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Existence of the plastic multiplier with! spatial regularity for quasistatic and static plasticity
is proved for arbitrary continuous and convex yield funesi@nd linear hardening laws.2
regularity is shown in the particular cases of kinematideaing, or combined kinematic and
isotropic hardening.
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1 Introduction

We consider rate-independent models of static and quasiglasticity with hardening. These
models are usually stated in terms of variational ineqgiealif the first or second kind, for the
primal and dual formulations, respectively. In the statise; the dual variational inequality
can be interpreted as the necessary and sufficient optyn@itditions for an underlying
optimization problem which aims to minimize the energy agsed with the generalized
stresse.. In this context, the plastic multiplier can be viewed as lthgrange multiplier
associated with the admissibility constraint for the gatieed stressesp(3) < 0, where
® denotes the yield function. This interpretation of the ptasultiplier is valid in case of
smooth yield functions.

The existence of the plastic multiplier in a pointwise semsen in the case of nonsmooth
convex yield functions, was shown, for instance, in [1, Leari7]. Indeed, relations analo-
gous to ours but in a pointwise setting can already be foufid Bection 4.2]. The purpose of
this paper is to extend these results into function spacegl$sandard assumptions, we show
that the plastic multiplieA belongs ta.?(0, T'; L (Q2)) in the quasistatic case. The proof uses
arguments from convex analysis, which can be found, foast, in [3, 5]. Indeed, for prac-
tical models and yield functions, € L2(0,7; L?(£2)) holds. For the important special cases
of linear kinematic hardening (including perfect plagtitior combined linear kinematic and
isotropic hardening (including pure isotropic hardenjregproof is included in Section 3. In
the case of static, or incremental, plasticitye L' (Q) respectivelyh € L?(2) holds. The
latter result was also shown in [2] using optimization meiho
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The plastic multiplier is not only of theoretical interesttlappears also in computational
approaches, see, for instance, [4,8] and [6, Section 3.4].

1.1 Problem Setting and Assumptions

We consider quasistatic plasticity with hardening in italdiariational form: Find generalized
stresse& and displacements satisfyingX(¢) € K for almost allt, such that

a(X(t), T —X(t)) +b(T — =(t),u(t)) >0 foralT € K (1.1a)
b(S(t),v) = (£(t), v) forallve V (1.1b)

hold for almost allt. The underlying domaif is a bounded, open connected subseR6f
for somed € N. We introduce the spaces f&r andw as

T = L*(R&W) x LA R™), V= closed subspace &' ()"
A common example foV are functions with homogeneous boundary conditions on garte
of the boundary2. The bilinear forms: : 7 x 7 — Randb : T x V — R are assumed
bounded. And thus they induce bounded linear operatar§ — 7 andB : 7 — V. Both
A and B should not depend on the time variable (0,7).

We assume that the yield functich : ngxnfl x R™ — [0,00) is a convex, positively
homogeneous and continuous function and that thé{set admissible generalized stresses
can be written as := {X € Ry x R™ : ®(X) < 50 }. As usual,gy > 0 is the initial
yield stress. The feasible skt for (1.1) should depend neither annor ¢, thus we define
K:={X e T:%(z) € K foralmost allz € Q}. Finally, the right hand sidé(t) in (1.1) is
taken inH' (0, T;V").

We assume that a solutidd € H'(0,7;7) andu € H'(0,T;V) to (1.1) exists. How-
ever, we do not require the solution to be unique. An exigema uniqueness results can be
found, for instance, in [1, Theorem 8.12] under additiorsaianptions.

1.2 Statement of the Main Result
The statement of our main results makes reference to theajaee plastic strain
P=_-AY - B*uc H(0,T;7) (1.2)

and to the subdifferential® of the convex yield functiord.

Theorem 1.1 Under the assumptions stated above, there exists a plastiipier \ €
L?(0,T; L(Q2)) which satisfies\ > 0 and

P(t,z) € At z) - 09(2(t,z)) fora.a.(t,z) € (0,T) x Q. (1.3)

Moreover\(t, z) = 0 where®(3(t, x)) < do holds. In addition, it can be represented as

1
At,z) = &—O<P(t,m), E(t,x)>ngxmdem fora.a.(t,z) € (0,7 x Q. (1.4)

Corollary 1.2 The plastic multiplier satisfies € L2(0,7'; L?(£2)) in the following cases:
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(a) linear kinematic hardening
(b) linear kinematic and isotropic hardening and the von Misiegdycriterion.

The precise assumptions for this corollary and a proof arengin Section 3.

Existence results for (1.1) often include the uniqgueness ofee for instance, [1, Theo-
rem 8.12]. The following remark states conditions underollthe plastic multiplier and the
displacement field. are unique, compare [1, pp. 200-202].

Remark 1.3 (Uniqueness) Suppose thaf is a singleton on the yield surfadez <
Ry x R™ : ®(X) = 6o }. Suppose moreover that the solutiBrof (1.1) is unique. We split
3 = (o, x) into stresses and conjugate forces &he- (p, &) into plastic strain and internal
variables and assume tha@b: depends only owr, i.e., BYX = Bjo. This assumption is not
restrictive sinc€ BX, u) = — [, e(u) : o da holds for systems in elastoplasticity.

Under these conditions, (1.2) implies the uniqueness dfhen the second row of (1.3),
e, & = A 05x®(X) shows that the plastic multipliex is unique. Now (1.3) implies the
uniqueness oP, and the uniqueness affollows from (1.2).

For the static plasticity problem, the variational inedygll.1) becomes

a2, T -X)+b(T —-3,u) >0 forallT ek (1.5a)
b(E,v)=({,v) forallveV (1.5b)

with £ € V', A solutionX € 7 andu € V' is assumed to exist.

Theorem 1.4 In the static case, there exists a plastic multipllee L*($) which satisfies
A>0andP(z) € Az) - 0P(X(x)). Moreover\(z) = 0 where®(X(x)) < & holds. In
addition, the relatiom\(z) = &L()(P(:z:), E(x)>ngxmdem holds almost everywhere {n.

The static version of Corollary 1.2 holds as well.

2 Existence of the Plastic Multiplier

This section is devoted to the existence proof for the @astiltiplier  and itsL.2 (0, T'; L' (£2))
regularity, as stated in Theorem 1.1. With:= —AY. — B*u, (1.1a) reads

(P(t), T-X(@)r <0 foralT ek,

which is the maximum plastic work inequality. Hexe, -)+ is the inner product of . This
inequality is equivalent to the statement

P(t) € Nc(2(t)), (2.1)

where N (X(¢)) denotes the normal cone &f at 3(¢). We can thus continue to argue
pointwise in time and omit the time variable for the time lzein

Lemma 2.1 ([1, Lemma4.5] or [3, p. 186]Let Z be a locally convex, linear topological
Hausdorff space and let : Z — R be a proper convex function. Suppose that there exist
20,21 € Z such thatf is continuous aty and f(z1) < f(z0). Then the normal cone to the
level setl = {z € Z: f(z) < f(z0)} at 2o is equal tocone f(zy), the cone spanned by
df(z0), which consists exactly of all nonnegative multiples ofrelets ind f (zo).
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With this statement at hand we can calculate(X) c 7 for arbitrary> € 7. SinceT
is a Hilbert space, we identify it witf”.

Lemma2.2 LetX € K andQ € Ni(X) be given. Then there exisise L!(2), A > 0,
such that

Q(xz) € A(z) - 09(X(x)) for almost allz € © (2.2a)
Mz) =0 foralmostallz € Q with ®(2(z)) < 6. (2.2b)

Proof. Anelemen® € Nx(X) is characterized by the variational inequality
0>(Q, T —3%); forallT cKk.

We can interpret this variational inequality pointwiseg $er instance [7, p.54] for a proof.
Thus we have

0> (Q(x), T — 3(2))gaxe zm forall T € K and for almost alk: € ©.

This impliesQ(z) € Nk (E(z)) a.e. Letus denote byl = {z € Q : ®(Z(z)) = G0}
the active set wher® lies on the yield surface. We employ Lemma 2.1 wjth= ® and
Z =R X R™, 29 = »(z), and we can take, = 0. Note that at every € A the level set
L coincides withK. We conclude that for every € A there exists a numbé\vr(x) > 0 with

Q(z) € A(z) - 0D(2(x)).

This shows (2.2) od. N
Forz ¢ A, ie., ®(X(x)) < o, we haveX(x) € int K since® is continuous. Thus

Nk (2(x)) = {0} and we can choosk(z) = 0. Sinced®(=(z)) # 0, both conditions of
(2.2) hold also o2 \ A.

It remains to showk € L'(Q). FromQ(z) € A(z) - 9®(X(z)) a.e. onA we obtain the
variational inequality

ANz) ®(T) > Nz) ®(Z(z))+(Q(z), T—i(:p)}R%dem forall T € R& < R™

for almost allx € A. We choosd” = 0 andT' = 2 i(z) and use the positive homogeneity

of ® as well asb(3(z)) = ¢ to conclude

Az) 60 = (Q(x) , B(x))gaxa crm

a.e. onA. And thus\ coincides onA with the pointwise product of twa.? functions while
A = 0 holds onQ \ A. Due to the measurability ol we have\ € L'(Q). O

We are now in the position to prove Theorem 1.1.

Proof of Theorem 1.1. We recall from (2.1) thB(t,-) € Nic(3(t,-)) holds. The previ-
ous lemma withQ = P(t) implies the existence of(t, -) € L'(Q) for almost allt € (0,7),
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such thatP(t,z) € A(t,z) - 9B(X(t,x)) holds. Moreover, we obtain(t, z) = 0 where
®(X(t,x)) < 69, and thus alsd(t, z) = 0 there. The proof of Lemma 2.2 also shows that

At z) = &ioua(t,z), (1)) gt (2.3)

is valid a.e. on{(t,z) : ®(X(t,x)) = Go}. In fact, (2.3) holds a.e. i10,T") x €. Since
by assumptionP? € L2(0,7;7) andX € H'(0,T;T) — L*>(0,T;T) hold, we conclude
X e L2(0,T; LY()). O

The proof for the static case (Theorem 1.4) is similar and=loee omitted.

3 Improved Regularity in Special Cases

We now turn to the proof of Corollary 1.2.

3.1 Case(a): Kinematic Hardening

In the case of kinematic hardening, the generalized stadss the forn® = (o, x), where
X is the back stress arfl = S x S holds withS = L2?(2; RZX?). Moreover, the generalized

sym
plastic strain can be decomposeds- (p, £). We assume that the set of generalized stresses
does not depend on the spherical pargof x, i.e., we have

K :={S e Ry xR p(a? +xP) <50} .

sym sym

As usualo? = o — %tr(o’) denotes the deviatoric part ef. We also assume thatgrows
linearly in all directions, i.e.,

pla? +x7) z clo” +x"|

with somec > 0, where| - | denotes the Frobenius norm of matrices. This assumption is
satisfied, for instance, by the two most important yield fiores, of von Mises and Tresca
type. The feasibility oB2 € K then implies

o +xP € L>(0,T; L=(Q; REH). (3.1)
The particular form ofb(£) = p(a” + x ) implies the following structure of the subdif-
ferential:

OP(B(x,t)) C{T = (1,p) € ngxmd X ngxnfl T =p, tr(7) = tr(p) = 0}.
ThenP(t,z) = (p(t,x),&(t,z)) € A(t,z) - dB(X(t, x)) in turn implies

p=pP =£=¢" ae omx(0,7T).
From (2.3), we infer

G0A= (P, B)paxa pixa=p:o+&:x=p": (0 +x)=p": (67 +x7)
a.e.in(0,T)x €. Sincep” € L?(0,T;S) andin view of (3.1), we concludec L?(0,T; L3(Q)).

Remark 3.1 Indeed, the same regularity farcould be proved with the arguments above in

the case of perfect plasticity, whefe= o and®(X) = (o), providedthatp(a”) > ¢ ||
holds. However, the standing regularity assumptioa H'(0,T’; V) is usually not satisfied.
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3.2 Case(b): Kinematic and I sotropic Hardening

In the case of kinematic and isotropic hardening, the gdimethstress it = (o, x, @),
wherea < 0 corresponds to an expansion of the yield surface. We usepthee§ =

S x 8 x L?(Q) here withs = L*(Q;Rg5). The generalized plastic strain is denoted
by P = (p,&,7). As before, a solutiol® € H'(0,7;7) is assumed to exist. Then the
generalized plastic straif = —AX — B*u likewise belongs td7*(0, T; 7). We assume a

feasible set of the form
K:={S eRyI xR xR p(o+x)+a<b0}

with ¢ : ngxmd — R convex. In order to verify thé? regularity of the plastic multiplier, we
use the subdifferentiability of the yield function

() =plc+x)+a and IB(T) = (dp(o +x),dp(a +x),1)

Now P(t,z) = (p(t,x), &(t, x),5(t, ) € A(t,z) - OB((t, x)) implies\(t, z) = (t,z) €
L2(0,T; L?(Q)).
Remark 3.2 Indeed, the same regularity farcan be proved with the arguments above in

the case of pure isotropic hardening, whEre- (o, «) and®(X) = ¢(o) + «, provided that
the standing regularity assumptianc H'(0,7; V) is satisfied.
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