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| Integrated circuits SyreNe

Intel® Core™2 Processors

Increasing chip complexity > 4 - 10° transistors
decreasing feature size 65 NM — 45 nm
Increasing operating frequency 1.06 GHz — 3.33 GHz
Increasing interconnect length 10 km

multilayer structure 9 layers

modelling thermic and electromagnetic effects
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Differential-algebraic equations in circuit simulation
Model order reduction problem

Balanced truncation for DAES

Passivity-preserving balanced truncation method
Application to circuit equations

Numerical solution of Riccati and Lyapunov equations
Numerical example

Conclusion

|
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n(t) — node potentials,
jc(t), ju(t), jz(t) — currents through inductors, voltage and current sources,
vy(t), vr(t) — voltages at voltage and current sources,

Ag, Ac, A, Ay, A7 — incidence matrices of resistors, capacitors, inductors,
voltage and current sources,

R, C, L — resistance, capacitance and inductance matrices.
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| Assumptions SyreNe

® A, has full column rank

® |[Aq AL, Ag, Ay] has full row rank

® R, L, C aresymmetric, positive definite

= M — A isregular (det(A\E—A)#£0)
=  system is passive ( = does not generate energy )

= systemis reciprocal (G(s)=C(sE—-A)"'B=XG!(s) %

with ¥ = diag(Z,,, —I,,)) |
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® decoupling large linear
subcircuits

_________________________________________
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| Linear RLC circuits SvreNe

® decoupling large linear

Wt subcircuits
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| Linear RL C circuits SvreNe

_________________________________________ ® decoupling large linear

rm W—:*Dq)u“ subcircuits
I L
T — 5 ® modelling transmission
+ L3 S 3 lines and pin packages
[P + 13 ® modelling circuits elements
A e | by Maxwell’'s equations via
e rene— + T4 3 partial element equivalent
/ I 1% : circuits (PEEC)
N AW - T I 1 1  ® smallsignal analysis
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| Model reduction problem

Given a large-scale system find a reduced-order system
Ei(t) = Az(t) + Bu(t), Ez(t) = AZ(t) + Bu(t),
y(t) = Cz(t) + Du(t) y(t) = Cz(t) + Du(?)
with E, A € R»", B e R»™, with E, A € R%Y, B e R6™,
C € RP™ D € RP™, n > m,p, C eRPY, D e RP™, (< n.

® preservation of passivity and reciprocity
— synthesis Is possible [Reis’08] ~» also lonutiu’s talk

® small approximation error
IG — G| < tol or |y —yl| <tol-||ul| forall wel
— need for computable error bounds

® numerically stable and efficient methods |
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| Model reduction techniques SyreNe

® Krylov subspace methods ( moment matching )

# passivity-preserving methods
SyPVL for RC, RL, LC circuits [ Freund et al.’96,97]
PRIMA, SPRIM, Laguerre-SVD for RLC circuits
[ Odabasioglu et al.’96,97; Freund’04,05; Knockaert et al.'00 ]
Positive real interpolation [Antoulas’05, Sorensen’05, lonutiu et al.’08]

# no global computable error bounds — only local error bounds and
error expressions [Bai et al.’99, Gugercin’03]

® Balancing-related model reduction
o physical properties ( stability, passivity, ... ) are preserved

» there exist global computable error bounds
# numerical solution of Lyapunov / Riccati / Lur'e matrix equations
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Balanced truncation: 1dea SyreNe

System G=(FE, A, B,C, D) is balanced if the controllability
and observability Gramians G. and G, satisfy

QC = QO = diag(al, .. .,O'n).

ldea: balance the system, i.e., find an equivalence transformation

(E, A, B, C, D) = (W,ET),, WAT,, W, B, CT,, D)

.

such that G. = G, = diag(o1,...,0,) and truncate the states

~

corresponding to small o; — G = (E1, A, By, Ci, D).

|

T Stvkel. Balancina-related model reduction of circuit eauations — p.11

Eh1 Erg
Lo Eoo

A Aro
Ag1 Ago

By
B>

) Y

, |Ch, Ca, lD:)



Generalized Lyapunov eguations

® F —nonsingular

The controllability and observability Gramians G. and G,
solve the generalized Lyapunov equations (GLES)

EG.AT + AG.ET = —-BBT, ETGg,A+ ATG,E =-CTC.

— o0; — Hankel singular values

® [ —singular

» The GLEs may have no solutions even if \;(E, A) € C~

1 0 —1

A= I, B=|]
0 O 0 1 1
» |If a solution exists, it is always nonunique

(X 4+ vo! with v €ker E and Y +ww! with w € ker E1). |
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| Projectors SyreNe

Weierstrald canonical form:

E=T,
0 N

I 0
]Tra A=1T,

J 0 TT!

]

where J —Jordan block ( \;(.J) are finite eigenvalues of A\E—A ),
N —nilpotent (N"=!' #£0, NV =0 ~ wvisindex of \E—A).

QT:I_P’I’a
Q=1-Fh

I 0
0 0

I 0

— P. =T
" 0 0

T

T, R=T, T,

— G(s)=C(sE—A)"'B+D=Gg(s)+ P(s), where

Gsp(s) = Ci(sI — J)~tBy — strictly proper ( lim Gg,(s)=0),

v—1
P(s)=Cy(sN —I)"'By+D = — kzo CoN*Bys® 4+ D |
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| Proper and im|:_)r0|c_)er Gramians SyrelNe

® The proper controllability and observability Gramians G,. and G,
solve the projected continuous-time Lyapunov equations

EG, AT+ AG,.ET = -PBBTPY, G,.= P.G,.PT,
ETG,, A+ ATG,E = —-PI'CTCP., G,o=P'G,P,.

® The improper controllability and observability Gramians G;. and
Gio Solve the projected discrete-time Lyapunov equations

Agz’c Al — EgicET — QZBBTQ,ira gic — Qrgichj:7
ATgio A — ETgio B = QZCTCQra gio — Qérgio@l'
® System G=(F, A, B,C, D) is balanced if

Gpe = Gpo = diag(o1,...,04,,0, ..., 0),
gic: gio — dlag(oa cee Oa 917"'797%0)'

® o, and 6, are the proper and improper Hankel singular values |
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| Balanced truncation method SyreNe

1. Compute

ng:L LT gzc:RRT gw:LLT

_ T
Gpe=R,R LT,

p=p’

2. Compute the SVD LIER = [U;, Us] [21 22] Vi, VQ]T;

3. Compute the SVD LI AR, = [Us, Uy [@ 0] Vs, Vil

~ ~

4. (E, A, B,C,D)=(WTET, WI'AT, WTB, CT, D) with
W = [LPU121_1/27 LU,07Y2, T =R, V5% RV,0712].

Error bound:
1y —yllL, < |G — Gl ||ullL, < 2(04 11+ ..+ on,)|ullL,
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Ni(t) = x(t) + Bu(t) with N:_g (1) (i)
y(t) = Cx(t) 00 0—,

0.1

10

L 0 —

Y

SvreNe

(0.04 ]
CT=1 30
L 1 —

Improper Hankel singular values 0, = 3.4, 0o =4.7-107%, 03 =0

® Reduced-order system: /=2

1.2 1.2 . 105 0 | . -
[1.2 1.2] =1 103] #(t) + Bulh)
g(t) = C & (t)

® Reduced-order system: /=1
Z(t) = 850 &(t) 4+ 1567u(t)
y(t) = 1.92(t)

u(t)=sin(t)

10r

0

0

0.002 0.004 0.006 0.008 0.01

Time t |
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| Passivity and contractivity SyreNe

® G=(F, A B,C, D) ispassive (=does not generate energy )
<~ G(s)=C(sE—-A)~'B+ D is positive real
¢ G(s) is analytic in C*
¢ G(s)+Gl(3) >0 forall seC*t

® G=(FE, A B,C, D) iscontractive (|lyllL, < llu|L,)
< G(s)=C(sE—-A)~'B+ D is bounded real
e G(s) is analytic in C*
e | -G(s)GI(3) >0 forall seCt

® G(s) is positive real (bounded real) if and only if

G(s) = (I-G(s)) (I+G(s))_1 is bounded real (positive real).

|
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| Passivity-preserving BT SyreNe

passive

~ ~ ~ ~

passive positive real

balanc_ed
truncation

G=(E, A B,C,O0)

|
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| Passivity-preserving BT

passive
G=(FE, A B, C,0)

contractive bounded real contractive
G=(& A BC 1) balanced G=(& A BCIT)
S =B truncation E=-wTeT
A=A-BC A=WTAT
B=-v2B B=w'B |
C= v2C C=CT
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| Projected Lur’eeguations

® If G=(E, A B, C,0) is passive, then G(s) = (I-G(s)) (I+G(s))_1
is proper and there exist matrices X = X7 >0, J., K. and
y=Yy'">0, J, K, that satisfy the projected Lur’e equations

(A-BC)XET+ ExX(A-BC)' + 2P, BBTPl'= 2K KL, X =P .XP/l,
EXCT — PZBMT — —ICCJCT, I — ~/\/l()~/\/l(7)1 — L7ct7cTa

(A-BC)TYE + ETY(A-BC) +2PIcTCP, = —2KIK,, Y =PIyp,
—BTYE+ MIcp, = -J7K,, I —MM, =TT,

where My = lim G(s) =1 -2 lim C(sE — A+ BC)™'B.

§— 00 S§— 0O

® 0 S Xmin S X S XmaX; 0 S ymin S y S ymax

Xmin 1S bounded real controllability Gramian of G
Ymin 1S bounded real observability Gramian of G |

T Stvkel. Balancina-related model reduction of circuit eauations — n.20



| Passivity-preserving BT method

Given a passive system G = (F, A, B, C, 0).

1. Compute Mo =1—2C(I —P,)(soE — A+ BC)"Y(I — P))B;

2. Compute Xyin = RR!', Ymin = LLT (= solve the Lur'e equations );

3. Compute the SVD LYER = [Uy, Us] [Ul 7 ] Vi, VQ]T;
2
4. Compute
s [10] z_[wla-BO)T 0] 5_[-V2WTB] s _| V2ACT)T
oo 0 If "7 Bes |7 | L

with T — M= CoBo, W = LU, I, ""* and T = RV,II, */*;

~

5. Compute G =[E, A, B, C,0] =€,

I

BC, —¥2B, ¥2C,0] .

N —
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J — AR AT A AT —A, A, —A; 0
, A=BC= A7 0 0 [,B=| 0 o0|=CT
AL 0 I 0 —I

® Compute P, and P; using the canonical projectors technigue [Marz'96]

[ Hy(Q-H;'Hy — 1) HyQ-H; YA Hs 0
— P, = 0 H 0
| —AT(QcHy'Hy — 1) —ATQ.CH; A H; 0
with Hy = PL P+ Qb A, LTATQ 0y Ho =, Hy= ..., Hyi= ..,

Hy = I—L7'ATQ by QLA Qc is a projector onto ker A,

Qcxze 1S @ projector onto ker[Ap, Ag, Az, Ay, Pz =1 — Qcgro.

—  Pr=SPIsT with S =diag(l,,,In,,In,) |
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0 0
L 0|, A-BC= Al 0
0 0

— AR AT A AT —A, A, —A; 0

0 |,B=| 0 o0|=CT

® Compute P, and P, = SPLST with S =diag(l,,,—1In,, —1In,).

® Compute My=1-2C(I —P,)(soF — A+ BC) (I —-P))B

I-2A7Q:H, QLA 247Q Hy ' QEA,
—2ATQ H'QLA;,  —T+24TQ H;'QLA,,

— MOZ

where Hy = QL(Ag R AR+ A AT+ AL ATQr + QF v Qo

Qz7v_c IS a projector onto ker [ Ag, Az, Ay]t Q.

|
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Application to circuit equations SyreNe

® Compute My, P, P,=SPIST with S=diag(l,,, —1In,,—1In,)-

® Compute Vyin=LL", X,in=RR" (solve the projected Lur'e equations )

If Dy =1I1-M{ M, is nonsingular, then the projected Lur'e equations
are equivalent to the projected Riccati equation

(A—- BOYTYE + ETY(A - BC)+2PICcTCP,
+2(BTYE - M{CcP) "Dy (BTYE - MICP,) =0, Y=P'ypP,

< compute a low-rank approximation YV, ~ LLY, L € R™", r<n,
using the generalized low-rank Newton method [Benner/St’08]

— Xpin = SVuin ST ~ SLLTST = RRT

|
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Application to circuit equations SyreNe

® Compute My, P, P,=SPIST with S=diag(l,,, —1In,,—1In,)-
® compute Voyin~LLT, Xpin = S VYmin ST ~ SLLTST = RRT.
® Compute the SVD of L’ER

— LTER = LTESL is symmetric

— compute the EVD LTESL = [U, Us|diag(Ay, Ao)[ Uy, U |”
Instead of the SVD

— [Ajl =

— W = LU |A|7Y? and T = SLU|A:|~'/?sign(Ay)

|
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Application to circuit equations SyreNe

® Compute My, P, P,=SPIST with S=diag(l,,, —1In,,—1In,)-
® compute Voyin~LLT, Xpin = S VYmin ST ~ SLLTST = RRT.
® Compute the EVD LTESL = [Uy, Us]diag(Ay, A)[Uy, Uz ]T and
W = LU |A |72, T = SLU A |~ ?sign(Ay).
® Compute B, and C,, suchthat C,Bs, =1 — My
— (I —Mp)X with ¥ =diag(l,,,—1I,,) IS symmetric
— compute the EVD (I — M)X = UyA UL
< Boo = Sign(Ag)|Ao|V2UIYS and C. = Ug|Ag|'/?

|
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Application to circuit equations SyreNe

® Compute My, P, P,=SPIST with S=diag(l,,, —1In,,—1In,)-
® compute Voyin~LLT, Xpin = S VYmin ST ~ SLLTST = RRT.
® Compute the EVD LTESL = [U;, Us|diag(Aq, As)[ Uy, Uz )T and
W = LU |A |72, T = SLU A |~ ?sign(Ay).
® Compute the EVD (I — M)X = Uy,A,Ud and
Boo = sign(Ag)|Ao|Y2UTS,  Cuo = Ug|Ag|Y2.
® Compute the reduced-order model

s |10 g1 oWTAT V2WTBC,
10 0] T 2| —vV2BCT 2I—B,Cy |’

|
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| Properties

, B, C,0) is passive

® G=(E, A

l

® G=(E, A B, C,0) is reciprocal (G(s) =X G (5)%)

® Error bounds: |G || := sup ||G(iw)||2
weR

o If 2|[I +G|lu, (me41+ ... +m) <1, then

|G — Gllu. <2+ G| (Tes1 + ... + ).

o If 2 HI—I—GHHOO(7W+1 + ---‘|‘7Tnf) < 1, then

|G = Gl <201+ Gl (merr + -+ 7).

|
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| Projected Riccati equation

RY)=ATYE+ ETYA+PICTCP, + ETYBBTYE =0, Y =PIYP,

with A= A-BC—-2P,BD;'B"M{CP,, B=+2BJ;', C=+2J'C,
JYJ, =Dy =1-MIM,, J.JI'=1- MM

® Frechét derivative of R at Y is given by
R\ (X) = (A+ PBBTYE)"XE + ETX(A+ PBBTYE).

® Newton’s method: Y, =Y, — (R/yj)_1<R<Yj))

FOR j=0,1,2,...
1. Compute A; = A+ PBBTY;E.
2. Solve the projected Lyapunov equation
ATX,E+ E"X;A; = —PI'R(Y;)P,, X;=P/X;P,

3. Update Y =Y, + X;.
END FOR
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| Newton’s method: properties SyreNe

o
{
{
{

°

If A\E — Ay Is stable, then A\E — A; are stable for j > 1.
If Yo =P YyP, then Y; = PLY;P, for j > 1.
Vi<...<Y;<Y <. < Vuin

lim [R(Y;)[r=0 and lim ¥; = Ynin

J—00

Since R(Y;) = (ETX;_1B)(BTX;1E) = KTK;, we can use
the generalized LR-ADI method [St’08] to solve
T T _ T 17T . DT v .

[Benner/St.08] |
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| Projected Lyapunov equations SyreNe

FTXE + ETXF = -PTKTKP,, X = PTXP,

® F=1] [Wachspress’88, PenzI'00, Li/White’02]

® Generalized ADI method:
(E+nF)' X, ,F =~-P'K'KP, — FI' X; | (E—nF)

(E+nF)" X[ F = —PIKTKP, - FTXL, ,(E - 1uF)

®» X = PlTXk’Pl
o If Xqg=0, then X — X;, = A7 XA, with
Ay, =P(E -~ EF)YE+7F) .. (E—7F)(E+7.F)" L.

o If 7. € C7, then klim X = X.

® X, —symmetric, positive definite ~ X, =277 |
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| Projected Lyapunov equations SyreNe

FTXE + ETXF = -PTKTKP,, X = PTXP,

Generalized low-rank ADI method:

71 = \/—2Re (1) (E +  F)"TPTKT, AR/

Re(Tk) . _ _
AR I~ (Fo1+ ) (E+ 7, F) TFT) Zz=1),
\/Re(ﬁ“)( (Tr—1 + 7)(E + 7, ) )

Zy = Zp_1, ZW]

® X~z 7 with Z, e RvPm

® (sub)optimal ADI parameters [PenzI'00, Sabino’06, Benner et al.’08]

|
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| Example: RC circuit SyreNe

[ NEC Laboratories Europe ]

® n=2007, m=3
® Vo~ LLT, [ e RM
® Reduced model: 7= 44

Characteristic values

0 20 40 60 80 100 120

i
Frequency responses 0 Absolute error and error bound
8 ‘ ‘ 10
— Full order
6l o PABTEC, |=44

Magnitude
Magnitude

|
=
o
T

=
o

—e— Error
— Error bound

-15

10

107 10%° 10° 10° 10" 107 10%°

Frequency w Frequency w
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| Conclusion

Balanced truncation model reduction for DAES

Model reduction of circuit equations based on bounded real
balanced truncation for the Moebius-transformed system

# passivity and reciprocity are preserved
o there exist error bounds

® Exploiting the structure of MNA matrices E, A, B and C
reduces the computational effort significantly

® Exploiting the circuit topology to compute the projectors
( In progress )

® Use modern numerical linear algebra algorithms for solving
large-scale projected Riccati and Lyapunov equations

® Numerical solution of projected Lur’e equations ( in progress ) |
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