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@ Motivation and goals

A VARIATIONAL- Goal 1: FE-simulation of thermal actuation of motion of LCE materials
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FINITE ELEMENT T Voltage OFF Voltage ON
FORMULATION
FOR LIQUID
CRYSTAL
ELASTOMERS

LCE-CB

Introduction of Joule heat
energy by heating pads,
see Cui Y. et al. [2018]
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Goal 2: FE-simulation of UV light acuation of motion of LCE materials

Using of UV light for
inducing bending, see

Corbett & Warner [2009]
t=0 n t =80ms

2mm

Step 1: FE formulation for actuation of continuum motions by boundary or volume loads

We design a dynamic mixed FE method for continuum motions with internal reorientation



= Continuum formulation with reorientation effects

(see e.g. Frank [1958], Leslie [1968], Anderson et al. [1999], Himpel et al. [2008], De Luca et al. [2013])

A VARIATIONAL- Continuum configurations of a LCE with orientational loads
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Continuum model

Q Orientation mapping 0 Distorsion tensor
X : Bo x T — Raim with K, =F'gGy=F'gy F

X,0)=n¢(X)and ng-np=1
X0 = () o @ Orient. velocity vector

@ Orientation tensor vy (X, 1) = X(X, 1) = 1

F:=x®mng n, = Fy,ng
* * g Orient. momentum vector

© Orient. deformation tensor Py = po [(12 —13) Ao + B I] vy
Cy:=F'gF,=F'g, F Api=ny @ ng



=] Polyconvex/elliptic free energy functions
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(cp. Frank [1958], Leslie [1968], Warner et al. [1993], Anderson et al. [1999], Himpel et al. [2008], De Luca et al. [2013])

A VARG Free energy associated with orientational deformations

BASED MIXED
FINITE ELEMENT
FORMULATION

FOR LIQUID ] Ao
CRYS$AL Ti(F' g x) = U*(Cy) = ¥ori(If™, JgH)

ELASTOMERS @ Orientational invariants

sch Ifri = CXA(J . G‘l Jé)ri o= CXAO : CXAU

Free energy associated with distorsions of the orientation field

e Frank free energy (motivated by Frank [1958], Leslie [1968], Anderson et al. [1999])

wdis(KX) o— ,ﬁdis (Ildis szis)

0 Interactive free energy (motivated by Anderson et al. [1999], Himpel et al. [2008])

Continuum model

©@ Distorsional invariants

I .= (K, — Grad[ng)) : G~! Jgis .= (K, — Grad[ng]) : (K — Grad[no))

Free energy associated with (isothermal) elastic deformations

e Isotropic compressible free energy (see e.g. Warner et al. [1993], Anderson et al. [1999])
Wcla(c) o— !pcla(llcla7 J201a71§1a)
@ Deformation invariants

r.=Cc:G! B2 e=0:C I§2 .= det[C]




@ Reorientation with drilling degrees of freedom

A VARIATIONAL- Reorientation modelled as dissipative process p. Garikipati et al. [2006])
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@ Clausius-Planck inequality

D= N, : gF —¥oi(Cy) = [Ny — F, St ] cgF—FS,:gF, >0
@ Normalized orientation vectors guaranteed by drilling degrees of freedom
GroB M., Dietzsch
J. and Concas F ]ISkW:gFXF;lze'd dZ:O.ékgkOLP(Xut)
© Reorientation dissipation

Dt = [Ny —F, S, :gF -7 :e- >0

Reorientation

@ Coleman-Noll procedure
N, :=F,S! T :=F8, F!

Reorientation equations

© Orientational non-equilibrium stress equation (solved on element level)

1 )
—55:7')(:2)( 3. =Va D;‘t::QZ‘X~o}20

@ Global orientation equation with Dirichlet boundary conditions in general



= Variational-based weak formulation (1)
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INITZ
A VARIATIONAL- Principle of virtual power extended to mixed fields
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FORMULATION @ Incremental principle of virtual power
FOR LIQUID thi1 L . _
/ 0HU,... Uy, Vi,...V,)dt =0
tn
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Q Virtual power of two global fields: deformation ¢ and orientation x
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Hi= T + 10 4 o
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8 H = 8. Py + 6. Py

Virtual power associated with the motion (I)

@ Virtual power of motion
Variational-based 5 . _ L .
6Py = 8.To(@,9,0) + .11 (&, R) + 0.2, F, &, P, B)

weak formulation

@ Path-independent virtual kinetic power
AR ) ;:/ (Lir[/’ovfp]dVJr/ 6*1'7-[¢7v]dv+/ 5.p-pdV
Bo Bo Zo

Q Path-(in)dependent virtual external power

5118 (p, R) = —/ d.p- BAV —/ S.p-TdA
Bo At Bo

f/ 5*R-[¢f¢}dAf/ .- RdA
8, Bo Dy PBo



w2 . Variational-based weak formulation (I1)

avariationaL- [l Virtual power associated with the motion (II)
BASED MIXED
FINITE ELEMENT
FORMULATION
FOR LIQUID

CRYSTAL 6P = [ 0.P: [Grad[{a] = F} dv + i/ 0.8 : [2 FT‘) -
ELASTOMERS Bo . 2 Ja, ot
GroB M., Dietzsch IF / 5.C: [BC‘ =5 5'] dV+/ §.F: [FS—PlaV +
J. and Concas F PBo Bo

Virtual power associated with the reorientation (1)

@ Virtual power of orientation
8. Py 1= 8, Tx (%, Dy, By) + 0P + 5, Pt
Variational-based X X(X X pX) X X

weak formulation @ Path-independent virtual kinetic power

5T oby) = [ Bt (oo [(B - B Ao+ BT vy = p) AV
J Bo
4 / 6*px-[vax]dv+/ 5x - by dV
Bo Bo
© Path-dependent virtual external power 6*]7§"t(d,x, Z, %, D) = 6*73;’“
8PS = —/ 8.X - By dV — Sx-WdA— [ 6.Z-[x-x]dA- [ &.x ZdA
B

Jow B0 Jo, B, Jo, B,

7/ 2(5*‘7'n-f/dA7/ 26*D<+,LdA+/ 20,0 X, dV
95 Bo a B0 Bo



w2 Variational-based weak formulation (Il

A variaTIoNAL- [l Virtual power associated with the reorientation (1)
BASED MIXED

FINITE ELEMENT Path-independent virtual internal power
FORMULATION

FSEYLSI$XII_D 6*H>l(m(a7j(7Fvavach’va PX:PK,SX’SK) _(5 ’Plnt
ELASTOMERS wilhere
GroB M., Dietzsch . . L
J. and Concas F 5*rp)i(nt, o / S F {F SX 4 GX SK] av +/ 26,7, - [X ea. X] W
Bo
+ | 6Py [x@no—Fy|aV+ [ 6.Px: [Gradii] - &) av
Bo

p ~t = 0 (=t~ 5
+ [ 885 (F'F,)-¢€ ]dV+ & Sk {E (F'a,) —KX} av
U2 .
o _ SX] av+ [ 6K, : [E — Sk |dV
weak formulation - _ ~X - o L - - x -
+ | 6.F,:[FS8,-P, }dv+/ 6.Gy : [F Sk — Pg|dV
Bo

L,

Lo
Variational-based + /gaog*éxz oC

A

L

Py [0, X®n0]dV+/PK Grad[d.x] dV+/ A F (€-a)F, dV

RS

4

1
/ —e:‘rxf'rn-e-x]-Qé*adVJr/ZTn»(;*XdV
&902 Zo

Total virtual power in the incremental principle

5 H = 6. Py + 0. Ty (X, by, By) + 6P + 5, P




i . Main weak forms of motion with reorientation

A VARIATIONAL- Weak balance of linear momentum

BASED MIXED

FINITE ELEMENT o g = .
FORMULATION / O - [p— B]dVdt —/ T 0.pdAdt
FOR LIQUID T J %o Tn 01 Bo
CRYSTAL ~ . - .
+ P : Grad[d.p] dVdt = / R 6. pdAdt
ELASTOMERS / ol (0] 7)o, 2,
Weak balance of orientational momentum
/ 6.X - [Py +27n — By dth—/ W - 6.x dAdt
GnJ Bo T J Ow Bo
+/ Py : Grad[d.x] dVdt +/ P, : [0.x ® noldVdt
n Y Bo ' Bo
Variational-based ~ .
weak formulation I/ Z -6, xdAdt
T, J 0y B

Weak balance of orientation rate

/ /25*?n-[x+e~d~x]dth:/ / 96,7 dAdL
T Bo T J 05 Bo

Weak balance of reorientation stress (locally/element-wise solved)

1
//2(5*d~{1~'n><x+76:7'x+2)<
T B 2

dOdt =0
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Balance laws

Balance laws of the weak formulation (1)

Energy and momentum functions of the LCE extended continuum

Kinetic energy

T(t) ::/ %v~pdV
Bo

Kinetic energy of orientation

1
To(t) := / 5 Ux Py A%
Po

Potential energy

() = / wav
Bo

Linear momentum

L(t) ::/ pdV
Bo

Angular momentum

J(t) ::/ e xpdV
Bo

Momentum of orientation

L, (8) := /)3 p,dV
Po

Moment of momentum

J () &= /A X % p, dV
J %o

Reorientation function

ei(®)i= [ [Iod® 1] av

J Bo

Total energy
H ::T+7;(+Him+next

Linear momentum

Litwsr) — L{ty) = / Bavd: + /
TInJ Bo

TnJ O Bo

Orientational momentum

L, (tni1) — Ly (tn) :/ /[BX—Z%TL—PXnO]dth-‘r/
T Bo T

+
T

Z dAdt
N7

TdAdt—i—/

(symmetry of virtual translations)

RdAdt
TnJ 8, %Bo

(symmetry of virtual orientations)

W dAdt
Ow Bo




w2 Balance laws of the weak formulation (I1)

A VARIATIONAL- Angular momentum (symmetry of virtual rotations)
BASED MIXED

FINITE ELEMENT _
FORMULATION JI(tny1) — I (tn) / /_3080 x BdVdt + / /BTUQZOX TdAdt + / /3 P X RdAdt
FOR LIQUID o
CRYSTAL / / [F,S\ + G\ Sy x Fdvat
ELASTOMERS By

Gro8 M sch
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Moment of orientational momentum (symmetry of virtual reorientations)

Iy (tnt1) — / /XXB dde‘+/ / XdoAdt+/ /XdeAdt
Bo dw Bo 0y Bo

/[F S @ SA]XFdth //XXZTndth
Bo TnJ Bo

Kinetic energy of motion (symmetry of virtual time shifts)
Balance laws T (tns1) — / B pdvdt +/ T pdAdt +/ R-pdAdt
Bo A1 Bo T Oy Bo

= /7 S:F'F+8,: FtFX + 8k : F'Gydvdt
PBo

Kinetic energy of orientation (symmetry of virtual time shifts)

Ti(tni1) — Tx(tn) :/ B, - xdvdt +/ W - xdAdt +/ Z - xdAdt
Tn ) Bo 'n Op Bo 'n Op Bo
7/ /[sxzpf(pﬁeu.ﬁx)wff F'Gy + DM v
TnJ Bo



.. Balance laws of the weak formulation (l11)

A VARIATIONAL- Path-independent volume dead loads
BASED MIXED

FINITE ELEMENT
FORMULATION I°*(t) .= — | B-edVdt — / B, - xdv
FOR LIQUID PBo o

CRYSTAL
Potential energy (symmetry of virtual time shifts)

ELASTOMERS
—t - = 9 t

(tpt1) — I(tn) = /9/33[SX%(F FX)+SK:at(FtGX)+§X:F(e-d)FX]dth

+/ / [S;FtF—B-¢—BX-x]dth
T Bo

Total energy (symmetry of virtual time shifts)
Balance laws H(tni1) — Hitn) = / R- edAdt + / Z - xdAdt
7,J0,%, T J 0,80

—/ T.¢dAdt+/ W—)’(dAdt—/ / DM dAdt
dr Bo Dy PBo S T J 0p Bo

n n

Reorientation function

Ctnn) =)= [ [ 2xexavar= [ [ 2x-pada
7. 2, T o, B

n




s Thin LCE strip subject to initial rotation

Boundary and initial conditions 121-em with H20-mixed-Bbar
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Activated Dirichlet and Neumann boundaries

Green bottom patches as boundary 9, By: Fixed orientation nZ =0



Thin LCE strip subject to initial rotation
Gz Dynamic effects of the reorientation

A VARIATIONAL-
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Thin LCE strip subject to initial rotation
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Unsteady right-left-rotation due to reorientation

A VARIATIONAL- Movie of the soft strip (E = 0.914 [MPa]
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CRYSTAL
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Initial rotation
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Initial rotation

Thin LCE strip subject to initial rotation

Unsteady right-left-rotation due to reorientation

Potential energy error [TOL]

Total momentum error in 1-direction [TOL]

lance laws versus time

Post-/Intra-processing <10

Post-/Intra-processing
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s Thin LCE strip subject to boundary load

Boundary and initial conditions 121-em with H20-mixed-Bbar
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Boundary load

Thin LCE strip subject to boundary load

Contraction with folding motion

Movie of the stiffer strip




s Thin LCE strip subject to volume load
Boundary and initial conditions 121-em with H20-mixed-Bbar
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Thin LCE strip subject to volume load

Steady clockwise rotation due to reorientation

Movie of the stiffer strip




s Thin LCE strip subject to volume load

Steady clockwise rotation due to reorientation
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A VARIATIONAL- @ Motivation: Simulations of motion actuations
BASED MIXED

P ORMOLATION. P with liquid crystal elastomer materials as actuators by using of
F(C)EYLSQXII_D » boundary and volume loads (thermal and photochemical fields).
ELASTOMERS : . .

@ Goals: Dynamic FE simulations

Gro , Dietzsch

b e 7 P with the approach of a mixed finite element method and

P reorientations by using of drilling degrees of freedom.

© Strategy:

P Introduction of an independent global orientation field,
P Formulation of local rotation by drilling degrees of freedom,
P Using of local evolution equations for stress-induced motions.

@ Results: Motion actuation

P with Neumann boundary loads and volume-specific loads,
P which activates deformation modes and rigid-body modes.

Summary

@ Next step:

P Thermo-mechanical coupling for simulating thermal actuations
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