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Motivation and goals

mesogen

polymer chain

[Concas and GroR (2023)]

Motivation

>

>

nematic liquid crystal elastomers (LCEs) are innovative materials showing unique responses to
external stimuli, e.g. electric fields

possible applications: soft robotics, artificial muscles, etc.

» simulations of nematic LCEs can be computationally very expensive by using mixed finite elements

> large number of elements to detect microstructural phenomena such as arise of stripe domains
P large number of fields for predicting their unique behaviour

our previous approach (see Concas and GroR (2023),(2024),(2025) based on the computation for each
time step of all fields by the global tangent including all nodes of the whole virtual specimen, i.e.
global-level procedure) can be improved in order to reduce the amount of global degrees of freedom
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als

» implement a multi-level procedure (similar to the Multilevel-Newton method of Ellsiepen and

Hartmann (2001)) — identify global and local fields
> static condensation for including local variables into the global tangent
> global and local residuals have to fulfill different convergence criteria — | Rg||cc < TOLG
and |[Rr|lco < TOLL WithTOLy = 10" 2TOL¢
P define a rotational free energy density ¢ (¢, B) so that the local tangent is not singular
» define Dirichlet boundary conditions for the orientational mapping x associated to the mesogens, i.e.
nematic director n;
» compare results obtained by the multi-level procedure, in which a full rotation of the nematic director
is achieved, with results from the global-level procedure

Diagram of the multi-level procedure of. Felippa and Park (1979)

local fields o, 3

if|Rgllco > TOLg if |[RGgllooc > TOL

iflRLlco < TOLJ,

global fields

P X Tx, Wr

if|RGlloc < TOLg if[Rglloo < TOLG

t 4 2hy,
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EH ‘ Multi-level procedure
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Global and local fields cf. principle of virtual power from Concas and GroR (2023), (2024)

> global fields
P deformation mapping of the position & between the initial configuration 2, and the current
configuration 2
» x orientation mapping of the nematic director n; (direction of mesogens in a monodomain
specimen) between %, and 4,

»> T Lagrange multiplier for the constraint x = (c’x - ﬁ) X X

> w, Lagrange multiplier for the constraint & = —Le: FF~*

» local fields

» 3 rotation mapping of the mesogens between 2, and %,
P« rotation mapping of rotations occurring in the bulk elastomer between %, and %,

System of equations

K, oAp + Koy Ax + Koo Ao+ KpwAw- + K. sAB= R, (1)
K oAp + Ky Ax + K oA + KAty + KygAB= Ry (2)
K, Ap + KypoAa = R, (3

K. ,Ax + K- Acx + K. 3AB= R, (4

KooAp + Koy Ax + Koo Ao+ KowAw, + Ko7 ATy + KogAB= R, (5)

Kp,Ap + Kg,Ax + Kgo Ao + K, Aty + KggAB= Rg (6)
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for i — th time step do

» calculate global residuals R = {R¢ Ry Rr Ry }T
for j — th global Newton loop do

» calculate local residuals Ry, = {Ra Rg }T

for k — th Newton loop for each element (local Newton loop) do
» calculate tangents K oo, K 3. K 3, and K g3

) Kaa Kgp Aa Ry
» solve system of equations [ of =
Y q Kgo Kgp AB Rg

with A = 0, Ax = 0,ATy = 0, Aw, =0

g k+1 — o3,k
» update nodal values for the single element " kil _ o k P £
pIk+l — gik L A

» calculate local residuals Ry, = {Rﬂ Ry } T and check if [Rplloo < TOLp,
end

» calculate global residuals R = {Rw Ry R+ Ry }T
» calculate all tangents and the related consistent tangents by setting R, = 0 and Rg =0
» solve system of equations

K ppcons K pxcons K orcons K pwcons A Ry
Ky pcons Ky xcons K\ rcons K ywcons Ax _ Ry
K+ pcons K rxcons K rrcons K rwcons ATy - Ry
K wpcons K 4 xcons K wrcons K wwcons Awr Ry

eIt =it ae oIt =4d fary
Xt = xI + ax wltl = wl 4 Aw,

» calculate global residuals R = {R«P Ry R Ry }T and checkif | |[Rgllcc < TOLgG

» update nodal values

end
end
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Energy density formulation

¥ =ca(I:C—3—2log(J))+ % ([log(J)]2 +(J— 1)2) tesno - Cno

Neo-Hooke

2
+ 3 (I:(ny ®ng) —1) + (co + a) ‘FTnt’

+ (c10 — a) (no . FTnt)2

[Biggins et al. (2008)]
c
i % [( = B) x 14]® +c1ap [( — B) - Fno]®

N —
[Warner and Terentjev (2007),
Concas and GroB (2024)]
Y EVEE parameters [Anderson et al. (1999), de Luca et al. (2013)]
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= Numerical test: LCE film under orientational surface load
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Specimen geometry virtual specimen with H/L = 1 (12.5 x mm) and 900 H 1 —elements

W =44uN/s » orientational surface

load in the direction
ez on both vertical
sides of the film

» orientational
Dirichlet boundary
condition (x, = 0)
on the other two
sides of the film

ng = ey

T :I:szo

Parameters [de Luca et al. (2013), GroR et al. (2022)]
> cG(k=2) E =0.914 M Pa
hyn = 0.002 s v = 0.493

| 2
» tend =0.045s

» TOLg =10"12and TOL; = 10~14

> ||[Rg|looc < TOLg and |RL|loc < TOLy

p = 1760 kg/m3
(T = 60°C) = 1.88
Vg =200 Pa - s

vvyyVvyyy
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= Numerical test: LCE film under orientational surface load

» with orientational Dirichlet boundary » without orientational Dirichlet boundary
conditionatt = 0.4 s conditionatt = 0.4 s

Pttt

i

RRERN

i

Py

T
T TIITe

8.771e+05  -6.667e+05 Ty = [Pa) 6.667e+05
I — Q|

» applied in the variational formulation by means of the reaction force Ry as Lagrange multiplier

» rotation of nematic directors about the z—direction for the nodes in the vertices is impeded even
though they undergo the orientational surface load W

> distribution of the 2 —component of the reorientation stress vector T, shows that the central part of
the virtual specimen is unaffected, with ~, as Lagrange multiplier for the constraint

x=(a-8) xx
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Numerical test: LCE film under orientational surface load

Error of the momentum balances and moment of momentumum balances

Balance laws cf. pri le of virtual power from Concas and GroR (;

L (tn+1) — L (tn) = // /—N)B; dVv dt + // TdAdt + // RdAAdt

Tn X Bo Tn X0 B Tn X0p B
J (tnt1) — J (tn) // [ X poB,] dV dt + // [ x T] dAdt + // [¢ x R] dAdt
TIn X B Tn X0 B Tn X8pABg
oY oy O
F x — ) dV dt + // f-&-f dVv dt + // s dVdt
/ / ( OF o8 &
Tn X Bg Tin X B Tin X B
» multi-level procedure » global-level procedure
-7 +«102 <107 %102
| 10 6% 110 W%
K o 3 o o3
3 05 ; £ 3 S
& . Sk ol i s 8 25
5 08 fa b Qi Al ifekh 5 = s
% 0 porags u\vgm&ﬁ,;‘im 1\& f % é g g
E. ol g 5
g g 5. g
o s o £
£ = £ =
gIsf Lo 2 2 3 2
-4 £ -1.5 6 E
0 0.1 0.2 0.3 0.4 0 0.1 0.2 0.3 0.4
time [s] time [s]
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= Numerical test: LCE film under orientational surface load

Error of the orientational momentum balances and moment of orientational momentum balances

Balance laws ual power from Concas and GroR (202
)
Ly (tny1) — Ly (tn) = // [,MBX — T — al] dv dt + // W dAdt + // R, dAdt
X
Tn X Bg Tn X0y Bo Tn X Ox B
T (tng1) — Ty (tn) // [x x poB,] dV dt + // [x x W] dAdt
T X B Tn X O Bo
oY
+ [x X Ry] dAdt — x X | Tx + 3 dVv dt
Tn X0y B Tn X Bo X
» multi-level procedure » global-level procedure
%1073 %100 %104 x10°°
3 3 ) 2 4 5
- N - :
E 2 £ g , &
g2 B £ 8
. o1 @ ,_ @
s £ s do E
3 ; o2 ® 02
£ 4 MATE NN 0§ £ 5
2 E 2 s
S | B g 2 £
g | et g s
E 0 k E g s
5 Lus o 2 5 Lus s 4z
=Ly =Ty £ =Ly =y £
Lo e 3 8 8l o Lu o 6t
0 0.1 0.2 0.3 0.4 0 0.1 0.2 0.3 0.4
time [s] time [s]
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= Numerical test: LCE film under orientational surface load

Trends of global and local residuals

» multi-level procedure > global-level procedure

> trend of global residual vs number of iterations ¥ trend of global residual vs number of iterations
104 10
8s ——04s
32
.36 s
108 108
8 £
o 1012 10712
16 10716
107 1 2 3 0 1 2 3
number of iterations number of iterations
P sum of local residual over elements vs time ) )
10° Global residual R, d local residual R,
) p B — R
10712 LS © %k ok ok ok R“’ R,
Rg = RX and R = R
AL S R 8
= o2 v
; > trends of residuals for 20 of overall 200 time steps
102 f’:’esfi ! P values of the previous time step for ¢, X, Ty, wr,ccand B are
28 ;3;219970:3“':; used as initial guess for the current time step (j = O or k = 0)
10™ > -
——3rd global iter. > global residual R« fulfills the convergence criterion after three
10732 iterations (j = 3) for all time steps by using the multi-level
¥ @ o P> D ) ao > procedure
NN Y PP P O ) o
time [s] > local residual Ry, fulfills the convergence criterion after only one
ime [s

iteration (k = 1) for all time steps
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Numerical test: LCE stripe under orientational volume load
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virtual specimen with

B, = 500m?/s? >
no = ey

Pz =

Parameters
> Gk =2)

> hp =0.002s

> teng =0.04s

» TOLg =10"'2and TOL;, = 10~ 14

» |Rg|lco < TOLg and |RL||co < TOLp,

1 —elements

linearly increasing volume load over time up to
(500 m?/s2) in the direction e,

virtual experiment similar to the one described by
Urayama et al. (2006) for swollen nematic elastomer
under electric field

deformational Dirichlet boundary condition ( ¢, = 0)
on both vertical sides of the stripe

compressible material and 20-times lower rotational
viscosity Vj in order to achieve full rotation of the
mesogens

[de Luca et al. (2013), GroR et al. (2022)]

E =0.914 M Pa
v =023

p = 1760 kg/m3
(T = 60°C) = 1.88
Vg =10Pa - s

vVvyyvyVvyy
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Numerical test: LCE stripe under orientational volume load

> virtual specimenatt = 0 s > specimenatt = 0.4 s (multi-level) P> specimenatt = 0.4 s (global-level)

[ 4.600e+05

0.000e+00

REVIE

» full rotation of the mesogens leads to contraction in the y—direction and slight extension in the

z—direction of the virtual specimen

> no noticeable difference in the distribution of the reorientation stress vector T, (z—component)

resulting from the two different procedures
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=i Numerical test: LCE stripe un

Trends of global and local residuals

» multi-level procedure

P trend of global residual vs number of iterations

108

——0.04s —0.16§ ——0.28s ——0.4s
—0.08s ——0.20§ —0.32s
——0.12s ——0.24§ —0.36 s

10716
0 1 2

number of iterations

»  sum of local residual over elements vs time

rientational volume load

>
>

108

10»16

Global residual R and local residual Ry,

global-level procedure
trend of global residual vs number of iterations

——0.04s —0.16§ ——0.28s ——0.4s
——0.08s ——0.20§ ——0.32s
—0.12s ——0.245 ——036s

1 2
number of iterations

12
10 9@ R‘p
10716 R R
- Rg = X and R, = *
2920 QP ¢ R L Rg
=10
~ Ry
10 ) :
A P trends of residuals for 20 of overall 200 time steps
1028 —%—prestep P values of the previous time step for ¢, X, Ty, Wr, & and 3 are
10 —S—1st global iter. used as initial guess for the current time step (j = O or k = 0)
7T 2nd global iter. > global residual R« fulfills the convergence criterion after only one
T iteration (j = 1)fromt¢ = 0.164 s
(NSO AR - N . o
A Q7 Q7 Q7 o > local residual Ry, fulfills the convergence criterion after only one
time [s] iteration (k = 1) for all time steps
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=2 Computation time

> multi-level procedure (volume load with 480 H1-elements) P global-level procedure (volume load with 480 H1-elements)
150 3 150 3
= —total = —total
- comp. decomposition - comp. decomposition
2 ——comp. tangents. g 2 ——comp. tangents g
e 5 2 100 2%
£ s £ s
g E g 3
2 ] 2 e
= 5 = 5
b 50 1=
8 g 8 2
5 : g g
El S El 2
£ E |
8 < I
0 0 0 0
0 0.1 02 03 04 0 0.1 02 03 04
time [s] time [s]
> multi-level procedure (surface load with 900 H1-elements) P global-level procedure (surface load with 900 H1-elements)
350 5 350 5
= —total = —total
2300 comp. decomposition 2300 comp. decomposition
2 250 —— comp. tangents g 8 - comp. tangents e
e g 2 g
= o e = 1]
= 200 32 = 200 32
3 ] 3 5
s | s | 2
2 150 ,° 2 150 2
fl ; I e
8 100 3 S 100" L b R A "
b5} i 1 E B BB AT E
3 50 £ 3 50
£ E —
8 8 [
0 0 0 0
0 0.1 02 03 04 0 0.1 02 03 04
time [s] time [s]

ime

Main tasks influencing the computati
» decomposition, i.e. LU-factorization of the global tangent (prevailing by global-level procedure)
» calculation of consistent tangents (prevailing by multi-level procedure)
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Conclusion

>

>

multi-level procedure has been implemented for reducing the dimension of the global
system of equations

simulation results given by the multi-level procedure are analogous to those given by the
global-level procedure

including the new rotational free energy density 114, = c14p [(x — B) - Fno}2 makes
tangents at the element-level non-singular

numerical algorithm conserves all mechanical balances

in some cases, multi-level procedure may require more global iterations, which
contributes to increase the total computation time

» use different degrees of approximations at the element-level in space and time in order to
improve convergence of the multi-level procedure
» parallelize LU-factorization and calculation of tangents
> parallelization for LU-factorization is more challenging than parallelization for tangent
calculation, as additional hardware and software are needed (cf. Bartelt et al. (2020),
Sabir and Alebrahim (2025))
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