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Abstract

The boundary concentrated finite element method is a variant of
the hp-version of the FEM that is particularly suited for the numerical
treatment of elliptic boundary value problems with smooth coefficients
and boundary conditions with low regularity or non-smooth geometries.
In this paper we consider the case of the discretization of a Dirichlet
problem with exact solution v € H'T(Q) and investigate the local er-
ror in various norms. We show that for a 8 > 0 these norms behave
as O(N—978), where N denotes the dimension of the underlying finite
element space. Furthermore, we present a new Gauss-Lobatto based in-
terpolation operator that is adapted to the case non-uniform polynomial
degree distributions.
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1 Introduction

The boundary concentrated finite element method (bcFEM), introduced in [9], is a nu-
merical method particularly suited for solving elliptic boundary value problems where
the differential equation has analytic coefficients but the boundary conditions have low
regularity or the geometry is non-smooth. Under these assumptions on the data the so-
lution is analytic on the domain €2 but of low Sobolev regularity globally. The boundary
concentrated finite element method exploits the interior regularity of the solution in the
framework of the hp-version of the FEM by using special types of meshes and polynomial
distributions, namely, small elements with low order polynomials near the boundary and
large elements with high order polynomials in the interior. In this way it achieves (for
two-dimensional problems) a global rate of convergence

lu —un|@ < CN™° for ue HF(Q),

where N is the problem size. We refer to [9] for a detailed description. In the present
paper, we focus on the local error and we will investigate the behavior of the local error on
compact subsets of the domain 2. We prove the existence of a # > 0 such that these errors
behave as O(N~°7), up to logarithmic terms. For simplicity of exposition we analyze
here as a model problem a Poisson problem in two dimensions. We expect that the local
error analysis of Theorem 2.1 can be adapted to a more general class of strongly elliptic
operators with analytic coefficients. The restriction to two dimensions is likewise done for
simplicity of exposition—the techniques used in this paper are likely to have extentions
to higher dimensions. The paper is organized as follows: We start with a brief repetition
of the foundations of boundary concentrated FEM. Therafter, in Section 2, we formulate
the main theorem concerning the local error behavior of boundary concentrated FEM and
in Section 3 we present some numerical examples. In Section 4, we introduce a new hp-
interpolation operator, which is an essential tool for our local analysis. The remainder of
the paper is devoted to the proof of auxiliary results that were used in the proof of our
main theorem, and we conclude the paper with an outlook on future work.

1.1 Notation

For ease of notation we introduce the following abbreviations:

e For a Lipschitz domain Q C R? and x € Q we denote by r(x) := dist(x, Q) the
distance of x to the boundary of (2.

e The trace operator v, : H'(€2) — H2(99) and the normal derivative v, : H'(€) —
H~2(99) are defined by

You = u|aq YU = Ohulsq,

where 0,, denotes the normal derivative.



e The characteristic function yx is defined by:

Xa(x) == {

1 : xeA
0 : otherwise -

As is standard, C' stands for a generic constant that possibly different in each instance.

1.2 Model problem and regularity of the solution

For a polygonal Lipschitz domain Q C R?, we consider the following Dirichlet problem,
given in weak formulation:

Problem 1.1. (model problem) Find u €V :={ue€ H'(Q) | you = g} such that

B(u,v) := /Vu -VodQ) = /fde =: F(v) Yoe Hi(Q). (1)

Furthermore, we make the following assumptions: Throughout the paper, we will make
the following assumption on Problem 1.1:

Assumption 1.2. The solution u of Problem 1.1 satisfies u € H'"°(Q) for a 6 € (0,1]
and the right-hand side f € L*(Q) is analytic on 2. The boundary conditions must satisfy
g€ Hz(6Q).

Our local error analysis will depend on the solution of a dual problem. Concerning solv-
ability and regularity of these dual problems we will assume the following;:

Assumption 1.3. There exists a 6y € (0, 1] such that for fived compact subset ) CC Q

there exists C' > 0 with the following property: For arbitary e € L*(K) the problem: Find
z € HY(Q) such that

/VszdQ = /ede Vo e Hy(Q)
Q

K

admits a unique solution z € H'*%(Q), which satisfies
121 120 (0 + ||71Z||H60—%(asz) < Cllellr2(x)-

Remark 1.4. For the case of a polygonal domain we have z € H'(Q) and vz €
H=Y/2+3(0Q) together with the a priori bound

|2l 1+ ) + [[112] ) < Csllellzz )

o3 (69
for any s € [0,1]N[0, 7/ maz ), Where Qpas € (0,27) denotes the largest interior angles of Q;
see [5]. The case of general Lipschitz domains is covered in work by Necas, where it is shown
that Assumption 1.3 is true for any & < 5. In fact, [10] shows the bound on ||z|| yr+so ()
for any 6y < 1/2 and [11, Thm. 3.1, Chap. 5] shows the bound on |[y1ull grso-1/2(pq) for the
limiting case g = 1/2.



Even though the analyticity of the right-hand side f implies that any solution u of Problem
1.1 is analytic on §2, due to boundary effects the higher order derivatives are not necessarily
bounded as one approaches the boundary. In order to get control of the blow-up of the
higher order derivatives, we introduce the countably normed spaces 5’3 defined as follows:

Definition 1.5. (countably normed spaces) For v € [0,1) and C,~v > 0 we define
———|Il 2( . 2 2 v 2
Q) == @) Y with ullday = Tl + V0] e

and

B (C.y) = {u e H} Q) | |lullgpq) < C, |4V

}r uHLQ(Q) < Cv"n! ¥n € N}.

Now we are in position to make precise statements concerning the regularity of the solution

u corresponding to Problem 1.1 and to measure the blow-up of the higher order derivatives:

Lemma 1.6. Let Q be a Lipschitz domain. Let f be analytic on Q and assume u € H'*(Q)
solves (1). Then u is analytic on Q, and there exist C,~y > 0 such that

u € B%—6<Cu77u)'
Proof. See [9, Thm. 1.4]. O

1.3 The geometric mesh, the linear degree vector and the FE-
space

We will restrict our considerations to y-shape-regular triangulations 7 of {2 consisting of

A

affine triangles. That is, each element K € 7 is the image I x (K) of the reference triangle
K, and we have

<7 VK eT,

— -1
it Wl e + o (o)

where hx denotes the diameter of the element K. We furthermore assume that the mesh
is a geometric mesh defined as follows:

Definition 1.7. (geometric mesh) A v-shape-reqular mesh T is called a geometric mesh
with boundary mesh size h if there exist ¢y, co > 0 such that for all K € T :

1. if KNOQ # 0, then h < hi < csh,

2. if KNOQ =0, then ¢, inf r(x) < hg < ey sup r(x).
xeK xeK

As a direct conclusion we obtain the following:
Lemma 1.8. Let T be a geometric mesh in the sense of Definition 1.7. Then there exist

c1,co > 0 depending only on the shape-reqularity constant v and the constants ci,co of
Definition 1.7 such that



1. inf r(x) > c1hg VK eT with KNoQ =10,

xeK

2. supr(x) < eohg VKeT.

xeEK

In order to define hp-FEM spaces on a mesh 7, we associate a polynomial degree py € N
with each element K € 7 and collect these px in the polynomial degree vector p :=
(px)ker- In conjunction with geometric meshes a particularly useful polynomial degree
distribution is the linear degree vector:

Definition 1.9. (linear degree vector) Let 7 be a geometric mesh with boundary mesh
size h in the sense of Definition 1.7. A polynomial degree vector p = (px)xer is said to
be a linear degree vector with slope o > 0 if

h h
1+acllog%§pK§1+acglong (2)

for some cq,co > 0.

We furthermore associate with each edge e of the triangulation a polynomial degree
Pe := min {pk | e is an edge of element K} (3)

and denote by
p(K) = (p€17p627p637pK) (4)
the vector containing the polynomial distribution of the triangle K € 7 with edges {e; | i =

1,2,3}. An important property of a linear degree vector p is:

Lemma 1.10. Let T be a geometric mesh and p a linear degree vector. Then there exists
a constant C' > 0 such that

Clpg <px <Cpgr VK, K' withKNK' #0
Proof. See [9]. O
Now we are in the position to define our hp-FEM spaces:

Definition 1.11. (FEM spaces) Let T be a geometric mesh and p be a linear degree
vector. Furthermore, for all edges e let p. be given by (3) and for all K € T let p(K) be
given by (4). Then we set

SP(Q,7T) = {uec H Q)| uo Fx € Pyxy(K) VK €T},
Sy, T) = SP(Q,T)N Hy(Q),
YP(QT) = {yuluesS?(QT)},

where

Poiiey(K) = {u € Ppye(K) | u

eiEPpei,izl,...,?)}



The FE-discretization of Problem 1.1 then reads:

Problem 1.12. (bcFEM approximation) Find u, € SP(Q,7T) such that
Your = gn and B(u,v) = F(v) VoeSHQ,T),

where g, € YP(Q,T) is the L*(00Q)-projection of g onto YP(Q,T) and is given by

/ghvdF = /gvdF Ve YP(Q,T).

[2/9] o

2 Local error analysis

This section is devoted to the main result of the paper, the analysis of the local error of
Problem 1.12 in the framework of the boundary concentrated finite element method. The
main theorem is:

Theorem 2.1. (local error bound) Let Q C R? be a polygonal domain and ' CC Q be
a compact subset. Let Assumptions 1.2, 1.3 be valid. Let uy be the solution of Problem 1.12
for a geometric mesh T with boundary mesh size h and linear degree vector p with slope
«. Then there exists a 3 € (0,d0] such that for sufficiently large slope o and all elements
K €T with K C Q' we have

= wnll ey < O™ < CNTT, (5)
[u = unlyragey < Cpgh™™ < C(log N N7, (6)
|U — uh|wk,oo(K) < Cpif-iﬂh&—f—ﬁ < C(log N)ZIH_QN_‘S_B_ (7)

Here, N = O(h™') denotes the dimension of the space SP(2,T). The constants 3, o, C
are independent of h (and therefore independent of N ) but depend on the mesh parameters
appearing in Definitions 1.7, 1.9. In addition, 5 depends on the subdomain €)' ; the slope «
depends on the solution u; the constants C depends on Q' and k.

The proof of Theorem 2.1 relies on several technical results, whose proof is relegated to
Sections 4, 5. A major technical tool is a suitable weight function wg 7, defined below in
Definition 2.2. We will make use of several polynomial interpolation operators and ap-
proximation results. An auxiliary result of great importance to our analysis is a Hardy
inequality, Lemma 5.2, whose use restricts us to considerating Dirichlet boundary condi-
tions and limits the size of our parameter [3.

In order to prove Theorem 2.1, we introduce the following weight function wg 7

Definition 2.2. (weight function) Let 7 be a geometric mesh in the sense of Definition
1.7 with boundary mesh size h. For a parameter 5 € (0,1], we define the weight function

wp,r by . ,
() |

where I denotes the standard piecewise linear interpolation operator.

w[37T(X) =1

6



Moreover, we have to make use of the following auxiliary functions:

Definition 2.3. (auxiliary functions) Under the assumptions of Theorem 2.1 we define
z € Hi(Q) and z, € S§(Q,T) as follows:

e Find z € H}(Q) such that
—Az=xp(u—up) on Q and ~pz =0 on 0L,
or in weak formulation
/VZ-Vde:/(u—uh)de Yove Hyi(Q). (8)
Q K
o Find z, € SY(Q,T) such that
/Vzh-Vde:/(u—uh)de VoveSHQ,T). (9)
K

For a study of the properties of the weight function wg s and the auxiliary functions z and
zp, we refer to Section 5. Now we turn to the proof of Theorem 2.1.

Proof of Theorem 2.1. Inequality (5): By means of Green’s formula (see [5, Lemma 1.5.3.7,
Lemma 1.5.3.9]) we obtain

/ (0 —up)?dQ = — / Az(u — up)dS

= /Vz V(= up)dQ = (2, u—up) g
0

() x H? (9Q) °

Inserting the boundary conditions and exploiting orthogonalities gives
/ (u — up)?dQ = /V(z —zp) - V(u—up)dQ — (2,9 — gh)H—%(aQ)xH%(aQ)
K

Q
N /V(z — ) V(e = T2 =02 = 09 = 1) ;-4 50y, 14 00)
0

for arbitrary ¢ € YP(Q,7) C H2(99) and a corresponding ¢* € H~2(9S) uniquely deter-
mined by Riesz representation theorem. Thus, inserting the weight function wg s and by
making use of the Cauchy-Schwarz-inequality, we get

u— ITu)

1
=
u)gj

Himz = a"ll-3 o019 = 90l 43 90

le —unlliaiey < lV@BzV(z = 2| 1200

L2(Q)

7



For « sufficiently large, the desired bound follows from the observation g — g5, = vo(u —up,)
and the trace theorem:

lg — thH%(aQ) = [lno(u - Uh)”H%(BQ) < Ollu = upmie) < cn’

together with Lemma 5.5, Lemma 5.8 and Lemma 5.11 below.

Inequality (6): Let K be the reference triangle and let the pull back of a function to the
reference element be marked by a hat. Then, since we assume shape regularity and since
K c @ cc Q implies hy > C, we have

u = unlyrogey < Chp*a — nl e
< Crlt = Glyragiy + Crld = Gnlyra i

for arbitrary ¢ € P (K ). An inverse inequality (see, e.g., [14, (4.6.5)]) now yields

= unlyragey < Okl = dlyragey + Cib™ 14 — nll g2z
< Ol = Glyreiy + Chp™ 18 = nll 2y + ChP i = @l oy
< Cp**lla — qHW’WX’(K) + Cyp™ i —UhHL2(f<)
< Ciplla = Gllynes iy + Ceh i D [l = unll 20,

where 7 denotes the maximum entry of p(K) and p the minimal entry of p(K). Finally,
exploiting p < Cp and h; > C, [12, Corollary 3.2.17] in combination with (5) and «a
sufficiently large implies

| — unlyey < Cxp™e ™ + CRp?* WP < Crpih®*P

for some 3 € (0, ).
Inequality (7): We proceed in the same way as in the proof of (6). At first, we pull back
to the referenz triangle K and insert an arbitrary element ¢ € Py, (K) :
u— uh|kaoo(f<) < Cyla — Q|kaoo(f() + Cltin — QA|Wk7°°(f<)'
Exploiting inverse inequalities (see, e.g., [14, (4.6.1), (4.6.5)]) gives
|U_uh|wkvoo(f'<) < Ck|U—Q|Wkoo +C/’cp%nuh_CJHLoo(K

< Cglu— q‘wkw +Ckp2k+2Huh_q”L2

Since

IN

[in — 4l 2y 16 — @l 2y + 118 — 4l 2z
< i = il gy + K8 = Gl o
we arrive at

|u— uplyys, (k) <= Cip™" 2 ||a — Iy, eo(R) T Chp™* i — uh”L2

Now the desired bound follows analogously to the proof of (6). ]

8



3 Numerical examples

In this section, we present some numerical examples to confirm the theoretical results of
Theorem 2.1. In all examples we start with a coarse grid 7; of the given domain €2, and
we create a sequence of hierarchically nested geometric meshes {7;},—0 1. with boundary
mesh sizes h; ~ 27'hy by applying a suitable mesh refinement strategy (see Figure 1 for an
example). Furthermore, we define for each mesh 7; and a common slope parameter o > 0
the polynomial degree distribution via

h
DK = {; + aln <TK>J VK eT, h :=min{length(e) |eis an edge in7;}
il

and compute the finite element solution u; € S§ (2, 7;).

In order to check the statements of Theorem 2.1, we choose an arbitrary point x €
Q\{e | e is an edge of 7; for some | < 0} and consider the sequence {K;}, where K; denotes
the triangle uniquely determined by the conditions K; € 7; and % € K. Since it is not
difficult to show that there always exists an integer L such that K,, = K, for all n,m > L,
we can use {K;}i—o1,.. to compute a sequence of local errors {||u — i 1 (%, ti=0,1,... Which
is well suited for pointing out the dependence of the local error on the boundary mesh size

h.

Example 3.1. We consider the L-shaped domain = (—1,1)?\([0,1] x [=1,0]) as shown
in Figure 1 together with the model problem

—Au=f onQ wu=0 ondf,

where the right-hand side f is chosen in such a way that the exact solution u given by
2 2 2 .2 2 12
u =73 sin §<p (1—r coS <p)(1—r sin <p).

According to [5, Thm. 1.4.5.3]), we have u € H3~=(Q) Ve > 0. Furthermore, we choose
%, = (0.4,0.3) and %, = (0.1,0.2).

Our computations are performed with o = 1 and the results are collected in Table 1 and
plotted in Figure 2. Since we have u € H g*E(Q), we achieve a global convergence rate
of O(N _%) measured in the energy norm. As Figure 2 shows, the local convergence rates
are about twice the rates of the global error, which confirms our theoretical result of an
increased local convergence rate.  In the second example we want to verify our theoretical
results for a domain with a more complicated boundary. To that end, we consider a domain
looking like a snow flake (see Figure 3) together with the following Dirichlet problem:

Example 3.2.
—Au=1 onQQ, u=0 on 0.



Figure 1: Coarse grid and refinement level 7

N/ NNVNZN/NZ
Table 1: Example 3.1 with e = u — uy,
x; = (0.4,0.3) x3 = (0.1,0.2)

Level h | Pmax ”6HL2(K) He”Hl(K) ”6HL2(K) He”Hl(K)
1] 5.000e-01 1 ] 2.2235e-02 | 1.8745e-01 | 3.6191e-02 | 1.5049e-01
21 2.500e-01 | 2 | 2.7989-03 | 3.2605e-02 | 7.5637e-03 | 6.8149e-02
31 1.250e-01 | 2 | 5.5324e-04 | 3.4199e-03 | 1.6298e-03 | 1.2146e-02
416.250e-02 | 3 | 2.1672e-04 | 2.0377e-03 | 5.3150e-04 | 4.2661e-03
513.125e-02 | 4 | 7.0529e-05 | 3.2238e-04 | 1.8040e-04 | 1.7937e-03
6 | 1.562e-02 | 4 | 2.2953e-05 | 9.5572e-05 | 5.3930e-05 | 3.8128e-04
717.812e-03 | 5 |9.2033e-06 | 3.8645e-05 | 2.1980e-05 | 1.7076e-04
8 13.906e-03 | 6 | 3.6312e-06 | 1.4808e-05 | 8.6461e-06 | 4.9317e-05
911.953e-03| 7 | 1.4531e-06 | 5.8801e-06 | 3.4978e-06 | 2.0284e-05
10 | 9.766e-04 | 7 | 5.7437e-07 | 2.3362e-06 | 1.3837e-06 | 8.9835e-06
11 | 4.883e-04 | 8 | 2.2889e-07 | 9.2812e-07 | 5.5404e-07 | 6.4693e-06
12 1 2.441e-04 | 9 | 9.0761e-08 | 3.6813e-07 | 2.1832e-07 | 1.7664e-06
13 | 1.221e-04 | 9 | 3.6062e-08 | 1.4604e-07 | 8.6847e-08 | 9.3302e-07
14 | 6.104e-05 | 10 | 1.4305e-08 | 5.8347e-08 | 3.4376e-08 | 2.9232e-07
15 | 3.052e-05 | 11 | 5.6805e-09 | 2.2980e-08 | 1.3628e-08 | 1.6625e-07

10




Figure 2: Results corresponding to Example 3.1

local error for the triangle containing x1:(0.4‘0.3) local error for the triangle containing x2:(0.1,0.2)
10° T T T 10° T T T
10" 1 100 |
107 | g 107 |
§ w0t 4 8 w'f
@ @
10° - , 10° - ok
-2 || = = energy norm | Wl energy norm
10 = local L* error = local L* error
* local H error + local H* error
— N2 N2
W= N4 W= N4
05 n " 5 " 0 6 05 o - o " =
10 10 10 10 10 10 10 10 10 10 10 10 10 10
N N

Figure 3: Domain and results corresponding to Example 3.2

local error for the snow flake

10 T T
10°F
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10°}
8
S
10°F
107 F
= = energy norm ~
. 2 ~
10°H = IocaIL]error L
local H error Se,
— NO6
= N2
10 o "
10 10 10
N
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We do not know the exact solution of Example 3.2, but extrapolation leads to the results
shown in Figure 3. As in the previous example and according to Theorem 2.1, we obtain
local convergence rates that are significantly better than the rate of O(N %) observed for
the global energy norm.

4 An hp-interpolation operator

In this section, we present a new variable order Ap-interpolation operator. The operator is
based on Gauss-Lobatto interpolation and is a very useful tool for our local analysis.

4.1 Properties of the Gauss-Lobatto interpolation operator

In order to define our hp-interpolation operator, we start with recalling some facts about
the one-dimensional Gauss-Lobatto interpolation operator 4,:

Lemma 4.1. On the interval [ = (—1,1) leti, be the Gauss-Lobatto interpolation operator.
Then for every k > 1 and r € [0,1] there exists C > 0 depending solely on k and r such
that for every u € H*(I)
lu = dpullary < Cp~* Nl gry,s (10)
1 . 7k:

Hﬁ(u —ipu)ll2y < Cp|ullmsr)- (11)

Additionally, for a generic constant C' > 0, we have the following stability bounds:
lipullnay < Cllullagy — Vue HY(I), (12)

) 1
||'Lpu||L2(]) < C ||U||L2(]) + §||u,||L2(I) \V/U - Hl(I) (13)

Finally, for p, ' € N and v € Py, we have the following stability estimates:

lipullzzay < C(L+p'/p)llullre), (14)
lipull gy < CA+P/P)ullmrea, (15)
lu = dpull gz, < CO+P/P)[wll e (16)

Proof. The bounds (10), (11), (13) are proved in [3, Thm. 13.4]. The bound (12) is proved
as [3, (13.27)]; (14) is discussed in [3, Remark 13.5]. In order to prove (15), we identify [
with the edge I x {—1} of the square S = (—1,1)% and let U € Q, be an extension of u,
ie., Ulp = u and ||U|[g1(s) < C|lullg1/2(7; here, the constant C' > 0 is independent of p’
and u, [1, 13]. We denote by 7 the Gauss-Lobatto interpolation operator acting solely on

12



the x-variable. Since iyu = (i;U)|r, we get with the trace theorem and the one-dimensional
stability results (14), (12)

ClizU| sy < C [(L+ 0 /DUl r2(s) + IVU || 12(8))
CA+p' /pUNars) < COL+0'/p)llull gz

lipullgrrzgy <
<

For the last bound, estimate (16), we employ (11) with & = 1 and the inverse estimate
lullgry < p'llull gz, which is valid for all polynomials u € P,

1 , _ I
Hﬁ(u —ip)|r2y < CpMullma < CEHuHHl/Q(I)'
This estimate together with (15) implies (16). O

By tensorization, the one-dimensional results can be generalized to results on the square:

Lemma 4.2. Let S = (—1,1)%. Forp € N denote by il oY : C(S) — Q, the tensor product
Gauss-Lobatto interpolation operator of degree p. Then for k > 3/2 there exists a constant
C > 0 depending solely on k such that for any u € H*(S) the following holds: Let T be an
edge of S or one of the diagonals of S. Then:

Cp~ D Jull s, (17)
Cpf(kfl)HuHHk(S)- (18)

<

|lu — i, o iguHH&{Q(r)
Proof. Estimate (17) follows from tensor product arguments, [3, Thm. 14.2]. For the
estimate (18), we note that (i o #u)|r coincides with the one-dimensional Gauss-Lobatto
interpolation 4, ru of u|p if I' is an edge of S or one of the diagonals (in the case of a diagonal,
this follows from the fact that the Gauss-Lobatto points are distributed symmetrically
about the midpoint of the interval). By the trace theorem we have u|r € H*~Y/2(T"). From
(10) with » = 1/2 and (11) we then get the desired bound (18). O

4.2 hp-interpolation

Let K be the reference square S or the reference triangle 7'. Denote by I';, ¢ = 1,...,n,
the edges of K; heren=3if K =T andn=4if K =5. Witheachedge I';, i =1,...,n,
we associate a polynomial degree p; and with the interior the polynomial degree p;,;; these
are collected in the degree vector p = {p1, ..., Pn, Pint} € N*T1. We will assume that

For p € N we define



~

Next, we define II,(K) as
I,(K) :={uell, (K)|ul, €P,,i=1,...,n}. (20)

For the edges I'; of K , we denote by i,p, the Gauss-Lobatto interpolation operator of
degree p on that edge.

Before coming to the construction of the interpolation operator, we recall the following
polynomial lifting result:

Lemma 4.3. Let K be the reference square or the reference triangle. Then there exists a
bounded linear operator E : HY*(0K) — H'(K) such that (Eu)|yz = u with the following

property: if u € H1/2(3IA() is a polynomial of degree p on each edge, then Fu € HP(IA().
Proof. See, e.g., [1, 13]. O

Theorem 4.4. Let K be the reference square or the reference triangle. Let k > 3/2. Let
pi, it =1,....n, pix € N satisfy (19) and set

p:= min p;, P = max p; < Pips.

- i=1,...,n i=1,...,n

Then there exists a generic constant C > 0 and a linear operator I : Hk(f?) — Pp such
that

(i) (Iu)
(i1) Tu = u for all u € Hp(f(\');

r, = ip,r,u fori e {l,...,n};

(ZZZ) ||]u||H1(T) S C(]. +pl/£)||U||H1(T) f07" all u € Pp/;
(iv) |Tu| gy < C(1 40" /p)|ulpiry for all u € Ppy.

Furthermore, the operator I has the following approzimation properties for a constant
Ck > 0 depending solely on k and K :

lw = Tull gy < Ckﬂ_(k_l)HUHHk(f()a (21)
”u_lu”HééQ(n) < Ck]zi(kil)”u”[—[k([?y Z:Lun (22>

~

If Pr—y C IIL(K), then the full norms on the right-hand sides of (21), (22) may be replaced
with [ul e gy -

Proof. We start with the construction of I and then show that it has the various properties
ascertained in the theorem.

Construction of I:

1. step: We assume that the reference triangle 7" has the form 7' = {(z,y)| — 1 < z <
1, =1 <y < —z}. Also without loss of generality, we may assume in the case K =T that

14



the function u is extended to S via the universal extension operator of [15, Chap. VI.3];
hence, we may assume that u is given on S. Next, we may assume p > 2. We then set

_r if[?:S,
b= K=T.

L

We define u; := i oiu € Q, C Hp(f?) by the choice of p and, in case K = T, the
additional observation that Q, C Py, C P, C I,(K).

We note that the map u — wuy is lincar and that u(V) = uy (V) for all vertices V of K. In
fact, for all edges I'; of K we have

NS
| I—
-
jurig
~

U1 |pi = ip,piu. (23)

The assertion (23) is trivial for all edges parallel to the coordinate axes and only non-trival
for the diagonal y = —x of the reference triangle. There, it follows from from symmetry
properties of the Gauss-Lobatto points.

2. step: We now correct the behavior of uy on the edges of K. Since u(V) = uy (V) for all
vertices of K, we have that ipy T, U— Uy € HéO/Q(FZ-) fori =1,...,n. We define e € Hl/z(ﬁl?)

edgewise by e|r, = i, r,u —u; € H%Q(Ti) fori=1,...,n. Hence, we may define
Uy =y + Be € 11, ,(K) (24)

where the polynomial lifting operator F is given by Lemma 4.3. We note that, so far, the
mapping u — us is a linear map and

1Eell gy < Cllellarzor) < CZ; [ps,rw = wrll oz - (25)

K
11, . (K) as the H'(K)-projection of u — uy onto HY(K) NI, (K), i.c., tmm € HL(K) N

~

11, ,(K) is the unique solution to

(U= ug) = Upin, V) =0 Vo e II, (K)NHLNK);

here, (-, -, )z denotes the standard inner product on the Hilbert space H 1([? ). Setting
Tu :=uy + Umin,
we therefore obtain

(u—Tu, vy =0  ve HYK)NTL, (K). (26)

Pint

It is easy to see that I : H*(K) — Hp(lA() is a linear operator.

15



Analysis of the properties of I:

By construction, iy, r,u = us|r, = ({u)|r, for all ¢, if u € Hp(f?). Hence, property (i) is
satisfied. From this and (26) is easily ascertained that (ii) holds as well.

We next turn to the approximation properties of I. Let u € H k([A( ), k> 3/2. Then, from
Lemma 4.2

Ju— ulHHl(f() < Cpi(kil)HuHHk(f()a

i =il < Cr Pl =L
Hence, by (25) we get
lu = woll g gy < llu—will gy + 1 Eell gy < Cpf(kfl)Hu”Hk(f()
Finally, by the orthogonality property (26) satisfied by w,,,, we get
Y, Oy g Y Property Y ) g

ot = Tl oy = Nl = el ) — letmanl s ey < Nl = el ey < O

HY(EK) HY(K) HE(K)"

This proves the approximation property (21). Estimate (22) follows from combining Prop-
erty (i), the approximation result Lemma 4.1, and the trace theorem. The claim that
the expressions ||u| ;) may be replaced Wlth |l ey follows in the standard way from
Property (i) and a Bramble-Hilbert type argument (see, e g., [4, Thm. 3.1.1] for the details).
We now turn to the proving the stability results on spaces of polynomials, Properties (iii),
(iv). Set € := (fu)|yz. Then by Property (i), we have €|p, = ip, r,u. From the stability
result (16) i » we have

p/
o= ey < CO+ P iy <€ (142 Wiy (20

Let E be the lifting operator of Lemma 4.3. Then Ee € I, ) and (Ee)|yz = ([u)yz
Hence, from the orthogonality property (26)

|u — Tul|? u—Tuu—Tuyp = (u—Tu,u— Eeym < [lu— Tul[yy g)llu — Eef| gz

HYR) — (
we conclude together with (27) and the trace theorem
[ = Tull gy < llu— Eell gy < lull gy + Cllel gz or)

SHWmm+QMmmMﬁCW &l orzot

n _ pl
Clily + € X =y < € (1+2) sl
=1 -

IN

From this, we easily infer Property (iii). Property (iv) follows from the Poincaré inequality
as follows: denoting by u € R the average of u over K, we get

|IU|H1(I%) < |U|H1(f( + fJu— IUHHI )y < |l &) T lu—u—1I(u _E)Hﬂl(f()

< ulgigy + Clle =l gy <l

16



5 Auxiliary Results

This sections is devoted to the proof of all the auxiliary results that were used in the proof
of Theorem 2.1.

5.1 The weight function wg 7

We start with studying the most important properties of the weight function wg s intro-
duced in Definition 2.2.

Lemma 5.1. (properties of wg 1) Let T be a geometric mesh and let wgr be given by
Definition 2.2. Then there exist constants Cy,---,Cy > 0 depending only on the shape-
reqularity constant v and the constants of Definition 1.7 such that for all K € T and
arbitrary 5 € (0, 1]

B
: h
1. inf lwgr (0] = G (),

B
2. sup lwgr(x)| < C (L) ,
XE[I?\ sr(x)| < C1 {52

3. |Vwsr(x)| = Coric < G322 < 0,328 Yxe K.

Proof.

1. Since the restriction of wg 7(x) to the triangle K is the linear function that coincides
with the non interpolated weight function &g 7(x) in all vertices v; of K, we have

h B
. S .
nf lws7(x)[ = nf |ws7r(x)] = nf <7h H(X)) :

Now, the assertion follows directly from the estimates r < chg and h < chg.

2. Follows analogous to (1) from the definition of wsr(x) and from the estimates in
Definition 1.7 or Lemma 1.8 respectively.

h B
oo ()

For xo > x; > 0 the mean value theorem guarantees the existence of a £ € (x1, z3)

such that
( h )5 < h )B B(xy — x1)hy < h )5 (25)
h+xihg h+ xohk h+ &hy h+&hg)
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Next, since wg 7 (x) is linear, we have |Vwg r(x)| = Cp7 k for all x € K and due to
the v-shape-regularity of the mesh we get

Corx < chy

9

sup wg,r(x) — inf wg 7 (x)
xeK xeK

where the constant ¢ depends only on 7. Hence, the definition of wgr(x) together
with Lemma 1.8 imply:
B
h
1 ‘1 - <h+c2hK)

Couic = chi (L)ﬁ_ (L)B'  Knoo=0

h+cihi h+cahk

c KNoQ# 1

where c1,co > 0 depend only on the shape-regularity constant v. Thus, applying
inequality (28) leads to

B
h h .
Cop (h+£1h;<> KN £

B —
h h . —
|Cl_62|h+§;{hK (h+§2hK> . Kﬂ@Q-@

for a & € (0,cq) or & € (cq, c9) respectively. Since hy < ch and & > ¢; we arrive at

Car.ic < cfhit

1 foral K €T | KNOQ#0

B —
() forall K€ T |KNoQ =0

Corre < cfhit {

and the assertion follows from hx > cr(x) for all K € T and h > chy in the event
of KN o +# (.

0

Lemma 5.2. Let Q € R? be a polygonal domain. Let T be a geometric mesh and let wg.r
be given by Definition 2.2. Then there exist 5 € (0,1], Cy > 0 depending only on €2, the
shape reqularity constant v and the constants of Definition 1.7, such that for all 3 € (0, ]
and all f € H}(Q)

Hr_lvwﬁjf”w(ﬂ) = Uy vw@vaHL?(Q)’ (29)
[r ' wsr fll o < Colws Vil - (30)

Proof. We will only prove the first inequality as the second one is proved similarly. Since
f € H} (), we can apply Hardy’s inequality (see [5, Thm. 1.4.4.3]):

/

r

vt < alvEE e (31)

f

7Vu)5,7
T

\/ wﬁ7

L2(Q)

C
< G HVWB,vaHLQ(Q) + 71

L2(9)

18



Next, using property 3 of Lemma 5.1, we obtain:

2

Vgt

|-L < (s / (L) ao (53

L2(Q)

2
= (Cof) ,/—wﬁji : (34)

"z @)

Combining (32) and (34) yields
f 2C,
oAl Pt B nye v/ :

H ngd L2(Q) T 2-CiGyp H e fHLQ(Q)
hence for arbitrary 0 < 3’ < 2(C,Cy) ™! together with Cg := #C(Ibﬁ’ the desired inequality
(29) follows. O

Lemma 5.3. Let Q € R? be a polygonal domain. Let T be a geometric mesh and p a linear
degree vector with slope o > 0. Furthermore, let the linear operator I : SSP(Q, T)— S§ be
defined by:

[Tu] (x) := [f (uo FK)] (Fg'x) VxeK VK eT,

where I denotes the operator of Theorem 4.4. Then there exist 3 € (0,1] and Cs > 0
depending only on 2, the shape regularity constant v and the constants of Definitions 1.7,
1.9 such that for all B € (0, 5] and all g € S§(Q,T)

1
|

V (wsrg — I(ws19)) < CoB || vws7V9| 1) -

L2(9)
Proof. We set
w = := inf
Dpra = sWwr(x),  wyr = inf war(x)
and obtain
1 2 1
V (wsrg — I(ws1g)) < IV (ws,r9 — ax — H(wp.19 — @) 320561 -
H vV wg,T L2(Q) KZE’T QB,T,K ()

where for each K € 7 an arbitrary qx with qx o Fx € SP(K)(K) may be chosen. Now, the
stability property (iv) of Theorem 4.4 implies

2

1
V (w —I(w
H\/W ( 8,79 ( ﬁ,:rg))

1
< 2> - <|wﬁ,79 — ax| ey + [ (wa g — qK)ﬁfl(K))
KeT =B7T.K

1

L2(Q)

< C wsTg — QKﬁﬂ(K);

Ker “UBT.K
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and by choosing gk := wg 1 kg = wsr(XK)g(x) for xx € K arbitrary, we arrive at

2

V (wg,rg — 1(wsrg))

=
< C

L2(Q)
1

|(wg,r — WB,T,K)gﬁ{l(K)
KeT wﬁ T.K

< )

Ker YBT.K

2 2
—— (Ve ey + s = w510V s )-

From Lemma 5.1 we deduce Wy < Cwyr i for all K € 7. Thus, repeated use of
Lemma 5.1 leads to

1
|

2

V (wsrg — I(wsrg))

12(9)
ng 2

< C ’ ) Vo v

< Ee wﬁﬂ(( | P hicl Vos,r [ IV allzax )

<oy (Hfffr

Ke TwﬂTK L*(K)

< Cop> (’
KeT

Finally exploiting Lemma 5.2 gives the desired result. O

+wz,T,K|rVguiz<K))

+ H\/WB,TVQH%%K)) :
L*(K)

5.2 Approximation of B%_é functions from S? in a w-weighted
norm

In this subsection we will use the results of [9, Section 2.3.2] to deduce an approximation
result for the w-weighted H!'-seminorm. We start with recalling from [9] the following
approximation result:

Lemma 5.4. Let T be a geometric mesh with boundary mesh size h as defined in Definition
1.7. Let p be a linear degree vector with slope o > 0. Let u € B?_5(Cuyvu), Cuyyu > 0.
Then there ezists an element Tu € SP(S,T) such that

[ < CCrhse / for all K € T abutting on 0N
HI(K) = C’CKhi(_o‘b heY otherwise ’

where C, V/ > 0 depend only on the shape-regularity constant -y, the constants of Defini-
tions 1.7, 1.9, and ~,; C depends additionally on §. The constants C are given by

o0

C% = Z m H,,,n+1—5vn+2uHiQ(K) and we have Z C% < %Cﬁ

n=0 KeT
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Proof. See [9, Proposition 2.10] for the construction of such an element. 0

Now, by means of Lemma 5.4, we are able to prove the following lemma, concerning the
approximation of B?_5(C\,7,) functions from SP(Q, 7) in the ws r-weighted H'-seminorm.

Lemma 5.5. Let § € (0,1]. Let T be a geometric mesh with boundary mesh size h as
defined in Definition 1.7. Let p be a linear degree vector with slope o. Furthermore,
let u € [;’fﬂg(Cu,%) and wgr be giwen by Definition 2.2. Then there exists an element
Tu € SP(Q,T) such that for o, C sufficiently large (depending only on the shape-reqularity
constant vy, the constants of Definitions 1.7, 1.9, and ~y,, §) we have

1

2
V (u— Iu)) Q| < COo,h°.

[

Proof. We will show that the element [u of Lemma 5.4 has the desired property. To that
end, we distinguish between two cases:

1. For K € T with K N0 # () we have

1
H V (u — Tu) < CCOgh® < COgh’.
VBT L2(K) VBT o0 )
2. For K € T with K N 9Q = () we have
1 1 Lol
‘ V (u— Iu) < CCk hi- Y pe,
VBT L2(K) VBT Il Les (1)
B
and, since wgr(x) > ¢ <%> for all x € K, we obtain
1 S—ab/+8 ab/ B
V (u— Tu) < CCkhy — 2h™ 72,
VWB, T

L*(K)

For « sufficiently large, namely, a > 0'~1(§ + 3/2), we exploit hx > ch to arrive at:

< CCxh’.

L*(K)

H L V(- Tw

wp. T

Finally, we add up all element contributions and the assertion follows:

/(\/L%V(u—lu))de = (Z

KeT

V (u— ITu)

1
2 2
LQ(K)>

C (h% > c@) < CC,h°.

KeT

A /w@T

IN
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Remark 5.6. In the proof of Lemma 5.5 we demand o > b1 (6 + (3/2). Since § € (0, 1]
and (8 € (0,1] this claim will be fulfilled if « > 3/(2V'), independent of 5 and §.

0

5.3 Properties of z and 2z

In this section we want to point out the most important properties of z and z; defined in
Definition 2.3.

Lemma 5.7. (basic properties of » and z,) Let the assumptions of Theorem 2.1 be
valid and let K C Q" cC Q' cC Q. Furthermore, let z and z, be given by Definition 2.3
Then for constants Cq, Cor, v, depending on Q, €, §g we have:

L[zl mve) < Nlzllmvso o) < Callu — unll 2k,
2. 2€ H*(Q)  and  ||2|lm2) < Corllu — unll 25y
3. Z‘Q\Q/ € [;’%_50 (Corllu — Uh”p(k)a%)
4- Nz = znllme) < cllu—unll g2z
Proof.
1. This is just a rephrasing of Assumption 1.3.

2. This expresses interior regularity for elliptic problems: From [6, Thm. 9.1.26] we
obtain z € H?({Y') together with

2z < Cor (= wnll o + lellin ey ) -
The desired bound now follows from this estimate and the preceding one.

3. This follows from [9, Thm. A.1]: Without loose of generality, we may assume "
to be a smooth domain. Since z € H%(Q\Q") satisfies —Az = 0 on Q\Q” and
since [[2]| gr+so oy < 12llm+so ) < Cllu — unll 2 (), the result now follows from [9,
Thm. A.1].

4. Follows from the Lax-Milgram lemma together with the first estimate:

12 = znll @) < Cves%f%&fw) 12 = vllmre) < Cllzllm @) < Cllu — unll 2y
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Lemma 5.8. Let the assumptions of Theorem 2.1 be valid. Furthermore, let z be given by
Definition 2.3. Then there exists an element ¢ € YP(2,7) such that

12 =07y oy < Ol = wnllagiey ¥ 5 € (0, (3)

where ¢* € YP(Q,7T)* denotes the representation of q given by the Riesz representation
theorem.

Proof. Assumption 1.3 gives us & > 0 such that v,z € H~/2%5(9Q) with

72| < Cllxg(u = un)l 2@ = Cllu = unll g2y

H ™% (09) =

for all 0 < s < dg. [9, Lemma 2.8] guarantees the existence of an element ¢ € YP(£2,7)
such that

12 =l -3 g0y = CP Izl g e
Combining these two inequalities yields the desired bound (35). U

Lemma 5.9. Let the assumptions of Theorem 2.1 be valid. Furthermore, let z be given by
Definition 2.3 and let wgr be given by Definition 2.2. Then, for o sufficiently large de-
pending only on the shape-reqularity constant vy, the constants of Definitions 1.7, Definition
1.9, and u there exists an element ITu € S§ (2, T) such that

V@57V (2 = 12)|| o) < O llu = unll 2y
for all B € (0,0) and C independent of h and 3.

Proof. We construct Iu as follows:
[Tu] (x) == [i (wo FK)} (Fi'x) VxeK VKeT
and distinguish two cases:
efFor KeT,:={KeT|Kn K= 0} the operator I is taken from [9, Lemma 2.9).

eFor KeTh:={KeT|Kn K # ()} the operator I is taken as the one constructed
in Theorem 4.4.

Furthermore, we assume that there exists no K € 7, such that K NoQ # (. Thus, we
have Q : Ugeq, K C Q CC 2 independent of h. Because of wsr(x) € (0,1] and in view
of Lemma 5.1 we have

Ivesrvi - [z)HiQ(m = Z H\/Wuioo(m |2 - [Zﬁp(K)
KeT
< Z |z — ]Z|H1 K)+C Z ( ) _IZ|§{1(K)'
KeT KeTy
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Exploiting z € H*(Q) with |[2]| 2(q) < Callu — unl|p2(x) (see Lemma 5.7), pulling back to
the reference triangle and making use of Theorem 4.4 we can bound the second sum as
follows:

h s 2 h 7 ~12
I;TQ (E) |2 = Izl gy < C};TQ (E) 2l
< C Z (hi)ﬁhélzlip(m
KeTr K
< Chﬁ Z |Z|§{2(K) < Chﬁ”“ _uh||i2([()a (36)
KeTr

with a constant C' independent of i and 3. In order to bound the first sum, we exploit
zlova € Bi_s (Callu — unll 2y, 72). Because of Lemma 5.4 and since no K € 7; has a

distance less than chj from K we obtain

Sl Y G Y R,

KeT KeTi|KNoQ#AD KeTi|KNnoQ =0

That is, for « sufficiently large, we obtain

Z |z — [zﬁ{l(K) < W0 Z Cf2<,z < h*°Clu— Uh”iam- (37)
KeT KeT
Combining (36) and (37) gives us the desired result. O

Remark 5.10. In order to prove Lemma 5.9 we demand that there exists no K € Ty such
that K N o0Q # (). However, this is no restriction. Since we assume shape regqularity and
K C Q' cc Q the claim will automaticly be fulfilled, if only h becomes small enough.

Lemma 5.11. Let the assumptions of Theorem 2.1 be wvalid. Furthermore, let z and zy
be given by Definition 2.5 and let wgr be given by Definition 2.2. Then there exists a
B € (0,00] depending only on Q, V', the shape regularity constant vy and the constants of
Definitions 1.7, 1.9 such that

H\/WB,TV(Z - Zh)HLz(Q) < Cﬁ’hﬁ [|u — UhHL?(K) (38)
for all B € (0,3]; Cy independent of h and (3.
Proof. For simplicity of notation we set e = z — z;, and we proceed in several steps:

e First, we observe

Iv@s7 Vel = / Ve - V(wyre)dQ — / eVe - VwdQ,
Q Q
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Now, Lemma 5.2 garantees the existence of ' > 0 and C;, > 0 such that

/ eVe - VwdS) < Cﬁ/’\/w@T;’ ‘\/WB,TVe‘dQ
Q

Q

IA

cp

e
7] Tt
< CCupB H\/Wvd’;m)

for all 3 € (0, 4']. Since C is a monotone increasing function of ', we additionally
claim CC% 3" < 1 for a possibly smaller ', and obtain

IVT7Vel2am < C | / Ve V(wsre)d |
Q

for all g € (0,0'] and Cy := m
/@/

Next, we apply the triangular inequality to insert the element Iz € S§(Q,7) of
Lemma 5.9

H‘/—wwveuig(m < Cy / Ve - V(wgr(z — 12))dQ+Cp / Ve - V(wsr(Iz — 2,)dQ].
Q Q

Making use of Cauchy-Schwarz inequality together with Lemma 5.1 and Lemma 5.2,
the first term can be bounded by

1
\/ﬁv (wpr(z—12))
< (14 CCB) ||VorVel o) Vo7V (z = 12)]| 2 )

for all 5 € (0,']. To bound the second term we make use of Galerkin orthogonality
and deduce

/veV(cug,T(z—fz))dQ < [[VwsrVel|

Q L2(2)

/ Ve V(w(Iz - z))d0| = / Ve - V(wsr(Iz — 2) — Twsr (T2 — 2)))d9

< CCup H\/WMV@HLQ(Q) vaﬁjV(Iz N zh)HLQ(Q) ’

for all 3 € (0, 3], where T : Sgp(Q, T) — S§ denotes the operator defined in Lemma
5.3. Hence, combining these two bounds we arrive at

HVWB,TVQHZ(Q) < (1+CCyh) H\/WﬁyTver(Q) Ve TV(z — 12>HL2(Q) -
CCp 3 vaﬁvTver(Q) |V@srV (2 — [’Z)HLQ(Q) +
CCpf HVW@TVBHB(Q) vaﬁvTVGHB(Q) ;
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that is, for (’ sufficiently small we have

H\/WﬁvTveH;(Q) < Cp \/Wﬁ,Tver(Q) |V@s TV (2 — IZ)HL2(Q) ?

for all g € (0, '] and finally, Lemma 5.9 yields (38).

6 Outlook

In Theorem 2.1 we proved the existence of some 3 > 0 such that the local error estimates
(5), (6), and (7) hold. Since all of our numerical experiments achieve § = ¢ we assume that
it is actually possible to prove an improved version of Theorem 2.1, where § > 0 is replaced
by # = 0. Numerical evidence such as Example 6.1 below indicates that Theorem 2.1 is
not necessarily restricted to Dirichlet problems but is also true for other types of boundary
conditions such as Neumann or mixed boundary conditions.

We want to mention that the doubling of the convergence rate can be obtained using the
“standard” duality approach if a slightly different mesh is considered as proposed in [7]
(see also [8]). There, the mesh size is defined according to hx ~ min{v/h, h+dist(K,0Q)}
and the polynomial degree p is defined as in Definition 1.9. The key thing to note is that
in the interior of the computational domain a quasi-uniform mesh with mesh size O(v/h)
and fixed polynomial degree is employed. Thus, the standard duality arguments can be
used to recover a local Lo-convergence rate of O(h'Y/?+9) for u € H'*(Q). It should be

noted that the above choice of meshes and polynomial degree distribution also lead to a
problem size N = O(h™!).

Example 6.1. (mixed boundary conditions) We consider the L-shaped domain as
shown in Figure 1 together with the model problem

—Au=f on Q= (-1,1)*([0,1] x [~1,0])
mu=0 on ITy={-1}x[-1,1])U([-1,1] x {1})
u=0 on OI'p =00\,

where the right-hand side f is chosen in such a way that the exact solution u is given by
2
u =73 sin (ggo) (1 —7r%cos® ) (1 +rcosep) (1 —r’sin®p) (1 —rsing).
As in Example 3.1, we have u € H3(Q) Ve > 0, and we choose %, = (0.4,0.3), %y =
(0.1,0.2). Our computations are performed with oo = 1. The results are collected in Table 2

and plotted in Figure 4. We clearly observe that the covergence rate on the fized element
element K is better than the convergence rate in the global energy norm.
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Table 2: Example 6.1 with e = u — uy,

x1 = (0.4,0.3) X3 = (0.1,0.2)
Level h| Pmaz | ez | llellmuy | Nellegy | llellm )
1[5.000e-01 | 1 | 3.0616e-02 | 2.1547¢-01 | 4.4508¢-02 | 1.7582¢-01
2 | 2.500e-01 | 2 | 3.9843¢-03 | 3.4705¢-02 | 9.3600e-03 | 8.2524¢-02
31 1.250e-01 | 2 |9.3002¢-04 | 4.0317¢-03 | 2.0784¢-03 | 2.0144e-02
416.250e-02 | 3 | 3.4768¢-04 | 2.8333¢-03 | 5.8271e-04 | 3.4600e-03
51(3.125e-02 | 4 |1.0915e-04 | 4.3509¢-04 | 2.0533e-04 | 1.4255e-03
6| 1.562e-02 | 4 |3.8583¢-05 | 1.3150e-04 | 6.5801e-05 | 3.9335¢-04
7] 7.812e-03| 5 | 1.5366e-05 | 5.3646e-05 | 2.6794e-05 | 1.5621e-04
8| 3.906e-03 | 6 |6.0745¢-06 | 2.1389¢-05 | 1.0550e-05 | 4.8660e-05
9]1.953¢-03 | 7 |2.4260e-06 | 8.5037¢-06 | 4.2667¢-06 | 2.1289¢-05
10 | 9.766e-04 | 7 | 9.6054e-07 | 3.3699e-06 | 1.6877¢-06 | 8.7675¢-06
11 | 4.883e-04 | 8 | 3.8240e-07 | 1.3399e-06 | 6.7419e-07 | 5.3085¢-06
12 | 2.441e-04 | 9 | 1.5166¢-07 | 5.3211e-07 | 2.6653¢-07 | 1.6800¢-06
13| 1.221e-04 | 9 | 6.0242¢-08 | 2.1117¢-07 | 1.0600e-07 | 8.1111e-07
14 | 6.104¢-05 | 10 | 2.3895¢-08 | 8.3872¢-08 | 4.1974e-08 | 2.1525¢-07
15 | 3.052¢-05 | 11 | 9.4841e-09 | 3.3246e-08 | 1.6644e-08 | 1.2683¢-07

Figure 4: Results corresponding to Example 6.1
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