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Basic Idea of Model reduction

Linear circuit equations are modelled by a linear descriptor system:
Ex = Ax+Bu E, AR BeRM
y =Cx C e RPT
Approximate it by a reduced order system:
Ex =A%+ Bu E,AecRY BeRm
y =Cx C e RP! I<n.
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Basic Idea of Model reduction
Linear circuit equations are modelled by a linear descriptor system:

Ex = Ax+Bu E, AR BeRM
y =Cx C e RP"
Approximate it by a reduced order system:
Ex =A%+ Bu E,AecRY BeRm
y =Cx C e RP! I<n.

Balanced truncation
o Compute a system equivalence transformation and truncate the system.
o E singular:

Requires the solution of 2 dual continuous-time algebraic Lyapunov
equations (Proper Gramians) and 2 dual discrete-time algebraic
Lyapunov equations (Improper Gramians).
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Proper Gramians X, Y

Generalized projected Lyapunov equations

EXAT + AXE" = —-PBB"P], X,=P]XP,
E'YA+ATYE=-PIC"CP,, Y,=PYP

E,Ac R™*" B,CT e R™ns

o r.h.s. is symmetric and low rank i.e. ns < n
o E singular

o Py, P, are projectors on right and left deflating subspaces of A\E — A
corresponding to finite eigenvalues

o AE — A asymptotically stable: the solution exists and is unique
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Generalized projected Lyapunov equations

EX,AT + AX,E™ = —B,B]

E,Ac R™" B, CpT € R™s
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Structure

L:=A® E+ E®A...Lyapunov operator
Xp=vec(X,)  Bp=vec(ByB))

Lyapunov equation

Linear equation

EX,AT + AX,ET = —B,B; LX, =B,

E,Ac R B, e RM<ns L e R By e RPN
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J. gl Structure preservation principle

o Properties of Xp: low rank, symmetric, positive semidefinite

o Linear combination and matrix-vector multiplication preserve low rank
and symmetry

o Objective: Structure preserving Krylov-subspace methods, e.g. GMRES

Ooc3
o Use factorization X = VZVT = D
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O GMRES in low rank arithmetics
© GMRES
o LRCF-ADI
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Properties

o lterative method for solving LX, = —Bp

o Calculates an orthonormal basis of m-dimensional Krylov space
Km(Ro, L) = span(Ro, LRo, - .., LT Ry)

o Solution X, minimizes residual.

A.Eppler (TU BS) Structure preserving GMRES ECMI 2010, 29.07. 9/21



Technische
Universitat
Braunschweig

GMRES [Saad & Schultz'86,Saad '92]

Algorithm

o Initialize: choose &, and dimension m
o Arnoldi process:

Q compute Ro = By — L&, hio = ||Rol|, Vi = 52
Q forj=1...m

solve W; = M~V

compute Vi1 = LW,

orthogonalize V; 4 on all previous V; via MGS

o Compute solution Xy, = Xy + WiV with YV minimizes ||hy pe1 — HnY||
o Restart : If not converged Xy = X,
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vl LOw rank arithmetics

We only need 4 types of operations to formulate Krylov-subspace methods in
low rank arithmetics.

Tools LR-BLAS

QYV=YV+taX Addition

Q V=alX+3Y Generalized matrix-vector multiplication
Q a=|Y| Norm

Qa=4%) Scalar product
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vl LOw rank arithmetics

We only need 4 types of operations to formulate Krylov-subspace methods in

low rank arithmetics.

Tools LR-BLAS

QV=YV+aX Addition

Q V=alX+3Y Generalized matrix-vector multiplication
Q a= |V Norm

Qa=4%) Scalar product

After 1) and 2) the rank of the result may increase. Strategy?
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£ ol Rank truncation strategy

Rank of X = VZVT need to be reduced w.r.t. given tolerance.

xX=vzv’
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5. el Rank truncation strategy

Rank of X = VZVT need to be reduced w.r.t. given tolerance.
@ Perform QRIM decomposition of V = QRN

X=QRZR'QT
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el Rank truncation strategy

Rank of X = VZVT need to be reduced w.r.t. given tolerance.

@ Perform QRIM decomposition of V = QR
take first r; rows of R |:| |_, |:| |_,

Q=Q(,1:n),R=R(1:n,)

N

=QRZRATQT
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el Rank truncation strategy

Rank of X = VZVT need to be reduced w.r.t. given tolerance.

@ Perform QRIM decomposition of V = QRN
take first r; rows of R |:| |_, |:| |_,

Q=Q(,1:n),R=R(1:n,)
O Compute EVD of RZRT = UsU"
X=QUsUT QT
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el Rank truncation strategy

Rank of X = VZVT need to be reduced w.r.t. given tolerance.

Q Perform QRI1 decomposition of V = QARI D 0O O I:I

take first ry rows pf R
Q=Q(:,1:n),R=R( :n,:)
Q Compute EVD of RZRT = UL UT

take first rz e|genvalues in X xX=Qusourar
U U( fg) Z 2(1 f2, : f2)
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el Rank truncation strategy

Rank of X = VZVT need to be reduced w.r.t. given tolerance.

@ Perform QRIM decomposition of V = QRN
take first ry rows of R E—
Q=Q(:,1:n),R=R( :n,:)

Q Compute EVD of RZRT = UL UT
take first 1o e|genvalues in X X —
U: U(:,1 f2) Z 2(1 f2, fg)

M

o X =VsVTwith V= QU
o V unitary matrix
o 3 diagonal matrix
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o Must preserve structure (important fact)
o Should increase convergence rate
Qo
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Preconditioning

o Must preserve structure (important fact)
@ Should increase convergence rate
o Natural candidate: LRCF-ADI

Apply 1 cycle of LRCF-ADI to

EWAT + AWET = -PV,P[  PIWP,.
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Alternating Direct Implicit

Overview of Development

o Decompose linear equation into 2 (Finite Differences for elliptic PDE’s)
[Peacemen, Rachford ’55]

o ADl-iteration for L. equations [Wachspress '88]

(E+71A)X_y = —BpBf — Xi—1(E — 7A)T
(E +7A)X; = —BoBy — X[, (E —7;A)T

© Rewrite as one step iteration and work with low rank factors X; = Z.Z7
[Penzl’ 99]

o Reversing the order of the shifts [Li, White '02]
o Apply to generalized L. equations [Benner 04, Stykel '08]
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¥l LRCF-ADI [Stykel '08]

Low Rank Cholesky Factor-Alternating Direct Implicit
computes the Cholesky-Factor Z of the solution X = ZZ7.

Algorithm

Q compute shift parameters 71, ...7;
Q z1=v-2r(E+1A) B,
Z = [21]
Q Fori=2...j...
Zi = P,'_1Z,'_1 , with

P = Y2 [ — (11 + Ti)(E + 7is1 A) A
Z = [Z Z,‘]

end for
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() Numerical results
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All computations were done on a workstation with Intel(R) Xeon(TM) MP CPU
3.66GHz and 16GB RAM using Matlab@©)Version 7.7.0.471 (R2008b).

Example Circuit n=2007 RC-chain

2002 capacitors, 2003 resistors, 3 voltage sources
E A

0 0
500 500
1000 1000
1500 1500
2000 2000

0 500 1000 1500 2000 0 500 1000 1500 2000

nz = 2001 nz = 6019

Example circuits were provided by N Ec
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ADI vs GMRES, n=2007, 12 shifts

100 T T T T T ™
£
-5
S10°t ]
E
S
o
3
e
107 1
~—LRCF-ADI
—o—LR-GMRES

0 10 20 30 40 50 60 70
# iterations

A.Eppler (TU BS) Structure preserving GMRES ECMI 2010, 29.07. 18/21



Technische
Universitat

Exact solve E + 7;A (LU)

ADI vs GMRES, n=2007, 12 shifts

30 40 50 60 70
# iterations

10
£
S10°
=
107%
——LR-GMRES
0 10 20
method rank X, cpu-time [s]
LRCF-ADI 98 4,0
LR-GMRES 95 5,8

© same number of iterations
@ comparable runtime

A.Eppler (TUBS)

@ convergence criterion cheaper

Structure preserving GMRES ECMI 2010, 29.07. 18/21



el INexact solve E + 7;A (Multilevel ILU*)

ADI vs GMRES, n=2007, 12 shifts
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[*M. Bollhéfer et.al. ILUPACK - preconditioning software package. Available online at http://ilupack.tu-bs.de/.
Release V2.2, November 2008. ]
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Inexact solve E + 7;A (Multilevel ILU*)

ADI vs GMRES, n=2007, 12 shifts
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-e-LR-GMRES 1
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# iterations

[*M. Bollhéfer et.al. ILUPACK - preconditioning software package. Available online at http://ilupack.tu-bs.de/.
Release V2.2, November 2008. ]

o time ILU 231,5s timeLU5,8s

o LR-GMRES more robust against perturbations

o Multilevel ILU not efficient for small and very sparse systems
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Summary

Benefits

@ Structure preservation (low rank, symmetry) is fulfilled

@ More robust against perturbations

o Same number of iterations as LR-CFADI together with a comparable
runtime
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Summary

@ Structure preservation (low rank, symmetry) is fulfilled
@ More robust against perturbations

o Same number of iterations as LR-CFADI together with a comparable
runtime

o Use QMR as Krylov subspace method
o Integration in PABTEC

o C implementation

o Parallelization
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Thank you for your attention!
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