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Typical ring oscillator
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@ Model circuit problem can be described by nonlinear DAEs

QL) 4 f(x(1)) ur(t) + Bu(t),
y(t) dT(t)x(t), x(t)eR".
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Typical ring oscillator
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@ Model circuit problem can be described by nonlinear DAEs

da) 4 f(x(t)) = w(t)+ Bult),

y(t) = dT(t)x(t), x(t) R

@ Standard MOR techniques for LTIl and LTV systems are not
Lai and Roychowdhury’06]

[image source:
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applicable.
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reduction strategy

da) | £(x(t)) = ur(t) + Bu(t),
y(t) = dT(e)x(t)-
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Model reduction strategy

da) | £(x(t)) = ur(t) + Bu(t),
y(t) = dT(e)x(t)-

Linearization:
@ Linearize around the large signal,
ul_(t)
@ Get a linearized periodic
time-varying system (LPTV):
G(t)x + %(C(t)x) = Bu(t),

where

Of (x) — 0q(x)
(t) = 5 bet, €(1) = — = lxo-
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Model reduction strategy

da) | £(x(t)) = ur(t) + Bu(t),
y(t) = dT(e)x(t)-

Linearization:
@ Linearize around the large signal,
ug (t)
@ Get a linearized periodic
time-varying system (LPTV):
G(t)x + %(C(t)x) = Bu(t),

where

Of (x)

(=21 9q(x)

(), C(t) = Ee
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|xs(t)-

Discretization:
@ Discretization of LPTV over
time-domain, [0, K]
o Get a discrete-time LPTV

system :
E(k)x(k+1) = Ax(k)+ Bu(k),
y(k) = d"x(k),

where % have specific structures
through discretization.
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Model reduction strategy

da) | £(x(t)) = ur(t) + Bu(t),
y(t) = dT(e)x(t)-

Linearization: Discretization:

@ Linearize around the large signal, o Discretization of LPTV over
ug(t) time-domain, [0, K]
@ Get a linearized periodic o Get a discrete-time LPTV
time-varying system (LPTV): system :
G(t)x + 4 (C(t)x) = Bu(t), E(k)x(k+1) = Ax(k)+ Ba(k),
where y(k) = dTx(k),
O (x) 9g(x) where % have specific structures

(t) = Bx L (6), C(t) = Ee l«(t)-  through discretization.

MOR techniques can be applied.
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Overview

@ Introduction
e Solving projected Lyapunov equations
© Balanced Truncation MOR

@ Numerical results and discussion
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Introduction
Periodic Descriptor Systems
Lifted representation of descriptor systems

Introduction

Periodic Descriptor Systems

The model problem
Consider the periodic LTV descriptor system with time-varying dimensions

. { Exxkr1 =  Arxi + Bru, (sys)

v = Cixk,
where E, € thk+l><”k+1' A € RHkJrlX”k, By € Rukﬂxm, Ck € RPXM gre
periodic with period K > 1, and the matrices Ej are allowed to be singular
for all k, Zk o Mk = ZkK:_Ol nk =N, and n=(ng,ny,...,nk_1).

Model Order Reduction (MOR)

@.{ Expn = %kik-i—ékuk,
e = Gk,

where r = (ro, r1,...,rk—1), and r, < n for k=0,1,..., K — 1.
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Introduction
Periodic Descriptor Systems
Lifted representation of descriptor systems

Introduction

Periodic Descriptor Systems

Characteristic of reduced model

@ preserve regularity, stability, passivity

@ small approximation error

v

Applications

@ Multirate signal processing and communication systems.

@ Aerospace realm ( control of Helicopter rotors, magnetic attitude
control for spacecrafts).

@ Computer control of industrial processes.

N
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Introduction

Periodic Descriptor Systems
Lifted representation of descriptor systems

Introduction

Periodic Descriptor Systems

Stability issue

@ Assume all Ex are square and invertible. System (sys) is said to be
asymptotically stable iff

NE Ak 1Bt A2+ By TAg) < 1
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Introduction

Periodic Descriptor Systems
Lifted representation of descriptor systems

Introduction

Periodic Descriptor Systems

Stability issue

@ Assume all Ex are square and invertible. System (sys) is said to be
asymptotically stable iff

NE Ak 1Bt A2+ By TAg) < 1

@ When Ej are rectangular and singular?
o We look for a "lifted representation” of (sys)

Literature:
@ BT MOR of Periodic systems [A.Varga'99, '00].

@ Large periodic Lyapunov equations: Algorithms and Applications
[Kressner'03].

@ Periodic descriptor systems: Solvability and Conditionability [Sreedhar and
Van Dooren’99].
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Introduction
Periodic Descriptor Systems
Lifted representation of descriptor systems

Introduction

Lifted representation of descriptor systems

@ Cyclic lifted representation of (sys):
EX1 = AXi + Bl
Vi = C Xy,

where £ := Zn_kEkZ,I; =Ep, A:= Zn_kAkZ,l;_l = Zn_lAl,
B:=Z,*BiZK =Bo, and C := Z,KC 2kt = CoZ, 1.

o E,=diag(Exk, Ext1, - , Ex+k—1) and same for others.

@ Cyclic shift matrix

0 Ik —1yj .
Zj = |: (KO]-)J:| . > 0.

(Isys)
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Introduction
Periodic Descriptor Systems
Lifted representation of descriptor systems

Introduction

Lifted representation of descriptor systems

Transfer function

G(z) = C(z€ — A)~B

Stability of lifted system

[ an 0 cee 0 —ﬁAo i
—ﬁAl OtEl 0
af — A =
e 0 —BAk-1 aEk_1]
is regular and Ar(€,A) < 1, where «, 3 are complex variables.
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Kronecker structure of matrix pairs
Peri Gramians
of Lyapunov equations

Solving projected Lyapunov equations

Solving projected Lyapunov equations

Kronecker structure of matrix pairs

For nonsingular Xi, Yy with Yx = Y,

;
L0 A 0]. (kronl)

XkExYir1 = {O E,f’]’ XA Yy = [O 7

A£+K,1A£+K,2 e AZ = Ji is nf x n Jordan matrix corresponding
to finite eigenvalues.

EPEp - EP y_1 = N is n* x n> Nilpotent Jordan matrix
corresponding to infinite eigenvalues.

o n=n" 4+ n>~.

v is the index of the system, where v = max {vo,v1, -+ ,vk-1},
and vy is nilpotency of Ny for k=10,1,..., K — 1.
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Kronecker structure of matrix pairs
Peri
Solutions of Lyapunov equations

Solving projected Lyapunov equations

Solving projected Lyapunov equations

Kronecker structure of matrix pairs

Definin rward-backward subsystems

For k € Z and
f f
Xk — Yk [§£:| 9 XkBk = |: k:| 9 Ckyk = [Ckf C,?] 9 (kron2)
k

we decompose the original system (sys) as

o Forward subsystem:  xf,; = Alx{ + Bfuc . yf = C/xf.

@ Backward subsystem: Eka+1 = Xk + Bk Uy, yk = Cka

System output:

Yo =yi +yp.

8/20 mohh@hrz.tu-chemnitz.de Mohammad-Sahadet Hossain MOR for Periodic Descriptor Systems



Kronecker structure of matrix pairs
Periodic Gramians
Solutions of Lyapunov equations

Solving projected Lyapunov equations

Solving projected Lyapunov equations

Periodic Gramians

Define periodic Gramians for forward and backward subsystems
o Causal (Forward) reachability Gramian: {G,f’},’f;ol
o Noncausal (Backward) reachability Gramian: {G"}} "}
o Causal (Forward) observability Gramian: {GeY S

o Noncausal (Backward) observability Gramian: {GJ°} £
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Kronecker structure of matrix pairs
Periodic Gramians
Solutions of Lyapunov equations

Solving projected Lyapunov equations

Solving projected Lyapunov equations

Periodic Gramians

Define periodic Grami backward subsystems
o Causal (Forward) reachability Gramian: {Gerys
@ Noncausal (Backward) reachability Gramian: {G,f’},’f;ol
o Causal (Forward) observability Gramian: {GeY S
o Noncausal (Backward) observability Gramian: {GJ°} £
Complete Gramians
G, = G+ G,
G = GZF+Go,

for k=0,1,...,K —1.

[for details, see Chu, et. al."07, Van Dooren, et. al.’99]
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Solving projected Lyapunov equations of matrix pairs

Solutions of ov equations

Solving projected Lyapunov equations Diﬂ-

Solutions of generalized discrete-time periodic Lyapunov equations (GDPLEs)

o {G{}K- ) satisfies GDPLEs

ExGo L ET — AGITAL = Pi(k)BkBl Pi(Kk)T (rel)
Go = P(K)GIP(K)T,
o {G"}K=} satisfies GDPLEs
ExGIT El — AGIPAL = —(I — Pi(k))BkB[ (I — Pi(k))T
G = (I=P(k)G(I = P (k)T
(re2)

where k =0,1,.. -1, GY s GR = GJ".
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Solving projected Lyapunov equations of matrix pairs

Solutions of ov equations

Solving projected Lyapunov equations Diﬂ-

Solutions of generalized discrete-time periodic Lyapunov equations (GDPLEs)

o {GPIr- satisfies GDPLEs

ET LGPE 1 — ATGP A = Pi(K)TCT GePo(K)
G = Pi(k—1)7GEP(k 1),
(obl)
o {GoYr=,) satisfies GDPLEs
ET\GIoEir — ATGI A = —(I— P,(K))T GT Gl — P(K))
G = (I=P(k=1)TG(I = Pi(k—1)),
(ob2)

where G&° = G§°, GI° = GP°, E_y = Ex_1, P((—1) = P(K — 1).

Spectral projections:

Is O

0 O

Pi(k) :Xk‘l[ 5 g

]Xk, P.(K) = Y [Inf 0} y!
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Solving projected Lyapunov equations LOCHUEEL 32

nov equations

Solving projected Lyapunov equations

Solutions of Lyapunov equations

o Lifted structure for (rel):
EGTET — AGTAT = BBT, (Irel)

where
o &= diag(Eo, E1,- - , Ek—1),
o A=z 1 diag (A1, , Ak-1,40),
o B= diag(P/(0)Bo, P(1)B, -+, P(K — 1)Bk-1),
o G7= diag (GF', -, Gy, GF").

@ Notice the structure of the solution

o Lifted structure of (re2) is analogous to (Irel)
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K tru f matrix pairs
Pel c Grami
Solutions of nov equations

Solving projected Lyapunov equations

Solving projected Lyapunov equations

Solutions of Lyapunov equations

o Lifted structure for (obl):
0EGPET — s AGPo AT = oCToC, (lob1)

where

0&= diag(Ex_1,Eo, -+ , Ek—-2),

oA = Z, tdiag (Ao, A1, - ,Ak_1),
C= diag (Co, Gi,--+, Ck-1)- 2,1,
Geo= diag(Gs®, G, -+, G2 q).

Notice the structure of the solution

Lifted structure of (ob2) is analogous to (lob1)
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f matrix pairs

Solving projected Lyapunov equations

nov equations

Solving projected Lyapunov equations

Solutions of Lyapunov equations

@ Use the canonical structure of matrix pairs.

@ Reformulate the Lyapunov equations for forward and backward
subsystems.

Reformulated lifted structure of GDPLEs

Ge — AGer Al = BeBT
EsGMES — G = —BuB]

o As, &b, Br, By , G§" and G2 preserve the structures of (Irel) along
with their forms in (kronl) and (kron2).

cr cr
YkilG/fYkiT = Ykil {% G?:wr:| Y;:T = [GSJ I?r ]
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Solving projected Lyapunov equations [T (R

punov equations

Solving projected Lyapunov equations

Solutions of Lyapunov equations

Reformulated lifted structure of GDPLEs

G — oAl GPoAs oClaCs
oGP0, — G = —aCloCy

o 0 Ar, 0&, 0Cs, and oCp, G£°, and GZ2 preserve the structures of
(lob1) along with their forms in (kronl) and (kron2).

_ _ _r1Ge 0 _ GS° 0
Xy TGkalzka[S G£O:|Xk1:|: g’f G£0:|
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ture of matrix pairs
ns
Solutions of Lyapunov equations

Solving projected Lyapunov equations

Solving projected Lyapunov equations

Solutions of matrix equations

@ rank (Gf")=rank (Gf°)=n{
@ rank (G/")=rank (G°)=n°

Full rank Cholosky factors

G =RR], G =R
G =L, @G° =L

v

Hankel singular values

& j= 6j(£kEk71{\)k)
Okj = 0j(LirrAxRi) 7

where 0;(.) denotes the singular values of the corresponding matrices

\
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Balanced realization and truncation
Balanced Truncation MOR Reduced model

Balanced Truncation MOR

Balanced realization and truncation

14/20

o (Ex, Ak, By, Ci) balanced ~

cr co D7 0 nr no O 0
Gk :Gk —{ Sf O}’ Gk _Gk+1_{0 Dkoo:|

where Dy ¢, Dy oo are diagonal and (k=0,1,..., K —1).
@ Find Sy and T (k=0,1,...,K — 1) with Tx = Ty, such that

(Ei, A, Bi, C) = (ST ExTirn, SE ATk, S Bi, Ci )

is balanced.
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Balanced realization and truncation
Balanced Truncation MOR Reduced model

Balanced Truncation MOR

Balanced realization and truncation

@ Compute the skinny SVDs

>
LeEx—1Re = [Uka, Uk 2] [ k1 T 2} Vi1, Vo] T,
LenAcRe = D0V,

where Ty 1= diag (§k,1,+ &ker),  Tho= diag (Sker+15 5 Ekon)
0= diag (Qk’l7 e 7€k’noc).

o Compute Sk and Ty for the truncated model

Sk = [LZ—+1 Uk+1,1>:1;1{,21’ Z/Z—+1 Uk@ljl/z]

Te = [R« Vk,12;1/27 RV
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Balanced realization and truncation

Balanced Truncation MOR Reduced model

Balanced Truncation MOR

Reduced model

@ Compute the reduced order model

(Ei, A, Bi, C) = (ST Ex Tirn, ST AC T, S Bi, Ci )
for (k= 0,1,-- , K — 1).
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Balanced realization and truncation

Balanced Truncation MOR Reduced model

Balanced Truncation MOR

Reduced model

@ Compute the reduced order model

(Ei, A, Bi, C) = (ST Ex Tirn, ST AC T, S Bi, Ci )
for (k= 0,1,-- , K — 1).

Error bound:
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Numerical results
Discussions
Numerical results and discussion

Numerical results and discussion

Numerical results

Numerical example (Chu, et. al.'07)
Model discrete-time descriptor system with n =10, m=2, p =3 and
period K =3 (k=0,1,2).

o {(Ex,Ak)}iy are pd-stable.

° ni:Sand ng° =2 for all k.

@ Reduced order model, r = (7,8, 8).

16/20 mohh@hrz.tu-chemnitz.de Mohammad-Sahadet Hossain MOR for Periodic Descriptor Systems



Numerical results
Discussions

Numerical results and discussion

Numerical results and discussion

Numerical results

Norms and Relative residuals () of Grammians

Norms and relative residuals of reachability Gramians

k | G 12 Vi I G&" ll2 Ve

5.8182 x 102 | 6.1727 x 10~ 12 | 1.3946 x 10T | 1.5444 x 1014
8.2081 x 10% | 8.2172 x 10~2 | 1.3660 x 10T | 1.7508 x 1014
7.1107 x 103 | 3.0961 x 10~ 12 | 1.4308 x 10T | 3.3847 x 1014

N = O

Norms and relative residuals of observability Gramians

| GE° |2 Vi Il G¢° |l Ve
0.7353 x 10T | 2.7678 x 10~ | 1.6866 x 10° | 1.3372 x 10~
1.1373 x 103 | 7.7003 x 10~ | 1.7406 x 10° | 2.1113 x 10~
0.6984 x 10° | 1.7859 x 10~ | 1.6866 x 10° | 1.1626 x 10~ 1®

N R ol X
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Numerical results
Discussions
Numerical results and discussion

Numerical results and discussion

Numerical results

Causal Hankel singular values for the descriptor system

10*
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2 x k=2
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2 2
g 10° e
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5 10721 & 5 1
§ § (3
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O 107 +
-
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10 : : : ) : ;
1 2 3 a4 5 6 7 8
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Numerical results
Discussions
Numerical results and discussion

Numerical results and discussion

Numerical results

Hankel singular values for the Exact lifted system

-
[=]
©
T
I

N
.‘.

Causal Hankel singular values
-
o
T
¢
+
Il

-
o
|
A
T
*
I

10°°

20 mohh@hrz.tu-chemnitz.de Mohammad-Sahadet Hossain MOR for Periodic Descriptor Systems



Numerical results
Discussions
Numerical results and discussion

Numerical results and discussion

Numerical results

Hankel singular values for the Reduced lifted system

10 T T T T
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2 102k oo - Reduced |
k" oo -,
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*
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Numerical results
Discussions

Numerical results and discussion

Numerical results and discussion

Numerical results
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Numerical results

Discussions

Numerical results and discussion

Discussions:
@ New approach for solving GDPLEs.
@ Handle systems with time-varying dimensions.

@ Backward stability is guaranteed.
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Numerical results

Discussions

Numerical results and discussion

Discussions:
@ New approach for solving GDPLEs.
@ Handle systems with time-varying dimensions.

@ Backward stability is guaranteed.

Not suitable for very large dimensional problems.
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Numerical results

Discussions

Numerical results and discussion

Discussions:
@ New approach for solving GDPLEs.
@ Handle systems with time-varying dimensions.

@ Backward stability is guaranteed.

Not suitable for very large dimensional problems.

o lterative techniques find low-rank solutions of large Lyapunov
equations.
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Numerical results

Discussions

Numerical results and discussion

Discussions:
@ New approach for solving GDPLEs.
@ Handle systems with time-varying dimensions.

@ Backward stability is guaranteed.

Not suitable for very large dimensional problems.

o lterative techniques find low-rank solutions of large Lyapunov
equations.(....next goal)
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