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Introduction

Motivation and goals

Goal 1: FE simulation of thermal actuation of motion of a LCE material

e Voltage OFF

LCE-CB & .
Heater ‘ Introducing Joule heat

power by heating pads,
see Cui Y. et al. [2018]

Kapton tape
Goal 2: FE simulation of UV light acuation of motion of a LCE material
Using UV light for

inducing vibrations, see
Corbett & Warner [2009]

Step 1: FE formulation for actuation of continuum motions by boundary or volume loads

We design a dynamic mixed FE method for continuum motions with internal reorientation



= Continuum formulation with reorientation effects
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(cp. Frank [1958], Leslie [1968], Anderson et al. [1999], Himpel et al. [2008], De Luca et al. [2013])
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rigid molecules

Continuum model pOIYmer chain

Q Orientation mapping 0 Distorsion tensor
X : Bo x T — R"im with K, =F'gGy=F'gx F

X,0) =no(X) and ng-np =1
X(X,0) =mo(X) o @ Orient. velocity vector

© Orientation tensor 0y (X, 1) = X(X, £) = g
F:=x®mng n, = Fy,ng
* X @ Orient. momentum vector
9 Orient. deformation tensor Py = o [(li — 1) Ao + 121 vy

Cy:=F'gF,=F'g, F Ag = 0 ® @0



e Free energy functions as stress potentials
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(cp. Frank [1958], Leslie [1968], Warner et al. [1993], Anderson et al. [1999], Himpel et al. [2008], De Luca et al. [2013])

A iy ] e Free energy of thermo-orientational deformations

element
formulation for
reorientation in

@ |Interactive free energy

quljeilisiro}:i?:;ine !pi(Ft IxXs 9) = !pori(CX, (_)) - @ori([i)ri’ Jé)ri7 9)
9 Orientational invariants
I = CyAg: G} Jg i= CyAg : Cy A

Free energy associated with distorsions of the orientation field

Continuum model
@ Frank free energy

wdis(KX) o— ,pdis (Ilclis7 szis)
©@ Distorsional invariants

I .= (K, — Grad[ng)) : G~! Jgis .= (K, — Grad[ng]) : (K — Grad[no))

Free energy of thermo-elastic deformations

Q Compressible free energy
chla(cv7 9) o— !ﬁcla(Ilcla7 chla7 ]gla7 9)
@ Deformation invariants

r.=Cc:G! 2 e=0:C I§2 .= det[C]




I Heat conduction and thermomechanical coupling
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(cp. Anderson et al. [1999], Holzapfel [2000], Al-Kinani et al. [2015])

A new mixed finite il Duhamel’s law for transverse isotropy with reorientation

element
formulation for
reorientation in
liquid crystalline

elastomers q = *deu grad[Q] deu = kn X ®x+ kO (g_l —X® X)

Q Cauchy heat flux vector

GroB M., Dietzsch @ Piola transformation and orientation tensor
J. and Concas F

det[F]' F Q = —k°* F~! Grad[©] x = F, ngy
© Piola heat flux vector

Continuum model

Q := —K*“" Grad[©] KM = det[F] [(kn — ko) CT'Cy AgCL.C™" + kg C™]

Thermomech. coupling for transverse isotropy with reorientation

Q Coupling parameters

i (9_900) o= \V I§la_1 671(9_900) = \/Jgri_l

@ Coupling free energy functions

8spela ( Iela)
oI

ou (75
G

T5e(C,0) = —24/I§* ag (6 — Ox)

Pe(Cx, 0) = =21/ J5" B (6 — Oco)



@ Reorientation with drilling degrees of freedom

A new mixed finite Reorientation modelled as dissipative process (cp. Garikipati et al. [2006])
element
formulation for
reorientation in

liquid crystalline D;ﬂt o NX o gF _ g}ori(CX’ @) — My @ >0

elastomers

Q (Non-isothermal) Clausius-Planck inequality

GroB M., Dietzsch ©Q Normalized orientation vectors guaranteed by drilling degrees of freedom
J. and Concas F

. gF F'=¢ & &= dF g, op(X,t)
© Reorientation dissipation

- . [9w°(C,, 0)
D= [Ny—F,S']:gF - {78(;

+WX]9—TXZ€'d20

Reorientation

@ Coleman-Noll procedure )
) ¢ ) " i ov°r(Cy, O)
N, =F, S, Ty =F S F, =g

Reorientation equations

© Orientational nonequilibrium stress equation (solved weakly on the element)

1 )
—55:7')(:2)( 3 =Va D;‘t::QZ‘X~o}20

@ Global orientation equation with Dirichlet boundary conditions in general



= Variational-based weak formulation (1)
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INITZ
A new mixed finite Principle of virtual power extended to mixed fields

element
formulation f o )
ormuation for @ Incremental principle of virtual power

reorientation in
liquid crystalline tnt1 . 2 - ~
elastomers / (L’H(U}7 000 Ug, Vl» 000 Vp) dt =0
GroB M., Dietzsch tn
J. and Concas F D Total virtual power of deformation ¢, temperature @ and orientation x

8 H = 6, Py + 6, Po + 6. Py Ho=T + 1™ + 19

Virtual power associated with the motion (I)

Variational-based @ Virtual power of motion
weak formulation ) . _ L. 2 2 o~ -
6Py = 8.To(@,9,0) + .11 (&, R) + 0.2, F, &, P, B)

@ Path-independent virtual kinetic power
AR ) ;:/ (Lir[/’ovfp]dVJr/ 6*1'7-[¢7v]dv+/ 5.p-pdV
Bo Bo Zo

Q Path-(in)dependent virtual external power

5118 (p, R) = —/ d.p- BAV —/ S.p-TdA
Bo At Bo

f/ 5*R-[¢f¢}dAf/ .- RdA
8, Bo Dy PBo



w2 . Variational-based weak formulation (I1)
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Virtual power associated with the motion (1)

Path-independent virtual internal power 6*]7;‘“(5'0,?’, é’, P, S’) = §,pint
liquid crystalline . _ . 1 _ O /ote .
e b.pit / 5*P: Gradm —F} dV+§/ 5.5 [E F F) —C] av
GroB M., Dietzsch o pa ov 1 ‘?D =~ = e
J. and Concas F == / 0,C : |:— == S:| dv +/ 0. F : [FS = P] dVv + P: Gmd[éxgo] dv
%o aC 2 2o Bo

Virtual power associated with the thermal evolution (1)

@ Virtual power of thermal evolution
Variational-based

ext int (2 5 0
weak formulation O Po = 0. H@ (9 @ )‘ h) + s H (61777@)
©@ Path-dependent virtual external power

- - - tot _
6.1540,6,735) = [ 6.62 dV+/ L Grads.6]- Qv
Bo <) Bo (€]

4+ / 5,0 5,0 X 5,0hdA
90 Bo

Be Bo 39 Bo
+ [6-

/ £ / ] dA
. Qo Bo
with

D o= —é Grad0] - Q +2& - X,

®|©\

®x



w2 Variational-based weak formulation (Il

A new mixed finite [l Virtual power associated with the thermal evolution (II)

element

formulation for Path-independent virtual internal power
reorientation in

liquid crystalline e H‘“t(Q, n’é) . / S, @ +n)dv + 6*7] (9 _ é) dv — (5*@~7]dv
Bo 39 Bo %o

elastomers

GroB M., Dietzsch
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Virtual power associated with the reorientation (1)

@ Virtual power of reorientation
6. Py = 8. Tx (%, Dy, by) + 0. P + 6, P

@ Path-independent virtual kinetic power
5T (X by, By) = /% 8.0y - (po [(Z = 18)Ag + 5 I] vy —p,) AV
0
4 / 0Py - [)‘(—vx]dV—t-/ 0 X - Py AV
PBo PBo

© Path-dependent virtual external power
8N (b, X, Z, T, ) =1 0, P

Variational-based
weak formulation

where
0P = a*x B, dV — d.x - WdA— 0.7 [x —x)dA - 0. - ZdA
ow Bo 0y Bo 05 Bo
7/ 20,7y -dA — 26*U<Tﬂ,dA+/ 20,0 - X, dV
0y B 0By Bo
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Variational-based
weak formulation

Variational-based weak formulation (1V)

Virtual power associated with the reorientation (1)

Path-independent virtual internal power

6*H>i<nt(a7x7 FvﬁxvéxvéxaIL{xv‘T—nan:PKanaSK) = 6*P;(nt

where
8P = / F +G' SK] dV+/A”2(Y Tn-[x+e a-x]dV
+ / .[X®no dV+ / 5.Px : [Grad[x] ]dV
+ / o [% (Ftﬁx) ¢ ]dV+/ 5.5k : {% (F'a,) —i{x} av
4+ /%05* e 8 aagx 754 dv + ,gué*K": [%75;{] dav
+ /%5* i [FS,—P }dV-&-/JzSG [F Sk — Pg|dv

L

/ b 8 6x®ng]dV+/ Py : Grad[o *X]dV-&-/ 5.8, B (e-a)F, dV
Bo
+/ Be Tx —Tn-€: X] 25*adV+/ 27, - 0ux dV

Bo Bo

Total virtual power in the incremental principle

/9 [6.Pp + 0.Po + 8. T (X, Dy By ) + 6P + 6, dt = 0




@ Global weak forms of motion with reorientation

A new mixed finite Weak balance of linear momentum

element

formulation for . . -
reorientation in / 5*99 : [p - B] dvdt — / / 6*90 -TdAdt
liquid crystalline T Bo InJ O Bo

elastomers

+/ Grad[é*sb]:Pdth:/ / S.¢p- RAAdt
GroB M., Dietzsch G J Bo T 0pBo

J. and Concas F

Weak balance of thermal momentum (cf. Romero [2010], Schiebl & Betsch [2021])

_ tot ~ 0
/ /5*@ [ﬁfD }dthf/ / 5,6 %anda
T Bo () TnJ g Bo <]

-1 ==
Variational-based - / Grad[J* @] = QdVdt = / / 0.0 NdAdt
T Bo e 7.J 000

weak formulation
Weak balance of orientational momentum

/ 6% - [Py +27n — By] dth—/ W - d.x dAdt
TnJ Bo TnJ Ow Bo

+/ Py : Grad[d,x] dVdt +/ P, : [0.x ® no)dVdt =/ Z -5, xdAdt
T Bo T Bo T o, Bo

Weak balance of orientation rate

/ /26*%n~[x+e~d-x]dth:/ / 26,7, - DdAdt
T J By T 0, By
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Balance laws of the weak formulation (1)

Energy and momentum functions of the LCE extended continuum

formulation for

reorientation in

liquid crystalline
elastomers

Kinetic energy

T(t) ::/ %'wpdv
Bo

Kinetic energy of orientation

1
ROES /x 3 9x Py dv

0

Potential energy
I (t) ::/ wav
Bo

Linear momentum

L(t) := Lzop dv

Angular momentum

J(t) ::/ @ xpdV
Bo

Momentum of orientation

L, (t):= //} p,dV
Bo

Moment of momentum

5 (@) ::/jxxpxdv
Z

Reorientation function

ety = [ [P - 1)av

%o

Thermal energy

() = [ endv
PBo

Entropy

St):= [ ndv
Bo

Total energy
H =T + Ty + '™ + ITthe 4 [1ex

Lyapunov function

Fi=H—06s8

Balance laws

Linear momentum

L(tns1) - L{ta) = /

T Bo

Ly(tn) — In(tn) = /g

BdVdt + /
T 07 Bo

Orientational momentum

[By—27, — Py noldVdt + /
Bo

TdAdt—i—/

W dAdt + /
T J Ow Bo

(symmetry of virtual translations)

RdAdt
T 8,%B0

(symmetry of virtual orientations)

ZdAdt
T J 0, B




w2 Balance laws of the weak formulation (I1)

A new mixed finite Thermal momentum (cf. Romero [2010], Schiebl & Betsch [2021])
element _
formulation for Iy =
reorientation in S(tn+1) = S(tn) = / @ dvdi + / / % dAdt + / / AdAdt
liquid crystalline T Bo 9 Ao Tn 00 Bo
elastomers

ngular momentum (symmetry of virtual rotations)

J(tns) — / /«,adethJr/ / aprdAdtJr/ /<p><RdAdt
Bo A1 Bo 9y

[F\ 5, + G, 8] x Favdt

sch

T J Bo
Moment of orientational momentum (symmetry of virtual reorientations)
Balance laws Iy (tnt1) — /H/QOX x B dth+/ /aw)ggox WdAdt+/ /a § x ZdAdt

[F\ 8, + G\ Sy x Fdvdt — / / X X 27, dVdt
T Bo Bo

Kinetic energy of motion (symmetry of virtual time shifts)

T (tns1) — T (tn) =/ B pdvdt +/ T pdAdt +/ R pdAdt
TnJ Bo w0 Bo T ) 8 Bo
- /9. (8 5P+ 8, 5B, + By Gy avar
2 Bo



.. Balance laws of the weak formulation (l11)

A new mixed finite Kinetic energy of orientation (symmetry of virtual time shifts)

element

formulation for . . : RS PR
reorientation in 7;((tn+1) - 7;((t") = / } By - xdVdt +/ W . xdAdt +/ Z -xdAdt
liquid crystalline Zn %0~ /= & 8¢~S% - ~t s e Bfgé?u
elastomers - / / [Sy: F' (Fy+e-a-Fy) + 8k s F'Gy+ D) avat
GroB M., Dietzsch Fod
J. and Concas F
Thermal energy (symmetry of virtual time shifts)

de Bo

OXdAdL + QdAdt
TnJ 0o Bo TnJ 8 Bo

Potential energy (symmetry of virtual time shifts)

H(tusr) - I(t) = /9 | /%[sx D (F'F)+ 5k : %(ﬁax) +8,F

I (1) — I™(tn) =/ / [—g—g(—')JrD;“t] dth+/ OhdAdt
T Bo Tn
+

Balance laws

= (e-@)F,|dvdt

+/ / [S:FtF—B-¢—Bx‘x]dth
J Ty J By

Path-independent volume dead loads

I (t) = — | Bopdvdt = | Byoxdv
0 0




w2 Balance laws of the weak formulation (IV)

A newlmixedt finite Total energy (cf. Holzapfel [2000], Romero [2010], Schiebl & Betsch [2021])
elemen

formulation for _ ~

reorientation in H(tnt1) — Hitn) = / R -pdAdt + / Z - xdAdt

liquid crystalline TnJ By PBo TnJ Ox Bo

elastomers

GroB M., Dietzsch - / T-pdAdt +/ W - xdAdt

J. and Concas F 91 %o Ow %o

/ / S\OdAdt+/ / h@dAdt+/ QdAdt
'n 0o Bo 'n 0o B n O PBo

LyapUnOV function (cf. Romero [2010], Schiebl & Betsch [2021])

Fltns1) — Fltn) :/ T - pdAdt +/ R-pdAdt

A1 RBo ,J O PBo
Balance laws _ _ .
+ / w. )'(dAdt—O-/ Z - XdAdt-i—/ / hédAdt
Ow ABo Ay Bo T O Bo
6 — @
/ / =2 Dt qv dt + / / Q dAdt

@g dq Bo

Reorientation function (cf. Betsch & Steinmann [2002])

Cf’“(tn+1)—cm(tn)z/ / 2X~Xdth:/ / 2x -odAdt
T J B J T, J 05 Bo
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Thin LCE strip subject to initial rotation

Boundary and initial conditions 121-em with H20-mixed-Bbar

Mesh and boundary conditions

y [mm]

Activated Dirichlet and Neumann boundaries

Blue bottom as 0y By = deBo: Fixed orientation nf =0 and temperature O4 = O,




s Thin LCE strip subject to initial rotation

Unsteady right-left-rotation due to reorientation
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A new mixed finite Movie of a soft strip
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Initial rotation




e Thin LCE film subject to initial rotation

Unsteady right-left-rotation due to reorientation
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A new mixed finite
element lance laws versus time
formulation for
reorientation in
liquid crystalline
elastomers

|
5 I
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3 H | {oosE8 [
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002 004 006 0 o002 004 005 008 oI 0 o002 o004 006 008 Ol
Time [s] Time [s] Time [s]
s s Post-processing %107 s Post-processing.
g g

Initial rotation

‘momentum error in 3-direction [TOL]

0 002 004 006 008 0 002 004 006 008 Ol 0 002 004 006 008 01
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s Thin LCE strip subject to temperature control
Boundary and initial conditions 121-em with H20-mixed-Bbar
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g 006 —  Z40

g = ©

Z = g N

=2 04z E 7

e 004 2 Z 30 , .

o = 7/ AY

B 002 ¢ g ; \

g =

H S 20 4 \

£ 0o 2 E / '

3 § E / \

g 2 2 |, \

8 5 2 N

5 - 002 2 % .

Temperature control | 2 = ~_

5 3 5

e -0.04 2 Z0 a1 E

8 A 8

0 0.05 0.1 015 02 0 005 0.1 0.15 02

Time [s] Time [s]

Activated Dirichlet and Neumann boundaries

Blue bottom as 0y By = 0eBy: Fixed orientation nf = 0 and temperature O* = O
Yellow top as dgBo: e4r=0 f(@) Red top as boundary dgBy: thermally isolated
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Temperature control

Thin LCE strip subject to temperature control

Bending motion in direction to the boundary normal of 9,5

Movie of a soft strip
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Thin LCE strip subject to temperature control
Bending motion in direction to the boundary normal of 9,5

10y (mm)

400

00
02

| / ]
— |
S qu“i 1
S eftside
-6 - = 0
0.05 01 015 02 005 01 0.15 02 X [mm] ©
Time [s] Time [s]
05 X 10° Node-Nr. 2 Lol 35 Node-Nr. 2 340 Node-Nr. 2
— AN
—y / A\
-0 —— — z \
/
perature control g
‘g -1.5
2 x’» ,/ \
y
25 . . . 099 s . . . s s . . -
0 00s o1 o5 o 0 05 o1 o1 o2 0 00s o1 ois
Time [s] Time [s] Time [s]




Thin LCE strip subject to temperature control
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Bending motion in direction to the boundary normal of 9,5
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Temperature control




3 Thin LCE strip subject to transient heat flux load

Boundary and initial conditions 121-em with H20-mixed-Bbar
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Dirichlet r¢
-

. -0.01 0
0 0.2 0.4 0.6 0.8 1 0 0.2 04 0.6 0.8

Time [s] Time [s]

ivated Dirichlet and Neumann boundaries

Blue bottom as 0, By = dgBo: Fixed orientation n;“ = 0 and temperature ©4 = O,
Yellow top as JgBo: ©4 = Oy Red top as boundary 9pBo: Q = QfQ(t)

Transient heat flux load

Dirichlet reaction torque [12J/sqmm]




Thin LCE strip subject to transient heat flux load
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Bending motion in direction to the boundary normal of 9,5

A new mixed finite [l Movie of a soft strip (E =~ 0.914 [MPa]
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Transient heat flux load




s Thin LCE strip subject to volume load
Bending motion in direction to the boundary normal of 9,5
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A new mixed finite @ Aims: Dynamic simulations of motion actuations
element
formulation for
reorientation in

liquid crystalline » thermal Dirichlet and Neumann boundaries.
elastomers

P of liquid crystalline elastomers by means of

sch @ Numerical goals: Dynamic finite element simulations

P with the approach of a mixed finite element method and
P reorientations by means of drilling degrees of freedom.

© Numerical strategy:

P introducing an independent global orientation field,
P formulating local rotations by drilling degrees of freedom,
P using local evolution equations for stress-induced motions.

@ Numerical results: Motion actuations with

» thermal Dirichlet and Neumann boundaries

Summary

P activating bending motions as in experiments.

@ Next steps:

» Simulation of UV light actuations by chemical processes
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