OPTIMAL CONTROL OF QUASISTATIC PLASTICITY WITH
LINEAR KINEMATIC HARDENING
PART II: REGULARIZATION AND OPTIMALITY CONDITIONS

GERD WACHSMUTH

ABSTRACT. In this paper we consider the optimal control problem governed
by a time-dependent variational inequality arising in quasistatic plasticity with
linear kinematic hardening. In this second part of the paper we address a reg-
ularization technique of the time-discrete problems. By showing their Fréchet
differentiability we obtain a necessary optimality system. By passing to the
limit in the regularization parameter we derive a necessary optimality system
of C-stationary type for the time-discrete problems. Finally, by passing to
the limit in the time discretization we obtain a necessary optimality system of
weakly stationary type.

4 Introduction

In this paper we consider an optimal control problem for the quasistatic problem
of small-strain elastoplasticity. The forward system in the stress-based (so-called
dual) form is represented by a time-dependent variational inequality (VI) of mixed
type: find generalized stresses () € S? and displacements w(t) € V which satisfy
3(t) € K and

(AB(t) + B*u(t), T — 2(t))g> >0 forall T € K,

. (V1)
BX(t) =£(t) in V',

where A : S? — S? and B : S? — V' are bounded linear operators. Moreover,
(VI) is subject to the initial condition (3(0),«(0)) = (0,0). The convex, closed
set K C S? of admissible stresses is determined by the von Mises yield condition.
The details are made precise in Section 1 of the first part.

The optimization of elastoplastic systems is of significant importance for indus-
trial deformation processes, e.g., for the control of the springback of deep-drawn
metal sheets. A first step in this direction is the optimal control of static plastic-
ity which was considered in Herzog et al. [2010, 2011¢], see the comments in the
introduction of the first part.

Since the derivation of optimality conditions for optimal control of quasistatic
plasticity is more involved, this work is split into two parts. Let us give a brief
overview over their contents. In the first part, we review some known results con-
cerning the solution map G : £ — (3, u) of the problem (VI) and derive some new
continuity properties. Due to the weak continuity of the solution map G, we are
able to prove the existence of optimal controls for the optimal control problem (P),
whose definition is repeated in Section 7. Moreover, we state a time discretized
counterpart of (VI) and of the optimal control problem, and show the convergence
of these discretizations.

In this second part, we regularize the time-discrete problem and show the Fréchet
differentiability of the associated solution map G°. This result is non-standard
1
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and requires some subtle arguments. The regularized time-discrete optimal control
problems are differentiable and consequently, optimality conditions can be derived
in a straightforward way. The passage to the limit in the regularization parameter
¢ leads to an optimality system of C-stationary type for the time-discrete problem.
Finally, we pass to the limit with respect to the discretization in time. This part
also requires new convergence arguments. Due to the weak mode of convergence of
the adjoint variables, the sign condition for the multipliers is lost in the limit and
we finally obtain a system of weak stationarity for the optimal control of (VI).

Let us put our work into perspective. We give some references for optimal control
of time-dependent VIs. We mention Barbu [1981], Mignot and Puel [1984], Adams
and Lenhart [2002], Ito and Kunisch [2010], which deal with optimal control of
a parabolic obstacle problem. Moreover, Farshbaf-Shaker [2011] and Hintermiiller
and Wegner [2011] consider optimal control of the Allen-Cahn and Cahn-Hilliard
Vs, respectively. All of these papers use a penalization of the VI to obtain a
differentiable problem and pass to the limit with the regularization parameter in
the optimality system. In contrast, we use a relaxation approach in the current
paper.

Let us briefly highlight the main contributions of some of these references. In
Mignot and Puel [1984] the authors give an idea how to prove an optimality system
of strong stationary type for the distributed optimal control of a parabolic VI
As for the elliptic obstacle problem, this is limited to the quite restrictive case of
ample controls without control constraints, see also the discussion in [Herzog et al.,
2011c, Section 4]. To our knowledge, there are no results on optimality systems of
C-stationary type for optimal control problems governed by parabolic VIs. In Ito
and Kunisch [2010] the authors consider the control in the coefficient of the main
part of a parabolic VI. Via a penalization approach they derive a system of weak
stationarity. All of the other contributions mentioned above derive even weaker
optimality systems. Some of them contain sign or complementarity conditions for
some of the dual variables, which, however, hold only for approximating sequences,
lacking passage to the limit.

Comparing the optimal control of quasistatic plasticity to the control of the
parabolic obstacle problem, we find the regularities in time of the multipliers of
both problems to be similar. Indeed, the multiplier (in our notation ) associated
to the constraint in the VI (in our notation ¢(X) < 0) is not a function, but a
measure in time. Moreover, in both problems the adjoint states (in our notation
(T, w)) possess no weak derivative w.r.t. time.

Nevertheless, due to the different spatial regularity of the states, adjoints and
multipliers we have to employ different techniques as those used for instance in
Tto and Kunisch [2010] for control of the parabolic obstacle problem. Moreover,
the analysis is rendered more challenging due to the nonlinearity in the set IC, see
(1.5), and due to the constraint equation (equilibrium of forces) in (VI). Another
difficulty arises from the fact that there seem to be no existence results for regu-
larized versions of the parabolic variational inequality (VI). Therefore, it is more
convenient to regularize the discretization in time (3.4) rather than vice versa. The
resulting regularized and time-discrete system is a nonlinear saddle-point problem.
Showing the Fréchet differentiability of its solution map is a nontrivial task.

In contrast to our analysis, most papers on optimal control of (parabolic) VIs
derive conditions which hold only for accumulation points of sequences of stationary
points for the regularized problems. In order to show that these conditions are
satisfied indeed for all local minima, one has to prove that all local minima can be
approximated by stationary points of regularized problems. To our knowledge, only
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Barbu [1981], Mignot and Puel [1984] derive necessary conditions in this sense for
time-dependent VIs. We utilize the approximation results of Section 3.4 in order to
show that the derived optimality system (7.35)—(7.40) holds for all local minimizers.

Let us sketch the outline of the paper. In Section 5 we derive regularized versions
of the time-discrete problems (3.4). Showing the differentiability of the solution
maps of the regularizations is the main contribution of this section. Finally, we show
the convergence of the regularized solutions in Corollary 5.12. Section 6 is devoted
to showing an optimality system for the time-discrete optimal control problem
(P7). An implication of the differentiability of the solution maps associated with
the regularized problems is the necessary optimality system (6.7) of the regularized
optimal control problem (P¢). Using the convergence of the regularized solutions
we are able to prove a system of C-stationary type, see Theorem 6.15. In Section 7
we pass to the limit with the time discretization parameter 7. To this end, several
convergence arguments have to be used. The most difficult task is to prove the weak
convergence of the term 6 D*DX in the adjoint system, see Lemmas 7.8 and 7.9.
We arrive at the optimality system of weakly stationary type, see Theorem 7.11.

For convenience, the first section in this second part is labeled as Section 4.
Similarly, the appendix is denoted by Section B to set it apart from the appendix
of part I. The introduction of the notation can be found in Section 1 of the first
part. When appropriate, we repeat equations and definitions with their original
labels.

5 Regularization of the time-discrete forward problem

This section is devoted to a regularization of the time-discrete forward problem
which was introduced in Section 3.1. For convenience, we recall its definition: given
e (VHN, find (Z7,u") € (S? x V) such that ] € K and

(AX]; -2 ) +B*(u] —u]_,), T—%7)>0 forall T €K, (3.4a)
BY] =¢] inV/, (3.4b)
holds for all ¢ € {1,..., N}, where (27, uj) = 0. Here, 7 = T/N is the time step
size. The spaces under consideration are
S:=L*(S) and V:=HhH(4RY) ={uec H(QRY) :u=0o0nTp},
where the domain Q C R? satisfies Assumption 1.1 (1) and S = RZX9 is the space

sym
of symmetric d-by-d matrices. The operators A : S — S? and B : S? — V’
are bounded and linear. Moreover, A is coercive, see Assumption 1.1 (3), and
B* : V — §? satisfies the inf-sup condition, see (1.13). The set

K:={2cS5?:¢(X)<0ae. in Q}
is convex and closed. Here, the function ¢ : S? — L(€) is given by
¢(2) = (IDZ]* - 55) /2 = (lo” +x"|* - 55) /2. (1.5)
for ¥ = (0,x) € 52, where |-| denotes the pointwise Frobenius norm, o? is the
deviatoric part of o, see (1.6), and DX = o + xP, see (1.8). Let us recall
ek = DXelLl>®S). (1.9)

By introducing the plastic multiplier A\™ € L?(2)"V, the system (3.4) can be formu-
lated as a complementarity system

AR -7 )+ B (u] —ul_) +7AID*DE] =0 in S? (3.8a)
BY] =/ inV’, (3.8b)
0<A L ¢(2])<0 ae inQ, (3.8¢)
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see Section 3.1 and [Herzog et al., 2011b, Section 2].

In Section 5.1 we derive a regularized counterpart of the time-discrete system
(3.4), see (5.4). Sections 5.2 and 5.3 are devoted to the differentiability of the
associated solution map. Finally, in Section 5.4 we show the convergence of the
regularizations.

As explained in Remark 6.8, this regularization is a relaxation of the complemen-
tarity condition AT ¢(37) = 0, which is tailored to the structure of the time-discrete
problem.

Throughout the paper we assume

Assumption 5.1 (Isotropic hardening). The hardening modulus satisfies
H-'(2) = k; *(2)1, where the parameter k;' € L*(Q) is uniformly positive in
Q and [ is the identity map on S = RZx¢

sym *

5.1. Derivation of the regularized formulation. This section is devoted to
the derivation of a regularization of the time-discrete system (3.4). We will employ
Assumption 5.1 to derive a regularization which is tailored to the problem (3.4). In
Remark 6.8 we show that our regularization approach is indeed a relaxation of the
complementarity condition A7 ¢(X7) = 0, see (3.8¢c). If Assumption 5.1 does not
hold, one can use a penalization strategy similar to [Herzog et al., 2010, Section 2.2].

First, we will derive an equivalent formulation of (3.4). This is done similarly
to the arguments used in [Herzog et al., 2011c, Section 2.2]. To this end, let
K ={r €8 :(r,0) € K} be the restriction of the admissible set K to the
first variable. Due to the shift-invariance (1.7), T' = (7, ) € K is equivalent to
T+ HE K.

As usual, the components of the generalized stress X7 are denoted by o7 and
X7, i.e., BT = (o7,x7). Given an arbitrary p € K—a7 —x7_;, the reasoning above
shows that T' = (o], + x7_;) € K. Testing the time-discrete forward problem
(3.4a) with T yields

(H'Ax], p—Ax])s >0 forallpeK—o] —x]_,
with Ax7 = x7 — xJ_;. This is equivalent to

=1 =1
Ax] = Proji_ - (0)=Projg (o] +x7_1) — (0] +x{_1),

X
where F’roj]H,g1 is the orthogonal projection in S onto the set K C S with respect
to the norm induced by H~'. This observation gives rise to the definition of the
function Ax : S — S by

Ax(T) = Proj%_l('r) —T. (5.1)
Using this definition, we find AxT = Ax (o7 + x7_;) foralli € {1,...,N}.

By employing Assumption 5.1 we can derive an explicit formula of the projection
in the definition of the function Ax. Indeed, using H~! = kl_l I, where T is the
identity map on S = R‘siyxn‘f, we obtain that the norm induced by H™! is a pointwise
scaled variant of the usual norm in S. Since the restriction in the admissible set I
and in turn in K is a pointwise restriction, the projection in (5.1) can be evaluated
pointwise. Using that the admissible set K is a cylinder in S, a straightforward

computation shows

Ax(T) = —maX{O,l - 7‘:’0D|}TD. (5.2)
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Obviously and expectedly, this function is not differentiable. A smoothed version
of this relation is given by
o

Ax®(T) := —max® (1 - TD|> TP, (5.3)

where € > 0 and max® is a smooth regularization of max{0,-}. We will not fix a
particular choice of max® here, but use the following abstract assumption.

Assumption 5.2. For all € > 0, the function max® : R — R is of class C'! and
satisfies

(1) max®(z) > max{0,z} for all z € R,
(2) max® is monotone increasing and convex,
(3) max®(z) = max{0, z} for |z| > e.

Clearly, for all £ > 0 there are functions max® satisfying this assumption, e.g.,
the convolution of max{0, -} with some differentiable function.

We denote by Ax¢ both, the operator mapping S — S as well as the Nemytzki
operator mapping S — S. For convenience we use the notation max’(-) = max{0, -}
and Ax® = Ax when referring to the unregularized case.

The arguments above gives rise to the following regularized version of (3.4): given
the loads ¢¢ € (V/)V, find (2°,u®) € (8% x V)V satisfying
Clef —H 'Ax (05 + x5 1)+ B*(us —u5_,)=C'es , inS (5.4a)
Bo5 =4 inV’ (5.4b)
Xi = Xi-1+Ax° (0] +xi-1) In S (5.4¢)
for all i € {1,..., N}, and with the initial condition (X, u§) = (0, 0).

Using the Browder-Minty theorem, we infer the unique solvability of (5.4), see,
e.g., [Herzog et al., 2010, Lemma A.1] for a proof. Let us denote the solution
operator of (5.4) mapping ¢ € (V)N to (¢, x%,u°) by G°.

5.2. Differentiability of one time step. This section is devoted to the dif-
ferentiability of the solution operator of one time step of the system (5.4), see
Theorem 5.9. In Section 5.3 this is used to show the differentiability of the solution
operator G of the entire system (5.4).

By using an abstract notation we will simplify the presentation. For all time

steps @ € {1,...,N}, the system (5.4a)—(5.4b) has a common structure: given
(Z,x,¢) € SxSxV' find (6,Au) € S x V satisfying

Cle —H'Ax* (6 +x)+B*Au=¢ i S, (5.5a)

Bo={¢ inV'. (5.5b)

We denote the solution operator of this abstract system by G* : (£, x,{) —
(o, Au). Then one time step from (5.4) is equivalent to

(05, Auf) = (of,uf —uf_ ) =G (C oy 1, x5 1. 05), (5.6a)
Xi = Xi_1 +AX (o +xi_1)- (5.6b)

We denote the solution of a single time step by H® : (o5_1,Xx5_1,£5) — (05, X5, Auf).
The aim of this section is to show that

He: LP2(;S)? x W P2 (s RY) — LPH(;S)? x V
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is Fréchet differentiable for any pair of exponents satisfying po > p; > 2. Actually,
we prove the differentiability of G¢, see Proposition 5.8, giving in turn the differ-
entiability of H¢, see Theorem 5.9. The differentiability of G* will be proven by
applying the abstract result Theorem B.6 concerning nonlinear saddle-point prob-
lems with the setting

X =8="IL*%S), V=H5QRY, A=C1,
Y = LP(8), W' =Wl (R, J=-H 'Ax%, (5.7)
Z = L[P2(Q;S).

Here,

Wé’p;(Q;Rd) ={u e W' (Q;RY) :u=00onTp} and
’ I
W @R = (W RY)
where pl, < 2 is the exponent conjugate to ps > 2. Dueto V — W = Wg’pé (;RY)
we obtain the embedding W/ < V.

Let us comment on the prerequisites of Theorem B.6. Surely, Assumption B.1 is
satisfied, in particular the monotonicity of —H~!Ax® follows easily from Assump-
tion 5.2. Assumption B.3, which concerns the differentiability of the nonlinear term,
is proven in Lemma 5.3. In order to satisfy Assumption B.5, we have to prove the
local Lipschitz continuity of the solution operator of (5.5) and its linearization w.r.t.
stronger norms. This is the main work of this section and it is done in Proposi-
tion 5.7 and Proposition 5.8. Finally, the application of Theorem B.6 yields the
Fréchet differentiability of H¢, see Theorem 5.9.

As announced, we start by addressing the Fréchet differentiability of Axe.

Lemma 5.3. For every € > 0, the operator Ax¢® is Fréchet differentiable from
LP2(Q;S) to LP1(§;S) for all po > p; > 2. The derivative at 7 in direction d7 is
given by

- - o o
(Ax®) (7)1 = —(max®)’ <1 — —|T%|) |7.DO|3 (P 6r0) 1P
0

The operator (Ax®)'(7) : LP2(Q;S) — LP1(£2;S) can be extended to a bounded
linear and positive semi-definite operator S — S, i.e. (67, (Ax®) (7)dT)s > 0
holds for all 7 € S.

Proof. This can be proven analogously to [Herzog et al., 2010, Proposition 2.11]. ‘

The linearized version of (5.5) reads, cf. (B.3),
Cle -H Y AX)(6)o+B*Au=<¢ inS (5.9a)
Bo=( iV’ (5.9b)
We denote its solution operator by G¢ : (Z,£) — (o, u).

Now we are going to prove the Lipschitz continuity of the solution maps of (5.5)
(wrt. £, x and £) and of (5.9) (w.r.t. .2 and £) in the norms of Z = LP2({);S)
and Y = LP1(€;S). Standard regularity theory using the Browder-Minty theorem
yields only the Lipschitz continuity with respect to the norm in X = S = L?(€);S).
We are going to apply the regularity result [Herzog et al., 2011a, Proposition 1.2].



OPTIMAL CONTROL OF QUASISTATIC PLASTICITY, November 9, 2011 7

To allow for a uniform treatment of both systems, we define a set Q of those
mappings acting on o which appear on the left hand sides of (5.5a) and (5.9a). To
be precise, we define Q to contain all operators mapping 2 X S — S,

(z,0) = C ' (z)o —H Y(2)Ax* (o + x(x)) foralle >0, x €S, (5.10a)

and (z,0)— C Y z)o —H (2)(Ax°) (6(x))o foralle >0, 6 €S. (5.10b)
We remark, since € = 0 is admissible in (5.10a), we also included the operator of the
unregularized problem (5.4). For every @ € Q we will denote the induced Nemytzki

operator with the same symbol. Due to the definition of Q, both systems (5.5) and
(5.9) can be written as

Qo)+ Bu= %, (5.11a)
Bo =, (5.11b)

with the corresponding Q € Q. We show, that the solution mapping of (5.11) is
Lipschitz continuous with respect to £ and ¢. For the system (5.5), the Lipschitz
dependence on x is proven afterwards.

First, we state the Lipschitz continuity and strong monotonicity of @ € Q.

Lemma 5.4. For all Q € Q we have
(Q(JJ,E) - Q(:L’,é)) : (E - é) 2 o |E - é|2a
‘Q(.’L‘,E) — Q(.’L‘,é)| S (a+ 25) |€ - é‘v

for almost all x € Q2 and all €,€ € S. Here a is the uniform coercivity constant of
C~! and @, h are the uniform boundedness constants of C~! and H~!, respectively.

Proof. Due to the uniform coercivity of C~!, the first assertion follows easily by
the monotonicity of Ax® and (Ax?®)’. By (5.1) we obtain the Lipschitz continuity
of Ax = Ax". The Lipschitz continuity of Ax® and (Ax®)’ can be proved easily,
starting from (5.3) and (5.8), respectively. Indeed, the constant @ + 2h could be
improved to @ + h, see (6.10) and (6.25).

By the Browder-Minty theorem, we infer that for all @ € Q and almost all
x € Q, the operator Q(z,-) : S — S is invertible. We define the pointwise inverse
Q1:OxS—S,Q (x,) =Q(z,-)"t. We obtain for all Q € Q

(Q Y(z,e) —Q (x,8)): (e — &) >mle — &, (5.12a)
QN (x,e) — Q  (z,8)] < M |e — €|, (5.12b)
for almost all € 2. Here, we can choose
= Af and M = l,
(@+2h)? «a

cf. [Herzog et al., 2011c, (2.9)].This implies that the Nemytzki operator @' maps
LP(Q;S) — LP(4;S) for all p > 2, provided that Q~1(-,0) € LP(Q;S). If Q is of
the form (5.10a), this requires x € LP(£2;S). For @ defined by (5.10b) this imposes
no restriction, since Q(-,0) = 0 holds independently of &-.
By applying Q! to (5.11), we obtain that u solves
BQ ' (-B*u+.2) =1 (5.13)

This is a quasilinear system of infinitesimal elasticity. Higher integrability of solu-
tions to such systems is the topic of Herzog et al. [2011a].
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Theorem 5.5. There exists an exponent p > 2 such that for all p € [2,p] and
all Q € Q satisfying Q~1(-,0) € LP(€2;S), the solution map of (5.13) is Lipschitz
continuous w.r.t. £ € W=LP(Q;RY) = WP (;RY) for fixed £ € LP(Q;S). The
Lipschitz constant does not depend on Q).

Proof. In order to apply [Herzog et al., 2011a, Proposition 1.2], we define the family
of nonlinearities
Fp={b: QxS —=S:3% € LP(Q;S) and Q € Q with Q'(-,0) € LP(Q;S),
s.t. b(z,e) = Q '(z,e + £ (2)) fa.a. x € Q and all € € S}.
By (5.12), we obtain that [Herzog et al., 2011a, Assumption 1.5 (2)] is fulfilled

uniformly for all @ € Q. Note that by [Herzog et al., 2011a, Remark 1.6 (2)] it is
sufficient to ensure Q71(-,0) € LP(£2;S).

According to [Herzog et al., 2011a, Proposition 1.2|, there exists an exponent p
such that for all p € [2,p], the solution map of (5.13) is Lipschitz continuous from
W=LP(Q;RY) = WLP (Q;RY) to WEP(QRY), for all £ € LP(Q;S) and all Q € Q
with Q=1(-,0) € LP(Q;S). All these solution maps share a common Lipschitz
constant, i.e. we obtain

||U1 — u2||WL1)>P(Q;]Rd) < L ||€1 - Z2||W—1J’(Q;]Rd)7

where u; solves £; = BQ ™' (—B*u; +.%). The constant L does not depend on /;,
Z,Q and p, but only on Q, I'p, C™', H™!, and p .

In the following, we show that w in (5.13) depends also Lipschitz continuously
on the data .Z. We also show the Lipschitz dependence of o in (5.11) on ¢ and .Z.

Proposition 5.6. For all p € [2,p] and Q € Q satisfying Q~1(-,0) € LP(;S),
the solution mapping of (5.11) is Lipschitz continuous w.r.t. £ € LP(£;S) and
¢ € W=b2(Q; R?). The Lipschitz constant does not depend on Q.

Proof. Let p € [2,p] be given. The Lipschitz dependence of u on ¢ has been shown
in Theorem 5.5.

Step (1): We counsider the Lipschitz dependence of w on £. For i € {1,2},
let £; € W=LP(Q;R?) and & € LP(Q;S) be given. Define u; as the solution of
l; = BQ7Y(—B*u; + .%).

Using 7 = QY (—=B*us + %) — Q7 (—B*us + %) we obtain

lo — BT = BQ ' (—B*uy + £A).
This shows that w; and usy solve the systems
BQ Y(-B*ui+4) =14 and  BQ '(—B*us+.4) ={, — BT.
An application of Theorem 5.5 yields
[ur = wallyrrqpray < Ll = (b2 = BT)|[w-1.0(sre)-
By definition of 7 and (5.12b) we obtain
I7llrs) < M [|A4 — Z2llr(as)-
This implies
lur — w2lly1rqpray < C (121 — ZllLrass) + 16 — Lollw-10(@ra))-
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Step (2): We consider the Lipschitz dependence of o. By (5.11) we infer
oc=Q '(-B*u+2).

Since Q! maps LP(£;S) Lipschitz continuously into itself by (5.12b), and since u
depends Lipschitz continuously on ¢ and £, we obtain

o1 — azllzrs) < C (14 — Lller@s) + 16— Lllw-10@re))-

The next proposition translates the abstract result of Proposition 5.6 to the
systems (5.5) and (5.9). It is an immediate consequence using the definition of Q
in (5.10).

Proposition 5.7. Let p € [2,p]. The solution maps of

(1) (5.5), i.e. G, for fixed € > 0 and x € LP(;S) and
(2) (5.9), i.e. G, for fixed e >0 and 6 € S

are Lipschitz continuous w.r.t. .2 € LP(Q;S) and ¢ € W~1P(Q;RY). They share a
common Lipschitz constant, i.e.

loy — o2llLe(as) + [[Aur — Al gpay
< C (14 — ZLlrr@s) + 14 — Lallw-10@re)),

where (0, Au;) are the solutions of (5.5) or (5.9) respectively with the data (¢;,.%),
i=1,2.

It remains to prove the Lipschitz dependence of the solution of (5.5) on x.

Proposition 5.8. Let p € [2,p] and € > 0. Then, in addition to Proposition 5.7,
G* is also Lipschitz continuous w.r.t. x € LP(£2;S), i.e.

o1 = o2llLes) + [Aur — Ausllyir opa
< C (14 — Zllrs) + I1x1 — Xallze@ss) + 141 — Lollw-10;ra))
where (0;, Au;) is the solution of (5.5) with the data (%, x;, %), i = 1, 2.

Proof. For i € {1,2}, let £; € W—2P(Q; R?) and x;,.%; € LP(£%;S) be given. Define
(oi, Au;) = G°(L, x;, ¥i) as the solutions of (5.5). We define dx = x5 — x1- We
infer from (5.5)

(Cfl(ag +dx) — HflAXE((ag +0x)+x1)+ B Auy = % + C~ oy,
B(oy + dx) = {3 + Box.

Therefore, (a2 + dx, Aus) solves the same system (i.e. with the same x = x;) as
(o1, Auy), but with a different right hand side. Thus, the Lipschitz estimate from
Proposition 5.7 yields

o1 — o2 = 0xllLr (i) + [|Aur — Aus|ly 10 (g pay
< C (|4 — % — Clox|Leas) + 116 — b2 — Box|lw-1.0(0re))-

Using the triangle inequality and the boundedness of the operators B and C~! we
infer

o1 = o2llLes) + [Aur — Augllyir opa

< C (142 — ZllLrs) + X1 — Xallze@s) + 101 = Lollw-10@ire))-
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As announced in the beginning of this section, we use Theorem B.6 with the
setting (5.7) to infer the Fréchet differentiability of H®.

Theorem 5.9. Let p from Theorem 5.5 be given and € > 0. Let pp,ps satisfy
2 < p; < pa < p. Then the operator H¢ defined in (5.6) is Fréchet differentiable
from LP2(Q;S)? x W—1P2(Q;R?) to LP(%;S)? x V.

At the point (o5, x5, Au5) = H*(05_1,Xx5_1,¢;) the directional derivative of H¢
in direction (005_1,0x5_1,0¢5) is denoted by (do5, x5, d0AUS).

The directional derivative (o5, 0Aus) solves the system

(C —H YAX") (05 + X5_1))605 + B*0AuU; = 6., (5.14a)
Bio = 66, (5.14b)
where
0% =C ooy + HH(AX®) (0F + X5_1)0X_1- (5.14c)
The directional derivative dx5 is given by
oxS = ox5_, + H(C (605 — 605_,) + B*6AUS). (5.14d)

Proof. Invoking Theorem B.6 with the setting (5.7) yields that G¢ is differentiable
from LP2(Q;S)% x W—LP2(Q;RY) to LP1(Q;S) x V, i.e. (o5, Au) depends differen-
tiably on (a¢_;,x5_;,£5) and the derivative solves (5.14a)—(5.14Db).

Rewriting (5.6b) we obtain

X6 = X1 +H(C(0F — 051) + B*Awg)

=Xi_1 +H(CTH G (071, X{-1,6) — 05_1) + B G2 (05_1, Xi_1,£5)).

This implies that also x5 depends differentiably on (o5_1,x5_;,¢;). Thus, H® :
LP2(Q;S)? x W—LP2(Q; R?) — LP1(;S)? x V is differentiable and the derivative is
given by the solution of (5.14).

5.3. Differentiability of the regularized problem. In this section we address
the differentiability of the solution map of the entire system (5.4). To be precise, we
show that G0 E : UN — (8% x V)V is Fréchet differentiable, where the embedding
E:U = L*(Ty;R?) — V' is given by

(v, Eg)y,y = 7/ v-gds forallveV. (1.2)

I'n

Due to the trace theorem, the embedding £ maps U = L?(I'y;R%) continuously
into W12 (Q; RY) = (W5 (Q;RY)) for all p € [2,2d/(d — 1)].

Every solution of a time step of the system (5.4) is equivalent to an application
of H¢, see (5.6). In Theorem 5.9 the differentiability of

HE 2 Lo (@8)2 5 W (R S (051X, Eg)
= (05, x5, Auf) € LP(;8)* x V
is proven, provided that 2 < p; < p;_; < p. The requisite Eg; € W~ 1Pi-1((; RY)

would be implied by p;—1 < 2d/(d — 1). Therefore, we choose a strictly decreasing
sequence {p;}2¥; such that

2<pNn <pN-1<...<p2<p1 Smin{ﬁ,Qd/(d—l)} (515)
and we define

SN = [P1(Q;S) x LP2(Q;S) x --- x LPN=1(Q;S) x LPN (4 S).




OPTIMAL CONTROL OF QUASISTATIC PLASTICITY, November 9, 2011 11

Due to (5.15), Theorem 5.9 implies the Fréchet differentiability of G5 o E : UN —
SN x SN x VN, Since SV < SV holds by (5.15), G% o E is Fréchet differentiable
from U to (52 x V)V,

The directional derivative (60, dx%,éu®) = (G°) (Eg®)Edg® is given by the
solution of the system

C1(60% — S05_y) + B (0us — dus_,) + JE(605 + x_,) = O, (5.16a)

H (6x5 — 6x5_1) + JE(605 +6x5_,) =0, (5.16b)
B(6o; —d075_1) = E(0g; —6gi_1),

(5.16¢)

where (80§, dx§, du§) = 0 and
JE = —H (A (0%(6°) + X1 (9°)): (5.17)

The embedding SV < SV, which is ensured by (5.15), implies that G% o E :
UN — SN x SN xV is Fréchet differentiable. This shows that the solution operator
of the time-discrete and regularized system (5.4) is Fréchet differentiable w.r.t. a
stronger norm for the data ¢; = Eg5. This will not cause any difficulty later since
the control g belongs to U in the regularized control problem (P¢).

5.4. Convergence of the regularization. This section is devoted to the proof
of convergence of the regularized solutions (X°, u) to the unregularized solutions
(2% u®) as e \, 0 in (5.4) for any fixed number of time steps. We consider a
sequence of regularization parameters {€;}7°, and a sequence of loads {£°*}7 ;.
Similarly to Section 3.2 we drop the index k and refer to the convergence (¢ — ¢
by “45 — £ as e \, 0"
We start by considering the system of one time step
Clo® —H 'AX(0° +X°) + B*Au® = £° in S, (5.18a)
Bo®=¢ inV'. (5.18b)
In case € > 0 this is the regularized system (5.4a)—(5.4b) and in case ¢ = 0, we
obtain the unregularized system (3.4).

First, we prove a convergence estimate of the nonlinear term Axc(-).

Corollary 5.10. For matrices o, T € S we have
|Ax(e) = Ax"(T)ls < Llo = Tls +¢|7ls, (5.19)

where L is the Lipschitz constant of Ax, see (5.1). Similarly, we obtain for matrix
functions o, 7 € S the estimate

[Ax (o) — Ax*(7)lls < Lllo — 7lls +el7]s. (5.20)

Proof. The triangle inequality implies
|Ax(a) — Ax*(T)ls < |Ax(o) — Ax(T)ls + [Ax(T) — Ax*(T)ls.
Using the Lipschitz continuity of Ax we obtain
|Ax(o) = Ax(T)ls < Ll — 7ls.
Assumption 5.2 implies |max(0, z) —max®(z)| < ¢ for all x € R. By definition (5.3)
of Ax¢ this yields
|Ax(T) = Ax*(T)ls < €]|7s.
Altogether we obtain (5.19).
For o, 7 € S, we achieve (5.19) pointwise. Taking the L?(Q2) norm yields (5.20).




12 GERD WACHSMUTH, November 9, 2011

Using this result, we obtain the convergence of the solution operator of (5.18) as

€ \(0.

Theorem 5.11. Let a sequence {(x°,-Z°,¢%)}c>0 be given.  Denote by
{(o°, Au®)}.>¢ the solutions of the system of one time step (5.18). We obtain
for all e > 0

lo® = o€l13 < o (12° = 221% + IIx° = X7 1% + € o + X113
+ 1A — Awsly 1€ = ]lv-),
Jaw® - Awclly < e (20 = 245 + lo° - %]l

+ 1% = XElls + ¢ llo® + x°1ls )
The constant ¢ > 0 depends only on the operators A and B.

In particular, the convergence of the data (x°,.2%,¢°) — (x%, £°,¢°) implies
the convergence of the solutions (o¢, Au®) — (69, Au®) as e \, 0.

Proof. Testing (5.18a) for ¢ > 0 and ¢ = 0, with 0" — o° and taking differences
yields

alle® — ol < |lo° — o5 |27 — 2°|Is
— (6% — o°, B*Au’ — B*Au®)
— (00— 0%, ~H'AX*(0® + X°) + H™ Ax*(o” + X)),
where a > 0 is the coercivity constant of C~!. Using (5.18b) we obtain
allo® — o[ < [lo® — o5 27 — Z°||s + [|Au® — Aut|ly [|€0 — £y
— (6% —o°, —~H 'AX(6? + x°) + H'Ax® (0 + x°)).
The monotonicity of —Ax implies
— (0% =0, ~H'AX"(0° + x") + H ' Ax" (0" + 7))
= — (6" —0o°, —~H'AX(6® + x°) + H ' Ax°(c° + x°))
— (0% — o, “H 'AX (0" + x°) + H ' Ax“(0° +x7))
< — (0% =0, “H'AX (0 + X°) + H ' Ax®(0° + X°)).
Using Corollary 5.10 yields
| = H'AX (0 + X°) + H'AXE (0° + x°)|| s < LIIX° = X°lls + o + x°|s.
This implies
allo® - of|§ < lo® — o°|ls (I1€° = Z5lls + LIIX° = x“|Is +ello® +x7||s)
+lAu® — Aut|ly [|€0 — €]y
Young’s inequality completes the estimate of a® — o°.

It remains to verify the estimate of Au® — Au®. Testing (5.18a) for € > 0 and
e =0, with 7 € S, ||7]|s <1, and taking differences yields

(Br, A’ - Aw) < e (120 = 245 + lo° - ¢l

+ [-HAX(0° + X°) + HAx (0% + Xl )-
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Invoking Corollary 5.10 and the inf-sup condition (1.13) implies

law® — Auflly < e (20 - £5 s + l0° - oI5

+Ix° = x°lls + £l + X°lls )

Easily this result carries over to the entire problem (5.4) for any fixed number
N of time steps.

Corollary 5.12. Let /¢ € (V') be given, such that £ — (0 € (V') as ¢ \, 0.
Denote by (2€,u), (3°,u®) the solutions of (5.4), i.e.

(B%,u%) =G°(¢°) and (E°,u’) = G°(£°).
Then (3¢, u®) — (2°,u®) € (82 x V)N as e \, 0.

We mention that an equivalent reformulation of (5.4) is stated in Section 6.3.
This system contains a regularized counterpart A° of the plastic multiplier A. In
Corollary 6.7 the convergence of \* as ¢ \, 0 is shown.

6 C-Stationarity for the time-discrete optimization problem

The aim of this section is to derive an optimality system of C-stationary type
for the time-discrete optimal control problem

. . . T T T v T
Minimize F(u”,g7)=v¢(u")+ 5“9 ||§11(0,T;U)
such that (X7,u") =G7(Fg") (P7)
and gT S ;d,

see Section 3.4. Note that we identify (u”,g") € (VxU)" with its linear interpolant
(u™,g7) € HY(0,T;V x U), see (3.1). The admissible set Us,q is a convex closed
subset of H(0,T;U). Here, |-l zr 0,7,y can be any norm such that HY0,T;U) is
a Hilbert space, see (1.3). The assumptions on the objective v : H'(0,T;V) — R
and on the set of admissible controls U,q are fixed in Assumption 3.6. The existence
of a solution of (P7) is shown in Lemma 3.7.

In Section 6.1 we state a regularization (P) of (P7). This regularization is
based upon the regularization of the forward problem derived in Section 5. Since
the solution operator of this regularized forward problem is Fréchet differentiable,
optimality conditions are obtained in a straightforward way. In Section 6.2 we show
that not only global solutions but all local solutions of (P7) can be approximated
by solutions to a slightly modified version of (P¢), see Corollary 6.6. Section 6.3
is devoted to give alternative formulations of the forward and the adjoint system.
Finally, in Section 6.4 we prove the C-stationarity result.

As in Section 5, we consider a fixed number N of time steps of length 7 = T'/N.
For quantities that correspond to the regularized, time-discrete problem, we use
a superscript € (and do not mention explicitly the dependence on 7), whereas for
quantities that correspond to the unregularized, time-discrete problem, we use a
superscript 7.

At first, we substantiate the assumptions on the objective 1. Throughout the
section we assume
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Assumption 6.1 (Differentiability of the objective w.r.t. ). For fixed N and
7 =T/N the objective ¢ has the form

Y(uf) =7 (uf,. .., uyy) for all u® € VV.

The function ¢7 : VIV — R is continuously Fréchet differentiable. We denote the
partial derivatives w.r.t. u$ by ¢¥7 (u5,...,u%) =¢7 (u®) € V' foralli=1,...,N.

Proceeding formally, we expect the following system of C-stationarity to hold for
local optima of (P7), cf. Scheel and Scholtes [2000].

AXT —=%7 1)+ B*(u] —u]_;) + 7\ D*DX] =0, (6.1a)
B(2] —%i 1) = E(9; —gi-1), (6.1b)
0<\ L ¢EZE])<o, (6.1c)
ACYT = Xp0) + B ] — )

+7 A D*DY] +760] D*DX] =0, (6.2a)
. B(Y! = T7,,) = vl (") (6:2b)

> (B W], g7 — 871~ (9] —971)) 1o r e
= +vg", 9" —g ) momruv) =0, (6.3)
DY :DY] —ul =0, (6.4a)
07 6(S7) = 0, (6.4¢)
07 ni =0, (6.4d)

fori=1,...,N and for all g" € U];. Here, (X7, uf) = (0,0) and (Y, ,, wi ) =
(0,0).

Here, (6.1) is the forward system and (6.2) is the adjoint system. The variational
inequality (6.3) is the result of passing to the limit in the gradient equation (6.7).
The pointwise complementarity conditions on the multipliers (6.4) complete the
system of C-stationary type.

To prove the necessity of the system (6.1)—(6.4), we have to perform several
steps:

(1) In Section 6.1, we define the regularized time-discrete optimal control prob-
lem (P¢) and derive optimality conditions, see Theorem 6.3.

(2) We verify that all local solutions g” of (P7) can be approximated by local
solutions of a modified problem (P ), see Section 6.2.

(3) In Section 6.3 we derive alternative formulations of the forward and adjoint
systems, which involve the regularized counterparts of the plastic multiplier
A and of the multipliers 6 and u.

(4) Finally, in Section 6.4 we check that the system (6.1)—(6.4) is fulfilled. This
is achieved by passing to the limit £ N\, 0 in the optimality system (6.7) of
the regularized time-discrete problem.

6.1. Regularized upper level problem. In this section we consider a regu-
larization of (P7). We replace the time-discrete solution map G of (3.4) by its
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regularization G¢, see (5.4).
P v
Minimize F(uf,g%) = 1 (u®) + §||g€||%11(0,T;U)
such that (X%, u®) = G°(Fg°), (P?)
and g° € Uy,.

Due to the Lipschitz continuity of G°, see Proposition 5.8, we can follow the proof
of Lemma 3.7 and obtain

Lemma 6.2. There exists a global minimizer of (P¢).

By virtue of the control-to-state map G¢, we define the reduced objective
f(9°) = F(G="“(Eg"), g°)-

Here, u® = G5 (Eg®) refers to the second component of (X°,u®) = G°(Eg®). In
Section 5.3 we have proven the Fréchet differentiability of G°. By Assumption 6.1 we
conclude the differentiability of 1. Hence, the reduced objective f¢ is differentiable.
Since the admissible set U], is convex, we obtain for a local optimum g° with
associated displacements u® = G=*(Eg®) the necessary optimality condition

0 oGge™

ﬂ(ue) g

ou o

(Eg°)E(@" —g°) +v{(g", " —g ) mo,rv) =0 forall g" € Ujy,
(6.5)

where the first addend is the derivative of 1(G=*(E -)) evaluated by the chain rule.

The second addend is the derivative of v/2 H-||%{1(O’T;U). By Assumption 6.1 we find

8’(/) £ age’u € ~T g\ __ al T € €
5y (W)= (Bg)E@GT — g°) = ;wi (uf), 6us)v v,
where
1> £ age,u £ ~T £
(dui,...,ouy) = 5 (Eg®)E(G™ —g°)

is the solution of the linearized state equation (5.16) with right hand side 6g° =
g" — g°. We compute the adjoint of (5.16) and define the adjoint state (Y°, w®) =
(v%,¢%,w) € SV x SNV x VN as the solution of the system

CH(vf — i) + B (wf —wiyy) + J7 (V5 +¢ipq) =0, (6.6a)
H™(¢F — ¢i) +J; (v +¢) =0, (6.6D)
B(vi —vi) =] (u¥), (6.6¢)
fori=N,...,1, where (v, ¢y i1, wiyy) = 0 and J; is given by (5.17). Testing
(5.16a) with v§, (5.16b) with {71, (5.16¢) with w3,
(6.6a) with dos, (6.6b) with dx5_q, (6.6¢) with dus,
and summing everything over ¢ = 1,..., N yields
N N
S W), Sy = S (B 67— 71— (@~ 5 )) e
i=1 i=1

Hence, the variational inequality (6.5) becomes

N
Yo (EwE, g7 =71 = (95— 95-1)) gy ey + (V95§ — 9 ) w00y 2 0
=1

for all g" € Uy,.
(6.7)

We obtain
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Theorem 6.3. Let (u®,g%) € VY x U7, be a local solution of (P¢). Then (6.7) is
satisfied, where the adjoint state w® is defined as the unique solution of (6.6).

6.2. Approximability of solutions. In this section we will study which optima
of the time-discrete problem (P7) can be approximated by optima of its regular-
ized counterparts (P¢). We will argue as in Section 3.4. Let us recall that by
Assumption 3.6

(1) the admissible set U,q is nonempty, convex and closed in H'(0,T;U),

(2) every admissible control g € U,q can be approximated by time-discrete
controls g” € U], and

(3) the objective F: HY(0,T;V x U) is weakly lower semicontinuous.

Theorem 6.4. Suppose Assumption 3.6 is fulfilled. Let {e} be a sequence tending
to 0 and let g° denote a global solution to (P<).

(1) There exists an accumulation point g” of {g}.
(2) Every weak accumulation point of {g°} is a strong accumulation point and
a global solution of (P7).

Proof. By Assumption 3.6, U7, is nonempty. Hence, there exists some g™ € UJ;.
Hence, by Proposition 5.7 the corresponding displacements 4° = G=*(g") converges
in VV. Since g is a global optimum of (P¢), we have F(u®,g°) < F(a%,g").
This implies the boundedness of {g°} in H'(0,T;U). Hence, there exists a weakly
convergent subsequence. Therefore, assertion (1) follows by assertion (2).

To prove assertion (2), suppose that {g°} converges weakly towards g. We
denote by (X°,uf) = G°(Fg°) the (regularized and time-discrete) solution to (5.4)
and by (27,u”) = G"(Eg) the solution to (3.4). Since E embeds U compactly
into (V')~, Corollary 5.12 implies u® — u” in V.

Let g7 € U], with corresponding unregularized displacement @” = G™*(g")
be arbitrary. We denote the corresponding regularized displacements by @° =
G=*(g"). By Corollary 5.12 we infer 4 — u". We have

F(u™,g") <liminf F(u®, g%) by lower semicontinuity of F
<liminf F(%®,g") by global optimality of (u®, g)
=F(u",g"). by convergence of u°

This shows that g7 is a global optimal solution of (P7). Inserting g7 = g” yields
the convergence of the norms of g° and hence the strong convergence of g¢ in U™.

Theorem 6.5. Suppose Assumption 3.6 is fulfilled. Let g” be a strict local opti-
mum of (P7) w.r.t. the topology of UY. Then, for every sequence {c} tending to
0, there is a sequence {g°} of local solutions to (P) such that g¢ — g” strongly in
HY(0,T;U).

‘ Proof. This result can be proven using the idea of the proof of Lemma 3.9.

Finally, we address the approximability of a (not necessarily strict) local mini-
mum. Let g7 be a local optimum of (P7) w.r.t. the topology of UY. We define the
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modified problem, see also Casas and Troltzsch [2002], Barbu [1981],
I3 M T =T T =T 1 ~T T
Minimize  Fyr (w7, g7) = F(u”,4") + 518" = 0" lin om0
such that (X£7,u")=G"(Eg"), (Pg-)
and gT € ;—d'

Clearly, g7 becomes a strict local optimum of (P} ). Analogously to (P<) we define
the regularized approximation (Pg.).

Corollary 6.6. Suppose Assumption 3.6 is fulfilled. Let g” be a local optimum of
(P7) w.r.t. the topology of U™. Then, for every sequence {e} tending to 0, there
is a sequence {g°} of local solutions to the modified problems (Pg.), such that
g° — g7 strongly in H*(0,T;U).

Proof. Since the additional term ||g” —g7 ||, (0,71 is weakly lower semicontinuous,
this result follows analogously to Theorem 6.5.

Similar to the necessary optimality condition of (P¢) we find for a local optimum
g° € U], of the modified problem (Pj-)

K3

N
<E*w?7 gz—gz—l—(9?‘9?-1)>L2(FMR4)+<Vgs+gs—97, gT_g€>H1(O,T;U) >0
=1

(6.8)
holds for all g" € U],, where the adjoint displacement w® is given by the solution
of (6.6).

6.3. Alternative formulation of forward and adjoint systems. The aim of
this section is the introduction of the regularized counterparts of the plastic multi-
plier A\™ (in the forward problem) and of the multipliers ™ and u™ (in the adjoint
system). Up to now, these quantities did not appear in the regularized forward
problem (5.4) nor in the adjoint system (6.6) nor in the gradient equations (6.5)
and (6.7). Therefore, this reformulation is essential in proving that the optimality
system (6.1)—(6.4) is satisfied in the limit. The reformulations of the forward and
the adjoint system containing the multipliers A° and 6 can be found in (6.13) and
(6.18), respectively.

Our starting point is the regularized forward system (5.4). Let us recall that the
deviatoric part of a matrix o € S is given by o” = o — trace(o) I/d, see (1.6). By
(5.4c) and the initial datum x§ = 0, we infer x5 = (x5)” for all i = 0,...,N. In
other words, x5 is trace free. Hence, we can omit the superscript D on the variable
x%. For convenience, we define

D3¢ = (65)” + x5, (6.9)
In contrast to DX; = (05)P + x5, see (1.8), x° is taken from the previous time
step ¢ — 1.

Moreover, we introduce an abbreviation for two terms appearing in AXE(fDEf)
and its derivative, cf. (5.3) and (5.8),

a5 := max® (1— 20 ), and £ := (max®)’ (1— 20 ) 20 (6.10)
DX IDX5|) D]

By Assumption 5.2 we infer af € [0,1) and 5§ € [0,1 + ¢). By adding (o%)” on
both sides of (5.4c) we obtain
DX = D5 — af D5 = (1 — af) DX5. (6.11)
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Hence, the definition of Ax®, see (5.3), implies

~ €
SHTLAXE (0 4+ xE0) = b g ((09)P + X6y) = il af D = k!

K2

- DX
Comparing (5.4a) and (5.4c) with (3.8a) gives rise to the definition of A¢ by
¢

P (6.12)

' 1—-af

The L%(Q)-regularity of A5 is shown in Corollary 6.7. Using the definition of ¢,
the forward system (5.4) becomes

A(ZS — X5 )+ B*(u; —ui_q) + T\, D*DXS =0, (6.13a)

BXS = (5. (6.13b)

Let us turn to the adjoint equation (6.6). By (5.8), (5.17) and (6.10), the mapping
J? can be expressed in terms of of and 7. We find
Dx; : 7P

D5
Using (6.6b) and ¢y, = 0 we infer ¢§ = (¢§)” for all ¢ = 1,..., N. Similar to
(6.9), we define

T — k! (ag P 4 B ng). (6.14)

DY; = (v)” + ¢l (6.15)
Now we are going to manipulate J;7 ﬁrf in order that the adjoint equation (6.6)
resembles the counterpart in the expected C-stationarity system (6.2). We obtain
from (6.6b) and (6.14)
DX5 :DY; )

DY —DY] = (i —¢iy = —(af DY; + 5 Dy P

3

(6.16)

Dividing by 1 — of > 0 yields

N E 1 £ 5 Dzvs b‘rvg €

Using (6.14) we proceed by

H DXE : DY .

t 1t DX}?) ki 55
oz Do) TR

B DX::DY:S
d DXE.
1—af |DXE2 ‘

K2

DX : DY
st Bk A 9 34
DX [? '

~ _ (&%
JEDY] = ki o (DY

€

=7 X DY +ky!

This gives rise to the definition
e DX :DYS
T—a; DEP
The L?(2)-regularity of 5 is shown in Lemma 6.12. The definitions of 65 implies
JEDYS =7 X5 DYS + 765 DXS.
Using the definition of A{ and 65 the adjoint system (6.6) becomes
A(Y; = X5,,) + 7 D*DY; + 70; D*DX} + B*(wj —wi, ) =0, (6.18a)
B(Y: - Y%,,) = 67 (w). (6.18D)
It remains to define the multiplier u°. According to (6.4a) we define
us = DX DY € LA(Q). (6.19)
Testing (6.16) with DX? implies
ps = DYS :DXS = (1 — of — 55) DYS : DS (6.20)

e . 1.—1 __—1
0; =k T

(6.17)
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This equation is the starting point to estimate the multiplier u$, see Lemma 6.9.

6.4. Convergence of the regularization. In this section we verify the time-
discrete optimality system (6.1)—(6.4). Let g™ be a local solution of (P7). By
Corollary 6.6 there is a sequence g° of local optimal solutions to (P ) converging
strongly to g € UN. Using Corollary 5.12 we find (£°,u°) — (X7, u") € (52 x
V)N as e \, 0 for the corresponding stresses and displacements. By (Y, w®) we
denote the adjoint stresses and displacements satisfying the system (6.6). Moreover,
we use the multipliers A°, ¢ and p° defined in (6.12), (6.17) and (6.20), respectively.

Let us sketch the outline of this section.

(1) We show the convergence of the plastic multipliers A® in Corollary 6.7.

(2) We verify that the sign condition (6.4d) holds for the regularized multipliers,
see Lemma 6.10.

(3) In Lemmas 6.11-6.12 we show the boundedness of several variables. This
allows for extracting a weakly convergent subsequence.

(4) The regularized counterparts of the complementarity conditions (6.4b) and
(6.4c) are shown in Lemmas 6.13 and 6.14.

(5) Finally, we prove that the optimality system (6.1)—(6.4) holds for all local
minimizers of the time-discrete optimal control problem (P7).

In Assumption 5.2 we require max®(z) = max{0,z} if z ¢ (—¢,¢). Hence it is
natural to split 2 into three disjoint sets in dependence whether the argument of
max® in (5.3) is smaller than —e, larger than ¢ or in (—¢,¢).

A ::{xeﬂz\ﬁzﬂg %0 }:{xEQzl— S0 g—g}, (6.21a)

1+e |Dx:|
ASt = Q:pxr| > -0\ = Q:i1- 20 > 21b
Pri={reipmiz 2l = {ac |Dz§|—€}’ (6.21b)
ATV =\ (AT u AT, (6.21c)

Here and throughout we assume w.l.o.g. ¢ < 1.

The first result of this section concerns the convergence of the plastic multiplier
A5. It is a supplement to the convergence properties in Section 5.4. Since we employ
the notation introduced in Section 6.3, this result is not included in Section 5.4.

Corollary 6.7. Let ¢ € (V)N be given, such that ¢ — ¢ € (V') as ¢ — 0.
We denote by A° the associated plastic multipliers according to (6.12). Then \¢ €
L2(Q)N and A\* — A" in L2(Q)V.

Proof. Step (1): We infer from (3.8a) and (6.13a)
" AT DDE] = —A(E] - B[_,) - B*(u] — ul_,),
and T D*DX = —A(X; — X5 ) — B (uf —ui_,),
forallt=1,...,N. By Corollary 5.12 we obtain
TA D*DXS — 1A D*DE] in S*foralli=1,...,N. (6.22)

Step (2): By using Assumption 5.2 and the definition of A;” in (6.21a) we
obtain A\f = 0 on A" . Moreover, the definition of of in (6.10) implies of € [0, €]
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on A5 and af =1 — ‘ﬁ&ég‘ on A>T, Altogether we obtain

X D=2 = / G2 [DE]2 d = / S (1— af)? |DE:P da
Q\AS ™ Q\AS

(1_8)2&2 = 1—e\2_
2(14_75)20 A570|)\§|2dx+ AEV+|)\?|208d1‘2(1+5> G2 ||)\§||%2(Q)~

Using (6.22) we obtain the boundedness of \¢ in L?(Q) as € \, 0. Therefore, a
subsequence (denoted by the same symbol) converges weakly towards some \; €
L?(Q). By ¢ — X7 in S? we infer \i DX; — \; DX in L1(£2;S). Hence, (6.22)
implies

Xi =X on {z € Q:|DX]| # 0}. (6.23)
Step (3): We have
IXill L2y < Hminf[|AS || z2(q)
14+ey 1 | T
= 5)7”)\5 D3 |ls = ;OH)% DX ||s = [IA7llr2(e), (6.24)

a0
in particular ||5\7;||L2(Q) <A llz2(@)- By (6.23) and A7 =0on {z € Q: |[DX]| = 0},
we infer AT = X;. Now, (6.22) and (6.24) imply the convergence of norms

< liminf (

IAf[12) = AT 2

and hence \{ — AT in L?(Q). Since the limit of \¢ is independent of the subsequence
chosen in the second step, the whole sequence A converges towards A] strongly in

L2(9).

Let us briefly comment on our choice of regularization.

Remark 6.8. Due to the definition of the disjoint partition Q = A5~ UAS UAST,
the equations (6.10), (6.11) and (6.12) imply

0= A7, p(X7) <0 on A7,

c B ¢ € i =2 €,0
(0,1_67 k1 )9/\1‘7 ¢(E")e((1+a)2’0)00 on A,
0 <A, #(X;) =0 on A>T,

Hence, the plastic multiplier A and the generalized stress X still satisfy the sign
conditions in (3.8¢), but they do not satisfy the complementarity condition in (3.8¢c).
Thus our regularization approach can be viewed as a problem-tailored version of
the relaxation strategy given in Steffensen and Ulbrich [2010]. Similarly to [Herzog
et al., 2010, Section 2.2] we could also use a penalization approach for the time-
discrete problem. However, using a relaxation strategy the proofs in this section
become more simple compared to those in [Herzog et al., 2010, Section 3|, see, e.g.,
the proofs of Lemmas 6.13 and 6.14 and the corresponding results [Herzog et al.,
2010, Lemma 3.11-Proposition 3.13].

As a preparation for the proof of Theorem 6.15 we verify estimates for various
quantities introduced in Section 6.3. We start by giving bounds on the term 1 —
af — B¢ which appears in the definition of 4, see (6.20).
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Lemma 6.9. We have

{1},  om A7,
1—a5—B5€¢[0,1], on A%, (6.25)
{0}, on Af’+,

foralli e {1,...,N}.

Proof. By the definition of o5 and £ in (6.10), we infer immediately af = 55 = 0 on
A7, On A‘?’+ we have af = 1— If’&éfl and 3¢ = Iﬁ&ZOJfI' This implies 1 —af — 3 = 0.
It remains to check the assertion on A?’O. Let us define k¢ = 1 — 6¢/|DX5|. On
AS° we have kS € (—¢,¢€). By definition of a5 and 5 in (6.10), we have
af =max®(kj) and [ = (max®) (k;) (1 — kK3).
Let us give a precise upper bound of 5. The fundamental theorem of calculus
yields

/E (max®)’(z) dz = max®(¢) — max®(k5) = € — max® (k7).

Since Assumption 5.2 implies that (max®)’ is monotone increasing, we infer
(e — K5) (max®)' (k) < € — max® (k).
Hence,
B; = (max)'(k]) (1 — K7) <

Now, we obtain

1—oaf —f5; >1—max®(k;) —

£ — k% — max®(xf) (e — £%) — (e — max® (%)) (1 — &%)

€ — K
l—¢ €(E €
= Eiﬁg(max (K§) — K5) = 0.
3

By of >0 and 8 > 0 we infer 1 — a5 — 5 € [0,1] on A5°.

As a simple consequence we obtain the regularized counterpart of the sign con-
dition (6.4d).

Lemma 6.10. For all ¢ € {1,..., N}, the condition 65 u5 > 0 is satisfied almost
everywhere in €).

Proof. By (6.20) we obtain
0 15 = 0 (1 - o — 7) DX : DY,
Now, Lemma 6.9 and the definition of 65 in (6.17) imply 65 u5 > 0.

Now we show the boundedness of the adjoint states (Y°, w*).

Lemma 6.11. The adjoint states (Y, w*®) satisfy
N
e [l + s ol <0 STl (6.26)
1=
where the constant C' depends only on the operators A and B.
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Proof. Let us define T = Y; — Xpye, for the definition of ) we refer to (2.4).
This implies

B’_Z”:()7 by BEBT? :BTf,
A DYS : DT = A DY : DYS >0, by A >0,
0; DX: : DT = 0; DX : DY =605 u; >0, by Lemma 6.10.

Testing (6.18a) with T yields
(X5 =Y, T)a <0.
Here, (-, -) 4 is the scalar product on S? induced by the operator A. Hence
<Tz€ - Tf+1a T1€>A < <Tf - T?-H, EBT§>A~
Using

(05 = Y50, Yo)a = 5 (1515 — 10505 + 1005 — X5 01%),

w\»—*

yields
5 — 105 I+ 105 — X501 < 2(X5 — X540, Bprs)a
Summing over i € {k,k+ 1,. N} and using Y y41 = 0 yields

15 1% + ZHTE Yo% <2 Z Y —Yi1, Tprs)a
i=k i=k
N

2(Y5, Zprs)a—2 ) (Y51, Tare—pre, )a
i—k

<C max 15|l (I1BYS \|V/+ZW )lv),

,,,,,

where C depends only on A and B. By BY; = EN i U7 (u®) we obtain

N
1511 < €, max 5]l Zkuw Jllve <O max 5] le v
7 K2

Taking the maximum over k = 1,..., N on the left hand side yields

max [ Ti[a<C le?ﬂ v,

=1
where C' depends only on A and B. The estimate for w; follows by taking the
difference of (6.6a) and (6.6b) and using the inf-sup condition of B*, see (1.13).

=

For convenience we define the abbreviation QF = —AY; — B*w§. The adjoint
system (6.18a) becomes

1
— (@ ~ Qi) = X D'DY; + 6 DD, (6.27)

Using Lemma 6.11 we obtain the boundedness of Q°

1Qills2 <C ZHW v (6.28)

i=1

As a consequence, we obtain an estimate of the bilinear terms in (6.27) and of the
multiplier 65 in L?(Q).
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Lemma 6.12. The estimates

1
16F D*DZ5 |82 + | AF D DY |52 < - Qi - Q1% (6.29a)
1+4+¢ 1
05 < . c— Q8 6.29b
|| i ||L2(Q) = (1 _ E) \/5&0 p ||Qz Qz+1||32 ( )

hold for i € {1,...,N}.

Proof. Taking norms on both sides of (6.27) yields

1
167 DD 5= + (07 D*DXE, A D DYF) s + X D DYG 52 = — 11QF — Qialse-
Due to Lemma 6.10, the definition of 45, see (6.19), and A{ > 0 the scalar product
is non-negative. Indeed, we have

(65 D*DYE, A D* DY) g2 = 2 / X5 DX DY d = 2 / X 05 € d > 0.
Q Q

This yields (6.29a).

Due to 35 = 0 on A;"", we have 65 = 0 on A", see (6.17). By using (6.11)
we obtain [DXF| = (1 — af) [DXf| > {5269 on A% U A5 Hence, the estimate
(6.29b) follows by (6.29a).

Unfortunately, these estimates are not uniform w.r.t. the time step size 7. This
will cause severe issues when passing to the limit 7 N\, 0, see in particular Lem-
mas 7.8 and 7.9.

Finally, we prove the regularized counterparts of the complementarity conditions
(6.4b) and (6.4c).

Lemma 6.13. The plastic multiplier A° and the multiplier u¢ satisfy
1AF 15 Ml 1) < kl_l 1 %_5 IDXS||s I1DY5 || s foralli € {1,...,N}. (6.30)

Proof. By (6.12) and (6.10) we obtain A = 0 on A;"~. Using (6.20) and (6.25) we
infer u =0 on A5,

0 —1_-1 _af 1
On AS° we have \; = k; ' 7 113‘&? < kit 77! £ Hence,

3

-1 _— € S
X 5l oy < k't T2 kill s azey < Fa trt T IPZi s DY ]s.

=&

Lemma 6.14. The generalized stresses X° and the multiplier 6 satisfy

2e .
||9;€ (;S(Ef)”Ll(Q) S mo'o ||91€||L1(A§’0) fOI' all 1€ {1,,N} (631)

Proof. We have 3¢ = 0 and hence by (6.17) 5 = 0 on A;"~. From (6.25) and (6.11)
we infer ¢(X5) =0 on Af"’_.
On A5 we have |DX5| € “—I_i, 1] G0 by (6.10) and (6.11). Hence, we obtain

~2 €12
O-O_‘IDE" 2e ~2 €,0
lp(25)[ = 5 — < +o)? 65 a.e.on A

Using Hélder’s inequality concludes the proof.
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Using the results above we prove that the system (6.1)—(6.4) is a necessary
optimality condition for the time-discrete control problem (P7).

Theorem 6.15. Let g™ be a local solution of (P7). We denote by (X7,u”,\7) €
(S x V x L2(Q))" the stress, displacement and plastic multiplier, which are asso-
ciated to g” by (3.8). Then, there are adjoint states (X7, w”) € (S x V)& and
multipliers u7, 07 € L*(Q)", such that (6.1)—(6.4) is fulfilled.

Proof. Corollary 6.6 implies the existence of a sequence of local solutions {g°} of
(Pg-), such that g — g as € \, 0.

Let us denote by (X°, u®, A¥) the regularized stresses, displacements and plastic
multipliers, which are associated to g° by (5.4) and (6.12). From Corollary 5.12
and Corollary 6.7 we infer

(25,45, 0%) = (7, u™, A7) in (8% x V x L2(Q)N  as e\, 0,
where (27, u™, A7) € (SxV x L2(Q))Y are the unregularized stresses, displacements
and plastic multipliers associated to g7, see (3.8). This shows the forward system
(6.1).

Let us define the adjoint states (Y°, w*®) and the multipliers (6°, u®) associated to
g° by (6.18), (6.17) and (6.20). By Lemma 6.11 and Lemma 6.12 the adjoint states
(Y°, w) and the multipliers (6%, 1i¥) are bounded in (S2x V)" and L2(Q)N x L2(Q),
respectively. Hence, there is a subsequence of £ denoted by the same symbol and
an element (Y7, w™, 07, u7) € (S? x V x L?(Q) x L%(Q))Y, such that

(X5, ws,0°, 1) — (X7, w™, 07, u7) in (S? x V x L}(Q) x L2(Q))Y ase\,0.
Therefore, we can pass to the limit in the necessary optimality condition (6.8) of
the modified regularized problem (P ) and obtain (6.3).

By A* = A7 in L2(Q)Y and by Y° — Y7 in (S?)V, we infer \* DY* — A" DY”
in LY(Q;S)N. Using (6.29a) we obtain A\* DY — A" DY7 in S¥ for fixed 7 > 0,
since Q° is bounded, see (6.28). Similarly, we infer §° DX° — 7 DX” in SV.
Therefore, we can pass to the limit in the regularized adjoint equation (6.18) and
obtain (6.2).

It remains to check the relations (6.4). Using the definition (6.20) of u° we infer
(6.4a). Now we address the complementarity conditions (6.4b) and (6.4¢). In view
of Lemma 6.13 and Lemma 6.14 it would suffice to prove the weak convergence of
XS ¢ and 05 ¢(X5) in LY(Q), since the L(Q)-norm is weakly lower semicontinuous.
By 3 — X7 in §% and \; DY — AT DY/ in S we infer \§ u§ = A\ DY : DX; —
AT p7 in LY(Q). Similar, using 0 DX — 07 DX in S and X — X7 in S? shows
0s $(25) = 05 1 (D5 : DXS — 50)2 — 07 ¢(X7) in LY(Q). Here, we used the
definition (1.5) of ¢. This shows the complementarity conditions (6.4b) and (6.4c).

Last we address (6.4d). We will use [Herzog et al., 2010, Proposition 3.15]. To
this end, we test (6.18a) with ¢ X7, where ¢ € C§°(Q2), ¢ > 0. Using 65 DX :

1

DY: = 65 pi§ > 0 by Lemma 6.10, we obtain

(A(Y5; — Tip) + B (wf — wiy,) + AL D*DYY, 9 Xj)s2 <0
Applying [Herzog et al., 2010, Proposition 3.15| yields

(A7 =X70) + B (w] —wjy,) + AT D'DY7, 9 Xi)s> < 0.
Testing (6.2a) with ¢ X yields

/ w07 pr dz >0 for all p € CF°(2) satisfying ¢ > 0.
Q

Hence, 07 u7 > 0 almost everywhere. This shows (6.4d).
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Remark 6.16.

(1) Similarly to Theorem 6.15 a necessary optimality condition for the modified
time-discrete problem (P7) can be proven. In the optimality system (6.1)-
(6.4) we have to replace the gradient equation (6.3) by

N
Z<E*w7£—7 g: - gz—fl - (g: - 91‘11)>L2(FN;]R¢1)
i=1
+((g"—¢9)+vg", 3" —g ) morv) =0, (6.3)
for all g" € U];. As an optimality system for the modified time-discrete
problem (P7) we obtain (6.1), (6.2), (6.3’) and (6.4).

(2) In case N = 1 (only one time step) we obtain an optimality system for
the optimal control of static plasticity. The system (6.1)—(6.4) equals the
system [Herzog et al., 2010, (3.3)—(3.6)] up to minor differences: in the
current paper we neglected volume forces f, but considered additionally
control constraints.

(3) Using the technique of [Herzog et al., 2011c, Section 3| one may derive a
system of B-stationary type for the time-discrete problem (P7).

7 Weak stationarity for the quasistatic problem

In this section we derive an optimality system for the continuous problem

. . . V
Minimize F(u,g) = (u)+ 5”9”%[1(0,T;U)
such that (X,u) = G(Fg) (P)
and g € Uyq.

Here, G is the solution map of (VI). We use arguments similar to those in the
proof of Theorem 6.15. Throughout this section, g denotes a local optimum of (P).
Theorem 3.10 yields the existence of a sequence g” of local optima of the time-
discrete and modified problems (P7) which converges to g in the strong topology
of HY(0,T;U). The convergence of the states (X7,u”,\") towards (X,u,)) in
HY(0,T;5? x V) x L?(0,T; L*(Q)) was shown in Theorems 3.3 and 3.4. In this
section, we study the convergence properties of the dual quantities (X7, w™, u™,07)
and pass to the limit in the optimality system (6.1)—(6.4) as 7 \, 0.

Unfortunately, one cannot show the boundedness of Y™ and w™ in H'(0,T; S?)
and H'(0,7;V), but only in L>(0,T; S?) and L>(0,T; V), respectively, which was
already proven in Lemma 6.11. Due to this lack of regularity, the derivatives in
time of Y7 and w7 in the adjoint equation (6.2) have to be formulated in a weak
sense in order to pass to the limit 7 N\, 0. Hence, the adjoint equation (7.36)
of the continuous problem can be stated only in a weak sense. As mentioned in
the introduction, this lack of regularity also occurs in the optimal control of the
parabolic obstacle problem, see [Ito and Kunisch, 2010, Theorem 6.2] and for the
optimal control of ODES involving hysteresis, see [Brokate, 1987, Satz 8.12].

7.1. Additional notations and assumptions. In this section we set up some
additional notation required in the sequel.

As in (3.1), let f7 € X be given, where X is some Banach space. We define
for t € [(i — 1) 7,i¢7) the piecewise linear and continuous interpolant

Fr@) = a4 (= G- 1) (7 — FL), (7.1)
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with fJ = f{ by convention. Compared with definition (3.1), only the fictitious
value of fJ was changed. Due to this choice, the adjoint equation (7.22a) is not
only satisfied in the interval (7,T") but also in (0, 7).

Similarly to (3.3), we define for f7 € X~ and t € [(i — 1)7,i7) the piecewise
constant and discontinuous interpolant
f3@) = fiy (7.2)
with the convention fj = 0.

Obviously, we have f7 € H'(0,T;5%) and fJ € L?(0,T;S?). For later reference
we mention that

¢ 1 T T
JE@) = - (ff = fi-1) (7.3)
holds for all t € ((¢ — 1) 7,4 7).
We also require an additional structural assumption on the objective.

Assumption 7.1. In addition to Assumption 3.6, we assume that
HY0,T;V) — R can be decomposed into 9. : L2(0,T;V) — R and ¢ : V — R,
such that

Y(u) = Ye(u) + Yr(u(T)) (7.4)
holds for all w € H(0,7;V). Both, 1. and 17 are assumed to be continuously
Fréchet differentiable.

Note that due to H(0,T;V) < C([0,T]; V) the value u(T) is well-defined. We
remark that Assumption 7.1 is satisfied by all examples of v given after Assump-
tion 2.8.

Given u,éu € H'(0,T;V), the derivative of 1/ at u in direction Ju is given by

() b = / (61, Ve () dt + 0o (u(T)) 52 (T), (7.5)

where Vi).(u) € L*(0,T;V’) denotes the gradient of 9. at w and ¢}, € V' is the
Fréchet derivative of .

Let us check that Assumption 7.1 implies Assumption 6.1. If we denote by
v; : [0,T] — R the usual hat function associated with the node ¢ = i7 (piecewise
linear, continuous, 0 at j 7 for j # ¢ and 1 at i7), we obtain

T
Yl (u") = / v; Ve (u”) dt fori=1,...,N—1, (7.6a)
0

Pl (u”) = /o v; Ve (u”) dt + ¢ (u™(T))  for i = N. (7.6b)

This shows that 1 (u7) is Fréchet differentiable w.r.t. the components u] of u”.

Moreover, (7.6) implies that the right hand side in (6.26) is bounded. Indeed,
we obtain

N N -
;”w:(uT)HV' < ; H/o v; Vihe(uT) dt HV/ + [ (T (T)) |y

T
< / Ve v dt + [ (™ (Tl (7.7)

where we used that the v; form a partition of unity. Together with Lemma 6.11
this estimate is used to derive the boundedness of (Y7, w?) in L>(0,T;S? x V),
see (7.10).
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7.2. Basic convergence properties. Let us denote by X7, u™, A7, X" w”, u”, 0"
the states, adjoint states and multipliers, such that the optimality system (6.1),
(6.2), (6.3") and (6.4) of the modified problem (P7}) is satisfied, see Remark 6.16 (1).
As mentioned in the introduction of this section, Theorems 3.3 and 3.4 imply

Y 5% in HY0,7;5%), u —u in H(0,T;V), }

7.8
AT = X in L2(0,T; LA(Q)), (7:8)

where (3, u, \) is the solution of the continuous problem associated to g, see (1.22)
with ¢ = Eg. Using the definitions introduced in Section 7.1, it is easy to see that

3% in L20,7:5?), wl—u in L(0,T;5%), (7.9)
N = A in L2(0,T; L3(9)). ’

Using Lemma 6.11 and (7.7), the continuities of Vi) : L?(0,T; V) — L?(0,T; V")
and ¥ : V — V/ imply
(X2, wE)| Lo 0,552 x vy + (X, wi) |l 0,135 xv) < C, (7.10)
where C does not depend on 7. Since L>(0,7; 5% x V) is the dual of L1(0,T; 52 x
V"), see |Diestel and Uhl, 1977, Theorem 4.1] or [Edwards, 1995, Theorem 8.18.3],
there are subsequences of (Y, w]) and of (X}, w]) (denoted by the same symbol)
which converge in the weak-x topology of L>(0,T; 5% x V). Testing (Y7, w?) and
(Y3, wj) with x4 (T,¢) € L*(0,7;5% x V'), where T € S?, £ € V' and t € [0,T]
are arbitrary, shows that the weak-x limits coincide. Denoting the weak-x limit by
(X, w) € L>(0,T;5? x V), we obtain
YT A in L®(0,T;58%), Y7=7° in L>(0,T;5%), }

C

wl Zw in L®(0,T;V), w]>w in L®(0,T;V).

C

(7.11)

Using the weak convergence of w] we infer the convergence of the gradient
equation. Employing the notations (3.1) and (7.2), the gradient equation (6.3")
reads

(B*w3, §" — g )20y + (9" —9)+vg", § — g ) moruv) >0 (7.12)
for all g" € U],. Due to Assumption 3.6 every g € U,q can be approximated by a
sequence g” € UJ,. Passing to the limit 7 N\, 0 implies
(B*w, g — )20y +vI(g, 9 —g) ao1v) =0 (7.13)
for all g € Uyq.
7.3. Preliminary considerations. In this section we provide some results needed
several times in the sequel.

We show a relationship between the piecewise linear interpolant X7, see (3.1),
and the piecewise constant interpolant 37, see (7.2).

Similarly to the relation (3.2), a simple calculation shows
i) =X"{t) - (t—n"(t) 1) »'(t) faa. tel0,T) (7.14)

where n” is given by

n'(t) =max{n e N:t>(n—1)7}.
This definition implies

teln™(t)—1)r,n"(¢)7) forallte [0,T].

The relation (7.14) gives rise to the definition

K(t)=(t—-n"(t)7) faa.tel0,T]. (7.15)
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Obviously, we have k™ € L*°(0,T) and
KT(t) € [-7,0] fa.a. te]0,T]. (7.16)
Due to (7.14) the term 7 (AY_ + B*w]) appears frequently in Lemmas 7.8 and

7.9. Using the estimates (6.28) and (7.7) we can prove that it converges to zero
w.r.t. the weak-x topology of L°°(0,T'; S?).

Theorem 7.2. We have
KT (AY] + B*wl) =0 in L=(0,T;5?).

Proof. Let us use the abbreviation Q7 = —AY] — B*w?. Testing ™ Q. with
x(t, 1) T, where t € [0,T] and T € S?, yields
T

- T w7 - T - T
X Ty 67 Qc)r2(0,1352) = / (T, K" Qc)s2ds + / (T, k™ Q.)s2 ds.
t

nT(t) T
Let us estimate these two terms. For the first one we have

n"(t) T .y
/ <f1—’7 KZT QC>S2 dS
t

since [n"(t) 7 —t| <7 and || < 7 a.e. in [0, T, see (7.16).

- T
<7T||s2 1T Qe |l (0,1;52)>

Using f(iizl)T kT ds = —7/2foralli € {1,..., N} and the constantness of Q. on
((t =1)7,i7) for all i € {1,..., N}, we obtain for the second term

T T =T
5 / <1"7 QC>SQdS

MOk

T .y
/ <T, KT QC>52 ds| =

()T

T T T T
< |3 (T, QUT) - QLn () 7))s2
<T|T||s2 [|1Q¢ || o= (0,1;52)-
Hence, by (6.28) and (7.7) we obtain

xen) T, k" QZ>L2(O,T;S2) <rC.

Using the boundedness of k™ QZ in L>°(0,T;S5?), see (6.28), the density of the
linear hull of {7 T} in L'(0,T; S?) finishes the proof, see Lemma A.2.

Another term which appears frequently is DT7 : DX", where T™ € L*°(0,T'; S?)
is a sequence which converges in the weak-x topology. Using the boundedness
of DX in L*>®((0,T) x §;8), see (1.9), and the convergence DX" — DX in
L>(0,T;S), an interpolation argument, see [Tartar, 2007, Lemma 8.2], yields
DY — DX in L*=(0,T;LP(;S)) for all p < oco. This gives in turn DT :
DX™ X DT : DX in L>®(0,T;L4(Q)) for all ¢ < 2. Using the boundedness of
DT :DX" in L>(0,T; L*(£2)) we infer even the weak-x convergence of the product

in L>(0,T; L*(R)).

Lemma 7.3. Let T™ = T in L>°(0,T;S?). Then
DY : DT 2 DX :DT in L¥(0,T; L*(Q)).
Let f7 — fin L%(0,T; L' (2)). Then
ffDE™ —~ fDX in L*(0,T; L*(Q;S)).
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Let g7 = g in L>°(0,T; L*(Q)). Then
¢"DX” 5 gDX  in L®(0,T;S).

The statements remain valid if 37 is replaced by Xj.

Proof. Let us prove the first statement. Since DX™ — DX in L*°(0,7;5) and
T™ 2 T in L>®(0,T;5?), we obtain

DT™ :DX7 — DT : DX in L'((0,T) x Q). (7.17)
Since DX" is bounded in the space L*((0,T") x €;S), DT" : DX is bounded
in L>°(0,T;L?(£2)). Due to this boundedness, there exists a subsequence which

converges with respect to the weak-x topology of L>°(0,T; L?(Q2)). Due to (7.17),
the limit is unique and hence we obtain the convergence of the whole sequence.

The statement involving g € L% (0,T;L?(f2)) proves completely analogously.
To prove the statement involving f € L?(0,T; L' (£2)), one has to use additionally
Egorov’s theorem.

7.4. Passing to the limit in the adjoint equation. We show the weak conver-
gence of the terminal values of the adjoint states Y| and w]. Note that this does
not simply follow from the weak- convergence in L>(0,T;S2% x V).

Using Y. (T) = Y} and wl(T) = w}, the adjoint equation (6.2) with i = N
implies
AY N + T AN D*DY N + 70y D*DE}, + B*wjy = 0, (7.18a)
BYy =y (u’). (7.18b)
By standard saddle-point arguments, we obtain the boundedness of Y7, w} and
T 0} . Hence, there exists a subsequence, denoted by the same symbol, such that
(Y, wh,70%) = (X1, wr,07) in S? x V x L*(Q). (7.19)
Moreover, the boundedness of A7 DY in L2(0,T; L*(©;S)) implies 7 A}, DY} — 0
in L'(Q;S). Hence, we obtain from (7.18)

AYX 7+ 0 D*DXE(T) + B*wr = 0, (7.20a)
BY1 =l (u(T)). (7.20D)

Similarly to the derivation of (6.4c) and (6.4d) we obtain
Or o(X(T)) =0 and O0r DX(T) : DX > 0. (7.21)

Under an additional regularity assumption we obtain (X, w) € H'(0,T;5% x V)
and (Y1, wr) coincides with (X (T"), w(T)), see Remark 7.12 (5).

Due to the choice of the interpolations (7.1)—(7.3), the adjoint equation (6.2)
reads

~AY. - B*w] + \] D*DY] + 65 D*DE] = 0, (7.22a)
—BY. = ¢j(u’). (7.22D)
Here we used the notation
YIuh) () =y _(u") forte[(i—1)7iT), i€{2,...,N},
Pi(uT)(t) =0 for t € [0,7),
similarly to (7.2). Let us pass to the limit in (7.22b). Integration over [t,T] implies

T
B(TZ(t)—TZ(T)):/t Yi(uT)dt for all £ € [0,T].
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Hence, 7 \, 0, (7.19) and (7.6a) yield

B(Y(t)—Yr)= /T Vipe(u)dt fa.a. tel0,T)].

We show that the first three addends in (7.22a) converge weakly in adequate
spaces. The convergence of the fourth addend ] D*DX] is more delicate and is
addressed afterwards.

Since (Y7, w?) is bounded only in L>(0,T;S? x V), we have to test the first

C

two addends in (7.22b) with a differentiable test function. Let
T e W' (0,T;8%) := {T € WH1(0,T; S%) : T(0) = 0}

be given. Integration by parts implies
T
/ (AY . + B*w], T)g=dt
0
T .
— - [ AT+ Bl Dy dt 4 (AXIT) 4 Brwl(D), T(T)s:
0
T .
— — / (AY + B*w, T) g2 dt + (AX 7 + B*wr, T(T))gs=.
0

In order to study the third addend in (7.22a), let us define the space
S = 5%+ {(n,m) € L' (%;S?) : trace(n) = 0} (7.23a)
equipped with the norm

|Tlsz = inf — [[(7, )]sz + [I0]lz2(0s5), (7.23b)
T=(1+n,u+n)

where the infimum is taken over (7, u) € S? and 7 € L' (€2;S) such that trace(n) =
0. A simple calculation shows that the dual of S? is

S2 ={T € $*:DT € L>(9;S)} (7.24a)
with the norm given by
ITls2, = max{||T[|s>, [PT[|>(es) } (7.24b)
see also [Tartar, 2007, Lemma 41.2].

Using the convergence properties of A\] and Yj, see (7.9) and (7.11), we are led
to expect A7 D*DY] — AD*DY in L?(0,T; S7). In order to prove this, we have to
determine the dual of this space.

Theorem 7.4 ([Edwards, 1995, Theorem 8.20.3). Let T € L?(0,T;5%)" be given.
It can be identified with a function T : [0,7] — S2,, which is weakly measurable
and

T ) 1/2
IITHLzm,T;sg),:(/O ||T(t)||sgodt) .

Note, that the measurability of ||T'(-) sz is ensured by [Edwards, 1995, Proposi-
tion 8.15.3]. The duality pairing is given by

T
(Y, T)r2(0,1;82),L2(0,7352) = /O (X(t), T(t))s2,52, dt

for all X € L%(0,T; S3).
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Remark 7.5. In [Edwards, 1995, page 558] a function T : [0, 7] — S% is defined
to be weakly measurable if for every € > 0, there is a compact set K C [0,T] such
that p([0,7]\ K) < ¢ and T|g : K — S2, is continuous w.r.t. the weak topology
of S%..

This is different from the more commonly used definition of weak measurabil-
ity, which requires only (f, T'(-)) to be measurable for all f in the dual of SZ .
Nevertheless, both concepts coincide in our situation, see [Edwards, 1995, Proposi-
tion 8.15.3].

The key issue for proving that (A\]DY], DT) — (ADY,DT) for all T €
L?(0,T;S%)" is resolved by the following lemma.

Lemma 7.6. For all T € L?(0,T;S?) we have \] DT, ADT € L'(0,T;S). More-
over, \] DT — ADT in L'(0,T;S).

Proof. We sketch the main steps of the proof.

Step (1): Using the definition of weak measurability (see Remark 7.5), we infer
the weak measurability of ADT.

Step (2): By [Edwards, 1995, Theorem 8.15.2] (using the separability of S) we
obtain the measurability of A DT'.

Step (3): The integrability of ADT (and hence ADT € L'(0,T;S)) follows by
the simple estimate

T T
| DTl ae < [ Al 1Tz, d < Nz zizzan T sty

Step (4): Similar to the estimate in Step (3) we show the convergence ] DT —
ADT in L'(0,T;S).

Using that the dual of L'(0,7T;9) is L>(0,T;S), see |Diestel and Uhl, 1977,
Theorem 4.1] or [Edwards, 1995, Theorem 8.18.3], and DY} = DY in L>(0,T; S),
we infer the expected weak convergence result.

Corollary 7.7. For all T € L*(0,T;S?)" we obtain
(A PYG, DT)r20,35) = (ADY, DT) L2(0,:01 (9:9)) L2 (0T (1)) -

If we choose a test function T € W' (0,T;5%) N L*(0,T; 52) we can pass to
the limit with the first three terms in the adjoint system (7.22a). For brevity, we
define the spaces

X(0,7) =wh(0,T; L*(Q)) N L*(0, T; L* (),
X2 0(0,T) = Wy' (0,T;.5%) N L3(0,T; S3)'.
The dual space of X'(0,T") can be determined similarly to Theorem 7.4. We obtain
(=AY — B*wl + \]D*DY], T) 12 (01:52) —
(AY + B*w, T) L~ (0,1;52). (0,135%) — (A7 + B*wr, T(T))g
+ (ADY, DT')12(0,7,52),12(0,7:52) (7.25)

for all T € Xg2(0,7). As an immediate consequence of (7.22a), there exists a
functional © € Xg2 ¢(0,T)" such that

<9£ D*DEE, T>L2(O,T;Sz) — @(T) (726)
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for all T € Xg2¢(0,T). The next two lemmas show that © = § D*DX, where 0 is
the weak-x limit of 67 in X'(0,7")’.

Lemma 7.8. Define 6 € X(0,7)" by

252 60(v) = —<%(v D'DY), Q)

for all v € X(0,T). Then 65 = @ in X(0,T)".

L2(0,T;52) u <U(T) D*DX(T), QT>52 (7.27)

Proof. Multiplying (7.22a) with D*DX] and using
A;DY]: DXL =0, by (6.4b),
07 DE] : DXE] =65607, by (6.4c),
(D*D)* = 2D*D, by definition of D and D*,
yields _
D*DET: Q. +26260] =0 aec. inQ, (7.28)
where Q] = —AY] — B*w]. Let v € X(0,T') be given. Multiplying (7.28) with v,
integrating over (0,7") x  and using (7.14) we obtain
252 (83, v) ra(0.myxa) = —(v (D*DE" — k7 D*DX), QZ)LQ(O’T;SQ), (7.29)

where k7 is given by (7.15). Due to the regularity of v and using the convergence
of 37, see (7.8), we obtain similarly to Lemma 7.6

vDY - uDS in LY(0,T; 5?). (7.30)
Together with Theorem 7.2 we infer

(vi™ D*DY, QZ>L2(O,T;SZ) —0
as 7\ 0.

It remains to study the first addend on the right hand side of (7.29). Integration
by parts yields
<’U D*DET, QZ>L2(O,T;52) = —<1'} D*DY" + UD*'DZT7 QZ>L2(O,T;SZ)
+ ((T) D*DEN(T), Qe(T))s>-
Using © € L'(0,T; L?(Q2)) and Lemma 7.3 with T™ = Q[ we obtain the convergence
of the first addend of the right hand side. By (7.30) and Q7 2Q=-AY - B'w
in L>(0,T;S?), we infer the convergence of the second addend. Hence,

(WD*DET, Q;)r2(0,1;52) = —(0 D*DE + v D*DE, Q)r2(0,755%)
+ (u(T) D*DE(T), Qr)s,
where Qp = —AYp — B*wr.
Altogether, we obtain

~ T d *
255 (63, V) L2((0,T)x ) —<dt(vD D) Q>L2(o T;52)
+ (o(T) D*DE(T), Qr)s2, (7.31)

for all v € X(0,T). This shows the claim.

Lemma 7.9. For all T € Xg2 ((0,7) we have
6(DX : DT) = O(T).
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Consequently,
(AY + B*w, T) = (0,1;52),21 0,1352) — (AXT + B*wr, T(T))s2
+ADY, DT) 2o 152) 120 1552y + 0(DE: DT) =0 (7.32)
for all T' € Xg2 ¢(0,T).

Proof. Let a test function T' € Xg2 ((0,T) be given.
By (7.14) we have

(93 DZG, DT) 12(0,135) = (03 (BT = 57 D), DT) 11 1osy-

Using (7.28), Theorem 7.2, and Lemma 7.3 with T7 = QZ, we obtain
K707 20 in L=(0,T; L*(Q)). (7.33)

Due to E: — 3 in L2(0,T;S?) and T € L?(0,T;S?)’, we infer the convergence
(03" DX, DT) 12(0,1;52) — 0 as 7\, 0.

Using (7.28) and (7.14) we obtain

264 (03 DX, DT)12(0,1.5) = —((DE" : DT) (DX — k7 DY), DQZ>L2(O,T;S)-
By Theorem 7.2 and Lemma 7.3 with f7 = k" Dy’ :DQZ we obtain

(DE7: DT) k™ DX, DQ;)2(0,1:5) — O

as 7 \, 0. Integration by parts implies

—((DX" : DT) DE", DQ) 120755 = <%((sz . DT) DY), DQ] >L2(07T;S)

— ((DZ7(T) : DT(T)) DE(T), DQL(T)) .
Using the chain rule and applying Lemma 7.3 thrice (with T™ = Q7, ¢" = DX" :
DQ’ and f™ = DY’ : DQT) we obtain

< 4 (px.pT)DET), DQ;>

5 = <%((DZ . DT) DY), DQ> .

L2(0,T35) L2(0,T35)

Putting everything together, we obtain

d
2 58 (03 DX, DT') p2(0,1;52) — <& ((DZ : DT) DZ)7 DQ>

~ {((D3(T): DT(T)) DX(T)), DQr)

L2(0,T;S2?)
S2
=2620(DX: DT)

for all T € X2 (0,T), see (7.27). Together with (7.25), (7.26), (7.31), (7.27) this
shows the claim.

7.5. Weak stationarity. First, we pass to the limit in the complementarity con-
ditions (6.4b) and (6.4c).

Lemma 7.10. We obtain
ADY:DY =0 a.e. in (0,7) x Q, (7.34a)
Ovep(X)) =0 forallve X(0,7). (7.34b)

Proof. Similarily as in Lemma 7.3, we obtain
N DXL :DY] —= ADX: DY in L*((0,7); L*(Q)).
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Since the set {0} is weakly closed in L2((0,T); L*(£2)), (6.4b) implies (7.34a).
Testing (6.4c) with v € C1((0,T) x Q), we obtain
(03 9(23), v)2((0,T)x02) = 0
We have by (7.14)
DY} DY} = DX : D" — k7 DX : (D" + DE7).
Using (7.33) and Lemma 7.3 with g7 = v &7 0], we obtain
<D27 : ('DET + 'ng), v KT 95>L2((0’T)><52) — 0.
Hence, it remains to study the convergence of
(03 9(27), v)r2((0,7)x0)-
Using an argument similar to those in the proof of Lemma 7.9, we obtain
(03 9(Z7), v)r2((0,7)x0) = O(v P(X)).

Hence, (7.34b) holds for all v € C*((0,7) x Q). A density argument finishes the
proof.

The following theorem summarizes the results of this section.

Theorem 7.11. Let g € H*(0,T;U) be a local minimum of the optimal control
problem (P). There are

(Z,u) € H'(0,T; 8% x V) A€ L*(0,T; L*(Q))
(Y, w) € L>(0,T;5% x V) (0, 11) € X(0,T) x L*(0,T; L*(Q))
(Yr,wr) € S*xV (O, ur) € L*(Q) x L*(Q)
satisfying

A + B*u+AD*'DX =0, (7.35a)
B3 = Eg, (7.35b)
0<A L &(®) <0, (7.350)
<AT + B*w, T>L°°(O,T;S2),L1(O,T;SQ) = <ATT + B*wr, T(T)>52
+<A DT, DT>L2(0,T;S%),L2(O,T;S%)’ =+ 0(D2 5 DT) = O, (736&)

T
B(Y —Yr) — / Vibe(u)ds =0,  (7.36b)

(F*w, g — Q>L2(O,T;U) +(vg,9—9) uomrv) >0, (7.37

DYDY —p=0, (
pA=0, (7.38b
Ov(X) =0,  (7.38¢

AY 7+ 0p D*DE(T) + B wr =0,  (
BY7 — h(u(T) =0, (7.39b

DE(T): DY —pr =0,  (
01 ¢(X(T)) =0, (7.40b
O pr > 0, (7.40c

for all T' € Xg2 ¢(0,T), g € Uaqa and v € X(0,T).
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Remark 7.12.

(1) Following the notation for finite-dimensional MPECs, see Scheel and
Scholtes [2000], Kanzow and Schwartz [2010], the optimality system (7.35)—
(7.40) is of weak-stationary type.

(2) In a system of C-stationary type, the product of the multipliers p and 6 is
required to be non-negative. Due to the low regularity of 6, however, the
product 0 i cannot be defined.

(3) Similarly to optimal control problems involving state constraints, one can
construct examples where the multiplier € is not a function. Its low regu-
larity is induced by the constraint ¢(X) < 0.

(4) The remarks (2) and (3) above also apply to optimal control of parabolic
VIs, see e.g. the optimality system in [Ito and Kunisch, 2010, Theorem 6.2].

(5) Using (7.27) and (7.36), it is easy to prove that 6 € L2(0,T;L?*(Q)) if
and only if (¥,w) € H'(0,T;5% x V), (X(T),w(T)) = (X7, wr), and
ADY € L*(0,T;S). Hence, the low regularity of 6 is directly related to the
non-differentiability of (Y, w) as functions of time.

(6) The equations (7.36) and (7.39) can be stated equivalently as

(AY + B*w, T>L°°(07T;S2),L1(0,T;S2)
+(ADY, DT)2(0.7;52), L2(0,1;52) + 0(DS: DT) =0, (7.41a)

T
BY — ol (w(T)) — / Vibo(w)ds = 0, (7.41b)

with 6(v) = 6(v) + (O, v(T)) 2(q) for all functions v € X(0,T).

We prefer (7.36) with terminal conditions (7.39) over (7.41) since the
former more clearly show the conditions at time 7'.

(7) There are two contributions to the terminal condition (7.39). The term
i (uw(T)) is induced by the observation ¢ (w(T)) at final time in the ob-
jective. This is typical for optimal control problems with differential equa-
tions.

The term 07 D*DX(T) can be understood as a Lagrange multiplier to
the constraint ¢(X(7)) < 0 in the state equation (7.35). In fact, similar
terms appear also in the adjoint equation (7.36a) at times ¢t € (0,7") where
0 has Dirac contributions.

B Differentiability of an abstract saddle point problem

In this section we derive a differentiability result for an abstract, nonlinear saddle
point problem. We generalize the results given in [Herzog et al., 2010, Section A].
Throughout this section we consider the abstract system

Ao+ J(o+ %)+ Bu=92, (B.1a)

Bo =/, (B.1b)

where (£, %,0) is the data and (o,u) is the solution. We will show in The-
orem B.6 that the solution map of (B.1) is Fréchet differentiable under certain

assumptions. The functional analytic setting is made precise in the following as-
sumption.

Assumption B.1 (Basic functional analytic setting). The space X is a Hilbert
space and V is a reflexive Banach space. The linear operators A : X — X and
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B : X — V'’ are bounded. Furthermore, A is coercive and B* satisfies the inf-sup
condition, i.e.
|B*ul|x > 8 ||u|ly for all u € V. (B.2)

The (possibly nonlinear) operator J : X — X is monotone and continuous.

It is a standard result that the system (B.1) admits a unique solution (o, u) €
X xV for all &,% € X and £ € V', if Assumption B.1 is satisfied. A proof can
be found in [Herzog et al., 2010, Lemma A.1].

Lemma B.2 (Nonlinear saddle point problem). Let Assumption B.1 be satisfied.
Then, for all (£, %,¢) € X x X x V', the system (B.1) has a unique solution
(o,u) € X x V. Moreover, the solution map G : X x X x V! — X x V is Lipschitz
continuous.

Next, we assume J to be differentiable and state a linearization of (B.1). We
consider the case that J is only differentiable with a norm gap, i.e., we have to
choose a weaker norm in the image space or a stronger norm in the domain of J.
This is the typical case if J is a nonlinear Nemytzki operator, see [Troltzsch, 2010,
Section 4.3.2] or Krasnoselskii et al. [1976].

Assumption B.3 (Fréchet differentiability of J). In addition to Assumption B.1,
Y and Z are normed linear spaces with continuous embeddings Z — Y — X.
Moreover, J is Fréchet differentiable as a mapping Z — Y. At any o € Z, the
derivative J'(o) possesses a positive semi-definite extension which maps X — X,
ie., (J'(o)do, do)x > 0 holds for all o € X.

Using Assumption B.3, we state the linearization of (B.1),

(A+J' (o + )60 + B*ou =02, (B.3a)
Béo = L. (B.3b)

Here, (0.Z,0¢) is the data and (do, du) is the solution.

Lemma B.4 (Solvability of the linearized problem). Let Assumption B.3 be sat-
isfied. Then, for all (o, %) € Z x Z and (0.%2,6¢) € X x V' the system
(B.3) has a unique solution (do,du) € X x V. Moreover, the solution map
G(o, %) : X x V' = X x V is Lipschitz continuous.

‘ Proof. Follows by standard arguments for linear saddle point problems.

_ The last ingredient for the proof of Theorem B.6 is the assumption that G' and
G are also Lipschitz continuous w.r.t. stronger norms, both in the domain and in
the image space.

Assumption B.5 (Lipschitz continuity in stronger norms). In addition to As-
sumption B.3, W is a normed linear space with continuous embedding W/ — V.

The partial solution map G” : (£1,.%2,£) — o of (B.1) is locally Lipschitz as a
function Z x Z x W' — Z. Moreover, the solution map G(o, %) of (B.3) which
maps (0.Z, () to (6o,éu) maps Y x W' =Y x V.

Under this assumption, we show that the solution mapping of (B.1) is Fréchet
differentiable and the derivative (§o, du) in direction (6.4, 0%, 6¢) is given by the
solution of the linearization (B.3) with §.2 = 6.4 — J' (0 + %) 0 %s.
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Theorem B.6 (Differentiability). Let Assumption B.5 be satisfied. Then G is
Fréchet differentiable as a function Z x Z x W/ — Y x V. The derivative (do, du)
at (L, %, L) in the direction (6.27,0.%,0¢) is given by the unique solution of
(B.3), with 0. = 6.4 — J/(O' + .,?2)5.,?2

Proof. Let %4, 0.4, € Z (i =1,2) and ¢,6¢ € W' be given and set .&/ = %, +§.%;
(i=1,2), ¢/ =4+ 50 as well as
(o,u) = G(&L, £, L),
(o-lvu/) = G(fll’fé,é'),
(60, 0u) = G(o, %) (8.2, 60),
with 6.2 =64 — J' (0 + £)6%. The remainder is given by
(Z) = G(H, L5,0)~G(L1, £,0)~C(0, %) (0.2,80) = <Z) - (Z) - ((;Z) :

We have to verify the estimate of the remainder

lorlly + llurllv = o(6-Lllz + 1022z + [|6]|w).-

A simple calculation shows that the remainder (o, u,) satisfies
(A+J (o + L))o, + B u, = —(J(o' + L) — J(o+ L)
—J (o + L) (0 —o+62)),
Bo,. =0.
By definition of G(eo, %), see Lemma B.4, this can be expressed as
(or,u,) = —G(o, L) (J(0' +. L) — J(o+ L) — J (0 + L) (0 —0+62),0).
The assumption on G yields
lowlly +llurlly < CJ(e" + Z5) — (o + L) — T (0 + L) (0" — 0+ 6Ly
Since J : Z — Y is assumed to be Fréchet differentiable, we obtain
|J(o' +2) —J(o+ L) —J(oc+ L) o' —o+6B)|y =o0(|o —0alz).
Due to the local Lipschitz continuity of G? : Z x Z x W/ — Z, the term on the
right hand side is of order o (||0.41]z + |0-%2|z + ||6¢||w), and the combination of
all estimates leads to
lorlly + llurlly = o (16212 + (02212 + [|6€]lw-),

which concludes the proof.

We remark that the result of Theorem B.6 does not simply follow from the
implicit function theorem. In order to apply the implicit function theorem to (B.1),
we would need the assumption that G maps Y x V'’ to Z x V. This is, however,
not satisfied for the situation in which we apply Theorem B.6 in Section 5.2.
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