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Introduction

» While the structural size of the electrical devices is decreasing, the
complexity of the electrical circuits is increasing.

» This leads to a system of model equations consisting up to millions or
even more unknowns.

» Simulation of such large models is mostly impossible or, at least,
unacceptably time and storage consuming.

» Model order reduction presents a way out of this dilemma.

» A general idea of model order reduction is to replace a large-scale
system by a much smaller model which approximates the input-output
relation of the large-scale system within a required accuracy.
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Model equations

E(X)ax = Ax+ f(x)+ Bu,

y = B'x,
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Model equations

E(x)

dt

X

y

Ax + f(x) + Bu,

Bx,

states  x=[n" oL o) ]T
inputs  w=1[1] ul ]T
outputs y = — [ u}_ z{’; ]T
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Model equations

1 states  x=[n" oL o) ]T
S(X)EX = Ax+ f(x)+ Bu, inputs  u = [ ZIT ”\I ]T
R owpws y=-[af if )

[AcC(AImAL 0 0

E(x) = 0 L) 0],
I 0 0 0
[0 —-Ar Ay
LA, 00
[ —Arg(Akn)

f(X) = 0 )
| 0
[—Ar 0

B = 0 o0

- 0 _I
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Model equations

q states x=[nT of of]"
S(X)ax = Ax+ f(x)+ By, inputs w=[ o] ul ]T
y = BTx, outputs y=—[uf 1) ]T
[ ACC(Agn)AC 0 0
) E(x) = 0 L(z) 0,

C, R, L, V, T as index denote con- 0 0 0
ductors, resistors, inductors, voltage -
sources, current sources 0 —Ac —Ay

A = AET 0 0 |,
n vector of node potentials AL 0 0
15 vector of currents r —Ang(A7Ev7)
u, vector of volatages flx) = 0
A, incidence matrices 0
C conductance matrix-valued function - A 0
L inductance matrix-valued function 5 - _OI 0
g resistor relation o 0 |
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Model equations - Assumption

We will assume that
(A1) the matrix Ay has full column rank,
(A2) the matrix [Ac, Az, Ar, Ay] has full row rank,
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Model equations - Assumption

We will assume that
(A1) the matrix Ay has full column rank,
(A2) the matrix [Ac, Az, Ar, Ay] has full row rank,

(A3) the matrices C(ALn) and L(1z) are positive definite for all
admissible 17 and 1, and

(A4) the function g(A%n) is monotonically increasing for all
admissible 7.

Assumptions (A1) and (A2) imply that the circuit does not contain loops of
voltage sources and cutsets of current sources, respectively, while assump-
tions (A3) and (A4) on the capacitance and inductance matrices and the
resistor relation mean that all circuit elements do not generate energy.
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Model equations - Assumption

Furthermore, we assume without loss of generality that the circuit elements
are ordered such that

Ac=[Ac Azl Ac=[Az Azl
Ar=[ Az Az ],

We also assume that the linear and nonlinear elements are not mutually
connected, i.e.,

(AT — C 0 N L 0
(Acm) = 0 C(AIn) [ () = 0 L(z) |
GAL
§(Afn) = [ o ]
R
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Model equations

Consequentely, we have the model equations in the form

d
S(X)ax = Ax+ f(x)+ Bu,
y = B'x,

with AcCAL + AC(ALn)AT

o
|
o oo x
o}
|
© OO >» coNO
2
oo o o
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Model Order Reduction - Approach

nonlinear circuit equations
S e Sy
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Model Order Reduction - Approach

nonlinear circuit equations linear subsystem
"T1 Iilfogmrorgya "TY Tilioqgzo

‘ nonlinear subsystem
—

1

SVI"ENE Andreas Steinbrecher



Model Order Reduction - Approach

nonlinear circuit equations linear subsystem
T Iilifopgzorgyya "I Iilfopgzo

‘ nonlinear subsystem reduced linear subsystem
—

T
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Model Order Reduction - Approach

nonlinear circuit equations linear subsystem
T Iilifopgzorgyya "I Iilfopgzo

| nonlinear subsystem

reduced linear subsystem
—>HH !

Recoupling

LD

¥

* | reduced nonlinear system ‘
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Model Order Reduction - Decoupling

'T T T

_{ }_ <D -( possibly creation of
~ Ll-cutsets

- —D- )

- ossibly creation of
—(— ( possibly

Ll-cutsets
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Model Order Reduction - Decoupling

'T T T

_{ }_ e .-/ introduction of
~ additional variables

- —D- )

S -( possibly creation of
CV-loops
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Model Order Reduction - Decoupling

'T T T

_{ }_ e .-/ introduction of
~ additional variables

.-/ introduction of
E—@ additional nodes
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Model Order Reduction - Decoupling

D SR

Decoupling

T T Td
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Model Order Reduction - Decoupling

Let A5 € {—1,0,1}""% be an incidence matrix. Then the matrices A%
and A% are uniquely defined with A% €{0,1}" "% and A% e {-1,0}™"=
satisfying A% + A?z =Az.

Furthermore, let 17 € R, Uz € R", and 1, € R"® be defined by the
relations

~ d
Lep) gz = Aln, (1)
us = Aln, (2)
1z = rsGl_l(E(A;’gn) - |_12A7—»g77) (3)
with the notation
I_S = Gl + G27

M = Gl(Gl—l-Gz)_le.
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Model Order Reduction - Decoupling

Then the original system of model equations together with the relations

1. = TH(GUAR)T = Go(A%) T )n — 1), (42)
~ .d
1w = C(”&)E“& (4b)
is equivalent to the linear system
A:CAT 0 0 0 01[ & An An —Az Ay AT
0 0000 L, AL, -Ts 0 0 0 N
0 0L o0o|| S|= AE 0 0 0 0 1 (5a)
0 0 000 Ky A, 0 0 0 0 w
0 00 00| &4 AL 0o 0o 0 o0 G
Az —AL Az 0 0 7
o0 -/ 0 0 0 12
+] 0 0 0 0 0 iz |
0 0 0 -/ 0 uy
0 0 0 0 —/][ u
" -AT 0 0 0 0 n
v (AT -1 0 0 0 ;.
3 | = —/7\15 0 0 0 0 0 (5b)
ya 0 0 0 -/ 0 y
¥s 0 00 0 —/ 15



Model Order Reduction - Decoupling

Then the original system of model equations together with the relations

n: = TSH(GUAR)T = Ga(A%) T )n — 12), (4a)
5 .d
1w = C(”&)E“& (4b)
is equivalent to the linear system
A:CAT 0 0 0 01[ & An An —Az Ay AT
0 000 0| 5u A1T2—F50 U Nz
0 0 £ 0O Lo | = A61 0 0 0 0 % (5a)
0 0000 Ky Al o 0o o0 o0 w
0 00 00| &4 AL 0o 0o 0 o0 G
Az —AL Az 0 0 17
0 -/ 0 0 0 1
+1 0 0 0 0 0 e
0 0 0 —/1 0 uy
0 0 0 0 —/][ u
3% 7A}— 0 0 O 0 n with
Vo —(A%T)T -1 0 0 0 . A = —ARGAL — ALGI(A%)T
3| = _AZ 0 0 0 O 1z —A%Gz(A%)t
B A |



Model Order Reduction - Decoupling

Then the original system of model equations together with the relations

n: = TH(GUAR)T — Ga(AR) ) — 2), (42)
5 d
1w = C(”&)E“& (4b)
is equivalent to the linear system
A:CAT 0 0 0 01[ & An An —Az Ay AT
0 000 0| 5u A, =T 0 0 0 Nz
0 0L o0o|| S|= AE 0 0 0 0 1 (5a)
0 0 000 Ky A, 0 0 0 0 w
0 00 00| &4 AL 0o 0o 0 o0 G
—Az —A% -Az; 0 0 17
0 —1 0 0 0 1y
+| 0 0 0 0 0 7L
0 0 0 -/ 0 uy
0 0 0 0 - uz Keep in mind
—AT 0 0 0 O 2\T
Y1 7 n = —(A= =
v _(A%‘I?T —-1 0 0 0 N y2 (TR) n Nz
v | = _AZ 0 0 O 0 17 vz = —Azn
ya 0 0 0 -/ 0 1y m =
¥s 0 00 0 —/|L %



Model Order Reduction - Model reduction of the linear subsystem

Application of a model order reduction methode like PABTECL yields the
reduced-order model

(s
d 'z
Eq X = Ax+[BL By By Ba Bs ] | 1z |, (62)
uy
e
e ]
C2
y=106 |% (6b)
Cs
L Cs J Keep in mind
v = —(AR) -,
3 = —AEn

s = g
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T
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uy
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Model Order Reduction - Model reduction of the linear subsystem

Application of a model order reduction methode like PABTECL yields the
reduced-order model

1T
A d lz
E—x=A Bi1 By By By B =,
th X+[12345] 1F
uy
ue
Y1 b G
y2 %! C2
s |l=|»B|=|C|X
Ya Va Ca
Y5 Y5 L Cs . Keep in mind
_ 2\T
2 = —(Az)'n—n;
3 = —AEn

s = g




Model Order Reduction - Model reduction of the linear subsystem

Application of a model order reduction methode like PABTECL yields the

reduced-order model

s
&)~

x>

1

y3
ya
Y5

Q
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Keep in mind
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Model Order Reduction - Model reduction of the linear subsystem

Application of a model order reduction methode like PABTECL yields the
reduced-order model

iz
~d Lz
5aX=AX+[Bl By Bs By Bs | 7
uy
Uz
_ ; 6]
(A%)Tn — Nz CA2
—A[I:n ~ | G| %
Cs
L e _ | G5 | Keep in mind
v = —(A%)n-n,
3 = —AEn

s = g




Model Order Reduction - Recoupling

We have — (A%)Tn —n, =GR,
- AET’ ~ CA35\<7

- Zé’N C5)'?.

Then we get from (1), (3), (4a), and (4b) the relations

~ .d. A
ﬁ(lz)a’bz = —C3X
~ .d . A
C(Ué’)a e = —C5X,
0 = —Gléz)? — Glll)ﬁ + g('\ﬁ)
and
1z = F5G1_1§(u7~2) - GzUﬁ,

where iz Oz, and (7 are approximations for 17 UG, and uz,

(12a)
(12b)
(12¢)

(13a)

(13b)
(13c¢)

(14)

respectively.
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Model Order Reduction - Recoupling

Now, adding (13a), (13b), and (13c) to (6) and using in addition to X also

the approximations 7, iz, and @15 as state variables, then we get with (14)
the descriptor system

& o0 0 0 4z A By Bs -B:G %
0 LGx) 0 0 wz |l | G o0 o0 0 ix
0 0 C(z) 0 Sz 6 0 0 0 e
0 0 0 O Sz -GG 0 0 =G Oz
B B4 @gl’sGl_ g("ﬁ)
0 0 1 0
1o o { y } * 0 :

0 0 g(iz

%

] _[G oo 0] i

o] |G 000 i

i
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Model Order Reduction - Reduced decoupled system

With row manipulations of the state equations we obtain, finally, the
nonlinear descriptor system

£ 0 0 0 dz A+BlC, By Bs BaG %
0 L(GEz) 0 0 @ | _ ~C3 0 0 0 iz
0 0 C(iz) O Sog ~Cs. 0 0 O e
0 0 0 0] [ fog -Gl 0 0 -G iz
By B, 0
0 o 1z 0
1o o LJ* o |
0 0 g(oz)
%
nl  [G oo o0]] i
9] — |G 00O e
iz

that approximate the original nonlinear system of model equations.
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MATLAB-Toolbox: PABTEC

[Er,Ar,Br,Cr, ... ] = PABTEC(inzidence matrices, parameter, ... )
nonlinear

linear decoupling of linear subcircuits \

[Erl,Arl,Brl,Crl, ... ] = PABTECL(E,A,B,C, ...

no CVlI-loops
no LVi-cutsets

(not reducible)

(no dynamic
-

Lyapunov Riccati Lure

Preprocessing (Projectors) ‘ ‘Preprocessing (Projectors) ‘ Preprocessing (Projectors) ‘
] ] ]

Solving the Lyapunov equ. ‘ Solving the Riccati equ. ‘ ‘ Solving the Lure equ. ‘

(ADI, Krylovvmethods) (Newton rvethod) (Newton ryethod)

‘ Model reduction ‘ ‘ Model reduction ‘ ‘ Model reduction ‘
] ] ]

‘ Postprocessing ‘ ‘ Postprocessing ‘ ‘ Postprocessing ‘

recoupling of the subcircuits \
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MATLAB-Toolbox: PABTEC

Lol

[ Figure 1467.00a64: PABTEC

General Simulation Reduction

rrent dirertary

File Edit View Insert Tools Desktop Window Help
NEd|MAA0DLEL-(S|0E] >

{circutpabrec/exampies 06 antin tsan [0 s cheskopooay || ] ot th rgl sysen
— ~Eec/Testts_02_nonks
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) generate matrices fro rerturtin 1 - e 0
R e
(4 i2knoten 08
- Computation rert -1 <] T T
W simulate original, EERE S rect lout 3 <) 0 Stromauelen
R Model Order Re. deftat 0 e - Parameters for the (nnen LR-ADI iteratiof 1! Wrstunde
iduktiviaeter oot
& simulate reduce biaford 7 R —— st
 Export minres [ T[] 1] [ 1e-06 1 Widerstaendle o2 3 4 5 8 7
¥ Save matrices in " P 0 rcktvtaeten s >
et i0”  Outputof theoriged. System 5 10
| Save matrices in ” _IReduced sys. i g o 20 e
¥ Export graphics deftat [ 001 sec f— = e origra system: 4
ks [ 22 nse1a {
[ 3 t - 3 ok
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ool 3 00— 2 Y
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it g = g
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~Piots
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e W refative error i abs. errori-bo, s, 1
o Dositve realness ! frea. resoon|wy Figd il o
&P ig i
Figure 2 o
Figure 1 Fle Edt View [nsen Tools Deskiop Window Help o 1 2 3 4 5 8 7
> Edit View Insen Tools Deskiop Window H|ey o 3 o N g xi0”
GHS[MRN0DEL- (2|08 D
Sde| kAR DEL- (2|0 5 P 10
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LRCF-Newton iteration 10 L
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20n 2
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10 E H
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Example 01 - Problem n = 503

Input: voltage source

s 5

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
t

502 nodes 1 voltage source
501 linear capacities 1 output
500 linear resistors 1 diode

State dimension of the model equations n = 503

Simulation is done for t € [0s,0.07s] using BDF method of order 2 with
fixed stepsize of length 1-107°. The computations are done with MATLAB.
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Example 01 - Simulation results

Input: voltage source

Output: negative current of the voltage source
T

T T T

=)

Pl T T T T T !
'
a1 1
I i
> I "o, "
21 o T 1 al
R n I
Loy (N Ak ot o
1 By i i M
L K HRI L
. . | S 1. LI B B P | S S
ot LA H H
0.03 0.05 0.06 0.07 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
t
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Example 01 - Efficiency n=

Dimension of the red. system vs. prescribed tolerance Error of the output vs. prescribed to\erar\ce Speedup vs. prescribed tolerance

g 15 101§

e Y

iq 5 g

§ 12 5 107 g“’”

g

T 10 1017
107 107" 10° 10 10° 10" 10° 107 10° 107" 10° 107

prescribed tolerance prescribed tolerance prescribed tolerance

dimension of the original system 503 503 503 503
simulation time for the original system 6772s | 6772s | 6772s | 6772s
prescribed tolerance for the model reduction le-02 1e-03 le-04 le-05
time for the model reduction 7s 8s 27s 46s
dimension of the reduced system 9 11 14 16
simulation time for the reduced system 76s 108s 118s 146s
obtained error of the output of the red. system || 6.2e-06 | 8.7e-07 | 2.5e-07 | 2.9e-07
speedup 89.4 62.7 57.5 46.5
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Example 01 - Problem n = 1503

Input: voltage source

s 5

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
t

1502 nodes 1 voltage source
1501 linear capacities 1 output
1500 linear resistors 1 diode

State dimension of the model equations n = 1503

Simulation is done for t € [0s,0.07s] using BDF method of order 2 with
fixed stepsize of length 1-107°. The computations are done with MATLAB.
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Example 01 - Simulation results

Input: voltage source

X107 Output: negative current of the voltage source x10™ Output: negative current of the voltage source
6F T T T i T T T
\ ’ A
4 i \ e (R
B f S0 i
L Eoooa '
20 { ! i ! vy oy
N ‘I 'a 7/ y - / d ] 1 .' Y S i i
I V02 Dt DL VA Wiy 0 S D 1 N VL M W
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0 0.01 .02 0.03 0.04
t t
x10° Error of the output with prescribed tolerance 1072 x10° Error of the output with prescribed tolerance 107°
T

et

il i
w |
N i
IR

0 0.01 0-02 603 0.0;1
t
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Example 01 - Efficiency n = 1503

Dimension of the red. system vs. prescribed tolerance Error of the output vs. prescribed tolerance Speedup vs. prescribed tolerance

[
5 5 &

&
error
speedup

N

- /

Boeop e
)

dimension of the red. system
I

5 B

07 Mescribed tolerance “ o Mescribed toleranse W Mescribed tolerance o
dimension of the original system 1503 1503 1503 1503
simulation time for the original system 24012s | 24012s | 24012s | 24012s
prescribed tolerance for the model reduction le-02 1e-03 le-04 le-05
time for the model reduction 15s 24s 42s 61s
dimension of the reduced system 10 13 16 19
simulation time for the reduced system 82s 110s 122s 155s
obtained error of the output of the red. system || 7.0e-06 | 6.2e-07 | 2.0e-07 | 4.2e-07
speedup 294.0 219.0 197.4 155.0
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Example 02 - Problem

LN()
A
~

L 3 R2 L ¢ R2 L 3N _R2 Input: voltage source

Bt
1 Bl 4, 3 3N-] 3N-1 3N+ oaf
c L. w S ] ¢ ol
L B
w C 2C N*C oar
= = = = = o2r
ﬂg()

0 0005 001 0015 002 0025 003 003 004 0045 005
t

3001 nodes 1
2000 linear capacities 1
1990 linear resistors 10
991 linear inductors 10

voltage source
output
diode

nonlinear inductors

State dimension of the model equations n = 4003

Simulation is done for t € [0s,0.05s] using BDF method of order 2 with
fixed stepsize of length 5-107°. The computations are done with MATLAB.
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Example 02 - Simulation results

L ¢ R2 Input: voltage source
bt T . T T
4 3 o8 R
. ORI c o osf ,
s
2 oal- 1
o2 1
LNG) | | | | |
Aw 0 0005 001 0055 00z 0025 003 005 004 0065 005
t
Y107 Output: negative current of the voltage source <107 Output: negative current of the voltage source
T - T T T T T ¥ T T T T
I A \
0n r I
' \ \
1spp £4 ,{‘u \ spoof ) 21 Iy
' 1 i
' IR A \ R \ \ T
' | 8 ) \ AR P [HR | [
> or ] ) v > 101 I o [ | S N
T ! f “ T { o o
1 1 ] 1 1 1 1
sk i { 4 1 \ ! i A I\
1 { J spef \ 1 1 v 1 Vo
i \ i \ [ TEERY
’ / et \ ' \ \
0 - 3 d v P, < . N / “d
H i H i i ; H ) H ° i ; i i~ L S SO 3
o 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05 o 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
t t
10 Error of the output 10” Error of the output
Al T T 1aF T T T TS
L 1 1 / \
[N} A} !
[} [ 08 1l \i [
= 1 [ Y (BN} N N B g i \ I
=] [ (Y [ " Yo la o6r i vl
1 i o ~ (A Vi / v
osft / \ | [RNTR ERRVA0 N R L8 AR 1A o4r . -~ (O
. \ ] vy W ‘ LT3R\ & Vit ot
1 Lo (¥4 [TV i ‘" Yo 02 f Y AN 7 N
A N i L] ¢\ A S~ LN M ey H Y
o 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05 o 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
t t
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Example 02 - Efficiency

Dimension of the red. system vs. prescribed tolerance . Error of the output vs. prescribed tolerance " Speedup vs. prescribed tolerance

5 a0

RN _—
dimension of the original system 4003 4003 4003 4003
simulation time for the original system 4557s | 4557s 4557s 4557s
prescribed tolerance for the model reduction 1le-03 le-05 le-07 1le-09
time for the model reduction 902s 822s 834s 900s
dimension of the reduced system 149 203 260 329
simulation time for the reduced system 43s 67s 125s 277s
obtained error of the output of the red. system | 1.6e-04 | 4.4e-06 | 1.16e-06 | 1.9e-06
speedup 107.2 68.5 36.5 16.5
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» We developed a model order reduction approach for the model
equations of nonlinear circuits.
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» We developed a model order reduction approach for the model
equations of nonlinear circuits.
» The developed model reduction technique bases on ...

» decoupling of linear and nonlinear subcircuits

» model reduction of the remained linear part
» recoupling of the reduced linear subcircuit with the unchanged

nonlinear subcircuit
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» We developed a model order reduction approach for the model
equations of nonlinear circuits.
» The developed model reduction technique bases on ...
» decoupling of linear and nonlinear subcircuits
» model reduction of the remained linear part
» recoupling of the reduced linear subcircuit with the unchanged
nonlinear subcircuit
» The efficency and applicability of the proposed model reduction
approach was demonstrated on several numerical examples.
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Announcement MODRED 2010

Workshop: MODRED 2010
MODEL REDUCTION FOR COMPLEX

DYNAMICAL SYSTEMS
December 2-4, 2010 “ﬁ

TU Berlin, Germany

Invited speakers: Michel S. Nakhla (Carleton University, Ottawa)
Joel R. Phillips  (Cadence Berkeley Laboratories, San Jose)

Timo Reis (TU Hamburg-Harburg)

Important date:  Registration: November 1, 2010

‘http://WWWS.math.tu—berlin.de/modredZOlO ‘
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Thank you for your attantion.
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