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Abstract. Optimality systems and their linearizations arising in optimal control of partial
differential equations with pointwise control and (regularized) state constraints are considered. The
preconditioned conjugate gradient (pcg) method in a non-standard inner product is employed for
their efficient solution. Preconditioned condition numbers are estimated for problems with pointwise
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constrained problems in 3D with more than 750,000 variables are solved.
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1. Introduction. In their seminal paper [4], Bramble and Pasciak introduced
the idea of applying the preconditioned conjugate gradient (pcg) iteration to symmet-
ric indefinite saddle point problems
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where A is a real, symmetric and positive definite matrix, and B is a real m-by-n
matrix with full rank m < n. The application of the pcg iteration becomes possible
through the clever use of a suitable scalar product, which renders the preconditioned
saddle point matrix symmetric and positive definite. Meanwhile, this approach has
been further developed and it has become a wide spread technique for solving partial
differential equations (PDEs) in mixed formulation. Very often in these applications,
A is positive definite on the whole space.

Recently, Schoberl and Zulehner [19] proposed a symmetric indefinite precondi-
tioner with the above properties for the case that A is positive definite only on the
nullspace of B:

x'Azx >0 for all 2 € ker B\ {0}.

This situation is natural when (1.1) is viewed as the first order optimality system of
the optimization problem

Minimize 1/22 Az — f'z st. Bz =g.

In fact, the authors in [19] show the applicability of their approach to discretized
optimal control problems for elliptic PDEs with no further constraints. In this paper,
we extend their technique to optimal control problems with PDEs in the presence of
control and state constraints, which are usually present in practical examples.

Since even linear inequality constraints give rise to nonlinear optimality systems,
we apply a Newton type approach for their solution. Every Newton step is a saddle
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2 R. HERZOG AND E. SACHS

point problem of type (1.1). Our focus is on the efficient solution of these linear
systems. Therefore we address a key component present in practically every algorithm
for the solution of constrained optimal control problems. We efficiently solve the
underlying linear systems by employing a non-standard inner product preconditioned
conjugate gradient method.

Following [19], the building blocks of the preconditioner are preconditioners for
those matrices which represent the scalar products in the spaces X and @, in which the
unknowns x and ¢ are sought. In the context of constrained optimal control problems,
x represents the state and control variables, and g comprises the adjoint state and
additional Lagrange multipliers. Optimal preconditioners for scalar product matrices
are readily available, e.g., using multigrid or domain decomposition approaches. Due
to their linear complexity and grid independent spectral qualities, the pcg solver
also becomes grid independent and has linear complexity in the number of variables.
We use elliptic optimal control problems as examples and proof of concept, but the
extension to time dependent problems is straightforward.

The efficient solution of saddle point problems is of paramount importance in
solving large scale optimization problems and it is receiving an increasing amount of
attention. Let us put our work into perspective. Various preconditioned Krylov sub-
space methods for an accelerated solution of optimality systems in PDE-constrained
optimization are considered in [1-3,12,14,15]. None of these employ conjugate gradi-
ent iterations to the system (1.1). The class of constraint preconditioners approximate
only A in (1.1) and are often applied within a projected preconditioned conjugate
gradient (ppcg) method. However, preconditioners of this type frequently require
the inversion of Bj in a partition B = [By, Ba], see [7,8]. In the context of PDE-
constrained optimization, this amounts to the inversion of the PDE operator, which
should be avoided. Recently, in [17] approximate constraint preconditioners for ppcg
iterations are considered in the context of optimal control. It seems, however, that
their approach lacks extensions to situations where the control acts only on part of the
domain, or on its boundary. An approach similar to ours is presented in [18], where a
non-standard inner product conjugate gradient iteration with a block triangular pre-
conditioner is devised and applied to an optimal control problem without inequality
constraints. However, positive definiteness of the (1,1) block is required, which fails
to hold, for instance, as soon as the observation of the state variable in the objective
is reduced to a subdomain. The technique considered here does not have these limita-
tions. Finally, we mention [6] where a number of existing approaches is interpreted in
the framework of preconditioned conjugate gradient iterations in non-standard inner
products.

In the present paper, we apply preconditioned conjugate gradient iterations in a
non-standard scalar product to optimal control problems with control and regularized
state constraints. Through a comparison of the preconditioned condition numbers,
we find the Moreau-Yosida penalty approach preferable to regularization by mixed
control-state constraints. This is confirmed by numerical results.

The solution of state-constrained problems in 3D is considered computation-
ally challenging, and numerical results can hardly be found in the literature. Using
Moreau-Yosida regularization and preconditioned conjugate gradient iterations, the
approach presented here pushes the frontier towards larger problems. The largest
3D problem solved has 250,000 state variables, and the same number of control and
adjoint state variables, plus Lagrange multipliers. Hence the overall size of the opti-
mality system exceeds 750,000.
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The plan of the paper is as follows. The remainder of this section contains the
standing assumptions. The preconditioned conjugate gradient method is described
in Section 2. We also briefly recall the main results from [19] there. In Section 3,
we address its application to the Newton system arising in elliptic optimal control
problems. We distinguish problems with pointwise control constraints and regular-
ized state constraints by way of mixed control-state constraints and a Moreau-Yosida
type penalty approach. Extensive numerical examples are provided in Section 4.
Concluding remarks follow in Section 5.

Assumptions. We represent (1.1) in terms of the underlying bilinear forms:
Find z € X and ¢ € @ satisfying
a(z,w) +blw,q) = (F,w) foralweX

b(z, ) =(G,r) forallreqQ, (1.2)

where X and @) are real Hilbert spaces. The following conditions are well known to
be sufficient to ensure the existence and uniqueness of a solution (x,¢q) € X x Q:
1. a is bounded:

a(z,w) <|a|l||lz||x ||w||x forall z,we X (1.3a)

2. a is coercive on ker B = {z € X : b(z,r) =0 for all » € Q}: There exists
ag > 0 such that

a(z,x) > agl|z||% for all z € ker B (1.3b)
3. b is bounded:
b(z,m) < ||b] |zl x]||r|lq forallz e X,re @ (1.3¢)
4. b satisfies the inf-sup condition: There exists kg > 0 such that

sup b(z,r) > ko ||lz||x||r|lq for all r € Q. (1.3d)
reX

5. a is symmetric and non-negative, i.e.,
a(r,w) =a(w,z) and a(x,z) >0 forall z,we X. (1.3¢)

In constrained optimal control applications, x will correspond to the state and
control variables, while ¢ comprises the adjoint state and Lagrange multipliers asso-
ciated with inequality constraints.

Notation. For symmetric matrices, A < B means that B — A is positive semidef-
inite, and A < B means that B — A is positive definite.

2. Preconditioned Conjugate Gradient Method. In this section we recall
the main results from [19] and give some algorithmic details concerning the precon-
ditioned conjugate gradient iteration. We consider a Galerkin discretization of (1.2)
with finite dimensional subspaces X;, C X and @ C @. Here and throughout, X
and @ are the matrices representing the scalar products in the subspaces X, and Qp,
respectively. Moreover, A and B are the matrices representing the bilinear forms a
and b, respectively, with respect to a chosen basis on these subspaces. It is assumed
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that conditions (1.3a)—(1.3e) are also satisfied on the discrete level, i.e., the following
hold (see [19, (3.2)—(3.5)]):

A< |all X (2.1a)
TTAT > apZ' X& for all ¥ € ker B (2.1b)
BX'BT<|]p|? Q (2.1c)
BX BT~k Q (2.1d)
A=AT, Axo. (2.1e)

Note that the validity of (2.1b) and (2.1d) depends on a proper choice of the dis-
cretization.
The following class of symmetric indefinite preconditioners for (1.1) is analyzed

in [19]:
- (A BT I 0\ (A BT
K= . ) =( = . 2.2
(B BAlBTS> <BA—1 1> (o S)’ (22)

where A and ,§A’ are symmetric and nonsingular matrices that we define below. The
application of KC~! amounts to the solution of two linear systems with A and one with
S:
£(7) = (%= Ai! =35, 87 =B7 -5, Af=35-BT%
=)=z & Ty = Su, Tq = BT, — g, Ty = Sp — Ty
q q
It stands out as a feature of this approach that one can simply use properly scaled

preconditioners for the scalar product matrices as building blocks for the precondi-
tioner K:

¥ 5-7%0
.

A\:

Q|+~

where X and O are suitable approximations to X and Q, respectively.

REMARK 2.1. Preconditioners for scalar product matrices are usually easy to
obtain. For instance, if X = H(SY) is discretized by the finite element method, then
X is given by the finite element stiffness matrix associated with the weak form of the
problem

—Ay+y=0 1inf, Oy =0 on 9.

In other words, X;; = fQ (V(pj Vi + ¢; <pi) dx, where {p;} are the basis functions
of the discrete subspace X, C X. The standard multigrid cycle yields a suitable
preconditioner with linear complexity. In case X = L*(Q), a symmetric Gauss-Seidel
iteration for the mass matriz Xj; = fQ wjidx can be applied instead.

We emphasize that the preconditioners Aand S depend only on the scalar prod-
ucts in the spaces Xy, (which comprises the state and control space for optimal control
applications) and Qp, (which includes the adjoint state and additional Lagrange mul-
tipliers). In particular, the preconditioners do not depend on the partial differential
equation appearing as a constraint in optimal control problems. For example, whether
or not the state equation contains convection terms or discontinuous coefficients etc.,
the same preconditioner can be used, albeit possibly with different scaling parameters
o and T.
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In view of the availability of good preconditioners for X and Q, it can be assumed
that the spectral estimates

1-—gx) X=X <X, (1—-¢p)0=<0=<90

are valid, with mesh independent constants ¢x and gg close to zero. We recall the
following result from [19, Theorem 2.2, Lemma 3.1]:
THEOREM 2.2. Suppose that (2.1a)—(2.1e) hold. Let o and T be chosen such that

1 1 1
o< — and T> -5 2.3
Tl o)) 2 23)

are satisfied. Then the estimates

iTAZ>aiTAT forallZ€kerB and Ax A
as well as

S<BA'BT <38
hold with constants

a=0(l-qgx)ay<1 and B=r1|b*>1.

COROLLARY 2.3. Under the assumptions of the previous theorem,

A-A 0 7,
~ ~ r 2.4
( 0 BA'BT —S) <Tq) (24)

defines a scalar product. Moreover, the precondioned matrix K=K is symmetric and
positive definite with respect to (-,-)p. Its condition number can be estimated by

(1+v5)* 8
2 «

— —

<<£’vatq)a (Fqu»D = (Fmtq)

K(KTK) < (2.5)
The estimates above indicate that ¢ should be chosen as large as possible and 7 as

small as possible, while still satisfying condition (2.3). A simple calculation shows
that

KKK ~ llal (“’”)2 (2.6)

ag \ ko

can be expected for the preconditioned condition number. This result implies that the
effectiveness of the preconditioner will depend more on the properties of the bilinear
form b and less on the properties of a.

Finding good choices for ¢ and 7 requires some a priori knowledge of the norm
la]] and the inf-sup constant kg, which may be available in some situations (see the
Examples in Section 3). Estimates of ||a|]| and k¢ can be found by computing the
extreme eigenvalues of a generalized eigenvalue problem, see Section 4.1 for details.
In any case, too large a choice of o or too small a choice of 7 will reveal themselves by
negative values of the residual norm 6T during the pcg iteration (Algorithm 1). We
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thus employ a simple safeguard strategy (Algorithm 2) to correct unsuitable scaling
parameters.

For convenience of the reader, the preconditioned conjugate gradient method is
given in Algorithm 1. It is to be noted that the scalar product (-,-)p cannot be
evaluated for arbitrary pairs of vectors. The reason is that matrix-vector products
with A and S are usually not available (in contrast to products with A= and S,
which are realized by applications of the preconditioners). And thus A 7y and S g
cannot be evaluated unless (7, ) = K=1(3,, 54) holds. That is, the evaluation of the
scalar product is possible if one of the factors is known to be the preconditioner applied
to another pair of vectors. We denote this situation by ((fx, ), (P, 7y); (52, 54))p- In
this case the scalar product can be evaluated as follows:

- = — —

<(twvtq)v (meq); (5’95, gq)>D = (tw)T(gw - BTFq - AFw) + (tq)T(gq - BFw)'

As a consequence, it is necessary to maintain the relations 7 = K15 and ¢ = K~1¢
throughout the iteration, which requires the storage of one extra vector compared
to common conjugate gradient implementations with respect to the standard inner
product.

3. Application to Constrained Optimal Control Problems. In this sec-
tion, we elaborate on the preconditioned numerical solution of optimal control prob-
lems with various types of inequality constraints. Although our examples are of linear
quadratic type, the inequality constraints render the corresponding optimality systems
nonlinear. We apply a generalized (semismooth) Newton scheme for their solution.
The resulting linear system in every Newton step is a saddle point problem of the
form (1.1).

We consider the following representative examples:

e a linear quadratic elliptic optimal control problem with pointwise control
constraints (Section 3.1),
e a similar problem with state constraints, regularized by mixed control-state
constraints (Section 3.2),
e and an alternative regularization by Moreau-Yosida (penalty) approach (Sec-
tion 3.3).
These regularizations were introduced in [16] and [13], respectively, and they are well
established techniques to approximate optimal control problems with pointwise state
constraints. The necessity to regularize problems with state constraints arises due to
the low function space regularity of the associated Lagrange multipliers, which has an
impact also on the linear algebra. We make some further comments on this issue in
Section 3.4.

Problems with more general nonlinear objective functions, state equations or
inequality constraints can be considered as well. In this case, their first and second
order derivatives enter the blocks A and B. However, one has to be aware of the
fact that A may not need to be positive semidefinite, and the coercivity of A on the
nullspace of B may hold only in the vicinity of a local minimum (which is typically
guaranteed by second-order sufficient optimality conditions). In early Newton steps,
it may thus be necessary to restore the positive semidefiniteness of A and its coercivity
on the nullspace of B, e.g., by manipulating the (1,1) block, in order for the Newton
system to satisfy conditions (1.3b) and (1.3e).

In all of our examples, © denotes a bounded domain in R? or R? with Lipschitz
boundary T, respectively.
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Algorithm 1 Conjugate gradient method for K=K w.r.t. to scalar product D.

Input: right hand side (b, Eq) and initial iterate (Z,,Z,)
Output: solution (Zy,Z,) of K (Zz,Z,) = (bs, bg)
1: Set n := 0 and compute initial residual

. “ _ > npT= 7 - N
(il) o [be— AT 4B To) and (%) - <7;:v) — -1 (
Sq bq — Bl‘m dq Tq

2: Set g := 01 1= (7, 7y), (Fas 7g); (8, Sg)) D
3: while n < nye, and 67 > 2 6y and 6+ > €2, do
4: Set

- 7 T7 — N —
) = Ady + B d, and (%) =K1 (%
€q Bd, dq €q

50 Set o= 06" /((dy,dy), (@ @y); (Eur 8))D
. Update the solution

| W)
QYR
N———

9:  Set B:=681/§
10:  Update the search direction

11: Setn:=n+1
12: end while
13: return (&, ;)

Algorithm 2 Safeguard strategy for selection of scaling parameters o, 7.

1: Determine an underestimate ||al|’ < ||a|| and an overestimate k{ > ko
2: Set 0 = 0.9/||al| and 7 = 1.2/(k})? and scaling rejected := true
3: while scaling rejected do

4:  Run the pcg iteration (Algorithm 1)

5. if it fails with 7 < 0 then

6: Set 0 :=0/v2and T:= 27

7. else

8: Set scaling rejected := false
9: end if

10: end while
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3.1. Control Constraints. We consider the following optimal control problem
with pointwise control constraints:

. 1 v
Minimize §||y - de%?(Q) + 5”“”%2(9)
b _Ay =+ Yy=u 1m Q (CC)
any =0 onTl

and u, <u<uy, a.e. in .

Here, v > 0 denotes the control cost parameter, 9,, is the normal derivative on the
boundary, and u, and u; are the lower and upper bounds for the control variable u.
The first order system of necessary and sufficient optimality conditions of (CC) can
be expressed as follows (compare [21, Section 2.8.2]):

—Ap+p=—(y—yq) inQ, Opp=0 onT (3.1a)
vu—p+&=0 a.e in( (3.1b)
—Ay+y=u inQ, Opy=0 onT (3.1c)
& —max{0,£ +c(u—up)} —min{0,§ —c(ug —u)} =0 a.e. in (3.1d)

for any ¢ > 0. In (3.1), p denotes the adjoint state, and ¢ is the Lagrange multiplier
associated to the control constraints. Note that eq. (3.1d) is equivalent to the two
pointwise complementarity systems

0<¢r, u—up <0, £F(u—w) =0
0<€, ug—u<0, & (uqg—u)=0.

It is well known that (3.1) enjoys the Newton differentiability property [11], at
least for ¢ = v. Hence, a generalized (semismooth) Newton iteration can be applied.
We focus on the preconditioned solution of the generalized Newton steps. Due to
the structure of the nonsmooth part (3.1d), the Newton iteration can be expressed
in terms of an active set strategy. Given an iterate (yg, ug, pr, k), the active sets are
determined by

A ={2 € Q: & +c(up —up) > 0}

i (3.2)
A ={z € Q: & —c(ug —ux) <0},

and the inactive set is Z, = Q\ (A UA; ). The Newton step for the solution of (3.1),
given in terms of the new iterate, reads as follows:

I : L~ - Yk+1 Yd
vl -1 I Ugt 1 0
_ , 3.3
L -1 : : Ph+1 0 (3.3)
XA Xz) \&k+1 ¢ (XA; Up + X A Ua)

where x At Xar and x4, denote the characteristic functions of A}, A, and Ay, =

AZUA;, respectively, and L represents the differential operator of the PDE constraint
in (CC). In the present example, we have L = —A + I with homogeneous Neumann
boundary conditions in weak form, considered as an operator from H*(£2) into H*(£2)*.
We emphasize that the Newton system (3.3) changes from iteration to iteration due
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to changes in the active sets. Since, however, we focus here on the efficient solution
of individual Newton steps, we drop the iteration index from now on.

From (3.3) one infers & = 0 (the restriction of £ to the inactive set Z), and
we eliminate this variable from the problem. The Newton system then attains an
equivalent symmetric saddle point form:

r. - - Y Ya
vl —1I xa u | 0
L —I : p |~ 0 ; (34)
Xa €a XA+ Ub + XA~ Ua
which fits into our framework (1.2) with the following identifications
r=(y,u) € X = H(Q) x L*(Q)
4= (p,€a) € Q = H'(Q) x L*(A)
and bilinear forms
a((y7 U), (Zv U)) = (y7 Z)LQ(Q) +v (U, ’U)LQ(Q) (35&)
b((y, u), (p,€a)) = (y:P)mr () — (W, D) r2(0) + (1, £a) L2 () (3.5b)

LEMMA 3.1. The bilinear forms a(-,-) and b(-,-) satisfy the assumptions (1.3a)-
(1.3e) with constants ||a|| = max{1,v}, ap = v/2, ||b|| = 2, and ko = 1/2, independent
of the active set A.

Proof. The proof uses the Cauchy-Schwarz and Young’s inequalities. The bound-
edness of a follows from

a((yau)v (Zvv)) < ||y||L2(Q)||Z||L2(Q) +v HU||L2(Q)HU||L2(Q)

1/2(H )1/2

< (120 + v [ullF2@) 22 + v vl q)

< max{1, v}||(y, u) | x| (z,v)[ x-

To verify the coervity of a, let (y,u) € ker B. Then in particular, (y,p)g1 () =
(u,p) 20 holds for all p € H'(2), and from p = y we obtain the a priori estimate
llyll 20y < ||lullL2¢). This implies

a((y,u), (y,w) = lyll72) + v lullfz

v v v
2 5”1/“%11(9) + 5““”%2(9) = 5”(%“)”%«
The boundedness of b follows from

b((y, w), (,€4)) < Nyl llpll ) + llull 2oy l1pll L2 ) + [l 2 ca) 1€l 2 ca)
< (Il e ) + lullez) (el e @) + 1€l L2ca))
<2

1y, Wl x (P, )l

Finally, we obtain the inf-sup condition for b as follows: For given (p,£4) € Q, choose
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y=pand u = &4 (by extending it by zero outside of .A). Then

b((y,u), (p,€4)) = [Pl ) — ll€all 2 1Pl 2) + 1€al 72 4)

Y

1 1
D17 0y — 5“&4”%2(9) - 5”?”%2(9) + l€allF2a

Y

1 1
5”17”%{1(9) + §||§A||%2(A)

1 1/2 1/2
= 5(”?/”%{1(9) + HU||2L2(Q)) (||p||§11(9) + ||€A||2L2(Q))

_ %H@,u)nxum )l

0 The leading term in the estimate for the preconditioned condition number, see (2.5)
and (2.6), is thus

koo (K1K) ~ g =320 ' max{1,v}.

REMARK 3.2. The treatment of an additional term v ||ul| 11 (q) in the objective of
(CC) is easily possible. For positive v, this term promotes so-called sparse optimal
controls, which are zero on mon-trivial parts of the domain. The corresponding opti-
mality system can be found in [20, Lemma 2.2]. The Newton iteration for the solution
of this extended problem requires two changes: Firstly, the active sets are determined
from

At ={reQ: ¢ —v+c(u—up) >0}
A" ={z€Q:&+v—c(ug—u) <0}
A ={zeQ:—¢—y<cu<—£+1},

and A := AT U A~ UA°. Note that A° is the set where the updated control is
zero. Secondly, at the end of each Newton step, {7 is updated according to & =
X7+ 7Y —Xz- 7, where IT is the subset of Q where cu-+ & — is between 0 and uy, and
similarly for I—.

In particular, the Newton system (3.4) remains the same, and thus problems with
an additional sparsity term can be solved just as efficiently as problems with control
constraints alone.

Discretization. We now turn to the discretization of (CC) and the Newton step
(3.4) by a Galerkin method. We introduce

My = (¢is05)2(0) mass matrix (3.6a)
Lh = Kh = (V(pi, V(pj)Lz(Q) + (gai, @j)L2(Q) stiffness matrix, (36b)

where {;}; is a basis of a discrete subspace of H!(Q). The coordinate vector of y
w.r.t. this basis is denoted by 3. Here and throughout, L; corresponds to the differ-
ential operator, and K} represents the scalar product in the state space H'(2). For
simplicity, we discretize all variables by piecewise linear Lagrangian finite elements.
A straightforward modification would allow a different discretization of the control
space, e.g., by piecewise constants.
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The discrete counterpart of (CC) is

1
Minimize (5 — i) "M (7 - d)+gﬁTMhﬁ

st. Lpj— Mpi=0 (CCh)
and U, < U< Up.
Its optimality conditions are a discrete variant of (3.1):
Lyp= =My (7 — §a) (3.7a)
vMpi— Mpp+ =0 (37b)
th = Mh’L_l: (370)
i —max{0, i+ ¢ (@ — tp)} — min{0, @ — ¢ (4, — @)} =0, (3.7d)

and a Newton step applied to (3.7) leads to the following discrete linear system:

M, - L 7 Mpyq
UMh —Mh I U _ 0
Ly, —M, Pl 0
cxA - xz) \H ¢ (xa+ @+ Xa- Ua)

On the discrete level, x4 is a diagonal 0-1-matrix. As in the continuous setting, we
infer fiz = 0 and eliminate this variable to obtain

M;, : LZ : g Mhﬁd
Z/Mh —Mh PX U _ 0 (3 8)
L}L _Mh ﬁ 0 . .
: Py : : A Pav iy + Py g,

P, is a rectangular matrix consisting of those rows of x4 which belong to the active
indices, and similarly for Pyx+.

Some comments concerning the discrete system (3.8) are in order. The variable
i1 is the Lagrange multlpher associated to the discrete constraint ua <u< ub, and
the relations i = PAMA and fig = Py i hold. If we set § = M, u, then § is the
coordinate vector of a function in L?(£2) which approximates the multiplier ¢ in the
continuous system (3.1d). This observation is reflected by the choice of norms on the
discrete level, see (3.9) below.

With the settings

81

= (§,7) € X =R" x R"
7= (P, fia) € Qn =R" x R™4
and bilinear forms
an((7,%), (2,7)) == 2T Mp§ +v ¥ Myi
bn ((,10), (B, fia)) =P Lngj — P Myil + fiy(Paii)

the discrete problem fits into the framework (1.2). As mentioned above, care has to be
taken in choosing an appropriate norm for the discrete multiplier 4. We use scalar
products in the spaces X; and @y, represented by the following matrices:

(K, (K,
X_< Mh> and Q_( PJMhlPA) (3.9)
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with M}, and K}, defined in (3.6).

Due to the use of a conforming Galerkin approach, the constants ||a| and ||b|| on
the discrete level are the same as in Lemma 3.1 above, and, in particular, they are
independent of the mesh size h. The same can be shown for oy and k.

Note that the equation P4M, 1PX A = b 4 1s equivalent to the linear system

(Jgf? PO;) (ﬁi) - <5i) : (3.10)

This fact is exploited in the construction of the preconditioner below.

Preconditioner. We recall that the preconditioner has the form

c_( I o\(4a BT
“\Bat 1)\o -8

and that the framework of [19] solely requires correctly scaled preconditioners for the
scalar product matrices defined in (3.9). We use

~ 1 I/{\h ~ O [?\h
A== _ d §=12 3.11
o ( Mh> o T ( PAM,;lpj) (3.11)

with scaling parameters
c=09/|al, T=12/k

similarly as in [19]. For the present example, valid constants ||a|| and kg are known
from Lemma 3.1. For more complicated examples, an estimation strategy for these
constants on the basis of generalized eigenvalue problems is described in Section 4.1.
Algorithm 3 below describes in detail the application of the preconditioner (3.11) in

terms of
> Fx o §ac
* (FQ) B (§Q) (3.12)

where 7, = (7y,7y), Ty = (Fp,Tu,) and 8y = (8y,8,), 5§ = (5p,5,,) hold. The
building blocks of the preconditioner are as follows:

o (K h)*ll; is realized by one multigrid V-cycle applied to the linear system with
the scalar product matrix Kj (representing the discrete H'(2) scalar prod-
uct) and right hand side b. A number of vas forward and reverse Gauss-Seidel
smoothing steps are used, starting from an initial guess of 0. In Algorithm 3,
the evaluation of (K,)~ b is denoted by multigrid(b).

° (M\h)_lg corresponds to vggs symmetric Gauss-Seidel steps for the mass ma-
trix M (representing the scalar product in L2(£)) with right hand side b,
and with an initial guess 0. This is denoted by SGS(Z_;) in Algorithm 3.

e As was noted above, the evaluation of (P4M, 1PX)’15 A is equivalent to
solving the linear system (3.10). This is achieved efficiently by the precondi-
tioned projected conjugate gradient (ppcg) method [9] in the standard scalar
product, where

diag(Mp) PJI
P4 0
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serves as a preconditioner. In Algorithm 3, this corresponds to the call
ppcg(l_; A4, AT, A7). In practice, we use a relative termination tolerance of
10712 for the residual in ppcg, which took at most 13 steps to converge in
all examples. The reason for solving (3.10) practically to convergence is that
intermediate iterates in conjugate gradient iterations depend nonlinearly on
the right hand side, and thus early termination would yield a nonlinear pre-
conditioner S. Note that the projected conjugated gradient method requires
an initial iterate consistent with the second equation PA 7= —by in (3. 10)

Due to the structure of P4, we can simply use ¥y = fbA, 7r =0 and /i A= 0
as initial iterate.

Before moving on to problems with different types of constraints, we briefly sum-
marize the main features of the pcg iteration applied to the solution of the Newton
step (3.8).
REMARK 3.3.

1. The main effort in every application of the preconditioner are the three multi-

grid cycles. No partial differential equations need to be solved. Moreover, the
method is of linear complexity in the number of unknowns.

In the case, where the control u and thus the Lagrange multiplier £ are dis-
cretized by piecewise constant functions, the mass matriz My, in the scalar
product X becomes a diagonal matrix, and preconditioning for the blocks My,
and PAMglPJI becomes trivial.

We recall that the matriz B in Algorithm 8 denotes the (2,1) block of (3.8),

i.e.,
L, —My
b= ( - Pa )
in the control-constrained case presently considered. For the subsequent ex-
amples, B changes, but no other modifications to Algorithm 3 are required.

Algorithm 3 Application of the preconditioner according to (3.12)

Input: right hand sides 8, = (5, §,) and 5, = (5}, 5, ), scaling parameters o, 7, and
active sets A1, A~

- =

Output: solution 7, = (7, 7,) and 7y = (7, 7,,) of (3.12)

1:

2:

=/
Ty

7t := SGS(0 §y)

:=multigrid(o §,)

- —y -
S 7‘ S

P — _ p
HA u rA

7p = multigrid(r 5, /o)

€

—

S

:= ppeg(T 5, , /o, AT, A7)

y/ — g@l — B ’FP
sr) 7 \S Aa

7y = multigrid(o 5,)
7y := SGS(0 )

return 7y, 7y, Tp, Ty,
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3.2. Regularized State-Constrained Problems: Mixed Constraints. In
this section we address optimal control problems with mixed control-state constraints.
They can be viewed as one way of regularizing problems with pure state constraints,
see [16]:

. 1 v
Minimize §Hy - de%E(Q) + §||u||2L2(Q)

T e (MC)
Opy=0 onT

and y, <ecu+y<yp a.e. inl.

We point out the main differences to the control constrained case. The first order
system of necessary and sufficient optimality conditions of (MC) can be expressed as
follows:

—Ap+p=—(y—ya) —& inQ, Opp=0 onT (3.13a)
vu—p+e£=0 ae. inQ (3.13b)
—Ay+y=u inQ, Opy=0 onT (3.13c)
E—max{0,{+cleut+y—wyp)} —min{0,§ —c(y, —cu—y)} =0 a.e in Q.
(3.13d)
A Newton step for the solution of (3.13) reads (in its symmetric form)
r - L Xxa y Ya
vI —I exa u | 0
L I p | 0
XA EXa ~ 4 XA+ Yo + XA~ Ya

with active sets similar as in (3.2). The Newton system fits into our framework (1.2)
with the following identifications

r=(y,u) € X = H'(Q) x L*(Q)

¢ =(p.€a) € Q= H'(Q) x L*(A)

and bilinear forms

a((y, u), (2, v)) = (Y, 2)2(0) + v (u,v)2(0)
b((y,u), (p,€4)) == (¥, P) () — (W, P)r2() + (¥, Ea) r2(a) + € (U, €a) 12(a)-

LEMMA 3.4. The bilinear forms a(-,-) and b(-,-) satisfy the assumptions (1.3a)-
(1.3e) with constants ||la|| = max{1l,v}, ap = v/2, ||b]] = 2 max{l,e}, and ko =
min{1,¢e}, independent of the active set A.

Proof. The bilinear form a is the same as in (3.5a), hence we refer to the proof of
Lemma 3.1 for ||a]| and ag. (Although ker B has changed, we used only the condition
Ly —u =0 in the proof of Lemma 3.1, which remains valid.) The boundedness of b
follows from

b((y,w), (P, 64)) < Iyl (@) 1Pl (o) + lull L2y Ipll20) + [Yll2ca)llgall L2 ca)
+ e lullzzayll€allzzca)
< (Il ) + max{1, e} lullL2(0)) (Pl @) + [1€allr2ca))
< 2 max{1,e}[|(y, w)||x[|(p; €a) llo-
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Finally, we obtain the inf-sup condition for b as follows: For given (p,€4) € @, choose
y=pand u = &4 (by extending it by zero outside of .A). Then
b((y,u), (p,€4)) = (0, 0) () — (€4, D) 12(0) + (P €4) 2 a) + € (Eas €a) 120
> [Ipl7r 0y + e l1€allFza
> min{1, e}|(y, w)llx [l (p, £a) llo-

The leading term in the estimate for the preconditioned condition number is thus

8l (e}
/QMC(K: K:)Na_8 v (mln{175}> ’

which scales like £~2 for small ¢.

Discretization. The discretization is carried out like in Section 3.1. The discrete
Newton step becomes

My, . Ly P, 7 My
UMh —Mh €P:4r U _ 0

L, —My, : P 0

Pa ePy : ' A Pa+ o+ Pa- Ya

The scalar products and thus the preconditioner are the same (with different constants
o and 7) as in the control constrained case, Section 3.1. We only point out that now

(L, —M,
B_<PA €P_A)

3.3. Regularized State-Constrained Problems: Moreau-Yosida Approach.
An alternative regularization approach for state constrained problems is given in terms
of the Moreau-Yosida penalty function (see [13]):

has to be used in Algorithm 3.

. 1 v 1
Minimize 1y~ yallga) + o320y + oo Imax0,y — s

1 . 9
+ iHmm{O,y —Yatl 1200 (MY)
. —-Ay+y=u inQ
. Opy=0 onT

The first order system of necessary and sufficient optimality conditions of (MY) can
be expressed as follows:

—Ap+p=—(y—ya) —& inQ, Opp=0 onT (3.14a)
vu—p=0 a.e. inQ (3.14b)
—Ay+y=u in Opy=0 onT (3.14c¢)

1

with the abbreviation ¢ = e~ max{0,y — yp} + ¢! min{0,y, — y}. A Newton step

for the solution of (3.14) reads

I+x2 - L*\ [y Ya +  (xa+ Yo + XA~ Ya)
vl -1 u | = 0
L -1 ) \p 0
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with active sets

At ={ze€Q:y—y, >0}
A" ={z € Q:y, —y <0}.

The variables and bilinear forms are now given by

= (y,u) € X = HY(Q) x L*(Q)
g=peQ=H(Q)

and

a((ysu), (2,0) == (¥, 2)12(0) + € (¥, 2) 2(a) + ¥ (u,0) L2(0)
b((y,u),l)) = (yap)Hl(Q) - (U,p)L2(Q)~

Note that in contrast to the mixed constrained approach (Section 3.2), the regu-
larization parameter € now appears in the bilinear form a instead of b.

LEMMA 3.5. The bilinear forms a(-,-) and b(-,-) satisfy the assumptions (1.3a)—
(1.3e) with constants ||a| = max{l + e 1, v}, ap = v/2, ||b]| = V2, and ko = 1,
independent of the active set A.

The proof is similar to that of Lemma 3.1 and Lemma 3.4 and is therefore omitted.
The leading term in the estimate for the preconditioned condition number is now

~ 1 -1
oy (R10) o 0 gl v}

(67 14

which scales like e~ for small .

As mentioned before, problems (MC) and (MY) can be viewed as regularized ver-
sions of the state constrained problem (SC) below. Provided that the regularization
errors are comparable for identical values of ¢, the estimates for the preconditioned
condition number clearly favor the Moreau-Yosida approach, see Figure 3.1. This is
confirmed by the numerical results in Section 4.

Discretization. The discrete counterpart of (MY) is
e 1., . T N V T N
Minimize (5~ %) Mn(§ —Ja) + 5@ Mpd
1 . L
+ % max{0,7 — %} ' My max{0, 7 — 7}
1 . S . Lo
+ 5 min{0, 57— g} T My min{0, 7 — g}
s.t. th = Mhﬂ:
and its optimality conditions read
Lyp=—Mp(§ — §a) — xare " Mpmax{0,§ — o} — xa-c "My min{0,§ — g}
(3.15a)

Z/Mh’lj—Mhﬁ:O (315]3)
th: Mh’L_l: (315C)
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where x 4+ are the indices where § — 4, > 0 and similarly for x 4~. A Newton step
for (3.15) amounts to solving

My, + X2 Mpxa Ly ¥
. Z/Mh 7Mh iU
Ly —Mp : P
Mg+ £ (xat Muxa+§o + XA~ MnXA-Ta)
= O
0

The preconditioner is the same as described in Algorithm 3, with the exception that
now

B=(Ln —M,)
is used, and step 5 can be omitted since no Lagrange multipliers associated to in-
equality constraints are present in the Moreau-Yosida case.

»  Condition numbers for mixed constrained case

Condition numbers for Moreau-Yosida case

10 10
p/
@%
Jo. @
0 0 XO
10 | 8 10 F s W
x
2, o
R & > 2 &
-~ - P

.2 "Vk) (O’(O "vx Qx 2 )G XOG

10+ % = © @ & 10 ¢ e 738
WA PR
GX
-~ 7 %
8 S

-4 x{j\ -4 %o
10 : : 10 : :

-6 -4 -2 0 -6 -4 -2
10 10 10 10 10 10 10

Fic. 3.1. Comparison of preconditioned condition numbers for mized control-state constraints
(left) and Moreau- Yosida regularization (right), as functions of the control cost coefficient v and the
regqularization parameter €.

3.4. State-Constrained Problems. We briefly address an optimal control
problem with pointwise state constraints.

. 1 v
Minimize §||y - yd||2L2(Q) + 5““”%2(9)

in Q

T (SC)
Opy=0 onT
and y, <y <y in Q.

It is well known that (SC) does not permit the same function space setting as in
the previous sections. The associated Lagrange multiplier is only a measure [5], and
the adjoint state belongs to W1*(Q) where s < N/(N — 1). Moreover, there is no
theoretical foundation of using Newton type methods in function space for the solution
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of (SC). Problems (MC) and (MY) can be considered regularized versions of (SC)
which have better regularity properties.

In fact, the well posedness of a saddle point problem (1.2) is equivalent to the
Lipschitz dependence of its unique solutions on the right hand side (F,G). Lipschitz
stability for the adjoint state p, however, can be exptected only w.r.t. L?(Q2), see [10].

For completeness, we state the discrete optimality system

Lip=—Mu(§— §a) + i
VMh'L_I:— Mhﬁ: 0

Ly = Myu

fi — max{0, i + ¢ (7 — §p)} — min{0, 7 — ¢ (fu — §)} =0,

and the discrete Newton step

M, - L] PI\ (7 M
VMh —Mh U o 0

Lh _Mh ﬁ B 0

Pa : fa Pa+ §p + Pa- ¥

Note that the bilinear forms associated to the Newton step allow the same con-
stants ||a]|, ap and ||b|| as in the control constrained example, Lemma 3.1. However,
ko tends to zero as the mesh size decreases.

4. Numerical Results. In this section we present several numerical experi-
ments. Each of the examples emphasizes one particular aspect of our previous anal-
ysis.

4.1. Algorihmic Details. We begin by describing the algorithmic details which
are common to all examples, unless otherwise mentioned. The implementation was
done in MATLAB.

Discretization. In the 2D case, the discretization was carried out using piece-
wise linear and continuous (P;) finite elements on polyhedral approximations of the
unit circle @ C R%2. The assembly of mass and stiffness matrices, as well as the
construction of the prolongation operator (linear interpolation) for the multigrid pre-
conditioner was left to the MATLAB PDE TooLBOX. The restriction operator is the
transpose of the prolongation.

In the 3D case, the underlying domain is 2 = (—1,1)® C R? and the discretization
is based on the standard second-order finite difference stencil on a uniform grid. The
prolongation operator is again obtained by linear interpolation, with restriction chosen
as its transpose. In all 3D examples, we used homogeneous Dirichlet (instead of
Neumann) boundary conditions, and the differential operator —A instead of —A + I.
As a consequence, the constant kg in the inf-sup condition for the bilinear (constraint)
form b is different from those specified in the examples in Section 3. In any case, the
constants ||a|| and ko relevant for the scaling of the preconditioner were estimated
numerically, see below.

Preconditioner. As described in Section 3, the preconditioner K is composed
of individual preconditioners for the matrices representing the scalar products in
the spaces X = H(Q) x L?(2) and Q = H'(Q) x L*(A), or Q = H'(Q) in the
Moreau-Yosida case. We used a geometric multigrid approach as building blocks in
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the preconditioner for the stiffness matrix Kj, representing the H'(Q) scalar prod-
uct, compare Algorithm 3. Each application of the preconditioner consisted of one
V-cycle. The matrices on the coarser levels were generated by Galerkin projection
(2D) or by re-assembling (3D), respectively. A direct solver was used on the coarsest
level, which held 33 degrees of freedom in the 2D case and 27 in the 3D case. We
used vgs = 3 forward Gauss-Seidel sweeps as presmoothers and the same number
of backward Gauss-Seidel sweeps as postsmoothers, which retains the symmetry of
the preconditioner. The mass matrix belonging to L?(Q2) was preconditioned using
vsgs = 1 symmetric Gauss-Seidel sweep. As was pointed out in Section 3, the ap-
propriate scalar product for L?(A) is given by P4M, h 1P:4r_ We solve systems with
this matrix in their equivalent form (3.10) by the preconditioned projected conjugate
(ppcg) method [9], where (3.1) serves as a preconditioner. The relative termination
tolerance for the residual was set to 10712, In fact, we found the cgs implementation
in MATLAB preferable to pcg here although every iteration requires two matrix-vector
products.

Estimation of ||a|| and k¢ and selection of scaling parameters o and 7.
As was described in Section 2, the positive definiteness of the preconditioned saddle
point matrix relies on a proper scaling of the preconditioner building blocks X and
Q. In turn, a proper choice of scaling parameters ¢ and 7 requires an estimate of
la]] and kg. Such estimates may be available analytically in some situations (see the
Examples in Section 3). If they are not, they can be easily obtained as follows. We
recall that ||a|| and ko have to satisfy

A=<|a|X and BX'BT>k2Q,

and smaller values of ||a|| and larger values of kg are prefered. On the discrete level,
viable estimates are obtained by computing the extreme eigenvalues of two generalized
eigenvalue problems:

la] = eigs(A,X,1,’1m’);

(4.1)
(k})? := 1/eigs(Q,Bxinv(X)*B’,1, 1m’) ;

in MATLAB notation. Naturally, these computations should be carried out for coarse
level matrices A, X', B and Q. Estimates for the scaling parameters are then computed
from o :=0.9/||al|’ and 7 := 1.2/(k{)%.

This adaptive parameter selection strategy was applied in all numerical exam-
ples, combined with the safeguarded choice of o and 7 (Algorithm 2) which seldomly
became relevant. Note that the constants ||a|| and ko can change with the active
sets. We thus estimated them in every step of the outer Newton iteration to take full
advantage of the adaptive strategy.

REMARK 4.1. The quantities |la|| and ko are properties of the bilinear forms
a(-,-) and b(+,-). Given appropiate discretizations, the same constants are viable also
on all discrete levels. Nevertheless, the optimal constants, i.e., the smallest possible
|la|| and the largest possible ko, will be slightly different for different grid levels.

In the following numerical examples, it turns out that this dependence is most pro-
nounced for the problem with convection (Example 4.3) and in the mized constrained
approximation of a purely state constrained problem (Ezample 4.4). Since (4.1) finds
the optimal constants on a coarse grid, they may not be valid on a fine grid for these
examples. And thus the safequarding strateqy (Algorithm 2) may reject the initial
scaling parameters o and T.
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Preconditioned conjugate gradient (pcg) method. We used our own imple-
mentation of the pcg method according to Algorithm 1, with an absolute termination
tolerance of £, = 10710, In every 50th iteration, the update of the residual 5 in
Step 7 is replaced by a fresh evaluation of the residual, and the update of the pre-
conditioned residual # is replaced by X~!5, in order to prevent rounding errors from
accumulating.

Newton iteration. Since the optimality systems for all examples in Section 3
are nonlinear, Newton’s method was applied for their solution. The parameter in the
active set strategy was chosen as ¢ = 1. We recall that we focus here entirely on
the efficient solution of individual Newton steps. Nevertheless, Newton’s method was
iterated until the convergence criterion ||r| ;> < 1078 was met, where r denotes the
residual of the nonlinear equations in the respective optimality system. The reported
run times and iteration numbers are averaged over all Newton steps taken for one
particular example.

Computational environment. All computations were carried out on a com-
pute server with 4 Intel Xeon CPUs (3 GHz) and 64 GB of RAM under MATLAB
Version 7.9 (R2009D).

4.2. Examples. EXAMPLE 4.2 (Comparison with direct solver). In this exam-
ple we compare the performance of the preconditioned conjugate gradient solver with
the sparse direct solver in MATLAB. The control constrained example (CC) was set
up with parameter v = 1072 and data u, = 0, up = 2, and yq = 1 where |x1| < 0.5 and
yqa = 0 elsewhere in the 2D case. In the 3D case, ug, =0, up = 2.5, and yq = 1 where
|z1| < 0.5 and yg = —2 elsewhere. This data was chosen such that both, upper and
lower active sets, are present at the solution. A hierarchy of uniformly refined grids
was used, which resulted in a dimension of the state variable up to 100,000 in the 2D
case and up to 250,000 in the 3D case. The overall number of unknowns for the direct
solver applied to (3.4) is between three and four times these numbers, depending on
the size of the active sets.

The plots in Figure 4.1 show that the direct solver is preferable to pcg in the
2D case, for the discretization sizes used. For problem sizes larger than those shown,
memory issues will eventually work in favor of the pcg solver. In the 3D case, the
pcg iteration is clearly superior even for moderate discretization levels. This was to
be expected due to an increased amount of fill-in when factoring 3D finite element
and finite difference matrices. The plots also confirm the linear complexity of the
pcg iteration in terms of the problem size. Approximately 100 (45) pcg iterations per
Newton step were required in the 2D (3D) cases.

In the sequel, we consider only 3D examples. There will be no further compari-
son with direct solvers due to their memory and run time limitations with large 3D
problems.

EXAMPLE 4.3 (A problem with convection). We consider an optimal control
problem with an additional convection term in the bilinear form:

b((yvu)’ (p, §A)) = (yap)Hl(Q) + (8- Vy,p)m((z) - (va)m(g) + (U,EA)B(A)-

Note that we do not change the scalar products, and thus there is no need to change the
preconditioner. The boundedness constant becomes [|b]| = 2 (1 + ||| (q)), and thus
we expect a deterioration of the convergence behavior for large values of 3. Upwind
finite differences were used in Ly, to obtain stable discretizations. Note that this also
stabilizes the adjoint operator L;'L—, which has convection direction —(3. The problem
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state dimension

state dimension

F1a. 4.1. The plots show the average solution time per Newton step vs. the dimension of the
discretized state space. We compare the pcg method to MATLAB’s sparse direct solver applied to the
linearized optimality system (3.4) of (CC) in 2D (left) and 8D (right). The setup is described in
Ezxample 4.2. The triangle has slope 1 and it visualizes the linear complexity of the pcg solver w.r.t.

the number of unknowns.
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Fi1G. 4.2. The plots show the convergence history of the pcg residual in the 2D (left) and 8D
(right) cases on the finest grid, for all Newton steps. The setup is described in Example 4.2.

data is v = 1072, y4 as in Example 4.2 and the bounds were chosen as —u, = up = 0.
We took 3 € {(100) , (180) , (10000)} as convection directions.
0

0 0

We begin by observing that the optimal values of kg in (2.1d) on the discrete level
depend on the mesh size h in this example. This seems to be an effect introduced by
the upwind discretization, as it is not present in (unstable) discretizations by central
differences. As a consequence, the safeguarding strategy (Algorithm 2) tended to
reject the initial estimates (4.1) of |la|| and kg, which are obtained from coarse grid
matrices, several times. With 3 and/or the number of unknowns increasing, the
number of necessary corrections to these initial estimates also increased. And hence,
appropriate values of the scaling parameters o and 7 depend noticeably on the mesh

size in this example.

Figure 4.3 shows the convergence behavior for various discretization levels and
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values of 3. For large values of 3, we see a pronounced mesh dependence of the
convergence history. As mentioned above, this is due to the upwind stabilization,
which leads to a mesh dependent kg and thus to a deterioration of the preconditioned
condition number on refined grids.

—8-peta = 1.00e+01 —# dof state = 343
—©~beta = 1.00e+02 -=-# dof state = 3375
° I ~—beta = 1.00e+03 ~ 4+ 100 & | # dof state = 29791
©
=5
! | %
o e
=] T T,
3 T
o ] ey
-1 . . -15
- - - . 10 . . . . .
10 10 10 10 0 500 1000 1500 2000 2500 3000
state dimension iteration #

Fic. 4.3. The left plot shows the solution time for the single Newton step vs. the dimension
of the discretized state space in a series of unconstrained problems with convection. The setup is
described in Example 4.3. The right plot displays the convergence history of the pcg residual on
various grid levels for 8 = (1000,0,0) 7.

ExXAMPLE 4.4 (Comparison of mixed constraints and the Moreau-Yosida ap-
proach). In this example we compare the performance of the preconditioned cg solver
for problems (MC) and (MY) in 3D. Both problems are regularized versions of the
state-constrained problem (SC) and they are considered for a decreasing sequence of
values for €. The problem data is as follows: We choose y, = 0.0 and y, = —o0,
v =102, and yq as in Example 4.2.

Table 4.1 shows the error introduced by regularization. The error was computed
using a reference solution of the purely state constrained problem, obtained on an
intermediate grid level. We infer that for identical values of €, the errors in the optimal
control and in the objective function are of comparable size for both approaches.
However, the preconditioned condition numbers are dramatically different. We recall
from Section 3

e (KHK) ~ v ™2

HMy(E_llC) ~vT (1 a_l).

We thus expect the pcg iteration numbers for the (MC) case to be significantly
higher than for the (MY) case. This is confirmed by our numerical experiments, see
Figures 4.4 and 4.5.

In the mixed constrained case (MC), the magnitude of the preconditioned con-
dition number at ¢ = 1073 has several negative effects. Firstly, we had to restrict the
number of pcg steps to 3000. Beyond this iteration number, there was no further re-
duction of the residual. This is turn led to an increased number of Newton steps (not
shown) and thus to an overall increased solution time. Moreover, as was discussed
in Remark 4.1, the optimal constant ky in the mixed constrained problem depends
on the mesh size in a noticeable way for small values of €. And thus the estimated
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scaling parameters ¢ and 7 had to be corrected several times before the pcg iteration
went through. This led to the superlinear behavior of the run time w.r.t. the number
of state variables in Figure 4.3.

The situation was significantly better in the Moreau-Yosida case (MY). It was
computationally feasible to reduce ¢ to 10~° for this setup. Moreover, the estimated
constants ||al|’ and k{ on a coarse level were viable for the fine levels as well.

e [[uMC—ullpe MY g JMO—J] [ IMY - |
1.00e-01 1.91e+00 1.02e+00 7.04e-02 2.62e-02
1.00e-02 5.25e-01 3.65e-01 9.32e-03 8.56e-03
1.00e-03 9.23e-02 8.05e-02 1.01e-03 1.34e-03
1.00e-04 1.18e-02 1.46e-04
1.00e-05 1.29e-03 1.48e-05

TABLE 4.1

Comparison of errors introduced by the (MC) and (MY) regularizations of the state con-
strained problem (SC). See Ezample 4.4. JMC gnd JMY denote the values of the objective func-
tionals in problems (MC) and (MY), and J denotes the value of the objective for the unregularized
problem (SC) solved with a direct solver.

1D T T
=& -1C epsilon = 1.00e-01
=3 = 14C epsilon = 1.00e-02
104 || = =rC epsilon = 1.00e-03 ,x _:
=B8—1v epsilon = 1.00e-01 ” 3
. -
- ad epsilon = 1.00e-02 ”
103 == 1Y epsilon = 1.00e-03 ”
H ’ 3
e a1 epsilon = 1.00e-04 ’/
= |1y epsilon = 1.00e-05

solution time [s]
=
T

state dimension

F1G. 4.4. The plot shows the average solution time per Newton step vs. the dimension of the
discretized state space. Both regularization approaches (MC) and (MY) are compared for various
levels of the regularization parameter €. The setup is described in Example 4.4.

In Example 4.4, the largest problem solved for e = 107° has about 30,000 state
variables (and the same number of control and adjoint state variables). The solution
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F1G. 4.5. The plot shows the convergence history of the pcg residual on the finest grid level for
all Newton steps and € = 10~3 in the mized constrained case and ¢ = 10~5 in the Moreau- Yosida
case. The setup is described in Example 4.4.

required 11 Newton steps with an average CPU time of about 5.5 minutes per Newton
step. In a practical algorithm, a nested approach should be used, where early Newton
steps operate on a coarse grid. Then the solution of larger problems becomes feasible,
as demonstrated in the following and final example.

ExaMPLE 4.5 (Nested approach for Moreau-Yosida regularization). The setup in
this example is the same as in Example 4.4. We fix ¢ = 10* and solve the Moreau-
Yosida approximation problem on a sequence of grid levels. On each level, we use
the prolongation of the previous solution as an initial guess. The Newton iteration is
driven to convergence on each level.

With this nested approach, it was computationally feasible to increase to num-
ber of state variables to 250,000 (and the same number of control and adjoint state
variables, plus Lagrange multipliers). Three or four Newton steps were carried out on
each level, with an average number of about 450 pcg iterations each. The overall so-
lution time was approximately 7 hours and 30 minutes, almost all of which was spent
on the finest grid level, see Table 4.2 for details. The maximum constraint violation
at the solution is ||max{0,yn — ys}| () = 8.62-10~%.

5. Concluding Remarks.

Summary and Conclusions. In this paper, we studied the application of the
preconditioned conjugate gradient method to linearized optimality systems arising in
optimal control problem with constraints. This becomes possible through the use of
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Fic. 4.6. The left plot shows the average solution time per Newton step vs. the dimension of
the discretized state space in a nested approach for the Moreau-Yosida regularization. The setup is
described in Example 4.5. The right plot shows the convergence history of the pcg residual on the
finest grid level for all Newton steps.

level # dofs Irllz  # pcg CPU time
2 343 4.37e+00 33
6.74e-04 245
5.13e-04 207

1.68e-10 168 2s
3 3375 5.63e-01 359
3.66e-03 597

2.30e-11 429 22s
4 29791 7.31e-04 357
6.24e-05 455
7.96e-06 408

3.01e-12 436 621s
5 250047 5.47e-05 446
1.75e-06 446

7.12e-09 447 26545s

TABLE 4.2

The table shows the convergence behavior in a nested approach. The setup is described in
Example 4.5. We show the number of degrees of freedom for the state variable on each grid level,
the residual after each Newton step and the number of pcg iterations required to solve that particular
Newton step. We also show the combined CPU time for all Newton steps on a particular grid level.

appropriate symmetric indefinite preconditioners and a related scalar product. Prob-
lems with elliptic partial differential equations and pointwise control and regularized
state constraints were considered as prototypical examples.

It stands out as a feature of this approach that one can simply use properly scaled
preconditioners for the scalar product matrices as building blocks for the precondi-
tioner. Such preconditioners are readily available. In our computational experiments,
we used multigrid cycles for those variables whose natural scalar producs involve
derivatives, i.e., the state and adjoint variables. With these preconditioners, the so-
lution of the linearized optimality systems is of linear complexity in the number of
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unknowns, and no partial differential equations need to be solved in the process.

In order to regularize the state constrained problems, mixed control-state con-
straints and a Moreau-Yosida penalty approach were considered and compared. It
turned out that from our computational point of view, the penalty approach is clearly
superior to the mixed constraint approach. At the same level of regularization error,
the preconditioned condition numbers are of order 1/¢ for the penalty approach but
of order 1/&? with mixed constraints. This was confirmed by numerical experiments.

The solution of state constrained optimal control problems in 3D is computation-
ally challenging. In fact, numerical results are hardly found in the literature. The
approach presented here pushes the frontier towards larger problems. In our compu-
tational experiments, the largest problem solved has about 250,000 state variables,
and the same number of control and adjoint state variables, plus Lagrange multipliers.

Outlook. The main effort in every iteration of the pcg loop (Algorithm 1) is
the application of the preconditioner. In our examples, this essentially amounts to
three multigrid cycles and the solution of PAMglPX A = ba (see Algorithm 3).
Thus every pcg iteration is relatively inexpensive. Profiling experiments on the grid
with 250,000 unknowns show that every call to the preconditioner in our MATLAB
implementation took about 1.4 seconds. Clearly, there is room for improvement in
using another computational environment and parallel preconditioners, e.g., based on
domain decomposition.

The key issue, however, is to reduce the preconditioned condition number and thus
the number of required pcg iterations. In [19], the authors used scalar products which
depend on the control cost parameter v. In this way, they found very low condition
numbers independent of v for an unconstrained optimal control problem. They do
not discuss, however, the impact of these norms on accuracy and error tolerances.
The investigation of € dependent norms for regularized state constrained problems
in order to reduce the iteration numbers would be worthwhile and is postponed to
follow-up work.

The analysis in [19] relies on the positive semidefiniteness of the (1,1) block A, see
(1.3e). In nonlinear optimal control problems, this condition may not be satisfied, not
even in the vicinity of an optimal solution satisfying second-order sufficient conditions.
Quasi-Newton techniques could be applied to overcome this problem, but this issue
deserves further investigation.

Finally, we found that upwind stabilization of convection dominated problems can
render the inf-sup constant kg mesh dependent, which results in a mesh dependent
convergence behavior. Other stabilization techniques without this deficiency should
thus be prefered.
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