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y(x(t)) = LT x(t)
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d

dt
x(t) = f(x(t)) + Bu(t)

Full non-linear model

TPWL model
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z(t) = V T
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wi (z(t))(Ai z(t) + bi ) + Bu(t)
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x(t) ≈ V z(t)

                      Size matters! N ! q

x(t) ! RN z(t) ! Rq

V ! RN ×q



f (x(t)) ≈ f i + Fi(x(t) − xi)

Taylor

Jacobian
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dt

z(t) = V T
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Ai = V Fi

bi = V ( f i − Fix i)

TPWL model



projection basis

convex combination

reduced linear model
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dt
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TPWL model

small
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Extract linear models Combine
f(x(t)) ! fi + Fi(x(t) " xi)

s−1!

i=0

wi(z(t)) = 1

wi(z(t)) ! 0

TPWL

Build projector V

i = 0, . . . , s ! 1

3 steps to the TPWL model



1
Extract linear models
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2
Build Projector



Крылов
(Krylov)

Kq(A, b ) = col span{b, Ab, A 2b, . . . , A q−1b}



Linear dynamical system

d
dt

x(t) = Ax (t) + bu(t)

y(x(t)) = lT x(t)



col span V = Kq(A−1, A−1b)



3
Combine reduced models



s−1�

i =0

wi = 1

wi ≥ 0

Weights fulfill convexity conditions



i = 0, . . . , s− 1 normalization constant

wi(z(t)) =
1
S

exp



− di

min
i

di
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! xi " V z! 2

Original proposed weights



That’s TPWL!



2. reduce

3. combine

1. extract linear models

d
dt
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Contributions to TPWL
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Rewiensky &
White (MIT) Original idea



2003 2004 2005 2006 2007 2008 2009 2010

Rewiensky &
White (MIT)

Roychowdhury &
Dong (Berkeley)

Generalization to piecewise 
polynomials.   



2003 2004 2005 2006 2007 2008 2009 2010

Tiwary & Rutenbar
(Carnegie Mellon)

Clustering of linear models for 
linear MOR



2003 2004 2005 2006 2007 2008 2009 2010

Tiwary & Rutenbar
(Carnegie Mellon)

Voß (Wuppertal)

Alternative weights and 
linearization criteria. BT as MOR



2003 2004 2005 2006 2007 2008 2009 2010

Striebel &
Rommes
(Chemnitz)

Intense testing. Industrial app.
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Bond &
Daniel (MIT)

Stable TPWL
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Bond &
Daniel (MIT)

Mart’nez
(Pittsburgh)

Multiple projection bases. 
Optimization of state localization
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A. & Faßbender
(Braunschweig)
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1
Extract linear models



Operation Point

New extracted linear model
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Load line

Diode characteristic
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d
dt

x(t) = f (x(t)) + Bu(t)
01.

2.
How to find the operation point



d
dt

x(t) = f (x(t)) + Bu(t)

Turn time dependent 
inputs off.
Leave batteries on.

1.

2.

0
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Turn time dependent 
inputs off.
Leave batteries on.

1.

2.

0d
dt

x(t) = f (x(t)) + Bu(t)

3. Solve for   using the Newton methodx

2.



Operation Point

New extracted linear model
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local residuum

th linear modeli

r (x(t), xi ) =
d
dt

x(t) ! (Fi x(t) + bi + Bu(t))



x1(t)

x2(t)

newly found linear model x i

x(t)

β

xi +1

! r (x(t), x i)! 2



x(t)

β

xi +1

new linear model found

! r (x(t), x i)! 2

still below threshold 



3
Combine reduced models



wi = wi(t)

Time dependent weights 





Results



Nonlinear transmission line

R = 1Ω, C = 1F, Is = 1A



Nonlinear transmission line

R = 1Ω, C = 1F, Is = 1A

N = 100



Nonlinear transmission line

R = 1Ω, C = 1F, Is = 1A

N = 100

0.5 cos(2! t) + 2

H(t− 0.5) + 2

Test 2 current sources:



Nonlinear transmission line

R = 1Ω, C = 1F, Is = 1A

N = 100

Test 2 current sources: 0.5 cos(2πt) + 2

H(t ! 0.5) + 2

Output: voltage here



Problem setting

Simulation 

TPWL
2 linear  
models:

i.c. & o.p.

weights:
TPWL

2 linear  
models:

i.c. & o.p.
1. RewienskyTPWL

2 linear  
models:

i.c. & o.p. 2. Hat



Used linear MOR

Arnoldi

Initial condition

95% reduction

col span V = K5(F ! 1
0 , F ! 1

0 e1)



Heaviside input 
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cosine input 
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Conclusions

•TPWL = linearize + reduce + combine

•Tackles costs of size and nonlinearity

•2 improvements: linearization & weights
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