
ratios of corresponding elements in the parameter domain are not bounded uniformly in
the discretization parameter.

Weproceedassuggestedin Apel and Pester(2005). Let Th bea family of triangulations
of ­ and denoteby Eh and Nh the setsof all edgesand vertices, respectively. With E(T)
and N (T), we denote the sets of edgesand nodes of an element T 2 Th. Furthermore,
let Eh;D and Nh;D contain the boundary edgesand nodes, and Eh;­ := Eh n Eh;D and
Nh;­ := Nh n Nh;D the inner edgesand the inner nodes.

Without lossof generality, we assumethat a pole belongsto the set N h, if ­ contains
this pole. Moreover, we assumethat all elements and edgesare open, and that

­ =
[

T 2T h

T:

This is a standardassumptionwhich we extend,ascustomary, by the conformity condition
that the closuresof two elements of Th areeither disjoint or have exactly onecommonedge
or one commonvertex. In addition, let the number of elements with one commonvertex
be bounded.

Remark 2.1. It is possiblethat there occur edgesin the parameter domain G, in partic-
ular, edgesat the poles, which belong to @G but do not exist on the sphere. In fact, they
correspond to the north or south pole and therefore havethe spatial length zero. For this
reason, the setsEh, Eh;D etc. consist only of thoseedgeswhich actually exist on the sphere.
Likewise, the nodal sets are de¯ned as the union of the poles (where applicable) and the
vertices of the elementsthat are not placed at a pole.

The nodesand edgesat ' = 2¼are identi¯ed with thoseat ' = 0 and are not counted
twice.

For a domain ! ½ ­, we introducethe parameters

#¡ ;! = inf
( ';µ )2 !

sinµ; #+ ;! = sup
( ';µ )2 !

sinµ:

The relation #¡ ;! = 0 characterizesdomains! which are placedat a pole. We de¯ne the
horizontal and vertical dimensionsof a domain ! ½ ­ in the parameter plane,

h';! = sup
( ';µ )2 !

' ¡ inf
( ';µ )2 !

'; hµ;! = sup
( ';µ )2 !

µ ¡ inf
( ';µ )2 !

µ:

The term h';T #+ ;T standsfor the actual, spatial horizontal extent of ! .
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Let T 2 Th, E 2 Eh, x 2 Nh. We de¯ne the patches

! T :=
S

E(T )\E (T 0)6= ;
T0; ! E :=

S

E 2E(T 0)
T0; ! x :=

S

x2N (T 0)
T0;

~! T :=
S

N (T )\N (T 0)6= ;
T0; ~! E :=

S

N (E )\N (T 0)6= ;
T0;

In addition to the above mentioned assumptionson the mesh(seepage5), we require
the following properties:

Axiparallel triangles. The nodes x i;T = (' i;T ; µi;T ), i = 1; 2; 3, of an element T 2 Th

satisfy
' 1;T · ' 3;T · ' 2;T and µ1;T = µ2;T : (2.3)

This means,in particular, that one edgeof each element is parallel to the ' -axis in
the parameterplane.

Isotrop y. The isotropy of Th is characterizedby

h';T #+ ;T » hµ;T 8T 2 Th: (2.4)

This implies that the ' -extent of pole elements is independent of h, i.e.,

h';T » 1 for T 2 Th with #¡ ;T = 0: (2.5)

Comparable size of adjacen t elements. We require

hµ;T . #¡ ;T 8T 2 Th with #¡ ;T > 0: (2.6)

This is true, for example,if adjacent elements T have approximately the samesize.

Su±cien t ¯neness. The meshgeneratedby Th is ¯ne enoughthat hµ;~! T · ¼=4 at least
for elements near the pole (i.e. for T with #¡ ;~! T = 0). Moreover, each element
T 2 Th touchesmaximum oneboundary corner. For technical reasons,elements with
#¡ ;~! T = 0 must not touch a crack tip.

Remark 2.2. Pole elementsT (with #¡ ;T = 0) appear as rectangles in the parameter
plane with the nodes x i;T = (' i ; µi ), i = 1; : : : ; 4, where ' 1 = ' 4, ' 2 = ' 3, µ1 = µ2,
µ3 = µ4 2 f 0; ¼g. The nodesx3;T and x4;T are identi¯ed in the parameter plane; they both
correspond to one of the poles.

An algorithm for the construction of mesheswhich satisfy the above assumptionsis
given in Apel and Pester (2005,Section3). Figure 1 shows an exampleof an isotropic re-
¯nement of the spherewith the corresponding (anisotropic) triangulation of the parameter
domain. Due to the singularity of the transformation, one cannot achieve meshes,which
are shape-regularboth over G and ­.

To each edgeE 2 Eh and each x 2 E, we assigna unit vector nE (x) so that nE (x) is
orthogonal to the tangential vector on the curve E ½ S2 at x and so that nE (x) lies in
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Figure 1: Isotropic triangulation of the spherewith n ' = 4 divisions in the ' -direction and
nµ = 8 divisions in the µ-direction and the corresponding anisotropic triangulation in the
parameterdomain.

the tangential plane at x. For boundary edgesE ½ @­, this vector will equal the exterior
normal vector to @­. For any interior edgeE 2 Eh;­ , the jump of a function Ã with
Ã jT 02 C(T0) for all T0 ½ ! E acrossE in direction nE is de¯ned by

[Ã]E (x) := lim
t ! 0+

Ã(x + tnE (x)) ¡ lim
t ! 0+

Ã(x ¡ tnE (x)):

We ¯nish this sectionstating someimportant properties of the proposedtriangulation.
They are consequencesof (2.6) and (2.4).

Lemma 2.3. The relation
#+ ;T » #¡ ;T (2.7)

holdstrue for all elementsT 2 Th with #¡ ;T > 0.

Corollary 2.4. Let T 2 Th with #¡ ;T > 0. Then

sinµ »
hµ;T

h';T
8('; µ) 2 T: (2.8)

Remark 2.5. The properties (2.4), (2.5) and (2.8) yield that

dTe » h2
µ;T 8T 2 Th and dEe » hµ;T 8E 2 Eh; 8T ½ ! E ; (2.9)

where dEe := jd1ej21;E and dTe := jd1ej21;T denote the spatial length of the edgeE and the
spatial sizeof the T, respectively. This implies, in particular, that

hµ;T1 » hµ;T2 for any two adjacent elementsT1; T2 2 Th: (2.10)

7



3 In terp olation error estimates on the sphere

3.1 Finite element discretization

Basedon the triangulation Th of ­ de¯ned in Section2.3, we introducethe ¯nite element
spacesX h, Yh which consistof continuousfunctions v with vjT 2 spanf 1; '; µg if #¡ ;T > 0,
and with vjT 2 spanf 1; µ; 'µ g if #¡ ;T = 0. Moreover, the functions of X h and Yh shall
vanish on ¡.

Remark 3.1. The functions of X h or Yh are elementwisea±ne linear or a±ne bilinear
with respect to ' or µ, depending on whether the element is a triangle (#¡ ;T > 0) or a
rectangle (pole element) in the parameter plane. They are linear combinations of nodal
basis functions Áx which havethe value 1 in the node x 2 N h and the value 0 in all other
nodesand whosesupport is ! x . Thesebasis functions can be chosenso that

X

x2N (T )

Áx = 1 for all T 2 Th

and Áx 2 H 1(G) for all x 2 Nh. Hence X h ½ X , Yh ½ Y.
Moreover, the nodal basis functions for elementsT 2 Th with #¡ ;T > 0 equal the

barycentric coordinatescorrespondingto T (considered asa planar triangle in the parameter
domain), and the nodal basis functions for elementsT 2 Th with #¡ ;T = 0 havethe same
properties asbarycentric coordinates,especially Áx1;T Áx2;T Áx3;T · 1=27 with maximumvalue
1=27 and Áx i;T Áx j ;T · 1=4 for i 6= j with maximum value1=4.

For details and a speci¯c choice of suchfunctions, we refer to Apel and Pester (2005).

The ¯nite element discretization of problem (2.1) is given by: Find ([¸ h; uh] 2 R £ X h,
such that for all [¹ h; vh] 2 R £ Yh

Z

G

r Suh ¢r Svh sinµd' dµ ¡
Z

G

¸ huhvh sinµd' dµ + ¹ h

n Z

G

u2
h sinµd' dµ ¡ 1

o
= 0: (3.1)

3.2 Cl ¶ement-t yp e in terp olation

Let P0 be the spaceof all functions which are constant over ­ and let ! ½ ­. We denote
by ¼0;! : H 0(! ) ! P0 the weighted L 2-projection of a function v 2 H 0(! ) onto P0,

¼0;! v =
1

d! e

Z

!

v('; µ) sinµd' dµ = jd1ej¡ 2
0;!

Z

!

v d! :

We de¯ne the (weighted) Cl¶ement-t ype interpolation operator I h : H 0(­) 7! X h by

I hv('; µ) =
X

x2N h nN h;D

(¼0;! x v) Áx ('; µ);
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wherethe nodal basisfunctions Áx are elementwisea±ne linear (or bilinear) with respect
to ' and µ, i.e. piecewisepolynomials of ¯rst degreeover the parameter domain, see
Remark 3.1.

Remark 3.2. It wasproven in Apel and Pester (2005, Lemma4.5) that the interpolation
operator I h is bounded. Since

P
x2N (T ) Áx = 1, the structure of I h assures that constant

functions are interpolated exactlyover elementsT 2 Th whichhaveno nodeson the Dirich-
let boundary, that is, I hv = v for v 2 P0jT , T 2 Th, @T \ ¡ D = ; . The de¯nition of the
interpolation operator implies that I hv = 0 on ¡ D . This allowsus to provethe interpolation
error estimatesin the following theorem.

Theorem 3.3 (In terp olation Error Estimates). Let Th be an isotropic triangulation
of a regular spherical domain, T 2 Th, E 2 E(T). Then the following interpolation error
estimateshold true:

jdv ¡ I hvej0;T . hµ;T dve1;~! T 8v 2 H 1(~! T );
jdv ¡ I hvej0;E . h1=2

µ;T dve1;~! E 8v 2 H 1(~! E ):

The interpolation error estimates in Theorem 3.3 are important ingredients in the
derivation of a reliable error estimator. We refer to Apel and Pester (2005) for a proof of
the validit y of theseestimates.

4 A residual error estimator

4.1 An a posteriori error estimate for the eigenpairs

For the deductionof a residuala posteriori error estimator, we trace the route of the planar
case,seefor exampleVerfÄurth (1996),and adapt the ideasfor two-dimensionaldomainsto
our speci¯c problem with weighted norms and operators.

Let V and W be two Banach spaces,and let F : D ½ V ! W ? be a given linear
functional that is di®erentiable on a subsetof D. If F (x0) = 0 for a ¯xed element x0 2 V,
that is, if hF (x0); yi = 0 for all y 2 W, then x0 is called a solution to

F (x) = 0; (4.1)

x0 is calleda regular solution to (4.1), if the Fr¶echet derivative DF (x0) existsand is a linear
homeomorphism,that is, DF (x0) : V ! W ? is bijective and continuousin both directions.

Lemma 4.1 (V erf Äurth (1996, Prop osition 2.1)). Let x0 2 D be a regular solution
to problem(4.1). We assumethat DF (u0) is Lipschitz continuous with a constant ° > 0.
Then, there is a constant R > 0 depending on ° and x0, so that

1
2

kDF (x0)k¡ 1
L (V;W ? )kF (x)kW ? · kx ¡ x0kV · 2kDF (x0)¡ 1kL (W ? ;V )kF (x)kW ?

for all x 2 V with kx ¡ x0kV < R.
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The terms kDF (x0)k¡ 1
L (V;W ? ) and kDF (x0)¡ 1kL (W ? ;V ) in the estimate of Lemma 4.1 de-

pend only on V, W, F and x0; they can therefore be treated as constants and we can
write

kx ¡ x0kV » kF (x)kW ? for all x with kx ¡ x0kV < R: (4.2)

Lemma 4.2. Let Vh and Wh be ¯nite dimensional subspaces of V and W, and let Fh 2
C(Vh; W ?

h ) be an approximation of F . We consider an approximate solution xh 2 Vh to
Fh(x) = 0 and a restriction operator Rh 2 L(W; Wh). Then, the following estimateholds:

kF (xh)kW ? · k(IdW ¡ Rh)?F (xh)kW ? + kR?
hkL (W;Wh )kF (xh) ¡ Fh(xh)kW ?

h

+ kR?
hkL (W;Wh )kFh(xh)kW ?

h
;

where IdW denotesthe identity operator on W.

Proof. The assertionfollows from

hF (xh); yi = hF (xh); y ¡ Rhyi + hF (xh) ¡ Fh(xh); Rhyi + hFh(xh); Rhyi

·
³

k(IdW ¡ Rh)?F (xh)kW ? + kR?
h(F (xh) ¡ Fh(xh))kW ?

+ kR?
hFh(xh)kW ?

´
kykW

·
³

k(IdW ¡ Rh)?F (xh)kW ? + kR?
hkL (W;Wh )kF (xh) ¡ Fh(xh)kW ?

h

+ kR?
hkL (W;Wh )kFh(xh)kW ?

h

´
kykW

for all y 2 W.

We set, in particular, V := R £ X , W := R £ Y, Vh := R £ X h and Wh := R £ Yh. The
norm on V is given by

k[¸; u]kR£ X :=
³

j¸ j2 + jduej21;G

´ 1=2
:

The norm on W is de¯ned analogously. We de¯ne the linear functional F : R £ X !
(R £ Y)? by

hF ([¸; u]); [¹; v]i :=
Z

G

¡
r Su ¢r Sv ¡ ¸uv

¢
sinµd' dµ + ¹

n Z

G

u2 sinµd' dµ ¡ 1
o

:

for [¸; u] 2 R £ X , [¹; v] 2 R £ Y.

Lemma 4.3. Let [¸ 0; u0] 2 R £ X be a solution to F ([¸ 0; u0]) = 0. Then, DF ([¸ 0; u0]) is
a linear homeomorphism, if and only if ¸ 0 2 R is a simple eigenvalue.

Proof. For abbreviation, let A : X ! Y ? be the di®erential operator associated with
problem(2.1) and let I : X ! Y ? bean embeddingoperator (it existssinceX is compactly
embeddedinto Y ?). The Fr¶echet derivative of F : R £ X ! (R £ Y)?,

hF ([¸; u]); [¹; v]i =
Z

­

(A ¡ ¸ I )uv d! ¡ ¹
n Z

­

u2 d! ¡ 1
o

;
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in [¸ 0; u0] is given by

hDF ([¸ 0; u0])[¸; u]; [¹; v]i =
Z

­

h
(A ¡ ¸ 0I )u ¡ ¸u 0

i
v d! + 2¹

Z

­

u0u d!

for [¸; u] 2 R £ X and [¹; v] 2 R £ Y.
Employing spectral theory for linear operators (a short introduction is given in the

book by Kozlov, Maz'ya, and Ro¼mann(2001), seealso Karma (1996a)), one can prove
that ¸ 0 is a simple eigenvalue of problem (2.1), if and only if kerDF ([¸ 0; u0]) = f [0; 0]g.
The latter condition is equivalent to the injectivit y of DF ([¸ 0; u0]).

It remains to show that DF ([¸ 0; u0]) is bijective; then DF ([¸ 0; u0])¡ 1 exists. To this
end, compact embedding theory is needed;the spaceH 1 is compactly embeddedinto the
spaceH 0. The bijectivit y follows then from the Fredholm alternative, see,for example
Cotlar and Cignoli (1974); Werner (1997); Alt (1999). It follows from Banach's theorem
(theorem on inverseoperators) that the inverseoperator is continuous,seefor exampleAlt
(1999) or Berezanskij,Sheftel,and Us (1996).

Let the discretization of F be given by Fh : R £ X h ! (R £ Yh)?,

hFh([¸ h; uh]); [¹ h; vh]i := hF ([¸ h; uh]); [¹ h; vh]i 8 [¸ h; uh] 2 R £ X h; 8 [¹ h; vh] 2 R £ Yh:

Problem (3.1) can be rewritten then: Find [¸ h; uh] 2 R £ X h, such that Fh([¸ h; uh]) = 0,
that is, hFh([¸ h; uh]); [¹ h; vh]i = 0 for all [¹ h; vh] 2 R £ Yh.

The consistencyerror kF ([¸ h; uh]) ¡ Fh([¸ h; uh])k(R£ Yh )? vanishes. Moreover, the pair
[¸ h; uh] is a solution to Fh([¸ h; uh]) = 0, if and only if [¸ h; uh] solvesthe system

Z

G

r Suh ¢r Svh sinµd' dµ = ¸ h

Z

G

uhvh sinµd' dµ;

Z

G

u2
h sinµd' dµ = 1: (4.3)

With this, we transformedproblem (3.1) to a ¯nite-dimensional standard eigenvalue prob-
lem. In the following, let [¸ h; uh] 2 R £ X h denote a solution to problem (4.3). The
estimate in Lemma 4.2 reducesthen to

kF ([¸ h; uh])k(R£ Y )? · k(IdR£ Y ¡ Rh)?F ([¸ h; uh])k(R£ Y )? ; (4.4)

whereRh := [0; I h] with the Cl¶ement-t ype interpolation operator I h from Section3.2.
Employing Green'sformula, onereadily veri¯es that

hF ([¸ h; uh]); [¹; v]i =
X

T 2T h

Z

T

¡
¡ ¢ Suh ¡ ¸ huh

¢
v sinµd' dµ

¡
X

E 2Eh; ­

Z

E

[nE ¢r uh]E v d¾ 8[¹; v] 2 R £ Y: (4.5)

11



We de¯ne the residual error estimator

´ T :=
n

h2
µ;T jd¡ ¢ Suh ¡ ¸ huhej20;T +

X

E 2E(T )\E h; ­

hµ;T jd[nE ¢r Suh]E ej20;E

o1=2
(4.6)

and obtain the following upper bound for the error.

Theorem 4.4. Let ¸ 0 2 R be a simpleeigenvalueof the eigenvalueproblem(2.1) with the
correspondingeigenfunctionu0 2 X , jdu0ej0;G = 1. Let [¸ h; uh] 2 R£ X h be a solution to the
discretized problem(4.3), so that ¸ h and uh are su±ciently closeto ¸ 0 and u0, respectively,
in the senseof Lemma4.1. Then, an upper bound for the error is given by

j¸ 0 ¡ ¸ h j + jdu0 ¡ uhej1;G .
n X

T 2T h

´ 2
T

o1=2
:

Proof. We know from the estimates(4.2) and (4.4) that

j¸ 0 ¡ ¸ h j + jdu0 ¡ uhej1;G ·
p

2k[¸ 0; u0] ¡ [¸ h; uh]kR£ X » kF ([¸ h; uh])k(R£ Y )?

· k(IdR£ Y ¡ Rh)?F ([¸ h; uh])k(R£ Y )? :

It remainsto show that k(Id R£ Y ¡ Rh)?F ([¸ h; uh])k(R£ Y )? .
©P

T 2T h
´ 2

T

ª 1=2
. By de¯nition,

we have that (Id R£ Y ¡ Rh)[¹; v] = [¹; v ¡ I hv] for all ¹ 2 R, v 2 Y. Hence,we get from
(4.5) and Lemma 3.3 that

jh(IdR£ Y ¡ Rh)?F ([¸ h; uh]); [¹; v]ij = jhF ([¸ h; uh]); (IdR£ Y ¡ Rh)[¹; v]ij

=
¯
¯
¯

X

T 2T h

Z

T

(¡ ¢ Suh ¡ ¸ huh)(v ¡ I hv) d! ¡
X

E 2Eh; ­

Z

E

[nE ¢r Suh]E (v ¡ I hv) d¾
¯
¯
¯

·
³ X

T 2T h

jd¡ ¢ Suh ¡ ¸ huhej0;T ¢jdv ¡ I hvej0;T +
X

E 2Eh; ­

jd[nE ¢r Suh]ejE ¢jdv ¡ I hvej0;E

´

.
X

T 2T h

³
hµ;T jd¡ ¢ Suh ¡ ¸ huhej0;T ¢jdvej1;~! T +

X

E 2E(T )\E h; ­

h1=2
µ;T jd[nE ¢r Suh]E ej0;E jdvej1;~! E

´

for all [¹; v] 2 R £ Y.
Sincethe number of elements with one commonnode is boundedby a ¯xed constant

independent of the speci¯c triangulation, the number of patches~! T or ~! E that contain the
element T or the edgeE 2 E(T) is bounded,too. Therefore,

P
T 2T h

jdvej21;~! T
. jdvej1;G andP

T 2T h

P
E 2E(T )\E h; ­

jdvej21;~! E
. jdvej1;G . The Cauchy-Schwarz inequality yields

jh(IdR£ Y ¡ Rh)?F ([¸ h; uh]); [¹; v]ij .
n X

T 2T h

´ 2
T

o1=2
jdvej1;G :

The assertionfollows from jdvej1;G · k[¹; v]kR£ Y .

12



Remark 4.5. Due to Lemma 4.3, the requirement that ¸ 0 is a simple eigenvalueassures
that [¸ 0; u0] is a regular solution of (4.1), so that the assumptionsof Lemma4.1 are satis-
¯ed.

The condition that ¸ h is su±ciently closeto ¸ 0 means, in particular, that ¸ h is closerto
¸ 0 than to any other eigenvalueof problem(2.1). With the condition that uh is su±ciently
closeto u0, we excludethat uh approximates¡ u0 instead of u0.

The constants in the estimateof Theorem 4.4 depend on the constants in the standard
trace theorem and the Bramble-Hilbert lemma as well as the constants in (4.2), especially
kDF ([¸ 0; u0])¡ 1k; they are also in°uenced by the spatial aspect ratios of the spherical ele-
ments, the relation of the sizesof adjacent elementsand the maximum number of elements
with one common vertex. Due to the assumptionson the mesh, theseconstants are inde-
pendentof h and Th. We did not trace their exactmagnitude,but concludefrom numerical
experience that they are about 2.

The tricky part is to prove an estimate in conversedirection. This requires special
care, becauseof our weighted norms. In fact, the proof of the e±ciency is similar to
the planar case,except for the adaption of norms and separateconsiderationof pole and
non-pole elements, oncewe have chosenthe right discretization of ­. In our initial tests,
we observed that the condition h';T #+ ;T » hµ;T is essential and that the e±ciency of the
error estimator is not a trivial consequenceof the proofs in the planar case.Nevertheless,
the stepsare mainly the same,so that we present hereonly the basic ideasand refer, for
instance,to VerfÄurth (1996) for details.

Lemma 4.6. The following estimateholds:
n X

T 2T h

´ 2
T

o1=2
. kF ([¸ h; uh])kR£ Y ? :

Proof. For T 2 Th and E 2 E(T), let
�

T and
�

E denote the element- and edge-bubble
functions de¯ned over the parameterdomain G ½ R2. They are given by

�

T :=
½

27Áx1;T Áx2;T Áx2;T on T;
0 on G n T;

and
�

E =
½

4Áx1;T 0Áx2;T 0 on each T0 ½ ! E ;
0 on G n ! E ;

whereÁx i;T 0 are the nodal basisfunctions over the element T 0 corresponding to the nodes
x i;T 0, seeRemark 3.1, and where the vertices of E are counted ¯rst. If #¡ ;T > 0, the
functions

�

T and
�

E are the commontriangle- and edge-bubblefunctions.
Let Fext be an extensionoperator that extendsthe domain of de¯nition of a function

ÃE smoothly from an edgeE 2 Eh to the domain ! E (see,for example,VerfÄurth (1996,
Section3.1)). The functions wT := f¡ ¢ Suh ¡ ¸ huhg

�

T and wE := f Fext ([nE ¢r Suh]E )g
�

E

vanish on G n T and G n ! E , respectively. They are elements of a ¯nite-dimensional space
~Yh ½ Y that consistsof combinations of the functions

�

T and
�

E :

~Yh := spanf
�

T v;
�

T ¢ Sv;
�

E Fext ([nE ¢r S¾]E ) j

v 2 P1jT ; ¾2 P1jE ; T 2 Th; E 2 Eh;­ g:

13



Consider T 2 Th and E 2 E(T). We transform T to a referenceelement T̂ , so that
E is mapped to a referenceedgeÊ . The customary way is to apply known estimateson
the referencedomains, where the functions usually live in ¯nite dimensionalspaces,and
to obtain the desiredestimatesby backwards transformation.

In our case,however, the operators r S and ¢ S appear in the de¯nition of the space~Yh

and compriseterms such as sinµ or cosµ so that the transformed spaceis not necessarily
¯nite dimensional. The trigonometric terms have to be dispelled (for examplewith (2.8))
before further estimates. Hence,we have to distinguish the speci¯c transformation maps
for pole and non-pole elements as the term sinµ tends to zeroand estimate (2.8) doesnot
hold if #¡ ;T = 0. For a speci¯cation of these maps and appropriate techniques for the
estimation on the referenceelements, we refer to Apel and Pester (2005,Appendix).

After backwards transformation, we can concludethat

jd¡ ¢ Suh ¡ ¸ huhej20;T .
Z

T

(¡ ¢ Suh ¡ ¸ huh)wT d! = hF ([¸ h; uh]); [0; wT ]i ;

jd[nE ¢r Suh]E ej20;E .
Z

T

[nE ¢r Suh]E wE d¾

= ¡h F ([¸ h; uh]); [0; wE ]i +
X

T 0½! E

Z

T 0

(¡ ¢ Suh ¡ ¸ huh)wE d! ;

jdwT ej1;T . h¡ 1
µ;T jd¡ ¢ Suh ¡ ¸ huhej0;T ;

jdwE ejk;T . h1=2¡ k
µ;T jd[nE ¢r Suh]E ej0;E ; k 2 f 0; 1g:

Thus, we have that

jd¡ ¢ Suh ¡ ¸ huhej20;T . jdwT ej¡ 1
1;T h¡ 1

µ;T jd¡ ¢ Suh ¡ ¸ huhej0;T hF ([¸ h; uh]); [0; wT ]i ;

jd[nE ¢r Suh]E ej20;E . jdwE ej¡ 1
1;! E

h¡ 1=2
µ;T jd[nE ¢r Suh]E ej0;E ¢jhF ([¸ h; uh]); [0; wE ]ij

+
X

T 0½! E

jd(¡ ¢ Suh ¡ ¸ huh)ej0;T 0jdwE ej0;T 0

. jd[nE ¢r Suh]E ej0;E

n
h¡ 1=2

µ;T jdwE ej¡ 1
1;! E

jhF ([¸ h; uh]); [0; wE ]ij

+
X

T 0½! E

h1=2
µ;T 0jd(¡ ¢ Suh ¡ ¸ huh)ej0;T 0

o
:

Sincethe sizeof adjacent elements does not changerapidly, the terms hµ;T and hµ;T 0

di®eronly in a constant for ! E = T [ T0. In both estimates,we divide by the norm jd¢ej0;T

or jd¢ej0;E . Inserting the estimate for the jd¢ej0;T -norm into the secondestimate,we get that

´ T . sup
v 2 ~Yh

supp v ½! T

jdvej¡ 1
1;T hF ([¸ h; uh]); [0; v]i :

The summation over all T 2 Th and the relation k ¢k~Y ?
h

· k ¢kY ? due to ~Yh ½ Y yield the
assertion.
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The following theorem is a simple consequenceof Lemma 4.6 and inequality (4.2).

Theorem 4.7. Let [¸ 0; u0] 2 R£ X and [¸ h; uh] 2 R£ X h be solutionsto the problems(2.1)
and (4.3), respectively, satisfying the assumptionsof Theorem 4.4. Then, a lower bound
for the error is given by

n X

T 2T h

´ 2
T

o1=2
. j¸ 0 ¡ ¸ h j + jdu0 ¡ uhej1;G :

Remark 4.8. Theorems4.4 and 4.7 yield a global estimate for the exacterror,

j¸ 0 ¡ ¸ h j + jdu0 ¡ uhej1;G »
n X

T 2T h

´ 2
T

o1=2
:

It is known that the eigenvaluesconvergefaster than the eigenfunctions,which means that
the above estimator is sub-optimal for the eigenvalues;the estimate is dominated by the
approximation error of the eigenfunctions.From Theorem 4.7, wecan extract the estimate

jdu0 ¡ uhej1;G .
n X

T 2T h

´ 2
T

o1=2
: (4.7)

A similar estimateholdsfor j¸ 0 ¡ ¸ h j, but it can be improved. In the following subsection,
we deduce a separate estimate for the eigenvalues.

4.2 An a posteriori error estimate for the eigenvalues

A posteriori error estimatesfor the eigenvalueswere derived for the planar case,for ex-
ample, by Larson (2000) or Heuveline and Rannacher (2001). De¯ning the cell-residuals
½T = ½T (uh; ¸ h) for the primal problem and ½?

T = ½?
T (u?

h; ¸ ?
h) for the dual problem (see

Heuveline and Rannacher (2001)), they proved estimatesof the form

j¸ 0 ¡ ¸ h j .
³ X

T 2T h

h4
T ½T (uh; ¸ h)2

´ 1=2

for a symmetric eigenvalue problem and

j¸ 0 ¡ ¸ h j .
X

T 2T h

h2
T f ½T (uh; ¸ h)2 + ½?

T (u?
h; ¸ ?

h)2g (4.8)

for a non-symmetriceigenvalue problem. We conjecturethat it is possibleto verify these
estimatesfor sphericaldomainswith similar techniquesas proposedby Larson (2000) or
Heuvelineand Rannacher (2001)and that it is su±cient to replacehT by hµ;T and to de¯ne
½T by

½T := jd¡ ¢ Suh ¡ ¸ huhej0;T +
1
2

X

E 2E(T )

jd[nE ¢r Suh]E ej0;E :

15



As the Laplace operator is self-adjoint, the dual and the primal problem coincide in our
case,so that ½?

T = ½T .
In this paper, however, we prove an estimate similar to (4.8) by consideringa general

estimate for j¸ 0 ¡ ¸ h j which was proven by Karma (1996b, Theorem 3). It states that
j¸ 0 ¡ ¸ h j . (dhd?

h)1=· , where· is the dimensionof the generalizedeigenspacecorresponding
to ¸ 0 and where dh is the maximum distance of the generalizedeigenfunctionsto the
interpolation of the spacewhich is usedfor the discretization of the eigenvalue problem;
d?

h is de¯ned similarly to dh for the dual problem. As the primal and the dual problems
coincidein our case,we have that d?

h = dh.
Sincewe required in Section4.1 that ¸ 0 is a simple eigenvalue of (2.1), the dimension

· of the eigenspacecorresponding to ¸ 0 equals1. Hence,

j¸ 0 ¡ ¸ h j . d2
h: (4.9)

Furthermore, we can estimate

dh . inf
w2 X h

k~u0 ¡ wkX = inf
w2 X h

jd~u0 ¡ wej1;G ;

provided that ~u0 is an eigenfunctionof (2.1) correspondingto ¸ 0 with k~u0kX = jd~u0ej1;G = 1.
In the calculations of the previous subsection,however, we consideredeigenfunctions

u0 with jdu0ej0;G = 1. Therefore, ~u0 = u0=jdu0ej1;G = u0 jd~u0ej0;G = ®u0 with 0 < ® · 1. We
concludethat

dh . inf
w2 X h

®jdu0 ¡ w=®ej1;G :

Choosingw = ®uh and using (4.9) and (4.7), we obtain the following theorem.

Theorem 4.9. Let [¸ 0; u0] 2 R£ X and [¸ h; uh] 2 R£ X h be solutionsto the problems(2.1)
and (4.3), respectively, satisfying the assumptionsof Theorem 4.4. Then,

j¸ 0 ¡ ¸ h j . jdu0 ¡ uhej21;G

and consequently
j¸ 0 ¡ ¸ h j .

X

T 2T h

´ 2
T :

The constants in Theorem 4.9 depend on the constants in Theorem 4.7, seealso Re-
mark 4.5.

5 Numerical results

We considerthe model problem of a zone­ which is boundedby two geodesiclines that
span an arbitrary but constant angle ». We choose » = 300± = 5

3¼. The associated
parameterdomain is the rectangleG = (0; 5

3¼) £ [0; ¼], seeFigure 2.
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Figure 2: The domains­ and G for » = 5
3¼with isotropic triangulation.

The smallesteigenvalue of the problem

¡ ¢ Su = ¸u in ­ ; u = 0 on @­

is given by ¸ 0 = ®(®+ 1) with ® = ¼
» = 0:6. A corresponding eigenfunctionreads

u0 = (sinµ)® sin(®' ):

The left diagram of Figure 3 shows the development of the relative errors } ¡ 1
©

j¸ 0 ¡

¸ h j + jdu0 ¡ uhej1;G
ª

and } ¡ 1
©P

T 2T ´ 2
T

ª 1=2
with } = j¸ 0j + du0e1;G with respect to the

corresponding problem sizesin the courseof an adaptive re¯nement. The dotted line has
the slopeof the function N ¡ 1=2, whereN is the problemsize. By analogy, the right diagram
of Figure 3 shows the development of the errors j¸ 0 ¡ ¸ h j and

P
T ´ 2

T in the courseof the
adaptive re¯nement, wherethe dotted line has the slope of the function N ¡ 1.
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Figure 3: Left: Relative exact error and relative estimated error (adaptive re¯nement);
Right: Exact error of the eigenvalues(j¸ 0 ¡ ¸ h j) and squarederror estimator (

P
T ´ 2

T )

The numerical testswereperformedwith our programpackageCoCoS(computation of
cornersingularities) which comprisessomelibraries that wereprovided by the Department
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of Mathematics of Chemnitz University of Technology (seethe documentation by Pester
(1996)).

6 Conclusion

Westudied the eigenvalueproblemfor the Laplace-Beltramioperator on subdomainsof the
unit sphereand derived a residual a posteriori error estimator for the eigenpairs.In order
to apply techniqueswhich are known for the planar case,we parametrizedthe spherewith
spherical coordinates and chosea ¯nite element discretization that yields straight-lines
elements in the corresponding parameterdomain.

As a consequenceof the consideration of spherical domains, all operators or norms
had to be adapted and provided with certain weights. Therefore, it was not a simple
consequenceof the two-dimensionalcasethat the error estimator de¯ned in (4.6) provides
an upper an a lower bound for the error. The speci¯c triangulation had to be chosenwith
careand certain parts of the proof had to be adaptedaswell, since,for example,the term
¢ Suh doesnot vanish for linear functions uh although it doesin the usual two-dimensional
theory.

The derived error estimator can be usedto estimatethe eigenvaluesand eigenfunctions
at once;the appropriate result is summarizedin Remark4.8. Sincethe eigenvaluesactually
convergefaster and the error estimator estimatesmainly the error in the eigenfunctions,
we proved a separateestimate for the eigenvalues.
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