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Abstract— In this talk we develop a model order reduction
for the model equations of nonlinear circuits with a small
number of nonlinear elements. The presented model reduction
technique is based on the decoupling of the linear and nonlinear
subcircuits of the electrical circuit in a suitable way. Afterwards,
a model reduction of the remained linear part will be performed
using passivity-preserving balanced truncation followed by an
adequate recoupling of the unchanged nonlinear subcircuit and
the reduced linear subcircuit to obtain a nonlinear reduced-
order model. The efficency and applicability of the proposed
model reduction approach is demonstrated on a numerical
examples.

I. INTRODUCTION

The efficient and robust numerical simulation of electrical
circuits plays a major role in computer aided design of
electrical devices. While the structural size of the electri-
cal devices is decreasing, the complexity of the electrical
circuits is increasing. This usually leads to a system of
model equations in form of differential-algebraic equations
(DAE) consisting up to millions or even more unknowns.
Simulation of such large models is mostly impossible or, at
least, unacceptably time and storage consuming. Model order
reduction presents a way out of this dilemma. A general idea
of model order reduction is to replace a large-scale system by
a much smaller model which approximates the input-output
relation of the large-scale system within a required accuracy.
While a large variety of model reduction techniques such as
PRIMA [4], SPRIM [1], [2], PABTEC [6], exists for linear
networks, model reduction of nonlinear circuits is only in its
infancy [5], [8], [9], [10], [12].
In [3], model reduction for nonlinear circuits based on
decoupling of linear and nonlinear elements for a special
class of RLC circuits with only nonlinear resistors has been
considered and global error bounds have been presented. In
this paper, we extend these results to more general circuits
that may contain other nonlinear elements like nonlinear
capacitors, inductors or transistors. We restrict ourself to
circuits with a small number of nonlinear elements. In this
case the extracted linear subcircuits have a small number
of inputs and can be reduced by any linear model reduc-
tion method. For this purpose, we will use the passivity-
preserving balanced truncation method for electrical circuits
(PABTEC) proposed first in [6].
Extracting the linear subsystems from a DAE system, un-
expected effects, e.g., change of the index, may occur that
results then in poor approximation, numerical difficulties and
even failure of simulation tools. In this paper, we develop
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a topology-based decoupling technique that maintains in
particular the index of the DAE system.
The paper is organized as follows. In Section II, we introduce
the model equations in form of a nonlinear DAE system
using the MNA. In Section III, we present a model reduction
technique which is based on the decoupling of subcircuits
followed by a model reduction of these subcircuits, and
afterwards followed by an adequate recoupling of the re-
duced subcircuit to obtain a nonlinear reduced-order model.
Furthermore, in Section IV, we illustrate the efficency and
applicability of the proposed model reduction approach on a
numerical example.

II. CIRCUIT EQUATIONS

A commonly used tool for modeling electrical circuits is
the Modified Nodal Analysis (MNA). An electrical circuit
can be modeled as a directed graph whose nodes and
branches correspond to the nodes of the circuit and whose
branches correspond to the circuit elements like capacitors,
resistors and inductors. Using Kirchhoffs laws and the circuit
element relations respecting the voltages and the currents, the
dynamic of an electrical circuit can be described by a DAE
system of the form

E(x)
d

dt
x = Ax + f(x) + Bu, (1a)

y = BT x, (1b)

where

x =
[

ηT ıT
L

ıT
V

]T
, (1c)

u =
[

ıT
I

uT
V

]T
, and (1d)

y = −
[

uT
I

ıT
V

]T
(1e)

are the vector of states, the vector of inputs and the vector
of outputs, respectively, and

E(x) =




ACC(AT
C
η)AT

C
0 0

0 L(ıL) 0
0 0 0


, (1f)

A =




0 −AL −AV

AT
L

0 0
AT

V
0 0


, (1g)

f(x) =



−ARg(AT

R
η)

0
0


, B =



−AI 0

0 0
0 −I


. (1h)

In this model equations,η is the vector of node potentials,
ıL, ıV and ıI are the vectors of currents through inductors,
voltage sources and current sources, respectively,uV anduI

are the vectors of voltages of voltage sources and current
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sources, respectively. Furthermore,AC ∈ R
nη ,nC , AL ∈

R
nη ,nL , AR ∈ R

nη,nR , AV ∈ R
nη ,nV and AI ∈ R

nη ,nI

are the incidence matrices describing the topology of the
corresponding circuit elements, and the conductance matrix-
valued functionC : R

nC → R
nC,nC , the inductance matrix-

valued functionL : R
nL → R

nL,nL and the resistor relation
g : R

nR → R
nR characterize the physical properties of the

capacitors, inductors and resistors, respectively.
Assumption 2.1:We will assume that

(A1) the matrixAV has full column rank,
(A2) the matrix[AC , AL, AR, AV ] has full row rank,
(A3) the matricesC(AT

C
η) andL(ıL) are positive definite

for all admissibleη and ıL, and
(A4) the functiong(AT

R
η) is monotonically increasing

for all admissibleη.
Assumptions (A1) and (A2) imply that the circuit does
not contain loops of voltage sources and cutsets of current
sources, respectively, while assumptions (A3) and (A4) on
the capacitance and inductance matrices and the resistor
relation mean that all circuit elements do not generate energy.
In the following, we will distinguish between linear and
nonlinear circuit elements. A circuit element is called linear
if the relation between the current and the voltage along
the element is linear. In the case of a nonlinear relation,
the circuit element is called nonlinear. We restrict ourself
to circuits that have a small number of nonlinear elements.
Furthermore, we assume without loss of generality that the
circuit elements are ordered such that

AC =
[

AC̄ AeC

]
, AL =

[
AL̄ A eL

]
, (1i)

AR =
[

AR̄ A eR

]
, (1j)

where the incidence matricesAC̄ , AL̄ and AR̄ correspond
to the linear circuit components, andAeC

, A eL
and A eR

are the incidence matrices for the nonlinear devices. We
use the notation, that the bar and the tilde illustrate linear
and nonlinear components of the circuit, respectively. We
also assume that the linear and nonlinear elements are not
mutually connected, i.e.,

C(AT
C
η) =

[
C̄ 0

0 C̃(AT
eC
η)

]
, L(ıL) =

[
L̄ 0

0 L̃(ı eL
)

]
, (1k)

g(AT
R

η) =

[
ḠAT

R̄
η

g̃(AT
eR
η)

]
, (1l)

where ı eL
is the vector of currents through the nonlinear

inductors. It follows from assumptions (A3) and (A4) that
the matricesC̄ ∈ R

nC̄,nC̄ , L̄ ∈ R
nL̄,nL̄ and Ḡ ∈ R

nR̄,nR̄

for the linear element are symmetric, positive definite, and
C̃ : R

n eC → R
n eC

,n eC and L̃ : R
n eL → R

n eL
,n eL for

the capacitors and inductors are positive definite for all
admissibleη and ı eL

.

III. MODEL REDUCTION FOR NONLINEAR
CIRCUITS

In the following we present a model reduction technique
for the model equations of nonlinear circuits with a small

number of nonlinear elements. This reduction technique
bases on the decoupling of the linear and nonlinear subcir-
cuits of the electrical circuit in a suitable way. Afterwards,
a model reduction of the remained linear part will be per-
formed using passivity-preserving balanced truncation [6],
[7] followed by an adequate recoupling of the unchanged
nonlinear subcircuit and the reduced linear subcircuit to
obtain a nonlinear reduced-order model, as illustrated in
Figure 1.

nonlinear circuit equations (1)

Decoupling

nonlinear subsystem linear subsystem (7)

Model order reduction (PABTEC)

nonlinear subsystem reduced linear subsystem (11)

Recoupling

reduced nonlinear system (19)

Fig. 1. Model order reduction strategy

A. Decoupling of Linear and Nonlinear Subcircuits

In preparation for the decoupling strategy we will in-
troduce the following notation and present the following
definition and the following two lemmata.

Notation 3.1: Let G1, G2 ∈ R
nfR

,nfR be given such that
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(G1 + G2) is invertible. Then we use

Γs = G1 + G2,

Γ11 = G1(G1 + G2)
−1G1,

Γ12 = G1(G1 + G2)
−1G2,

Γ21 = G2(G1 + G2)
−1G1,

Γ22 = G2(G1 + G2)
−1G2. ⊳

Definition 3.2 (): Let A eR
∈ {−1, 0, 1}nη,nfR be an inci-

dence matrix. Then the matricesA1
eR

and A2
eR

are uniquely
defined withA1

eR
∈ {0, 1}nη,nfR and A2

eR
∈ {−1, 0}nη,nfR

satisfyingA1
eR

+ A2
eR

= A eR
.

Lemma 3.3:Let G1, G2 ∈ R
nfR

,nfR be given such that
Γs = (G1 + G2) is invertible. Then, with Notation 3.1 we
get the relations

Γ12 = Γ21, (2a)

Γ12 = G1 − Γ11, (2b)

Γ12 = G2 − Γ22. (2c)
Proof: We have

Γ12 = G1(G1 + G2)
−1(G2 + G1 − G1)

= G1 − Γ11

= G1 − (G1 + G2 − G2)(G1 + G2)
−1G1

= Γ21.

Thus, (2a) and (2b) hold. Relation (2c) can be proved
analogously.

Lemma 3.4:Let G1, G2 ∈ R
nfR

,nfR be given such that
Γs = (G1 + G2) is invertible. Furthermore, letA eR

∈
{−1, 0, 1}nη,nfR be an incidence matrix. Then, with Notation
3.1 and Definition 3.2 we get the relation

A eR
Γ12A

T
eR

=
[

A1
eR

A2
eR

] [
G1 − Γ11 Γ12

Γ21 G2 − Γ22

] [
(A1

eR
)T

(A2
eR
)T

]
.

Proof: For

A eR
= A1

eR
+ A2

eR
=

[
A1

eR
A2

eR

] [
I

I

]
,

we get

A eR
Γ12A

T
eR

=
[

A1
eR

A2
eR

] [
I

I

]
Γ12

[
I I

]
[

(A1
eR
)T

(A2
eR
)T

]

=
[

A1
eR

A2
eR

] [
Γ12 Γ12

Γ12 Γ12

] [
(A1

eR
)T

(A2
eR
)T

]
.

Then the statement follows from Lemma 3.3.
The main result of the model order reduction is shown in

the following theorem.
Theorem 3.5:Consider the circuit equations (1). LetA1

eR

and A2
eR

be defined in Definition 3.2 and letG1, G2 ∈
R

n eR
,n eR be given such thatG1 and Γs = G1 + G2 are

both positive definite andG2 is positive semidefinite. Fur-
thermore, letı eL

∈ R
n eL , ueC

∈ R
n eC , andız ∈ R

n eR be defined
by the relations

L̃(ı eL
)

d

dt
ı eL

= AT
eL
η, (3)

ueC
= AT

eC
η, (4)

ız = ΓsG
−1
1 (g̃(AT

eR
η) − Γ12A

T
eR
η). (5)

Then system (1) together with the relations

ηz = Γ−1
s ((G1(A

1
eR
)T − G2(A

2
eR
)T )η − ız), (6a)

ıeC
= C̃(ueC

)
d

dt
ueC

(6b)

for the additional unknownsηz ∈ R
nfR and ıeC

∈ R
n eC , is

equivalent to the system



AC̄ C̄AT
C̄

0 0 0 0
0 0 0 0 0
0 0 L̄ 0 0
0 0 0 0 0
0 0 0 0 0







d
dt

η
d
dt

ηz
d
dt

ıL̄
d
dt

ıV
d
dt

ıeC




(7a)

=




A11 A12 −AL̄ −AV −AeC

AT
12 −Γs 0 0 0

AT
L̄

0 0 0 0
AT

V
0 0 0 0

AT
eC

0 0 0 0







η

ηz

ıL̄
ıV
ıeC




+




−AI −A2
eR

−A eL
0 0

0 −I 0 0 0
0 0 0 0 0
0 0 0 −I 0
0 0 0 0 −I







ıI
ız
ı eL

uV

ueC



,




y1

y2

y3

y4

y5




=




−AT
I

0 0 0 0
−(A2

eR
)T −I 0 0 0

−AT
eL

0 0 0 0

0 0 0 −I 0
0 0 0 0 −I







η

ηz

ıL̄
ıV
ıeC




(7b)

with

A11 = −AR̄GAT
R̄
− A1

eR
G1(A

1
eR
)T − A2

eR
G2(A

2
eR
)T, (7c)

A12 = A1
eR
GT

1 − A2
eR
(G2)

T (7d)

in the sense that if
[

ηT
[

ıT
L̄

ıT
eL

]
ıT
V

]T
solves (1)

then
[

ηT ηT
z ıT

L̄
ıT
V

ıT
eC

ıT
eL

]T
with (6) solves (7)

and, conversely, if
[

ηT ηT
z ıT

L̄
ıT
V

ıT
eC

ıT
eL

]T
solves

(7) then (6) holds and
[

ηT
[

ıT
L̄

ıT
eL

]
ıT
V

]T
solves (1).

Proof: The proof can be found in [9].
In the following we will provide a physical interpretation

of the equivalent descriptor system (7). This system models
an equivalent circuit which arises from the original circuit
by replacing the nonlinear elements by controlled sources.
In particular, we replace nonlinear capacitors by controlled
voltage sources, nonlinear inductors by controlled current
sources and nonlinear resistors by small replacement circuits
containing two serial linear resistors and one controlled
current source connected parallel to one of the resistors. This
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replacements are illustrated in Figure 2 and exemplary in
Figure 3.

Fig. 2. Replacements

R R R

RRR

RR

RR

C C

C

CC

C

C

C

C

C

L

L

L

L

uV

uV

eL(·)

eC(·)

eg(·)

G1
G2

G1Γ
−1
s ız

ı eL

u eC

Fig. 3. Exemplary replacements

Example 3.6:Consider a simple RCV circuit shown in
Figure 4. From the circuit topology we get the incidence

a)

21
eg

C̄

uV b)

31 2

C̄

G1

G2

uV

G1Γ−1
s ız

Fig. 4. Simple RCV circuit

matrices

ĀC =

[
1
0

]
, ÃR =

[
1
−1

]
, AV =

[
0
−1

]
,

and it follows the nonlinear model equations in the form




C̄ 0 0
0 0 0
0 0 0







d
dt

η1
d
dt

η2
d
dt

ıV


 (8a)

=




0 0 0
0 0 1
0 −1 0








η1

η2

ıV





+




−g(η1 − η2)

g(η1 − η2)
0



 +




0
0
−1



uV ,

y =
[

0 0 −1
]



η1

η2

ıV


 . (8b)

According the developed strategy, we introduce the new node
3 with the potentialη3 and the current source

ız = ΓsG
−1
1 (g̃(AT

eR
η) − Γ12A

T
eR
η)

= (G1 + G2)G
−1
1 g̃(η1 − η2) − G2(η1 − η2) (9)

according (5). We get the equivalent descriptor system in the
form




C̄ 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0







d
dt

η1
d
dt

η2
d
dt

η3
d
dt

ıV


 (10a)

=




−G1 0 G1 0
0 −G2 G2 1

G1 G2 −Γs 0
0 −1 0 0







η1

η2

η3

ıV




+




0 0
1 0
−1 0
0 −1




[
ız
uV

]
,

y =

[
0 1 −1 0
0 0 0 −1

]



η1

η2

η3

ıV


 . (10b)

This system describes the electrical circuit shown in Fig-
ure 4b. We now show that systems (8) and (10) are equivalent
independently of choice ofG1 and G2. From the third
equation of (10a) we have

η3 = Γ−1
s (G1η1 + G2η2 − ız).

Substituting it in the first and the second equations in (10a),
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we get



C̄ 0 0
0 0 0
0 0 0








d
dt

η1
d
dt

η2
d
dt

ıV





=




−G1 0 0

0 −G2 1
0 −1 0








η1

η2

ıV





+




0 0
1 0
0 −1




[
ız
uV

]

+




G1Γ
−1
s (G1η1 + G2η2 − ız)

G2Γ
−1
s (G1η1 + G2η2 − ız)

0


 .

With (9) it follows



C̄ 0 0
0 0 0
0 0 0







d
dt

η1
d
dt

η2
d
dt

ıV


 =




−g(η1 − η2)
g(η1 − η2) + ıV

−η2 − uV




which is identical to (8a) independently of the choice ofG1

andG2. ⊳

B. Model-Order Reduction of the Linear Subsystem

We now apply the PABTEC method to the linear descriptor
system (7). As a result we obtain a reduced-order model

Ê
d

dt
x̂ = Âx̂ +

[
B̂1 B̂2 B̂3 B̂4 B̂5

]




ıI
ız
ı eL

uV

ueC



, (11a)

ŷ =
[
ĈT
1 ĈT

2 ĈT
3 ĈT

4 ĈT
5

]T
x̂. (11b)

For more details in model order reduction of linear circuits
and for more details of PABTEC, we refer to [6], [7], [11].

C. Recoupling of the Reduced Linear Subsystem and the
Nonlinear Subsystem

In (11) the vector̂y is an approximation of the vector of
outputs of the equivalent system (7). In particular,ŷj = Ĉj x̂,
j = 1, . . . , 5, approximate the corresponding components of
the output in (7b). We have

−(A2
eR
)T η − ηz ≈ Ĉ2x̂, (12a)

−AT
eL
η ≈ Ĉ3x̂, (12b)

−ıeC
≈ Ĉ5x̂. (12c)

Then the nonlinear equations (3) and (6b) are approximated
by

L̃(̂ı eL
)

d

dt
ı̂ eL

= −Ĉ3x̂ (13)

and
C̃(ûeC

)
d

dt
ûeC

= −Ĉ5x̂, (14)

respectively, where consequentlyı̂ eL
andûeC

now are approx-
imations for ı eL

and ueC
, respectively. Furthermore, withηz

defined in (6a) andız defined in (5), we have

−(A2
eR
)T η − ηz = −AT

eR
η + G−1

1 g̃(AT
eR
η). (15)

Introducing the vector

u eR
= AT

eR
η ∈ R

nfR , (16)

then foru eR
we get from (12a) and (15) the relation

0 = −G1Ĉ2x̂ − G1û eR
+ g̃(û eR

), (17)

where nowû eR
approximatesu eR

. Furthermore, from (5) we
get with (16)

ız = ΓsG
−1
1 g̃(u eR

) − G2u eR
. (18)

Now, adding (13), (14), and (17) to (11) and using in
addition to x̂ also the approximationŝı eL

, ûeC
, and û eR

as
state variables, then we get with (18) the descriptor system




Ê 0 0 0

0 L̃(̂ı eL
) 0 0

0 0 C̃(ûeC
) 0

0 0 0 0







d
dt

x̂
d
dt

ı̂ eL
d
dt

ûeC
d
dt

û eR




=




Â B̂3 B̂5 −B̂2G2

−Ĉ3 0 0 0

−Ĉ5 0 0 0

−G1Ĉ2 0 0 −G1







x̂

ı̂ eL

ûeC

û eR




+




B̂1 B̂4

0 0
0 0
0 0




[
ıI
uV

]
+




B̂2ΓsG
−1
1 g̃(û eR

)
0
0

g̃(û eR
)


 .

Multiplying this system from the left with



I 0 0 −B̂2ΓsG
−1
1

0 I 0 0
0 0 I 0
0 0 0 I


 ,

we obtain, finally, the nonlinear descriptor system



Ê 0 0 0

0 L̃(̂ı eL
) 0 0

0 0 C̃(ûeC
) 0

0 0 0 0







d
dt

x̂
d
dt

ı̂ eL
d
dt

ûeC
d
dt

û eR


 (19a)

=




Â + B̂2ΓsĈ2 B̂3 B̂5 B̂2G1

−Ĉ3 0 0 0

−Ĉ5 0 0 0

−G1Ĉ2 0 0 −G1







x̂

ı̂ eL

ûeC

û eR




+




B̂1 B̂4

0 0
0 0
0 0




[
ıI
uV

]
+




0
0
0

g̃(û eR
)


 ,

[
ŷ1

ŷ4

]
=

[
Ĉ1

Ĉ4

]
x̂ (19b)

that approximate the original nonlinear system (1). Conse-
quently the descriptor system (19) can be treated as model
order reduction of the original descriptor system (1) and,
therefore, (19) can be used for further investigations, in
particular, the simulation of the dynamic of the circuit, as
illustrated in the next section.
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IV. N UMERICAL EXPERIMENTS

In the following we consider the electrical circuit shown in
Figure 5. This circuit contains 1000 repetitions of subcircuits
containing one inductor, two capacities, and two resistors,
as illustrated in Figure 5. Furthermore, at the beginning
of the repetitions we have a voltage source withuV =
sin10(100πt), see Figure 6, and at the end we have an
additional inductor. Beginning with the first repetition every
100 repetitions a linear resistor is replaced by a diode and
beginning with the 100th repetition every 100 repetitions a
linear inductor is replaced by a nonlinear inductor. For more
details we refer to [9].
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Fig. 5. Electrical circuit
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All together the circuit consists 3001 nodes, 1 voltage source,
1990 linear resistors and 10 diodes, 991 linear inductors and
10 nonlinear inductors, 2000 linear capacities, and 1 output.
The state dimension of the model equations isn = 4003.
The numerical simulation of the dynamic is done fort ∈
[0, 0.05] seconds using BDF method of order 2 with fixed
stepsize of length5 · 10−5. The computations are done with
MATLAB.
For comparison of the efficiency we prescribed several
tolerancestol ∈ {10−3, 10−5, 10−7, 10−9} for the model
order reduction of the linear subcircuit using PABTEC. The
numerical results for this prescribed tolerances are illustrated
in Figures 7-10, respectively. In the upper plot of each figure
the solution of the outputy1 = −ıV of the original system
and the output̂y1 = −ı̂V of the reduced system is illustrate.
Furthermore, in the lower plot, the error between these both
solutions are shown.
In Figure 11 the efficiency of the proposed method is
illustrated. In Figure 11a) the system dimension of the
reduced system in comparison to the prescribed tolerance is
depicted. As one can see, if the prescribed tolerance becomes
more precise the dimension of the reduced system increases
while the obtained error decreases as shown in Figure 11b).
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Fig. 11. Efficiency

Here, in Figure 11b), the obtained error of the solution of
the reduced system with respect to the prescribed tolerance
is depicted. Furthermore, in Figure 11c) the speedup for
the simulation of the reduced system in comparison to the
prescribed tolerance is shown. Obvious, the speedup of the
simulation of the reduced system becomes better if the
prescribed tolerance becomes larger. See also Table I.

V. SUMMARY

We developed a model order reduction approach for the
model equations of nonlinear circuits with a small number
of nonlinear elements, where the model equations form
a DAE system obtained by use of the Modified Nodal
Analysis. The developed model reduction technique bases
on the decoupling of linear and nonlinear subcircuits of
the electrical circuit, followed by a model reduction of the
remained linear part. Afterwards, the reduced linear subcir-
cuit is recoupled with the unchanged nonlinear subcircuit to

dimension of the original
system

4003 4003 4003 4003

simulation time for the
original system

4557s 4557s 4557s 4557s

prescribed tolerance for
the model reduction

1e-03 1e-05 1e-07 1e-09

time for the model reduc-
tion

902s 822s 834s 900s

dimension of the reduced
system

149 203 260 329

simulation time for the re-
duced system

43s 67s 125s 277s

obtained error of the out-
put of the red. system

1.6e-04 4.4e-06 1.16e-06 1.9e-06

speedup 107.2 68.5 36.5 16.5

TABLE I

EFFICIENCY

obtain the nonlinear reduced-order model. Furthermore, the
efficency and applicability of the proposed model reduction
approach was demonstrated on a numerical example.
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