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An alternative way of solving large Lyapunov equations
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System reduction has become an essential tool in simulating large electrical circuits. Among such methods balanced truncation
is in particular popular since it preserves properties like passivity of the underlying descriptor system. One of the main tasks
therein consists of solving large scale Lyapunov equations efficiently. In this setting one is looking for a symmetric low rank
solution. For this purpose we discuss Krylov-subspace methods such as the General-Minimal-Residual method. To speed up
convergence the method is combined with the Low Rank Cholesky-Factor-Alternating-Direct-Implicit-Iteration as a structure
preserving preconditioner.
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1 Introduction

The numerical simulation of large scale integrated circuits in VLSI design nowadays reaches systems with several hundred
million elements. The underlying models require verification by many simulation runs based on different input signals. To do
this efficiently one usually replaces the original system by a structure-preserving model of much smaller order which inherits
the central properties of the underlying circuit like stability and passivity. To this end model order reduction (MOR) methods
have become a key technology in constructing reduced order models, in particular the balanced truncation method [1] will be
of interest in this paper. In the simplest case the original circuit can be described by an descriptor system of type

Eẋ = Ax+Bu
y = Cx+Du

where A,E ∈ Rn,n, B ∈ Rn,m, C ∈ Rp,n, D ∈ Rp,m

such that m, p� n. The reduced model replaces E,A,B,C,D by smaller matrices Ẽ, Ã, B̃, C̃, D̃ such that for all matrices
the dimension n is replaced by some l � n. To obtain a reduced model, balanced truncation computes a symmetric posi-
tive semidefinite solution of associated projected Lur’e equations (for special cases these are equivalent to projected Riccati
equations). These in turn require solving a sequence of generalized Lyapunov equations of the form

AXET + EXAT + PlBB
TPT

l = 0, where X = PrXP
T
r ,

ATY E + ETY A+ PT
r C

TCPr = 0, where Y = PT
l Y Pl.

(1)

Here Pl, Pr refer to the left and right projection of the matrix pencil λE −A to the subspace of finite eigenvalues. Assuming
that the system is passive, we obtain symmetric and positive semidefinite solutionsX,Y of (1). Moreover, in the case of MOR
we are seeking for low rank solutions X = RRT , Y = LLT . Since solving (1) is a central task in balanced truncation, we
will discuss structure-preserving numerical methods for their solution.

2 Low rank cholesky factor ADI

One of the most popular methods for solving (generalized) Lyapunov equations consists of the alternating direction implicit
(ADI) method [2]. For simplicity we only consider the first equation in (1). The ADI method solves this system iteratively by
computing for j = 1, 2, 3, . . .

(E + τjA)Xj− 1
2

= −PlBB
TPT

l −Xj−1(E − τjA)T , Xj(E + τjA)T = −PlBB
TPT

l − (E − τjA)Xj− 1
2
.

The low rank Cholesky factor ADI method directly computes Xj = RjR
T
j , where

Rj =
[√
−2Re(τj){(E + τjA)−1PlB}, {(E + τjA)−1(E − τ̄jA)Rj−1}

]
It has been observed in [3] that interchanging the order of the shifts τ1, τ2, . . . allows reducing the complexity of computing
Rj by one order of magnitude. This has lead to the low-rank Cholesky factor ADI method. For the convergence of the ADI
method the choice of the shift parameters τ1, τ2, . . . is essential. For the simplest case optimal shift parameters are known [4],
in general one has to work with heuristic parameters [5].

As for any other iterative method, the mapping Xj−1 → Xj induces an approximate inverse to the linear operator given by
the generalized Lyapunov equation. This can be used for convergence accelaration within Krylov subspace methods.
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3 Krylov subspace methods and Galerkin projection

For the solution of generalized Lyapunov we discuss the use of Krylov subspace methods such as GMRES [6]. Krylov
subspace methods in general consist of matrix vector multiplications as well as linear combinations. It is easy to see that
a linear combination of symmetric low rank matrices leads again to a symmetric matrix of lower rank. Furthermore the
“matrix-vector” multiplication by the Lyapunov operator applied to V ZV T

AV ZV TET + EV ZV TAT = [AV EV ]
[

0 Z
Z 0

]
[AV EV ]T ,

which can be rewritten as a symmetric matrix of lower rank as well. As for the linear combination of matrices, the “matrix-
vector” product can be truncated by method like the rank-revealing QR decomposition [7] to reduce the rank of [AV EV ].
One problem for Krylov subspace methods in general is the use of preconditioning methods. E.g., diagonal preconditioning
can be implemented fairly easy but in the case of Lyapunov equations it would immediately destroy the low rank structure.
To preserve the structure of the iterates in Krylov subspace methods we therefore propose to use the LRCF-ADI method for
preconditioning. Suppose that the GMRES method computes Arnoldi vectors Vj = VjZjV

T
j represented as sym. low rank

matrices, then LR-CFADI preconditioning is applied to Vj and returns Lj forWj = LjDjL
T
j for j = 1 . . .m.

Another concept for solving Lyapunov equations by Galerkin projection was proposed in [8]. Here we can use this
idea for building a solution different from GMRES. For this we calculate a projection basis from the two sequences of
Arnoldi vectors. We compute a rank-revealing QR decomposition of each sequence [L1 . . . Lm] = QLRLΠT

L, rankRL =
rL, [V1 . . . Vm] = QV RV ΠT

V , rankRV = rV . Suppose r = max{rl, rv}, then the GMRES solution Xm can be represented

as Xm = X0 +QLSQ
T
L , where S = RLΠL

s1D1

. . .
smDm

ΠTRT
L and s1 . . . sm are chosen to minimize the asso-

ciated Hessenberg problem. Now we project the Lyapunov equation with QV and get a r-dimensional Lyapunov equation for
S: QT

VR0QV +AQSE
T
Q + EQSAQ = 0 where EQ = QT

V EQL, AQ = QT
V AQLandR0 initial residual. This can be solved

by standard techniques [9] and the Xm can be computed from that.

4 Numerical experiment
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In the left figure one can see the convergence history of the residual norms
in the GMRES algorithm for different numbers of shift parameters. Af-
ter 5 steps of GMRES a restart is taken. The solid lines represent when
Galerkin projection was done while for the dashed lines the GMRES so-
lution was formed. Applying the described Galerkin projection does not
yield a minimizing property as for GMRES but it was observed that the
projection often reduced the number of iterations needed in GMRES. On
the other hand solving an additional Lyapunov equation is time consum-
ing.
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