
Roland GriesseSome Aspe
ts for Instantantenous Boundary Control of Ba
kward-Fa
ingStep FlowIn the present arti
le a boundary 
ontrol/boundary observation situation for time-dependent in
ompressible Navier-Stokes 
ow at low Reynolds number over a ba
kward-fa
ing step is studied. The 
ontrol a
tion aims at redu
ing there
ir
ulation behind the step. Parti
ular attention is given to the in
uen
e of the lo
ation of the 
ontrol boundary onthe eÆ
ien
y of the 
ontrol. Numeri
al examples are presented.1. Introdu
tionConsider the 
ow of a 
uid over the two-dimensional ba
kward-fa
ing step:�in �
 �s �out- ------ ��*��:-XXzHHj 

The 
uid is supposed to be governed by the in
ompressible Navier-Stokes equations�v�t + (rv)v � 1Re�v + (rp)T = 0 on 
� [0; T ℄div v = 0 on 
� [0; T ℄ (1)with given initial and boundary 
onditions. Here, a paraboli
 in
ow pro�le on �in and natural boundary 
onditions1Re�nv = p n on �out (as introdu
ed in [3℄) are assumed. Control is exerted by means of the boundary values on �
whi
h is either the upper or lower part of the ba
k of the step. The remaining part of the boundary is subje
t to ano-slip 
ondition.For moderate Reynolds numbers Re = Uh� (where U is the bulk velo
ity of the in
ow, h is the step heightand � is the vis
osity of the 
uid) the 
ow �eld starting from rest at t = 0 be
omes stationary and a re
ir
ulationzone evolves behind the step. The obje
tive fun
tion (where �n denotes the derivative in the dire
tion of the outernormal) J(�) = Z T0 �Z�s 12�nv(j�nvj+ �nv) d�s + 
2 Z�
 j�j2 d�
� dt (2)aims at redu
ing the re
ir
ulation by penalizing ba
k
ow near the sensor boundary �s while also measuring the
ontrol e�ort.2. Instantaneous ControlThe 
on
ept of instantaneous 
ontrol for this very setting has been introdu
ed in [1℄. In short, it applies the times
heme (with time step �)vn+1 � vn� � 1Re�vn+1 + (rvn)vn + (rpn+1)T = 0 (3)to the time-dependent equation (1) to obtain a sequen
e of optimal 
ontrol problems for the stationary Quasi-Stokesequations. Instead of the obje
tive fun
tional (2) its stationary 
ounterpartJ(�) = Z�s 12�nv(j�nvj+ �nv) d�s + 
2 Z�
 j�j2 d�
 (4)



is used. The stationary 
ontrol problems are not solved exa
tly, but only one gradient step is performed for ea
h prob-lem. This suboptimal approa
h has proven very eÆ
ient in redu
ing 
omputational 
ost while a
hieving reasonableresults. 3. Numeri
al ResultsAll 
omputations were done on a domain 
 with verti
es (0,0), (2,0), (2,-1), (10,-1), (10,1), and (0,1), with an in
owpro�le of v = (10 y (1 � y); 0). The sensor boundary �s was given by [4; 9℄� f�1g. The 
ontrol boundary �
 waseither the upper half or the lower half of the ba
k side of the step. The 
ontrol a
tion was 
omputed until T = 30with time step � = 0:1. Beforehand, a simulation with no 
ontrol had been run with the 
uid starting from restin order to give the re
ir
ulation e�e
t time to evolve 
ompletely. The Reynolds number and the 
ontrol penaltyparameter were 
hosen to be Re = 300 and 
 = 0:01. At ea
h time level, the initial 
hoi
e for the 
ontrol was �0 = 0.Computing time amounted to about 5.5 hours for ea
h of the 
on�gurations on a re
ent PC.All 
ow problems were solved using the �nite element multi-grid 
ode Featflow [2℄ on a uniform mesh with1249 verti
es and 1152 elements. For the optimal 
ontrol problems the gradient algorithm suggested in [1℄ wasused. The following graph shows the evolution of 
ontrol 
ost 
2 R�
 j�j2 d�
 and ba
k
ow R�s 12�nv(j�nvj+�nv) d�sover time. The latter term is 
omputed based on the predi
tion of the state (vn+1; pn+1) whi
h 
omes from thelinearization (3). The a
tual value is signi�
antly larger.
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Figure 1: Estimated ba
k
ow (left) and 
ontrol 
ost (right) over time for �
 being the upper half (solid) or lowerhalf (dashed) of the ba
k side of the stepAs was observed in [1℄, the 
ontrol a
tion is quasi-periodi
 with the above mentioned 
hoi
e of the sensor boundary�s. It 
learly shows that it does not make a di�eren
e in terms of 
ontrol 
ost or 
ontrol eÆ
ien
y on whi
h part ofthe boundary �
 the 
ontrol a
ts. Nevertheless, one 
an observe that the 
uid near the sensor boundary �s rea
tsslightly faster to the 
ontrol when the latter is exerted through the lower part of the ba
k of the step. This givesrise to a shorter period in the 
ontrol 
ost fun
tion. Movies and more examples 
an be found on my home page [4℄.4. Referen
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