PARAMETRIC SENSITIVITY ANALYSIS IN OPTIMAL CONTROL
OF A REACTION DIFFUSION SYSTEM—PART I: SOLUTION
DIFFERENTIABILITY
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Abstract. In this paper we consider a control-constrained optimal control problem governed
by a system of semilinear parabolic reaction-diffusion equations. The optimal solutions are subject
to perturbations of the dynamics and of the objective. We prove that local optimal solutions, as a
function of the perturbation parameter, are Lipschitz continuous and directionally differentiable. We
characterize the directional derivatives, also known as parametric sensitivities, as the solutions of aux-
iliary quadratic programming problems, i.e., linear-quadratic optimal control problems. Parametric
sensitivities provide valuable information, e.g., in realtime optimal control environments.
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1. Introduction. Parametric sensitivity analysis for optimal control problems
governed by partial differential equations (PDE) is concerned with the behavior of
optimal solutions under perturbations of system data.

As an example, we consider the following reaction-diffusion optimal control prob-
lem: Let Q denote a bounded domain in R?. For a finite terminal time T > 0, let
be the time-space cylinder 2 x (0,7) and let X be its lateral boundary 9Q x (0,T").

Denoting by y; and y, the concentrations of two substances C; and Cs involved
in a reaction which obeys the law of mass action, and assuming a reaction of type
C1 + Cy — C3 with the reverse direction neglected, we have the following reaction-
diffusion system:

% = DlAyl — k1y1y2 % = DQAyQ —koviyo +u  on Q. (11)
Here, D; and k; denote diffusion and reaction coefficients, respectively, and w is a
distributed control function. In addition, we assume no-outflow conditions along the
boundary of the domain

o

7]
"on

=0 > n

=0 onY¥ (1.2)

and prescribe some initial distribution of the concentrations:

y1(+,0) = 1o y2(-,0) =ya0 on €. (1.3)

We aim to minimize the distance of the terminal concentration to a desired one.
Taking the control cost as a regularization term into account, our objective is

a1 %)} Y
fly,u) = 7||yl('aT) —17llf20) + 7||y2('=T) — yor[F2(0) + §||U||12L2(Q)- (1.4)
We also impose control constraints
Uy <u<up a.e on(Q, (1.5)
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2 R. GRIESSE

hence the optimal control problem under consideration is to
Minimize (1.4) subject to (1.1)—(1.3) and (1.5). (RD(p))

We allow for very general finite- or infinite-dimensional perturbations p of the
system data, including perturbations of reaction and diffusion coefficients D; and k;,
of parameters in the objective a; and =, and of initial concentrations y;o as well as
desired terminal states y;7. All these perturbations can be summarized in a vector p.
Given a nominal (unperturbed) value pg, we answer the following questions:

(Q1) Under which conditions does there exist an implicitly defined (Lipschitz) con-
tinuous map p — (X(p),ZE(p), A(p)) near py (where ¥ and = denote the
state and control, respectively, and A refers to the adjoint variable) such
that (X(p), Z(p), A(p)) satisfies the first order necessary conditions of the per-
turbed problem (RD(p))?

(Q2) Under which conditions is the map p — (X(p), Z(p), A(p)) directionally dif-
ferentiable at pg?

(Q3) Given a direction p, How can the directional derivative D(X,=Z, A)(po; D) be
evaluated?

(Q4) Under which conditions is (2(p), Z(p)) not only a critical point but in fact a
local optimal solution for all p near pg?

Questions (Q1)—(Q4) address the stability of optimal solutions and thus the
well-posedness of the optimal control problem (RD(p)). The directional derivative
D(X,=Z,A)(po;P), also called the parametric sensitivity derivative or simply paramet-
ric sensitivity, is of particular interest in realtime applications, when the perturbation
of system data p is known or can be measured or estimated: Having computed the
parametric sensitivities beforehand (offline), a first order correction of the nominal
solution is available at almost no numerical cost, using the Taylor formula

Y(po +p) = X(po) + DX (po; p) (1.6)

and its analogues for the control and adjoint components.

The remainder of this paper is organized as follows: In Section 2, the optimal
control problem (RD(p)) is restated in appropriate function spaces, and we prove
some fundamental results about the state equation and the control problem.

The discussion of Lipschitz continuity of solutions (X(p), Z(p), A(p)) with respect

to the parameter is based on the notion of strong regularity of the first order necessary
(KKT) conditions for (RD(p)), as introduced in the pioneering work of Robinson [21].
The verification of strong regularity requires to establish that the solution of an aux-
iliary linear-quadratic control problem (AQP(§)) depends Lipschitz-continuously on
certain perturbations, which is confirmed in Section 3, Theorem 3.2. The proof makes
use of a coercivity assumption (AC) for the Hessian of the Lagrangian, which in turn
implies second order sufficiency, both for the nominal and perturbed problems. By
Robinson’s implicit function theorem, (X, =, A) inherits the Lipschitz continuity from
the solutions to the linear-quadratic auxiliary optimal control problems (AQP(9)),
Theorem 3.3.
Interestingly, strong regularity of the KKT conditions has other implications: It as-
sures the well-posedness and convergence of the generalized Newton’s method [1] and
it is a prequisite in proving convergence of the discretized solution to the continuous
solution as the mesh size tends to zero [16].

Section 4 covers the proof of directional differentiability. Using an extension to
Robinson’s implicit function theorem due to Dontchev [8], it is sufficient to prove that
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the solutions of the auxiliary problem (AQP(4)) are directionally differentiable. This
result is achieved in the main Theorem 4.1, and the derivative is characterized as the
solution to yet another auxiliary linear-quadratic optimal control problem (DQP(S))

In Section 5 we provide first and second order derivatives of the minimum value
function which may be used for a second order prediction of the perturbed solution’s
objective value. As a by-product of our analysis, we obtain the marginal interpretation
of the adjoint variable, i.e., that the adjoint variable gives the first order change in
the value of the objective with respect to perturbations of the current state.

Troltzsch [22] has proved the analogue of Theorem 3.2 for a linear-quadratic
optimal control problem involving a scalar parabolic PDE, as opposed to a system
of PDEs, and with respect to L? and L°° norms. Malanowski and Troltzsch [17]
have extended this result to obtain L°°-Lipschitz stability of solutions to optimal
control problems with control constraints governed by a semilinear parabolic equation.
Recently, Malanowski [15] has proved Bouligand differentiability of solutions for a
class of semilinear parabolic equations. The present paper distinguishes itself from
the latter one in that higher regularity of the state space is used here to overcome the
well-known two-norm discrepancy issue relevant for the coercivity estimates [18]. This
approach is useful not only for multiplicative nonlinearities as in the reaction-diffusion
example, but for the broad class of nonlinearities which are differentiable with respect
to the norm of H*1(Q).

In the sequel, we shall frequently use the abbreviation z = (y,u) for state/control
pairs. Among the equivalent norms on a product space X; x X, we use ||(x1,72)[|* =
|z1]]? + ||z2]|>. When no ambiguity arises, we write ||z|| instead of ||z||x. Through-
out the paper, ¢ and ¢ denote positve constants, possibly with different meanings in
different locations.

2. The Optimal Control Problem. We begin by defining appropriate func-
tion spaces for the optimal control problem (RD(p)): For the control component, we
choose the usual U = IL.2(Q) and let U,q be the closed convex subset of admissible
controls

Uasd = {u € L2(Q) : ug(z,t) < ulz,t) < up(z,t) ae. on Q) CL(Q)  (2.1)

with bounds u, < up in L>®(Q). For the state space, we choose the anisotropic
Sobolev space

Y = H*Y(Q) = {y € L2(0,T; H*(Q)) : y; € L2(0,T;12(Q))} (2.2)

which is a Hilbert space ([14], Chapter 4, Section 2.1) when endowed with the usual
inner product which induces the norm

1
lyllzr21(@) = (YL, rm2()) + lyellizo,ra@)) ® - (2.3)

Here, y; denotes the distributional derivative of y with respect to the time variable.
It is known ([13], Chapter 1, Theorem 3.1) that H*!(Q) embeds into the space of
continuous functions with values in H'(Q), C([0,T]; H'(Q)), and for Q C R?, it
embeds compactly into I (Q) for 1 < p < oc [11, 12]. Moreover, for any y € H>'(Q),
the Neumann boundary trace dy/dn is an element of the interpolation space H?3 (%)
([14], Chapter 4, Theorem 2.1). Thus for y; € H*'(Q), we understand (1.1) in the
sense of L? (@), while (1.2) and (1.3) are interpreted in the sense of traces on ¥ and
Q x {0}, respectively.



4 R. GRIESSE

Let us introduce the following basic assumptions which are taken to hold through-
out the paper:

AsSSUMPTION 2.1. Let Q C R? be a bounded domain with sufficiently smooth
boundary. Let the diffusion coefficients D; and the control weight v be positive, and
let the reaction coefficients k; and the weight coefficients «; be nonnegative. Assume
moreover that the initial conditions y;o are elements of H'(Q) N1L>(Q) and that the
lower bound u, is nonnegative.

The nonnegativity assumption for the lower control bound u, corresponds to the
fact that the reactants can not be withdrawn from the reaction domain.

The main theorem about the semilinear state equation is the following:

THEOREM 2.2 (The state equation). If u € L>°(Q) is nonnegative, then the
reaction-diffusion system (1.1)-(1.3) admits a unique solution (y1,y2) € [H*>1(Q)]?
which is nonnegative and satisfies the a priori estimate

lyallm21 @) + llv2llm @) < e (1 + lyiollar @) + (1 + [lulliz(g) + [1y20llmr()?)

for some positive constant c.

Proof. We construct the solution from nested sequences of upper and lower so-
lutions which converge monotonically, as suggested in Pao [20] for classical solutions.
To this end, let (1, %2) = (0,0) and let (41, §2) be the solution in [H?1(Q)]? (in virtue
of Lemma 2.3 below) of

01 092

2L DA — = Dy Ay

ot 1891 ot 2Ag2 +u on Q
with zero Neumann boundary conditions and y;o and ysq as initial conditions, respec-
tively. By the weak maximum principle [2, 9], we have §; > ¢; and §; € L= (Q). We
let

Fi(y1,y2) = k1(92 — y2)u1
Fy(y1,y2) = ka(1 —y1)y2 +u

and define linear differential operators

2 X
Ly = 8_?;5’ — D1Ay + k192y

0 X
Lgy = a—?;: — DgAy + kgyly.

Starting from the initial iterates (F7(%),y5(®)) = (41, §2) and (y_l(o)’%(o)) = (91, 92),

we construct the sequences (with n > 0)

L™t = By (E("),Q(”)) Lly_l(ThLl) = Fi(y ("),%(”))

L2%(n+1) - F2(m(n),£(n)) L2y_2(n+1) = Fy(y ("),%(”))

with zero Neumann boundary conditions and y;o as initial conditions. It follows again
from the weak maximum principle and by induction that for all n,

(n)
(n).

yl(n) < y_l(n+1) < E(er) <

1™ < gD < ntD

1

IA
NS
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Thus the sequences r; = F; (E(”),y_g(”)) and s; = F; (&(”),@(")) converge pointwise
on () and, by Lebesgue’s Dominated Convergence Theorem, using bounds like

0< R @™, ™) < kigoii® + fu,

they converge also in 1.2(Q). By the a priori estimates from Lemma 2.3, the Cauchy
property of r; and s; carries over to the sequences {7;" } and {y;" }, which consequently
converge to their limits 7; and y; in the Hilbert space H?'(Q). It follows easily that
both pairs (y1,7z) and (71,¥2) satisfy the reaction-diffusion system (1.1)-(1.3). By
construction, all components are nonnegative.

To establish uniqueness, let (yi1,y2) and (21,22) be any two solutions of the
reaction-diffusion system (1.1)—(1.3). Then their difference w; = y; — z; satisfies

0
% = D1Awy — k1zowy — k1yiwe  on @
0
% = DoAwy — kazow1 — k1yiwa  on Q.

plus homogeneous Neumann boundary conditions and zero initial conditions. Again
by Lemma 2.3, (wy,ws) = (0,0) is the unique solution, thus y and z coincide.
As for the a priori estimate, we infer from (1.1) by Lemma 2.3:

lyillaz @) < e (kllyiyzllizg) + lyiolla @)

(2.4)
ly2llm21(q) < ¢ (B2llyryallizig) + lly2ollmr () + llulliz(g))
and, by Holder’s and Young’s inequality,
1 1
ly1921l2(@) < SlluilFag) + §||y2||]l2_,4(Q)' (2.5)
For i1, as defined above, we have 0 < yy(z,t) < §1(z,t) a.e. on @, thus
llyillLa@) < llnllLaQ) < cllfnllaza (@) < éllyiolla (@) (2.6)
and similarly
lyallLa@) < lld2llLa@) < ellfellazi (@) < Ellyaollm (@) + EllullLag)-  (2.7)

Combining (2.4)—(2.7), the a priori estimate follows. O
LEMMA 2.3 (A linear system of PDEs). Given coefficients ¢;; € L? (0, T; L' (Q))
with arbitrary € > 0 (in particular, with c;; € H*>'(Q)), the linear system of PDEs

0
% =D1Ayi —ciiyi —ciay2+ f1 on Q
0

Dlﬂ =01 on X
on

y1(-,0) = hy on ()

(2.8)

Jy2 — DA
B 2 Y2 — C21Y1 — Ca2y2 + fo on Q
0

Dgﬂ =02 on ¥
on

Y2(-,0) = hy on 2
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with data f; € 12(Q), g; € H2'5 () and h; € H'(Q) has a unique solution (y1,1s) €
[H>1(Q)]? which depends continuously on the data:

2
Il + Il < €3 (1o #1651 gy + Wil ) - 29

Proof. We begin by showing the existence and uniqueness properties in the space
W(0,T): For fixed t, the linear operator y — (A(t)y,-):

(A(t) y,v) = Dy /Q Vyi(z) Vo (z) de + /Q c11(z,t) y1(z) vi(z) de
+ /Q c12(z,t) ya(z) v1(z) dz + D> /Q Vya(x) Vo (x) dx
+/QCQ1(a:,t) y1 (z) va () da:—}—/QCQQ(:U,t) ya(z) va () dz

maps [H1(Q)]? to its dual. It is straightforward, using the embedding of H!(Q) into
L7 (Q) (1 <p < o0), to verify the estimates

{A®)y, v} < emax|lei;( Ollare - [yllizr @ - lvlliz @
[(A@)y, )] > Bmax]les; (- )llise -yl @y + Bomaxlei; (- Olluie - lylfzye

with 8y € R and some positive constants ¢ and . Moreover, for the right hand side
operator F(t):

(F(1).9) = Y (i 0).90) + D, / gi(e, 1) yi(a) de

i=1

which maps [H*1(Q)]? to its dual, it follows similarly that

(E@), 9] < e (16 Dllmaye + oG )llmamyz) -

By a standard argument in the Gelfand triple setting ([5], p. 509), the existence
and uniqueness of the weak solution in [W(0,7T)]* follow. We can now interpret
fi = —cinyY1 — CioY2 + fi in (2.8) as a source term for the usual heat equation. fl is
easily seen to be in I.?(Q) as W(0,T) embeds into any I”(Q) (1 < p < 4) ([7], p- 7).
The H?'(Q) regularity of the solution now follows from Lions and Magenes IT [14],
Chapter 4, Section 6.4. a

LEMMA 2.4 (Differentiability of the nonlinear term). For y; and ys in H*(Q),
é(y1,y2) = y1y2 € L2(Q) is Fréchet differentiable, and the derivative is given by
Dé(y1,y2) (W1, U2) = Y201 + 172

Proof. The proof is a consequence of the estimate

lh1hallL2(g) < lh1llLa@)llP2llLe@)
Whilleza @) + el @) = Whallaza (@) + llhall 21 ()

where the right hand side tends to zero as hi, hs tend to zero in H>'(Q) in view of
the embedding H>'(Q) < L (Q). a

LeEmMMA 2.5 (Properties of the solution operator). Theorem 2.2 above gives rise to
the definition of the solution operator S : > (Q) D Uaa — [H*1(Q))?, which is Fréchet
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differentiable, with the derivative at u in the direction of u given by the unique solution
(Y1, y2) of

oyr oY1

I — DA - k(97T + 172 Do =0 7(0) =0

ot on

l o (2.10)
Y2 — — _ _ Y2 _

% _ p,Ags - D, Y2 — .0) =

5 2 AT — ko (1172 + y2U1) + T 25, 0 72(-,0) =0,

where (y1,y2) = S(u).

Proof. The proof is an immediate consequence of the classical implicit function
theorem in Banach spaces (e.g. Deimling [6], Theorem 15.1). O

THEOREM 2.6 (Existence of optimal solutions). Let the desired terminal states
Y17, Yor be elements of 1L2(Q). Then there exists at least one global optimal solution
of the optimal control problem (RD(p)).

Proof. Since the objective f is bounded below by zero and the set of admissible
control/state pairs M satisfying the state equation (1.1)—(1.3) is nonempty, there
is a finite number m := inf f(M) and a sequence {(y},y¥,u™)} C M such that
f(yl, yZ,u™) converges to m. Since u" is admissible, {u"} is bounded in L?(Q), and
by the a priori estimate from Theorem 2.2, {y"} is bounded in H?'(Q). We can thus
extract subsequences u™ — u weakly in L?(Q) and y? — y; weakly in H>'(Q) and,
by compactness of the embedding, y?* — y; strongly in L*(Q).

To prove that (y;,ys2,u) is feasible, we observe that for any ¢ € L2(Q)*,

(&, y1ys — yiy2)| < Koot (ys — v2))| + (D, v2 (7 — 1))
< Iolllly? leao) 1y5 — y2llLaoy + llolllly2llLa)llyy — vl

which tends to zero, hence yl'y? — 3192 in L?(Q). By definition of the norm on
H21(Q), Oy /0t — D1 Ay} + kiyPyR — Oy1/0t — D1 Ay + k1y1y2 in L2 (Q) holds, the
left hand side being identically zero. Choosing ¢ equal to the Riesz representation
of Oy1/0t — D1Ay; + kiyi1y2 shows that the convergence is also strong in L?(Q).
Similar arguments apply for the second part of (1.1) and for the boundary and initial
conditions (1.2)-(1.3). Taking into account that U,gq is closed and convex, it is weakly
closed, thus (y1,y2,u) is admissible and satisfies the state equation.
By weak lower semicontinuity of the objective, it follows that f(y1,y2,u) = m holds.
a

Before turning to the first order necessary conditions, let us briefly discuss the
adjoint equation:

THEOREM 2.7 (Adjoint equation). Let the desired terminal states yir,yar be
elements of H'(Q), and let yi, y» be any elements of H>'(Q). Then the linear
adjoint equation

_% =DiAXN —y2(k1 A1 + k2X2) on Q
Dl% -0 on Y
MGT) =—oa (i T) = yir) on {1
. (2.11)
2 DyAd, —palkidi 4 ad) on Q
O

26n:0 on ¥
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A(,T) = —az(y2(, T) — yor) on €.
has a unique solution in [H>'(Q)]?, which satisfies the a priori estimate

X2 @) + [Aellm2a (@) < e (allyi (5 T) = yirlla @) + eally2(5T) — yorll i (o))

for some positive constant c.

Proof. The adjoint equation is a PDE of type (2.8), only running backwards in
time. 0O

Local optimal solutions for (RD(p)) satisfy the following first order necessary
(KKT) conditions:

THEOREM 2.8 (First order necessary conditions). Let the desired terminal states
Y17, yor be elements of H' (). Let (y,u) be a local optimal solution of problem
(RD(p)), and let (A1, X2) be the unique solution in [H>1(Q))* of the linear adjoint
equation (2.11). Then (y,u, \) satisfies the variational inequality

0< / (yu—X2)(@ —u) dedt for all @ € Uaq. (2.12)
Q

Proof. Let us define the reduced objective
L2(Q) 3> ur f(u) = f(S(u),u) € R. (2.13)

For u being a local optimizer for problem (RD(p)), it is necessary that 0 < Df(u; u—u)
holds for all @ € U,q. One easily concludes from the chain rule that

Df(u;T—u) = Zai/Q(SiT(u) —y17)DSir(u;w — ) —l—v/@u(ﬂ—u), (2.14)

where S;7 is the solution operator S followed by the linear and continuous action of
taking the terminal value of the ith solution component. Multiplying the first equation
in (2.11) by 71 (the solution of (2.10)), integration over @), performing integration by
parts and substituting the boundary conditions for \; and gy, one finds that

a; / Wi T) =) (-, T) = / k1y192A1 — kayaUi A,
Q Q

which matches the first term in (2.14). A similar procedure, starting from the equation
for Ao, shows that

Q2 / (2 (-, T) = yor) 32 (-, T) = / kaya Ui Ae — kiyima M — (T — u) Ao,
Q Q

which concludes the proof. d

For future reference, let us denote by e : [H21(Q)]2xL?(Q) — [L2 (Q)x H >4 (3)x
H'(Q)]? the collection of the left hand sides of the state equations (1.1)-(1.3) when
written in the form e(y;,ys,u;p) = 0. In addition, we define the Lagrangian of
problem (RD(p)) as

0 0
L(y,u, X\;p) = f(y,u;p) +/ (% — DAy, + k1y1y2> A +/ D1%>\1
Q b n

0 0
+/ (1(+,0) = y10) A1 (-, 0) +/ <% — DsAys + kayrys — u) A2 +/ D2ﬂ>\2
Q Q t » an

+ /Q (42(-,0) — y20) Aa(-, 0). (2.15)
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Motivated by the variational inequality (2.12), we also define the control con-
straint multiplier

p=—(yu—A2) = —Lu(y,u, A;p). (2.16)

It is rather standard to prove that if u and A satisfy the variational inequality (2.12),
then p < 0 on some subset () implies that u = u, there, etc.

3. Strong Regularity and Lipschitz Continuity of Solutions. It is the
concern of the present section to establish the Lipschitz continuity with respect to a
general parameter p of critical points for the optimal control problem (RD(p)). The
proof relies on a coercivity assumption (AC) on the Hessian of the Lagrangian which
in turn implies second order sufficiency, i.e., under (AC), critical points are in fact
local optimal solutions. To be specific, we let

p = (D1, Do, ki, ko, a1, @2,7, Y10, Y20, 17 Yor) | € R x [H'(Q)]* (3.1

be the vector of perturbation parameters. Other parameters like the Neumann bound-
ary values could also be included but have been omitted to improve readability.
For u € L2(Q), let

No(u) = {{gi) e L2(Q): szb(ﬂ—u) <O0forallw € Usyg} if u € Uag (3.2)

0 if ud U,q

denote the normal cone at u with respect to Uaq. With the set-valued operator N (u) =
({0}, Na(u), {0}) : L2 (Q) — 2%, the first order necessary conditions, consisting of the
adjoint equation (2.11), optimality condition (2.12) and the state equation (1.1)—(1.3),
can be written as a generalized equation

0 € F(y,u, \;p) + N(u) (3.3)
with the target space Z, defined as

Z = [L2(Q)x H>3 (2)x HY () xL2(Q) x [I2 (Q) x H='5 () x H ()], (3.4)

and
—OA1 /0t — DiAXN + ya (ki A1 + Ekado)
D,0M1/0n
MGT) +or(yi(5T) —yar)
—8>\2/6t — DQA)\Q + Y1 (k1>\1 + k2>\2)
D50X2/0n
Ma(,T) + ax(y2(+,T) — yor)
F(y,u, \;p) = Yu = As : (3.5)
Oy1/0t — D1 Ay1 + k1y1y2
D0y, /0n
y1(0) = yio
Oy2/0t — DaAya + kay1y2 — u
D50y>/0n

y2(+,0) — y20
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Instead of proving the Lipschitz continuity of solutions (y,u, ) = (X(p), Z(p), A(p))
for (3.3) directly, we use Robinson’s implicit function theorem for strongly regular
generalized equations [21], which has the benefit that one needs to examine solutions
to a linearized version of (3.3) only.

For the remainder of the paper, let us denote by pgy a fixed reference or nominal
value of the parameter p, and let (yg, ug, Ag) satisfy the first order necessary conditions
and thus (3.3) for this value pg. The components of pg are still denoted as in (3.1),
without an additional index.

We recall that (3.3) is said to be strongly regular at the nominal critical point
(Yo, uo, Ao; po) if there exist € > 0 and 1 > 0 such that for any § € Z with ||d]|z < e,
the linearized generalized equation (where F” denotes the Fréchet derivative of F' with
respect to (y,u, \))

Y —Yo
§ € F(yo,u0, No;po) + F' (Yo, u0, Aoipo) | u—uo | + N(u) (3.6)
A—Xo

has a solution (y,u, ) = (¢(8),£(d), A(d)) which is unique in the n-neighborhood of
(Yo, uo, Ao), and which depends Lipschitz-continuously on §, i.e., for some L > 0,

lo(8) = o () Iz @y + 1€(8) = £(8) Iz + [IA) = A [irr21 (@2 < L 16 — 6|z

Note that for 6 = 0, the nominal critical point (yg, ug, Ag) satisfies both the nonlinear
(3.3) and the linearized generalized equation (3.6).
In the absence of control constraints, N(u) collapses to the singleton {0}, and the
strong regularity of (3.3) is nothing else than bounded invertibility of F' at the nominal
critical point, as is required by the classical implicit function theorem in Banach spaces
(e.g. Deimling [6], Theorem 15.1).

In the case of (RD(p)), the linearized generalized equation (3.6) with perturbation
0= (51, ey (513)T reads:

0

=5 = DiAN + kA + kaydda + kAT + kaASys = krgAT + oy A5 + 0y
0
Di—\ =0
1877, 1 2
MGT) = —a1(y1(T) — y17) + 83
, (3.7)
—5 e = Dadds + koy? o + kiyd M + ko XSy1 + ki AJy1 = kaydAd + kgAY + 44
d
Dy—Xo =46
28n 2 5

X(T) = —as(y2(-,T) — yor) + s

/ (vu—Ay —d07) (W—u) >0 foralmwe Uyg  (3.8)
Q

il D1Ay: + krysyr + kiylys = k1ylyd + 6s

0
Di—y; =6
18ny1 9
y1(+,0) = y10 + 010
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(3.9)

0
ayQ — DyAys + k2y3y1 + kgy?yg —u= k2y(1)yg + o1

0
D26_ny2 = 012
ya2(+,0) = y20 + di3.

To prove strong regularity of the KKT conditions (3.3), it is particularly helpful
that we can interpret (3.7)—(3.9) as the first order necessary conditions of the following
auxiliary linear-quadratic optimal control problem (AQP(J)), whose verification is
straightforward and therefore omitted:

s aq ) Y
Minimize —{|y:(~T) — yirllzo) + - 11920 T) = yor|f 20y + §||U||12L2(Q)

+ / (k1>\(1) + k2>\g) Y1y2 — / (k1>\(1) + kQAg)(ygyl + y(l)?h)
Q

Q
—/Q(Slyl—/zégyl —/Q53yl(uT)—/(254?;2—/255212—/95692('1T)
_/Q(;w (AQP(9))

subject to the linear state equation (3.9) and the constraint v € U,gq.

The following coercivity estimate is essential in proving both uniqueness and Lipschitz
dependence of the solutions to (AQP(4)):

1

§Lzz(y0: ug, Ao; po) (T, )

a

1 (o7 Y
= My D20y + 5 1920 DlE @) + Fllullzg) + [ (RiA] + k2 X9) yiye
2 2 2 o

> p (Il + 92l ) + lullEqy ) (AC)
for some p > 0 and for all (y,u) € [H>'(Q)]? x L?(Q) which satisfy

a .
ayl — DAy, + k1y3y1 + kly?yg =0in Q

0
Dl_yl =0on X
on

y1(-,0) =0 on 5.10)

0 .
5792 — D2Ays + kaysyr + kayiys = u in Q
D2£y2 =0on X
on
y2(-.0) = 0 on Q.
and u(z,t) = 0 where a(z,t) = b(z, ).

REMARK 3.1 (Smallness of the adjoint). The coercivity condition (AC) is satisfied
whenever ||k; A9 + kg)\gHU(Q) is sufficiently small, since we can estimate

/Q(kv\? + k2 A3) yiye > =k AT + k2 X3l < Iwnllia) - llyellisco)
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> —c|lkiA] + k2 XSz - llullf 2

in view of the embedding H*1(Q) < L*(Q) and the a priori estimate (2.9).

In particular, again by a priori estimate (2.9) applied to the adjoint equation, the
smallness condition is satisfied if c1||y? (-, T) —y1T||H1(Q) and as||y9(-, T) —y2T||H1(Q)
are sufficiently small.

THEOREM 3.2 (Lipschitz stability of (0,&,A)). Suppose that the coercivity as-
sumption (AC) holds. Then for any perturbation § € Z, (AQP(d)) has a globally
unique solution, denoted by (o(9),&(8),A(0)), which depends Lipschitz-continuously
on d:

lo(8) = o ()liaa @y + 1166) = €)@ + IAG) = M@ 2 @2
<LJ§5—dlz. (3.11)

In particular, the KKT conditions (3.3) for (RD(p)) are strongly regular at the nominal
critical point (Yo, uo, Ao;Po)-

Proof. The existence and uniqueness of solutions to (AQP(d)) are obvious conclu-
sions in view of the objective being convex and weakly lower semicontinuous, and in
view of the set of admissible (y,u) being convex, closed and bounded [3], Chapter 2,
Theorem 1.2.

Let § and ¢’ be any two perturbations from Z, and let (y,u, ) and (y',u’, \') refer to
the solutions of (AQP(d)) and (AQP(d")), respectively. We abbreviate all differences

in the sequel according to the pattern § = § — ¢'. Then ¥ satisfies

o__ . . —
=71 — D1 ATT + k191 + k1372 = 0s on Q

ot
D, 2y_1 =%y on Y
on=— —
7i(+,0) = 81 on Q
, (3.12)
5~ Dy A5 + kaydT1 + kayiyz — T = 811 on Q
DQ gy_g = E on X
on>= —
72(+,0) = &13 on Q.

Multiplying the first equation in (3.12) by E, adding the fourth equation multiplied
by E, and plugging in the adjoint equation (3.7) for E and E yields

S|

5 Tr + &y?—?(klA%kMS)y—@wL/ — O3 M1 — E§+/ -
Q Q

=0. (3.13)
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From the variational inequality, choosing u = u or u = u’, respectively, it follows that
/(—7g+ X+ ) T>0. (3.14)
Q
Let us denote by ¢(y,u) the quadratic functional %Lzz(yg, uo, Ao; po)(z, ), ie.,

aq Q2 Y
q(y,u) = 7||y1('=T)||u2,2(Q) + 7||y2('aT)||12L2(Q) + / (1A + k2 AD)y1y2 + §||U||12L2(Q)-

Q

Solving (3.13) for fQEE and plugging into (3.14), then using Holder’s inequality, it
follows that

— 810 Mi(+0) — i3
< cl@ls gy (1Bllaay + 182l 4 o) + Bl o)
Bl + 13l 3.4 ) + 1Bl e)

+ @) - 102llr2(q)
+ ell3llr e (1Bsllzq) + 1Bl 3.4 ) + 1Bl sy

EHHl(Q))' (3.15)

181l + 1302ll g g ) + ]

HB
The difference  can be decomposed as y —y' = z +w where z satisfies (3.12) with all
& replaced by zero, while w satisfies (3.12) with @ replaced by zero. In the following
estimate, we use the coercivity assumption (AC), along with the estimates ||z|> >
ly = 'II* = 2lly = y'llllwl] + [[w]l* and |l2]| < [ly = y'[[ + [[w]|. Abbreviating K =
||k'1>\(1] + k2>\g||]L2(Q), we find that

21 (3 T)un (- T) + s / 22, TYwn (-, T)

oy — v\ = q(2,0) + o / [

Q

(0] (0]
+ 71 / [wi (-, T))* + 72 / [wa (-, T)]* + / (k1] + k2 A9) (i 2z + 2103 + wiws)
Q Q Q

> p (112lz e + T2 )

— arllz1 (Dl gay - wi (Tl gay — a2llza (Tl 2oy - ws (T 20,

— K (lnllag) - 2l + I2alliag) - lealliag + loillag - lwslleg )
>p (||g||[2H2v1(Q)]2 = 2/[gll 2 @y - lwllpra @y + lwlltes (gye + ”EHHQ}(Q))

- Cal||21||H2,1(Q) : ||w1||H2,1(Q) - Ca2||22||H2,1(Q) : ||w2||H2,1(Q)
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- CK(”wl”HQ’WQ) Nz2llgzn @) + 1l 21 (g) - lwall e q)
+ ||w1||H2v1(Q) : ||w2||H2,1(Q))

2p (||g||[2H2v1(Q)]2 = 2l (@2 - w2 @y + ||E||12L2(Q))
= cor (gl @) - 0 iz gy + o3 )
= oz (Il 2 () - w2l o ) + sl g )

= K (ol 72 () - 1Tl 2 )
1z @y * 02 a2 ) + 31wt ll o ) + sl g )- (3.16)

Combining (3.15) and (3.16) gives
p (1T oo + 20

<201l 2 @y 1wlligre e
+ cay (HEHH“(Q) : ||w1||H2’1(Q) + ||w1||§12’1(Q))
+ COCQ(HEHHQ’I(Q) Hlwallea o) + HMH%Q’I(Q))
+ oK (lwnll s g - T2l e ) + [Tl @) - Ihwalliesi oy

+3||w1||H2’1 ’ ||w2||H2,1 Q))

_C||y||H21 Z||5||+ @ll,2(q) - 1922

1 - _
+5¢llAlz21 ) Z 193] (3.17)
i=8

In (3.17), we estimate ||Jw|| < czgg |6;]| for all terms involving |lw;||? or [Jw;||||w;||; we
estimate [|lll||w;]| < €l|Zil|* + |lw;[|* /e (by Young’s inequality) for all terms involving
|7illllw;l|; we use Young’s inequality for all terms involving ||7||[|d:| and |[al|||d7]]; we

use the a priori estimate ||| < ¢ (2?21 1|6l + ||g||) for |[Al] 312 113:]]; and rearrange
terms, to obtain

13
gl + @l + 13 < 3 1l

i=1

which proves the claim. O

By Robinson’s implicit function theorem, the Lipschitz continuity of (o, &, A) im-
plies the same property for the critical points of the Karush-Kuhn-Tucker system
(3.3):

THEOREM 3.3 (Lipschitz stability of (X,Z,A)). Suppose that the coercivity as-
sumption (AC) holds. Assume that there exists v > 0 and € > 0 such that for all p;,
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p2 from the normed linear space of parameters such that ||p; — pol| < €, we have

II1F(yo,u0, Ao;p1) — F(yo. uo, Ao; p2)||z < v||p1 — pall, (3.18)

then there exist € and n > 0 and a Lipschitz continuous map p — (X(p),Z(p), A(p))
such that for all ||p—po|| < €', (Z(p),Z(p), A(p)) is a solution to (3.3) which is unique
in the n-neighborhood of (yo,uo, Xo), and (X(po), Z(po), A(po)) = (Yo, uo, Xo). More-
over, due to the coercivity assumption, the critical points (X(p),Z(p),A(p)) satisfy
second order sufficient conditions and are indeed local optimal solutions to (RD(p)).

Proof. The first assertion follows directly from Robinson [21], Theorem 2.1 and
Corollary 2.2. We observe that the coercivity assumption (AC) implies that the second
order sufficient conditions [19] hold. By Theorem 3.5, the second order sufficient
conditions hold not only for the nominal solution (yo, ug, Ao), but in a neighborhood
of this solution. Consequently, choosing €' sufficiently small, (X(p), Z(p), A(p)) is a
locally unique optimal solution. a

REMARK 3.4. Assumption (3.18) holds for a broad range of parameter perturba-
tions of the KKT system (3.3), including the perturbations specified in (3.1).

THEOREM 3.5 (Stability of second order sufficient conditions). The coercivity
assumption (AC) implies that a second order sufficient condition holds at the nominal
solution (yo,uo, Ao;po). Under the requisites of Theorem 3.3, assumption (AC) still
holds with a number 0 < p' < p if (y,49) is replaced by (p), and if the parameter
vector po is replaced by p. In particular, the perturbed solution (X(p),Z(p), A(p)) also
satisfies second order sufficient conditions and it is thus a locally unique solution for
(RD(p)).

Proof. For second order sufficient conditions to hold, it suffices to choose u €
7(Uad — up) with some r > 0, see Maurer and Zowe [19], Theorem 5.6, which is
superseded by assumption (AC). For now, let ¢’ be chosen according to Theorem 3.3,
possibly to be adjusted later, and let ||p — po|| < €. It follows easily that

‘sz(Z(p),E(p),A(p);p)(f,f) - Lxx(yO:UO: AO;pO)(EvEH < 016'||5||%( (319)

for arbitrary Z € X. The norm on X = [H?1(Q)]? x L?(Q) is the usual norm of the
product space.

Now let § satisfy the linear PDE (3.10) given with (AC), where (y?,39) has been
replaced by X(p), po has been replaced by p, and where the arbitrary u € L2(Q)
serves as control, u = 0 where a(x,t) = b(x,t). In other words, (y,u) € K(p), where
K (p) is the linear space

K (p) =kere,(X(p), E(p);p) N {(y,u) : v =0 where ug = up}.

If we define 7 to satisfy (3.10) with control w—in other words, (y,u) € K(po)—,
then their difference § — ¥ also satisfies a linear PDE, and it follows from the a priori
estimates in Lemma 2.3 that

17 = Fllim=a @)z < c2€'[Fllrrz @2 (3.20)
holds. Using the triangle inequality, we obtain from (3.20)

Co €

17 = Flz= Qe < Iz -

1 — co€

We have thus proved that for any T = (7,u) € K(p), there exists T = (7,u) € K (po)
such that their difference satisfies

Co €

7 —7(x <

< ool (3.21)
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Using the standard estimate from Maurer and Zowe [19], Lemma 5.5, possibly making
¢’ smaller, it follows from (3.21) that

La2(yo,uo, Xo; p0) (Z, %) > p'||ZT)% (3.22)

holds with some p' > 0.
Combining (3.19) and (3.22) finally yields

LII(Z(p)aE(p)aA(p);p)(§=§) Z me(ﬂO;UO,/\OQPO)(E;%) - 016/”%”%(
> (po — c1€)|[Z]%

with some p' > 0, which concludes the proof. O

REMARK 3.6. By the choice of H>'(Q) for the state space, in which the state
equation’s nonlinearity is differentiable, the two-norm discrepancy for the second order
sufficient conditions has been avoided here.

Before we turn to the differentiability properties of the solutions, we mention an
obvious corollory concerning the control constraint multiplier u:

COROLLARY 3.7. Under the requisites of Theorem 3.3, the control constraint
multiplier introduced in (2.16) is a Lipschitz continuous function of p for ||p—pol| < €':

p=M(p) =—-("E(P) — A2(p)) = —Lu(X(p), Z(p), A(p); p)-

4. Directional Differentiability of Solutions. In extension of the Lipschitz
stability results from the previous section, we prove that under the same coerciv-

ity assumption (AC), the local optimal solutions (X(p),Z(p), A(p)) are directionally
differentiable. Moreover, we characterize the directional differentials in terms of the
solutions of another linear-quadratic optimal control problem.

Let us introduce the following definitions of the subsets of () where the nominal

control ug is active and strongly active, respectively:

Q ={(z,t) € Q:uo(x,t) = uq(z,t)} Q ={(z,t) € Q:up(x,t) = up(z,t)}
_0 J—
Q° ={(2,t) € Q: po(z,t) > 0} Q ={(z,t) € Q: uo(z,t) <0}
where 119 = —(yug — \9) denotes the constraint multiplier belonging to the constraint

ug € Uaq. Moreover, we denote by l}'ad the set of admissible control variations:

u=0 onQOUGO
u€Uaa® qu>0 on@Q
u<0 on@

which reflects the fact that if the nominal control ug is equal to the lower bound
g, we can approach it only from above and vice versa. In addition, if the control
constraint is strongly active, the variation is zero there.

THEOREM 4.1 (Directional differentiability of (o,&,\)).  Suppose that the co-
ercivity assumption (AC) holds. Then for any given direction o € Z, the map
0 — (0(0),£(6),A(0)) is directionally differentiable at 6 = 0, and the differential
D(,€,2)(0;6) is given by the unique solution and adjoint state in [H21(Q)]? x L2 (Q) x
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[H>1(Q))? of the auxiliary linear-quadratic optimal control problem
s aq o) Y

Minimize 7||y1('aT)||12L2(Q) + 7||y2('aT)||12L2(Q) + §||U||12L2(Q)

4 [ B8+ B2 e
Q

—/ 51?41—/ 52y1 —/53y1('=T)—/ S4y2_/85y2_/56y2('7T)
Q P Q Q p) Q

[ b (DQP())
Q

subject to u € Uad and

— D1 Ayy + kysyr + kiylys = ds

E?h
0 R
Dy —y; =
18ny1 dg
y1(-,0) = dio
5 (4.1)
&yg — DQAyQ + k2y3y1 + k‘gy?yg =u + 11
0 R
Do—yyy =
QanyQ d12
y2(+,0) = d13.

Proof. Let 6 € Z be any direction, and let 7" \, 0 and 0" = 6. In virtue of
Theorem 3.2, we have

where y” = o(6") etc. Since H*'(Q) is a Hilbert space, there exists a subsequence,
still denoted by index m, such that (y™ — yo)/7" converges weakly to some element
9 € [H*(Q)]?, and by compactness of the embedding, the convergence is strong in
[L?(Q)]?. Moreover, we can extract another subsequence such that the convergence
is also pointwise, and the same argument applies to (A" — A\g)/7™. From the vari-
ational inequality (3.8) it follows that u" = Py, (A} + 6%)/v) where Py,, denotes
the pointwise projection onto the admissible set U,q. By distinguishing the subsets
of Q where the nominal control ug is either inactive, active or strongly active, it is
straightforward to verify that the pointwise limit @ = lim,,_,oo(u™ — ug) /7" satisfies

i =Py, (e +91)/7) (4.2)

and is thus an element of 1.2 (Q).
Moreover, by Lebesgue’s Dominated Convergence Theorem, since we have the point-

wise estimate
1 /A2 =8 1/: A
S;}"z—(u >+;(|/\2|+67|),

Y ™
and g" converges pointwise and in L2 (Q) to 2(|Az| +|d7]) /7, we find that (u" —ug) /7"
converges to 4 also in L2 (Q).

y" — Yo
™n

< L3
(21 (Q)2

< L9

™ 2 Q)2

=

n

"~y o

Tn

—u

_|_

™n
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Like in Theorem 2.6, using the weak convergence, one proves that the limit (¢, )
satisfies the state equation (4.1), and that the limit )\ satisfies the adjoint equation
corresponding to (DQP(4)). The difference quotient (y™ — yo)/7" — § satisfies the
state equation (4.1) with all § replaced by zeros and u replaced by (u™ — ug) /7™ — .
A similar calculation can be done for the adjoint equation. As the solution depends
continuously on the right hand side data (Lemma (2.8)), which converges to zero, it
follows from the a priori estimate that in fact
n n
VW i Q) el

Tn Tn

-\ in [H>'(Q)].

The whole argument remains valid if in the beginning, we start with an arbitrary
subsequence of 7. Since in view of the coercivity assumption (AC), the limit (g, @, ;\)
is the unique solution of (DQP(4)), the convergence extends to the whole sequence,
and the proof is complete. d

Just like in the case of Lipschitz continuity, the solutions to the nonlinear KKT
conditions (3.3) inherit the property of directional differentiability from the solutions
of the linearized generalized equation (3.6):

THEOREM 4.2 (Directional differentiability of (X,=Z,A)). Suppose that the coer-
ciity assumption (AC) holds. Assume that the Lipschitz condition (3.18) holds and
that in addition, F(yo,uo, \o;p) is Fréchet differentiable with respect to p at po. Then
the map p — (X(p), E(p), A(p)) is directionally differentiable at py, and the differential
D(X,Z,A)(0;P) is given by the chain rule

D(Z,E,A)(po;p) = D(0,£, M) (0; —F,(yo, uo, Ao po) D), (4.3)

e., by the solution of (DQP(S)) with § = — F,(yo, uo, Ao; o) D-

Proof. The theorem follows from Dontchev [8], Theorem 2.4, observing that
9(y,u, A) = F(yo, w0, Ao; po) + F' (Yo, uo, Mo; Po) (¥ — Yo, u— 1o, A = Ao) strongly approx-
imates F' in (y,u, A) at (yo,uo, Ao) in the sense of [8]. a

REMARK 4.3. For Theorem 4.2 to hold it is sufficient that F(yo,uo, \o;p) be
directionally differentiable with respect to p at pg. For the perturbations listed in
(3.1), however, Fréchet differentiability holds.

In analogy to Corollary 3.7, we obtain directional differentiability of the control
constraint multiplier:

COROLLARY 4.4. Under the requisites of Theorem 4.2, the control constraint
multiplier p = M (p) is also directionally differentiable at py with

DM (po;p) = —(Fuo + v0DZE(po; P) — DA2(po; D))-

At this point it becomes evident that the map 6 — (o(d), (), A(d)) can not in general
be Fréchet differentiable since its directional derivative is not linear: If (y,u )\) is the
directional derivative of (¢, &, A) in the direction of 4, then —u may not be in Usgq, thus

—(y,u, A\) may not be the derivative in the direction of —4. Linearity is only observed
if Unq is a linear space, i.e., if strlct complementarity holds at the nominal solution
(that is, if Q@ = QO and Q = Q hold up to sets of measure zero). Consequently, the
directional derivative of p — (2(p), Z(p), A(p)) will only be linear in the case of strict
complementarity.

5. Taylor expansion of the objective value and examples. The minimum
value function



PARAMETRIC SENSITIVITY ANALYSIS 19

yields the objective value along the local optimal solutions as p ranges over a neigh-
borhood of the nominal py. Using the differentiability properties of the state, control
and adjoint functions, one can construct first and second order derivatives of the min-
imum value function. To improve readability, let us denote by L° the evaluation of
the Lagrangian at the nominal arguments (yo, uo, Ao;po). In addition, let us denote
by ¥ and ¢ the directional derivatives of the nominal state in the directions of p and
p, respectively, i.e., ¥ = DX(pg; D), and similarly for the control and adjoint variables.

THEOREM 5.1. Under the requisites of Theorem 4.2, the minimum value function
® is Fréchet differentiable at py with

D®(po; p) = Lp(yo,uo, Ao Po)P- (5.1)
Its second order directional derivatives also exist and are given by

0 0 0
Lyy Lyu Lyp
0 0 0
pr Lpu LPP

S

(5.2)

3>

Proof. From the classical chain rule, it follows that
D®(po;p) = LYy + Lo + LY + Lp.

By the optimality condition for the nominal problem, the first and third terms vanish.
Since py = —L2 and w = 0 where o # 0 by definition of Uaa, the second term is also
seen to be zero, thus (5.1) holds.

Differentiating L,(X(p), Z(p), A(p); p) totally with respect to p, in the direction of p,
yields by the classical chain rule the second directional differential of the minimum
value function:

0 0 0 0
Lyy Lyu Lyk Lyp

y
— e o Lo ro U
D*%(po;p.p) =7 @ X Bl| ;0" ;0" o g0 ||;
0 70 0. [0 h
Lpy Lpu LpA Ly p
which is easily seen to be the same as (5.2) as L} and L%, vanish. 0

To be specific, let
7= (D1, D2, k1. 2, 01, @3, 7, Ti0, Tao, i ToT) |
be any given parameter direction. Then the first order directional derivative of ® is
D®(po; p) = Lp(Yo, uo; Xo; po)P
= F 1) = rlia = o [ ORT) = o)z
+ Dl T) = ser gy = 02 | G36.T) = ser)iar + Flulfgy
+ /Q(—D_lAy? +kiyiys) AT — /QWA?(-,O)

n / (=Dl + Fay yD)Ad — / 7N, 0).
Q Q
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In particular, we have verified the well-known marginal interpretation of the adjoint
variable [4]: When only the initial conditions y;o are perturbed, then the adjoint
variable at ¢ = 0 gives the (negative) first order change of the minimum value function:

D®(po;p) = —/m?(-,m —/mgc,o»
Q Q

The second order differential can be easily computed explicitly for our example, but
we omit the lengthy term here for brevity.

6. Conclusion. In this paper, we have examined optimal solutions for a control-
constrained optimal control problem governed by a system of semilinear parabolic
reaction-diffusion equations. These solutions depend on an infinite-dimensional pa-
rameter p which models perturbations of the dynamics in terms of reaction and dif-
fusion coefficients, initial conditions, and of some quantities in the objective function.
Under a natural coercivity assumption, which implies that second order sufficient
conditions are satisfied at the nominal and the perturbed solutions, we have found
that the optimal solutions depend Lipschitz-continuously on the parameter, and that
their directional derivative exists. The directional derivative, also called the paramet-
ric sensitivity of the optimal solution, has been characterized as the unique solution
of an additional linear-quadratic optimal control problem. Hence, these parametric
sensitivities are computable at the relatively low numerical cost equivalent to one ad-
ditional QP step. This sensitivity information offers one approach towards realtime
optimal control of time-dependent partial differential equations. Since the sensitivi-
ties can be computed beforehand (offline) along with the nominal solution, the Taylor
expansions X(po + D) = yo + DX (po; D) etc. can be evaluated at negligible numerical
cost to give an estimate of the perturbed solution. The directional derivative of the
control constraint multiplier ;1 shows where a control constraint tends to become ac-
tive, more strongly active, or inactive. Altogether, the parametric sensitivities yield
qualitative and quantitative information about the first order change of the nominal
solution.

For a practical algorithm for the computation of the sensitivities, based on a primal-
dual active set SQP strategy, along with numerical results, we point to [9] and the
follow-up paper [10].
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