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Matthias Bollhöfer and André K. Eppler

Abstract We present a structure-preserving Krylov subspace method for solving
large-scale Lyapunov equations where the (approximate) solution is of low rank.
This problem arises, e.g., from model order reduction techniques based on Balanced
Truncation for large-scale descriptor systems such as those in the simulation of large
electrical circuits. The method presented here uses a low-rank approach based on the
FGMRES method. For preconditioning the Low Rank Cholesky Factor-Alternating
Direct Implicit is applied which turns out to preserve the low-rank structures and
allows for the use of inner approximate factorizations.

1 Introduction

In very large system integrated (VLSI) technology advances in size and speed leads
to differential-algebraic equations (DAE) with several hundred million elements.
For verification of the model a full simulation is often impossible. To do this effi-
ciently model order reduction (MOR) methods have been recognized as a key tech-
nology in constructing reduced order models, in particular those methods that in-
herit the central properties of the underlying circuit like stability and passivity. The
original linear circuit can be modelled by a DAE of type

Eẋ(t) = Ax(t)+Bu(t) (1)
y(t) =Cx(t)+Du(t)
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where A,E ∈Rn,n,B ∈Rn,m,C ∈Rp,n,D ∈Rp,m with m, p � n. The reduced model
approximates the system by smaller matrices Ẽ, Ã, B̃,C̃, D̃ such that the dimension n
is replaced by some l � n. For circuit equations Positive Real Balanced Truncation
(BT) is a suitable method to reduce the dimension and preserve passivity at the same
time as shown in [6, 7]. The main idea behind this method consists of balancing the
solutions of associated projected Lur’e equations. For special cases these simplify to
projected algebraic Riccati equations. For solving these second order matrix equa-
tions with Newton’s method (see [5]) in every step projected, generalized Lyapunov
equations of the following type need to be solved

AkXkET +EXkAT
k =−PlBkBT

k PT
l , where Xk = PrXkPT

r , (2)

ATYkE +ETYkAk =−PT
r CT

k CkPr, where Yk = PT
l YkPl . (3)

Here Pl ,Pr refer to the left and right projection of the matrix pencil λE − Ak to
the subspace of finite eigenvalues. This is necessary because the matrix E is not
invertible when dealing with electrical circuits. The matrix Ak and the matrix of
the right hand side Bk may change in every outer Newton step, while the matrix E
remains unchanged from the descriptor system.

In the case of MOR we are dealing with a small number of input and output
signals which in turn yields low rank matrices B (resp. C). Moreover, assuming
that the system is passive, we obtain symmetric and positive semidefinite solutions
Xk,Yk of (2), (3) which are approximately of low rank, i.e., Xk = LkLT

k , Yk = RkRT
k . It

should be noted that for linear RCI networks the descriptor system can symmetrized,
meaning that it is necessary only to solve one Riccati equation and therefore only
one Lyapunov equation (2) is required at each Newton step, see [6].

In sections 2 and 3 we are going to explain how we combine the two methods
to a new solver. First we comment on the LRCF-ADI method and then we state
how this can be used within Krylov subspace methods. In section 4 we compare our
numerical approach with the LRCF-ADI method for one example circuit and also
investigate the use of inner approximate factorizations.

2 Low rank Cholesky factor-ADI (LRCF-ADI)

We now discuss solving generalized, projected Lyapunov equations of the form

AXET +EXAT =−PlBBT PT
l , where X = PrXPT

r . (4)

One of the most popular methods for solving Lyapunov equations is the alternating
direction implicit (ADI) method which was first demonstrated in [10]. The transfer
to the generalized case as part of BT can be found in [9]. Formally, for ADI one has
to solve a sequence of pairs of equations
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(E + τ jA)X j− 1
2
=−PlBBT PT

l −X j−1(E − τ jA)T

X j(E + τ jA)T =−PlBBT PT
l − (E − τ jA)X j− 1

2

for j = 1,2,3, . . . , t. X j can be computed more efficiently using its representation
as low-rank Cholesky factors X j = L jLT

j , see [4]. The most efficient way, usually
referred to as LRCF-ADI [3] uses elegant way of computing L j from L j−1 such that
the computational work grows at most linearly with the number of shifts t. In this
simplest case L j can be computed from L j−1 via

Fj =
√

−Reτ j/
√
−Reτ j−1

(
Fj−1 − (τ j + τ̄ j−1)(E + τ jA)−1AFj−1

)
,L j =

[
L j−1,Fj

]
,

j = 2, . . . , t, where F1 =
√
−Reτ1(E + τ1A)−1B, L1 = F1.

In practice it is by far too expensive to compute the residual
‖AL jL jET +EL jLT

j AT +PlBBT PT
l ‖F . One can bypass this problem via the updated

QR-factorization as shown in [4]. Here one computes and updates QR factorizations
of the form Q1R1 = [AL j,EL j,PlB], Q2R2 = [EL j,AL j,PlB]. Then the norm reduces
to ‖R1RT

2 ‖F . For the performance of the ADI method it is essential to solve systems
(E + τ jA) efficiently. In case of circuit equations these matrices become very large
and sparse so the LU-decomposition can be used to solve the systems. The other
advantage is, that once these factorizations are computed they can be reused in the
next cycle of the ADI method.

3 Low rank Krylov subspace methods

For the solution of generalized Lyapunov we discuss the use of Krylov subspace
methods. Here we will concentrate on the FGMRES [8] method. In contrast to the
standard preconditioned GMRES procedure this allows for changing precondition-
ers in every iteration step. The elementary operations needed in Krylov subspace
methods are matrix vector multiplications, scalar products as well as linear com-
binations of vectors. These templates will be reformulated in a low-rank pseudo-
arithmetic that uses a representation V ZV T similar to the Cholesky-factor represen-
tation. It is easy to see that a linear combination of symmetric low rank matrices
leads again to a symmetric matrix of lower rank. Furthermore the “matrix-vector”
multiplication by the Lyapunov operator applied to V ZV T

AV ZV T ET +EV ZV T AT = [AV EV ]

[
0 Z
Z 0

]
[AV EV ]T ,

can be rewritten as a symmetric matrix of lower rank as well. As for the linear
combination and the “matrix-vector” product after the concatenation of columns
[AV EV ] the rank may increase. Suppose we have a low rank matrix X = V ZV T .
The two main steps in our rank truncation strategy are using an rank revealing QR
and an eigenvalue decomposition. First we compute V = QRΠ where Π is just
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column pivoting (see [2]) and cut off the rank according to R based on a relative
tolerance. We denote the remainders by Q̂, R̂. After that we calculate a symmetric
eigenvalue decomposition of R̂ZR̂T = UΣUT and discard small values of Σ to get
Û and Σ̂ . Here we use the same tolerance again. As a result we have X = V̂ Σ̂V̂ T

with a unitary matrix V̂ = Q̂Û and a diagonal matrix Σ̂ . Beside the symmetric low-
rank pseudo-arithmetic we need to use preconditioning that is consistent with this
representation. E.g., diagonal preconditioning can be implemented fairly easy but
would violate the symmetric low-rank representation. We therefore propose to use
the LRCF-ADI method instead. Suppose that at step i, the FGMRES method com-
putes Arnoldi vectors Vi = ViZiV T

i represented as symmetric low rank matrices.
Then one preconditioning step using LRCF-ADI consists of one cycle j = 1, . . . , t
starting with right hand side B = Vi (compare (4)) in the symmetric low-rank for-
mat. LRCF-ADI returns the Cholesky factor Lt which induces a symmetric low rank
matrix Wi = LtDtLT

t for i = 1, . . . ,m, where Dt = It ⊗Zi. As mentioned earlier, com-
puting the residual during ADI iteration is quite costly and is usually replaced by
the updated QR-factorization [4]. For our algorithm this can be avoided to save time
and we can work with the residual norm computed by the FGMRES algorithm.

4 Numerical experiments

We have tested our method on several examples from NEC Europe and compared
the solution with the state of the art method LRCF-ADI as stand-alone solver for the
associated generalized, projected Lyapunov equations [9]. Here we only consider a
RC-chain with 2002 capacitors, 2003 resistors and 3 voltage sources yielding state
dimension n = 2007 and rank 3 of the right hand side. Since we concentrate on de-
veloping a new Lyapunov solver we set A j = A and B j = B. We want to solve the
Lyapunov equation up to a estimated residual norm of 10−10. We start the FGM-
RES with initial guess zero. As stated before it is essential for the performance of
the LRCF-ADI method to solve the shifted systems E + τ jA fast and reliable. We
investigate the influence of approximative solves of these linear systems to both
methods. For this purpose we use the software package ILUPACK, see [1]. A pre-
conditioner for each of the systems E+τ jA is computed and we solve for 3 different
tolerances for the inner iterative solver, 10−12 , 10−8 and 10−4 respectively. To al-
low for such variable preconditioning techniques it is necessary to use the FGMRES
method instead of regular GMRES. 15 different real shifts are chosen as explained
in [4]. All computations were done on a workstation with Intel(R) Xeon(TM) MP
CPU 3.66GHz and 16GB RAM using Matlab c©Version 7.7.0.471 (R2008b).

In Fig. 1 the convergence history with respect to the number of ADI steps is plot-
ted. The black lines refer to the proposed LR-FGMRES while the grey lines belong
to the LRCF-ADI. It can be seen that the LRCF-ADI method stagnates for the toler-
ances 10−8 and 10−4 at a residual norm of about the same order of magnitude. The
values in Fig. 1 are in fact 6.6e− 5 and 4.3e−9. We stop the LRCF-ADI iteration
after a maximum of 100 steps but only the first 60 ones are plotted here. With our
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Fig. 1 Convergence history of residual norms

LR-FGMRES we still get convergence even if the systems are only approximately
solved. So our method is almost not affected by this. One can not distinguish the 3
different curves for the LR-FGMRES in Fig.1. With 3 cycles of FGMRES each of
them using 15 ADI iterations we are at the same number of steps as the LRCF-ADI
method.

tolerance LRCF-ADI LR-FGMRES
10−12 2.7 6.4
10−8 - 15.7
10−4 - 33.8

Table 1 Running time [s] dependent on tolerance

In Table 1 one can see the cpu-time needed to solve the Lyapunov equations
according to the related tolerance for solving the shifted systems inside the LRCF-
ADI iteration. Table 2 shows the rank development of the right hand sides B =Vi−1
from equation (4) during the preconditioning step. Initially the rank is always 3. We
observe for our method that the ranks of the right hand side increase faster as we
raise the tolerance. This explains the longer computational time.

FGMRES step i 10−12 10−8 10−4

1 3 3 3
2 8 19 21
3 25 52 93

Table 2 Rank development dependent on tolerance

While the LRCF-ADI method is fast it only converges about the same tolerance
as one solves the shifted linear systems. The FGMRES turned out to be more ro-
bust with respect to this tolerance, this effect was demonstrated by the use of the
Multilevel-ILU.
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5 Conclusions

In this paper we proposed a new method for solving large generalized, projected
Lyapunov equations. Using Krylov subspace methods as outer iteration we were
able to improve robustness of the LRCF-ADI method when using incomplete fac-
torizations. This is intended to use where direct solvers can not be applied. For appli-
cations where larger rank does not contribute too much to the total computation time
both methods are suitable. The increase of the ranks in our method will be subject
of future work. Another advantage of our solver is the cheaply computable con-
vergence criterion delivered by FGMRES. Other preconditioned Krylov subspace
methods like CG, QMR or BiCGStab can be considered within this framework.
This work can easily be transfered and applied to the case of standard Lyapunov
equations.
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