
PARAMETRIC SENSITIVITY ANALYSIS IN OPTIMAL CONTROLOF A REACTION DIFFUSION SYSTEM|PART I: SOLUTIONDIFFERENTIABILITYROLAND GRIESSE�Abstra
t. In this paper we 
onsider a 
ontrol-
onstrained optimal 
ontrol problem governedby a system of semilinear paraboli
 rea
tion-di�usion equations. The optimal solutions are subje
tto perturbations of the dynami
s and of the obje
tive. We prove that lo
al optimal solutions, as afun
tion of the perturbation parameter, are Lips
hitz 
ontinuous and dire
tionally di�erentiable. We
hara
terize the dire
tional derivatives, also known as parametri
 sensitivities, as the solutions of aux-iliary quadrati
 programming problems, i.e., linear-quadrati
 optimal 
ontrol problems. Parametri
sensitivities provide valuable information, e.g., in realtime optimal 
ontrol environments.Key words. optimal 
ontrol, rea
tion-di�usion equations, 
ontrol 
onstraints, parameter per-turbation, parametri
 sensitivity, generalized equationAMS subje
t 
lassi�
ations. 35K57, 49J20, 49K40, 90C311. Introdu
tion. Parametri
 sensitivity analysis for optimal 
ontrol problemsgoverned by partial di�erential equations (PDE) is 
on
erned with the behavior ofoptimal solutions under perturbations of system data.As an example, we 
onsider the following rea
tion-di�usion optimal 
ontrol prob-lem: Let 
 denote a bounded domain in R2 . For a �nite terminal time T > 0, let Qbe the time-spa
e 
ylinder 
� (0; T ) and let � be its lateral boundary �
� (0; T ).Denoting by y1 and y2 the 
on
entrations of two substan
es C1 and C2 involvedin a rea
tion whi
h obeys the law of mass a
tion, and assuming a rea
tion of typeC1 + C2 ! C3 with the reverse dire
tion negle
ted, we have the following rea
tion-di�usion system:�y1�t = D1�y1 � k1y1y2 �y2�t = D2�y2 � k2y1y2 + u on Q. (1.1)Here, Di and ki denote di�usion and rea
tion 
oeÆ
ients, respe
tively, and u is adistributed 
ontrol fun
tion. In addition, we assume no-out
ow 
onditions along theboundary of the domainD1 �y1�n = 0 D2 �y2�n = 0 on � (1.2)and pres
ribe some initial distribution of the 
on
entrations:y1(�; 0) = y10 y2(�; 0) = y20 on 
. (1.3)We aim to minimize the distan
e of the terminal 
on
entration to a desired one.Taking the 
ontrol 
ost as a regularization term into a

ount, our obje
tive isf(y; u) = �12 ky1(�; T )� y1T k2L2(
) + �22 ky2(�; T )� y2T k2L2(
) + 
2 kuk2L2(Q): (1.4)We also impose 
ontrol 
onstraintsua � u � ub a.e. on Q, (1.5)�Institute of Mathemati
s, University of Graz, Austria (roland.griesse�uni-graz.at). This workwas supported by the Austrian S
ien
e Fund under SFB F003 "Optimization and Control".1



2 R. GRIESSEhen
e the optimal 
ontrol problem under 
onsideration is toMinimize (1.4) subje
t to (1.1){(1.3) and (1.5). (RD(p))We allow for very general �nite- or in�nite-dimensional perturbations p of thesystem data, in
luding perturbations of rea
tion and di�usion 
oeÆ
ients Di and ki,of parameters in the obje
tive �i and 
, and of initial 
on
entrations yi0 as well asdesired terminal states yiT . All these perturbations 
an be summarized in a ve
tor p.Given a nominal (unperturbed) value p0, we answer the following questions:(Q1) Under whi
h 
onditions does there exist an impli
itly de�ned (Lips
hitz) 
on-tinuous map p 7! (�(p);�(p);�(p)) near p0 (where � and � denote thestate and 
ontrol, respe
tively, and � refers to the adjoint variable) su
hthat (�(p);�(p);�(p)) satis�es the �rst order ne
essary 
onditions of the per-turbed problem (RD(p))?(Q2) Under whi
h 
onditions is the map p 7! (�(p);�(p);�(p)) dire
tionally dif-ferentiable at p0?(Q3) Given a dire
tion p, How 
an the dire
tional derivative D(�;�;�)(p0; p) beevaluated?(Q4) Under whi
h 
onditions is (�(p);�(p)) not only a 
riti
al point but in fa
t alo
al optimal solution for all p near p0?Questions (Q1){(Q4) address the stability of optimal solutions and thus thewell-posedness of the optimal 
ontrol problem (RD(p)). The dire
tional derivativeD(�;�;�)(p0; p), also 
alled the parametri
 sensitivity derivative or simply paramet-ri
 sensitivity, is of parti
ular interest in realtime appli
ations, when the perturbationof system data p is known or 
an be measured or estimated: Having 
omputed theparametri
 sensitivities beforehand (o�ine), a �rst order 
orre
tion of the nominalsolution is available at almost no numeri
al 
ost, using the Taylor formula�(p0 + p) � �(p0) +D�(p0; p) (1.6)and its analogues for the 
ontrol and adjoint 
omponents.The remainder of this paper is organized as follows: In Se
tion 2, the optimal
ontrol problem (RD(p)) is restated in appropriate fun
tion spa
es, and we provesome fundamental results about the state equation and the 
ontrol problem.The dis
ussion of Lips
hitz 
ontinuity of solutions (�(p);�(p);�(p)) with respe
tto the parameter is based on the notion of strong regularity of the �rst order ne
essary(KKT) 
onditions for (RD(p)), as introdu
ed in the pioneering work of Robinson [21℄.The veri�
ation of strong regularity requires to establish that the solution of an aux-iliary linear-quadrati
 
ontrol problem (AQP(Æ)) depends Lips
hitz-
ontinuously on
ertain perturbations, whi
h is 
on�rmed in Se
tion 3, Theorem 3.2. The proof makesuse of a 
oer
ivity assumption (AC) for the Hessian of the Lagrangian, whi
h in turnimplies se
ond order suÆ
ien
y, both for the nominal and perturbed problems. ByRobinson's impli
it fun
tion theorem, (�;�;�) inherits the Lips
hitz 
ontinuity fromthe solutions to the linear-quadrati
 auxiliary optimal 
ontrol problems (AQP(Æ)),Theorem 3.3.Interestingly, strong regularity of the KKT 
onditions has other impli
ations: It as-sures the well-posedness and 
onvergen
e of the generalized Newton's method [1℄ andit is a prequisite in proving 
onvergen
e of the dis
retized solution to the 
ontinuoussolution as the mesh size tends to zero [16℄.Se
tion 4 
overs the proof of dire
tional di�erentiability. Using an extension toRobinson's impli
it fun
tion theorem due to Dont
hev [8℄, it is suÆ
ient to prove that



PARAMETRIC SENSITIVITY ANALYSIS 3the solutions of the auxiliary problem (AQP(Æ)) are dire
tionally di�erentiable. Thisresult is a
hieved in the main Theorem 4.1, and the derivative is 
hara
terized as thesolution to yet another auxiliary linear-quadrati
 optimal 
ontrol problem (DQP(Æ̂)).In Se
tion 5 we provide �rst and se
ond order derivatives of the minimum valuefun
tion whi
h may be used for a se
ond order predi
tion of the perturbed solution'sobje
tive value. As a by-produ
t of our analysis, we obtain the marginal interpretationof the adjoint variable, i.e., that the adjoint variable gives the �rst order 
hange inthe value of the obje
tive with respe
t to perturbations of the 
urrent state.Tr�oltzs
h [22℄ has proved the analogue of Theorem 3.2 for a linear-quadrati
optimal 
ontrol problem involving a s
alar paraboli
 PDE, as opposed to a systemof PDEs, and with respe
t to L2 and L1 norms. Malanowski and Tr�oltzs
h [17℄have extended this result to obtain L1 -Lips
hitz stability of solutions to optimal
ontrol problems with 
ontrol 
onstraints governed by a semilinear paraboli
 equation.Re
ently, Malanowski [15℄ has proved Bouligand di�erentiability of solutions for a
lass of semilinear paraboli
 equations. The present paper distinguishes itself fromthe latter one in that higher regularity of the state spa
e is used here to over
ome thewell-known two-norm dis
repan
y issue relevant for the 
oer
ivity estimates [18℄. Thisapproa
h is useful not only for multipli
ative nonlinearities as in the rea
tion-di�usionexample, but for the broad 
lass of nonlinearities whi
h are di�erentiable with respe
tto the norm of H2;1(Q).In the sequel, we shall frequently use the abbreviation x = (y; u) for state/
ontrolpairs. Among the equivalent norms on a produ
t spa
e X1�X2, we use k(x1; x2)k2 =kx1k2 + kx2k2. When no ambiguity arises, we write kxk instead of kxkX . Through-out the paper, 
 and ~
 denote positve 
onstants, possibly with di�erent meanings indi�erent lo
ations.2. The Optimal Control Problem. We begin by de�ning appropriate fun
-tion spa
es for the optimal 
ontrol problem (RD(p)): For the 
ontrol 
omponent, we
hoose the usual U = L2 (Q) and let Uad be the 
losed 
onvex subset of admissible
ontrolsUad = fu 2 L2 (Q) : ua(x; t) � u(x; t) � ub(x; t) a.e. on Qg � L1 (Q) (2.1)with bounds ua � ub in L1 (Q). For the state spa
e, we 
hoose the anisotropi
Sobolev spa
eY = H2;1(Q) = fy 2 L2 (0; T ;H2(
)) : yt 2 L2 (0; T ;L2 (
))g (2.2)whi
h is a Hilbert spa
e ([14℄, Chapter 4, Se
tion 2.1) when endowed with the usualinner produ
t whi
h indu
es the normkykH2;1(Q) = �kykL2(0;T ;H2(
)) + kytkL2(0;T ;L2(
))� 12 : (2.3)Here, yt denotes the distributional derivative of y with respe
t to the time variable.It is known ([13℄, Chapter 1, Theorem 3.1) that H2;1(Q) embeds into the spa
e of
ontinuous fun
tions with values in H1(
), C([0; T ℄;H1(
)), and for 
 � R2 , itembeds 
ompa
tly into Lp (Q) for 1 � p <1 [11, 12℄. Moreover, for any y 2 H2;1(Q),the Neumann boundary tra
e �y=�n is an element of the interpolation spa
e H 12 ; 14 (�)([14℄, Chapter 4, Theorem 2.1). Thus for yi 2 H2;1(Q), we understand (1.1) in thesense of L2 (Q), while (1.2) and (1.3) are interpreted in the sense of tra
es on � and
� f0g, respe
tively.



4 R. GRIESSELet us introdu
e the following basi
 assumptions whi
h are taken to hold through-out the paper:Assumption 2.1. Let 
 � R2 be a bounded domain with suÆ
iently smoothboundary. Let the di�usion 
oeÆ
ients Di and the 
ontrol weight 
 be positive, andlet the rea
tion 
oeÆ
ients ki and the weight 
oeÆ
ients �i be nonnegative. Assumemoreover that the initial 
onditions yi0 are elements of H1(
) \ L1 (
) and that thelower bound ua is nonnegative.The nonnegativity assumption for the lower 
ontrol bound ua 
orresponds to thefa
t that the rea
tants 
an not be withdrawn from the rea
tion domain.The main theorem about the semilinear state equation is the following:Theorem 2.2 (The state equation). If u 2 L1 (Q) is nonnegative, then therea
tion-di�usion system (1.1){(1.3) admits a unique solution (y1; y2) 2 [H2;1(Q)℄2whi
h is nonnegative and satis�es the a priori estimateky1kH2;1(Q) + ky2kH2;1(Q) � 
 �(1 + ky10kH1(
))2 + (1 + kukL2(Q) + ky20kH1(
))2�for some positive 
onstant 
.Proof. We 
onstru
t the solution from nested sequen
es of upper and lower so-lutions whi
h 
onverge monotoni
ally, as suggested in Pao [20℄ for 
lassi
al solutions.To this end, let (�y1; �y2) = (0; 0) and let (ŷ1; ŷ2) be the solution in [H2;1(Q)℄2 (in virtueof Lemma 2.3 below) of�ŷ1�t = D1�ŷ1 �ŷ2�t = D2�ŷ2 + u on Qwith zero Neumann boundary 
onditions and y10 and y20 as initial 
onditions, respe
-tively. By the weak maximum prin
iple [2, 9℄, we have ŷi � �yi and ŷi 2 L1 (Q). Welet F1(y1; y2) = k1(ŷ2 � y2)y1F2(y1; y2) = k2(ŷ1 � y1)y2 + uand de�ne linear di�erential operatorsL1y = �y�t �D1�y + k1ŷ2yL2y = �y�t �D2�y + k2ŷ1y:Starting from the initial iterates (y1(0); y2(0)) = (ŷ1; �y2) and (y1(0); y2(0)) = (�y1; ŷ2),we 
onstru
t the sequen
es (with n � 0)L1y1(n+1) = F1(y1(n); y2(n)) L1y1(n+1) = F1(y1(n); y2(n))L2y2(n+1) = F2(y1(n); y2(n)) L2y2(n+1) = F2(y1(n); y2(n))with zero Neumann boundary 
onditions and yi0 as initial 
onditions. It follows againfrom the weak maximum prin
iple and by indu
tion that for all n,y1(n) � y1(n+1) � y1(n+1) � y1(n)y2(n) � y2(n+1) � y2(n+1) � y2(n):



PARAMETRIC SENSITIVITY ANALYSIS 5Thus the sequen
es ri = Fi(y1(n); y2(n)) and si = Fi(y1(n); y2(n)) 
onverge pointwiseon Q and, by Lebesgue's Dominated Convergen
e Theorem, using bounds like0 � F1(y1(n); y2(n)) � k1ŷ2y1(0) + f1;they 
onverge also in L2 (Q). By the a priori estimates from Lemma 2.3, the Cau
hyproperty of ri and si 
arries over to the sequen
es fying and fying, whi
h 
onsequently
onverge to their limits yi and yi in the Hilbert spa
e H2;1(Q). It follows easily thatboth pairs (y1; y2) and (y1; y2) satisfy the rea
tion-di�usion system (1.1){(1.3). By
onstru
tion, all 
omponents are nonnegative.To establish uniqueness, let (y1; y2) and (z1; z2) be any two solutions of therea
tion-di�usion system (1.1){(1.3). Then their di�eren
e wi = yi � zi satis�es�w1�t = D1�w1 � k1z2w1 � k1y1w2 on Q�w2�t = D2�w2 � k2z2w1 � k1y1w2 on Q:plus homogeneous Neumann boundary 
onditions and zero initial 
onditions. Againby Lemma 2.3, (w1; w2) = (0; 0) is the unique solution, thus y and z 
oin
ide.As for the a priori estimate, we infer from (1.1) by Lemma 2.3:ky1kH2;1(Q) � 
 �k1ky1y2kL2(Q) + ky10kH1(
)� (2.4)ky2kH2;1(Q) � 
 �k2ky1y2kL2(Q) + ky20kH1(
) + kukL2(Q)�and, by H�older's and Young's inequality,ky1y2kL2(Q) � 12ky1k2L4(Q) + 12ky2k2L4(Q): (2.5)For ŷ1, as de�ned above, we have 0 � y1(x; t) � ŷ1(x; t) a.e. on Q, thusky1kL4(Q) � kŷ1kL4(Q) � 
 kŷ1kH2;1(Q) � ~
 ky10kH1(Q) (2.6)and similarlyky2kL4(Q) � kŷ2kL4(Q) � 
 kŷ2kH2;1(Q) � ~
 ky20kH1(Q) + ~
 kukL2(Q): (2.7)Combining (2.4){(2.7), the a priori estimate follows.Lemma 2.3 (A linear system of PDEs). Given 
oeÆ
ients 
ij 2 L2 (0; T ;L1+� (
))with arbitrary � > 0 (in parti
ular, with 
ij 2 H2;1(Q)), the linear system of PDEs�y1�t = D1�y1 � 
11y1 � 
12y2 + f1 on QD1 �y1�n = g1 on �y1(�; 0) = h1 on 
 (2.8)�y2�t = D2�y2 � 
21y1 � 
22y2 + f2 on QD2 �y2�n = g2 on �y2(�; 0) = h2 on 




6 R. GRIESSEwith data fi 2 L2 (Q), gi 2 H 12 ; 14 (�) and hi 2 H1(
) has a unique solution (y1; y2) 2[H2;1(Q)℄2 whi
h depends 
ontinuously on the data:ky1kH2;1(Q) + ky2kH2;1(Q) � 
 2Xi=1 �kfikL2(Q) + kgikH 12 ; 14 (�) + khikH1(
)� : (2.9)Proof. We begin by showing the existen
e and uniqueness properties in the spa
eW (0; T ): For �xed t, the linear operator y 7! hA(t)y; �i:hA(t) y; vi = D1 Z
ry1(x)rv1(x) dx+ Z
 
11(x; t) y1(x) v1(x) dx+ Z
 
12(x; t) y2(x) v1(x) dx+D2 Z
ry2(x)rv2(x) dx+ Z
 
21(x; t) y1(x) v2(x) dx+ Z
 
22(x; t) y2(x) v2(x) dxmaps [H1(
)℄2 to its dual. It is straightforward, using the embedding of H1(
) intoLp (
) (1 � p <1), to verify the estimatesjhA(t)y; vij � 
maxi;j k
ij(�; t)kL1+� � kyk[H1(
)℄2 � kvk[H1(
)℄2jhA(t)y; yij � �maxi;j k
ij(�; t)kL1+� � kyk2[H1(
)℄2 + �0maxi;j k
ij(�; t)kL1+� � kyk2[L2(
)℄2with �0 2 R and some positive 
onstants 
 and �. Moreover, for the right hand sideoperator F (t): hF (t); yi = 2Xi=1 hfi(�; t); yii+Di Z� gi(x; t) yi(x) dxwhi
h maps [H2;1(Q)℄2 to its dual, it follows similarly thatjhF (t); yij � 
 �kf(�; t)k[L2(
)℄2 + kg(�; t)k[L2(�)℄2� :By a standard argument in the Gelfand triple setting ([5℄, p. 509), the existen
eand uniqueness of the weak solution in [W (0; T )℄2 follow. We 
an now interpret~fi = �
i1y1 � 
i2y2 + fi in (2.8) as a sour
e term for the usual heat equation. ~fi iseasily seen to be in L2 (Q) as W (0; T ) embeds into any Lp (Q) (1 � p � 4) ([7℄, p. 7).The H2;1(Q) regularity of the solution now follows from Lions and Magenes II [14℄,Chapter 4, Se
tion 6.4.Lemma 2.4 (Di�erentiability of the nonlinear term). For y1 and y2 in H2;1(Q),�(y1; y2) = y1y2 2 L2 (Q) is Fr�e
het di�erentiable, and the derivative is given byD�(y1; y2)(y1; y2) = y2y1 + y1y2.Proof. The proof is a 
onsequen
e of the estimatekh1h2kL2(Q)kh1kH2;1(Q) + kh2kH2;1(Q) � kh1kL4(Q)kh2kL4(Q)kh1kH2;1(Q) + kh2kH2;1(Q)where the right hand side tends to zero as h1, h2 tend to zero in H2;1(Q) in view ofthe embedding H2;1(Q) ,! L4 (Q).Lemma 2.5 (Properties of the solution operator). Theorem 2.2 above gives rise tothe de�nition of the solution operator S : L2 (Q) � Uad ! [H2;1(Q)℄2, whi
h is Fr�e
het



PARAMETRIC SENSITIVITY ANALYSIS 7di�erentiable, with the derivative at u in the dire
tion of u given by the unique solution(y1; y2) of�y1�t = D1�y1 � k1(y2y1 + y1y2) D1 �y1�n = 0 y1(�; 0) = 0(2.10)�y2�t = D2�y2 � k2(y1y2 + y2y1) + u D2 �y2�n = 0 y2(�; 0) = 0;where (y1; y2) = S(u).Proof. The proof is an immediate 
onsequen
e of the 
lassi
al impli
it fun
tiontheorem in Bana
h spa
es (e.g. Deimling [6℄, Theorem 15.1).Theorem 2.6 (Existen
e of optimal solutions). Let the desired terminal statesy1T ; y2T be elements of L2 (
). Then there exists at least one global optimal solutionof the optimal 
ontrol problem (RD(p)).Proof. Sin
e the obje
tive f is bounded below by zero and the set of admissible
ontrol/state pairs M satisfying the state equation (1.1){(1.3) is nonempty, thereis a �nite number m := inf f(M) and a sequen
e f(yn1 ; yn2 ; un)g � M su
h thatf(yn1 ; yn2 ; un) 
onverges to m. Sin
e un is admissible, fung is bounded in L2 (Q), andby the a priori estimate from Theorem 2.2, fyni g is bounded in H2;1(Q). We 
an thusextra
t subsequen
es un * u weakly in L2 (Q) and yni * yi weakly in H2;1(Q) and,by 
ompa
tness of the embedding, yni ! yi strongly in L4 (Q).To prove that (y1; y2; u) is feasible, we observe that for any � 2 L2 (Q)?,jh�; yn1 yn2 � y1y2ij � jh�; yn1 (yn2 � y2)ij+ jh�; y2(yn1 � y1)ij� k�kkyn1 kL4(Q)kyn2 � y2kL4(Q) + k�kky2kL4(Q)kyn1 � y1kL4(Q)whi
h tends to zero, hen
e yn1 yn2 * y1y2 in L2 (Q). By de�nition of the norm onH2;1(Q), �yn1 =�t�D1�yn1 + k1yn1 yn2 * �y1=�t�D1�y1+ k1y1y2 in L2 (Q) holds, theleft hand side being identi
ally zero. Choosing � equal to the Riesz representationof �y1=�t � D1�y1 + k1y1y2 shows that the 
onvergen
e is also strong in L2 (Q).Similar arguments apply for the se
ond part of (1.1) and for the boundary and initial
onditions (1.2){(1.3). Taking into a

ount that Uad is 
losed and 
onvex, it is weakly
losed, thus (y1; y2; u) is admissible and satis�es the state equation.By weak lower semi
ontinuity of the obje
tive, it follows that f(y1; y2; u) = m holds.Before turning to the �rst order ne
essary 
onditions, let us brie
y dis
uss theadjoint equation:Theorem 2.7 (Adjoint equation). Let the desired terminal states y1T ; y2T beelements of H1(
), and let y1, y2 be any elements of H2;1(Q). Then the linearadjoint equation ���1�t = D1��1 � y2(k1�1 + k2�2) on QD1 ��1�n = 0 on ��1(�; T ) = ��1(y1(�; T )� y1T ) on 
 (2.11)���2�t = D2��2 � y1(k1�1 + k2�2) on QD2 ��2�n = 0 on �



8 R. GRIESSE�2(�; T ) = ��2(y2(�; T )� y2T ) on 
.has a unique solution in [H2;1(Q)℄2, whi
h satis�es the a priori estimatek�1kH2;1(Q) + k�2kH2;1(Q) � 
 ��1ky1(�; T )� y1T kH1(
) + �2ky2(�; T )� y2T kH1(
)�for some positive 
onstant 
.Proof. The adjoint equation is a PDE of type (2.8), only running ba
kwards intime.Lo
al optimal solutions for (RD(p)) satisfy the following �rst order ne
essary(KKT) 
onditions:Theorem 2.8 (First order ne
essary 
onditions). Let the desired terminal statesy1T ; y2T be elements of H1(
). Let (y; u) be a lo
al optimal solution of problem(RD(p)), and let (�1; �2) be the unique solution in [H2;1(Q)℄2 of the linear adjointequation (2.11). Then (y; u; �) satis�es the variational inequality0 � ZQ(
u� �2)(u� u) dx dt for all u 2 Uad: (2.12)Proof. Let us de�ne the redu
ed obje
tiveL2 (Q) 3 u 7! ~f(u) = f(S(u); u) 2 R: (2.13)For u being a lo
al optimizer for problem (RD(p)), it is ne
essary that 0 � D ~f(u;u�u)holds for all u 2 Uad. One easily 
on
ludes from the 
hain rule thatD ~f(u;u� u) = 2Xi=1 �i ZQ(SiT (u)� y1T )DSiT (u;u� u) + 
 ZQ u(u� u); (2.14)where SiT is the solution operator S followed by the linear and 
ontinuous a
tion oftaking the terminal value of the ith solution 
omponent. Multiplying the �rst equationin (2.11) by y1 (the solution of (2.10)), integration over Q, performing integration byparts and substituting the boundary 
onditions for �1 and y1, one �nds that�1 Z
(y1(�; T )� y1T ) y1(�; T ) = ZQ k1y1y2�1 � k2y2y1�2;whi
h mat
hes the �rst term in (2.14). A similar pro
edure, starting from the equationfor �2, shows that�2 Z
(y2(�; T )� y2T ) y2(�; T ) = ZQ k2y2 y1�2 � k1y1y2 �1 � (u� u)�2;whi
h 
on
ludes the proof.For future referen
e, let us denote by e : [H2;1(Q)℄2�L2 (Q)! [L2 (Q)�H 12 ; 14 (�)�H1(
)℄2 the 
olle
tion of the left hand sides of the state equations (1.1){(1.3) whenwritten in the form e(y1; y2; u; p) = 0. In addition, we de�ne the Lagrangian ofproblem (RD(p)) asL(y; u; �; p) = f(y; u; p) + ZQ��y1�t �D1�y1 + k1y1y2��1 + Z�D1 �y1�n �1+ Z
 (y1(�; 0)� y10)�1(�; 0) + ZQ��y2�t �D2�y2 + k2y1y2 � u��2 + Z�D2 �y2�n �2+ Z
 (y2(�; 0)� y20)�2(�; 0): (2.15)



PARAMETRIC SENSITIVITY ANALYSIS 9Motivated by the variational inequality (2.12), we also de�ne the 
ontrol 
on-straint multiplier � = �(
u� �2) = �Lu(y; u; �; p): (2.16)It is rather standard to prove that if u and � satisfy the variational inequality (2.12),then � < 0 on some subset Q implies that u = ua there, et
.3. Strong Regularity and Lips
hitz Continuity of Solutions. It is the
on
ern of the present se
tion to establish the Lips
hitz 
ontinuity with respe
t to ageneral parameter p of 
riti
al points for the optimal 
ontrol problem (RD(p)). Theproof relies on a 
oer
ivity assumption (AC) on the Hessian of the Lagrangian whi
hin turn implies se
ond order suÆ
ien
y, i.e., under (AC), 
riti
al points are in fa
tlo
al optimal solutions. To be spe
i�
, we letp = (D1; D2; k1; k2; �1; �2; 
; y10; y20; y1T ; y2T )> 2 R7 � [H1(
)℄4 (3.1)be the ve
tor of perturbation parameters. Other parameters like the Neumann bound-ary values 
ould also be in
luded but have been omitted to improve readability.For u 2 L2 (Q), letN2(u) = ( f� 2 L2 (Q) : RQ � (u� u) � 0 for all u 2 Uadg if u 2 Uad; if u 62 Uad (3.2)denote the normal 
one at u with respe
t to Uad. With the set-valued operatorN(u) =(f0g; N2(u); f0g) : L2 (Q)! 2Z , the �rst order ne
essary 
onditions, 
onsisting of theadjoint equation (2.11), optimality 
ondition (2.12) and the state equation (1.1){(1.3),
an be written as a generalized equation0 2 F (y; u; �; p) +N(u) (3.3)with the target spa
e Z, de�ned asZ = [L2 (Q)�H 12 ; 14 (�)�H1(
)℄2�L2 (Q)�[L2 (Q)�H 12 ; 14 (�)�H1(
)℄2; (3.4)and
F (y; u; �; p) =

0BBBBBBBBBBBBBBBBBBBBBBB�
���1=�t�D1��1 + y2(k1�1 + k2�2)D1��1=�n�1(�; T ) + �1(y1(�; T )� y1T )���2=�t�D2��2 + y1(k1�1 + k2�2)D2��2=�n�2(�; T ) + �2(y2(�; T )� y2T )
u� �2�y1=�t�D1�y1 + k1y1y2D1�y1=�ny1(�; 0)� y10�y2=�t�D2�y2 + k2y1y2 � uD2�y2=�ny2(�; 0)� y20

1CCCCCCCCCCCCCCCCCCCCCCCA
: (3.5)



10 R. GRIESSEInstead of proving the Lips
hitz 
ontinuity of solutions (y; u; �) = (�(p);�(p);�(p))for (3.3) dire
tly, we use Robinson's impli
it fun
tion theorem for strongly regulargeneralized equations [21℄, whi
h has the bene�t that one needs to examine solutionsto a linearized version of (3.3) only.For the remainder of the paper, let us denote by p0 a �xed referen
e or nominalvalue of the parameter p, and let (y0; u0; �0) satisfy the �rst order ne
essary 
onditionsand thus (3.3) for this value p0. The 
omponents of p0 are still denoted as in (3.1),without an additional index.We re
all that (3.3) is said to be strongly regular at the nominal 
riti
al point(y0; u0; �0; p0) if there exist � > 0 and � > 0 su
h that for any Æ 2 Z with kÆkZ < �,the linearized generalized equation (where F 0 denotes the Fr�e
het derivative of F withrespe
t to (y; u; �))Æ 2 F (y0; u0; �0; p0) + F 0(y0; u0; �0; p0)0� y � y0u� u0�� �01A+N(u) (3.6)has a solution (y; u; �) = (�(Æ); �(Æ); �(Æ)) whi
h is unique in the �-neighborhood of(y0; u0; �0), and whi
h depends Lips
hitz-
ontinuously on Æ, i.e., for some L > 0,k�(Æ)� �(Æ0)k[H2;1(Q)℄2 + k�(Æ)� �(Æ0)kL2(Q) + k�(Æ)� �(Æ0)k[H2;1(Q)℄2 � L kÆ � Æ0kZ :Note that for Æ = 0, the nominal 
riti
al point (y0; u0; �0) satis�es both the nonlinear(3.3) and the linearized generalized equation (3.6).In the absen
e of 
ontrol 
onstraints, N(u) 
ollapses to the singleton f0g, and thestrong regularity of (3.3) is nothing else than bounded invertibility of F 0 at the nominal
riti
al point, as is required by the 
lassi
al impli
it fun
tion theorem in Bana
h spa
es(e.g. Deimling [6℄, Theorem 15.1).In the 
ase of (RD(p)), the linearized generalized equation (3.6) with perturbationÆ = (Æ1; : : : ; Æ13)> reads:� ��t�1 �D1��1 + k1y02�1 + k2y02�2 + k1�01y2 + k2�02y2 = k1y02�01 + k2y02�02 + Æ1D1 ��n�1 = Æ2�1(�; T ) = � �1(y1(�; T )� y1T ) + Æ3(3.7)� ��t�2 �D2��2 + k2y01�2 + k1y01�1 + k2�02y1 + k1�01y1 = k2y01�02 + k1y01�01 + Æ4D2 ��n�2 = Æ5�2(�; T ) = � �2(y2(�; T )� y2T ) + Æ6ZQ (
u� �2 � Æ7) (u� u) � 0 for all u 2 Uad (3.8)��ty1 �D1�y1 + k1y02y1 + k1y01y2 = k1y01y02 + Æ8D1 ��ny1 = Æ9y1(�; 0) = y10 + Æ10



PARAMETRIC SENSITIVITY ANALYSIS 11(3.9)��ty2 �D2�y2 + k2y02y1 + k2y01y2 � u = k2y01y02 + Æ11D2 ��ny2 = Æ12y2(�; 0) = y20 + Æ13:To prove strong regularity of the KKT 
onditions (3.3), it is parti
ularly helpfulthat we 
an interpret (3.7){(3.9) as the �rst order ne
essary 
onditions of the followingauxiliary linear-quadrati
 optimal 
ontrol problem (AQP(Æ)), whose veri�
ation isstraightforward and therefore omitted:Minimize �12 ky1(�; T )� y1T k2L2(
) + �22 ky2(�; T )� y2T k2L2(
) + 
2kuk2L2(Q)+ ZQ(k1�01 + k2�02) y1y2 � ZQ(k1�01 + k2�02)(y02y1 + y01y2)� ZQ Æ1y1 � Z� Æ2y1 � Z
 Æ3y1(�; T )� ZQ Æ4y2 � Z� Æ5y2 � Z
 Æ6y2(�; T )� ZQ Æ7u (AQP(Æ))subje
t to the linear state equation (3.9) and the 
onstraint u 2 Uad.The following 
oer
ivity estimate is essential in proving both uniqueness and Lips
hitzdependen
e of the solutions to (AQP(Æ)):12Lxx(y0; u0; �0; p0)(x; x)= �12 ky1(�; T )k2L2(
) + �22 ky2(�; T )k2L2(
) + 
2kuk2L2(Q) + ZQ(k1�01 + k2�02) y1y2� ��ky1k2H2;1(Q) + ky2k2H2;1(Q) + kuk2L2(Q)� (AC)for some � > 0 and for all (y; u) 2 [H2;1(Q)℄2 � L2 (Q) whi
h satisfy��ty1 �D1�y1 + k1y02y1 + k1y01y2 = 0 in QD1 ��ny1 = 0 on �y1(�; 0) = 0 on 
 (3.10)��ty2 �D2�y2 + k2y02y1 + k2y01y2 = u in QD2 ��ny2 = 0 on �y2(�; 0) = 0 on 
:and u(x; t) = 0 where a(x; t) = b(x; t).Remark 3.1 (Smallness of the adjoint). The 
oer
ivity 
ondition (AC) is satis�edwhenever kk1�01 + k2�02kL2(Q) is suÆ
iently small, sin
e we 
an estimateZQ(k1�01 + k2�02) y1y2 � �kk1�01 + k2�02kL2(Q) � ky1kL4(Q) � ky2kL4(Q)
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 kk1�01 + k2�02kL2(Q) � kuk2L2(Q)in view of the embedding H2;1(Q) ,! L4 (Q) and the a priori estimate (2.9).In parti
ular, again by a priori estimate (2.9) applied to the adjoint equation, thesmallness 
ondition is satis�ed if �1ky01(�; T )�y1TkH1(
) and �2ky02(�; T )�y2T kH1(
)are suÆ
iently small.Theorem 3.2 (Lips
hitz stability of (�; �; �)). Suppose that the 
oer
ivity as-sumption (AC) holds. Then for any perturbation Æ 2 Z, (AQP(Æ)) has a globallyunique solution, denoted by (�(Æ); �(Æ); �(Æ)), whi
h depends Lips
hitz-
ontinuouslyon Æ: k�(Æ)� �(Æ0)k[H2;1(Q)℄2 + k�(Æ)� �(Æ0)kL2(Q) + k�(Æ)� �(Æ0)k[H2;1(Q)℄2� L kÆ � Æ0kZ : (3.11)In parti
ular, the KKT 
onditions (3.3) for (RD(p)) are strongly regular at the nominal
riti
al point (y0; u0; �0; p0).Proof. The existen
e and uniqueness of solutions to (AQP(Æ)) are obvious 
on
lu-sions in view of the obje
tive being 
onvex and weakly lower semi
ontinuous, and inview of the set of admissible (y; u) being 
onvex, 
losed and bounded [3℄, Chapter 2,Theorem 1.2.Let Æ and Æ0 be any two perturbations from Z, and let (y; u; �) and (y0; u0; �0) refer tothe solutions of (AQP(Æ)) and (AQP(Æ0)), respe
tively. We abbreviate all di�eren
esin the sequel a

ording to the pattern Æ = Æ � Æ0. Then y satis�es��ty1 �D1�y1 + k1y02y1 + k1y01y2 = Æ8 on QD1 ��ny1 = Æ9 on �y1(�; 0) = Æ10 on 
 (3.12)��ty2 �D2�y2 + k2y02y1 + k2y01y2 � u = Æ11 on QD2 ��ny2 = Æ12 on �y2(�; 0) = Æ13 on 
:Multiplying the �rst equation in (3.12) by �1, adding the fourth equation multipliedby �2, and plugging in the adjoint equation (3.7) for �1 and �2 yieldsZQ Æ1 y1 + Æ4 y2 � 2(k1�01 + k2�02) y1 y2 + ZQ� Æ8 �1 � Æ11 �2 + ZQ� �2 u+ Z� Æ2 y1 + Æ5 y2 + Z�� Æ9 �1 � Æ12 �2+ Z
 h� �1 y1(�; T ) + Æ3i y1(�; T ) + Z
 h� �2 y2(�; T ) + Æ6i y2(�; T )+ Z
� Æ10 �1(�; 0)� Æ13 �2(�; 0)= 0: (3.13)



PARAMETRIC SENSITIVITY ANALYSIS 13From the variational inequality, 
hoosing u = u or u = u0, respe
tively, it follows thatZQ �� 
 u+ �2 + Æ7� u � 0: (3.14)Let us denote by q(y; u) the quadrati
 fun
tional 12Lxx(y0; u0; �0; p0)(x; x), i.e.,q(y; u) = �12 ky1(�; T )k2L2(Q) + �22 ky2(�; T )k2L2(Q) + ZQ(k1�01 + k2�02)y1y2 + 
2 kuk2L2(Q):Solving (3.13) for RQ �2 u and plugging into (3.14), then using H�older's inequality, itfollows that2q(y; u) � ZQ Æ1 y1 + Æ4 y2 + Z� Æ2 y1 + Æ5 y2+ Z
 Æ3 y1(�; T ) + Æ6 y2(�; T ) + ZQ Æ7 u+ ZQ� Æ8 �1 � Æ11 �2 + Z�� Æ9 �1 � Æ12 �2+ Z
� Æ10 �1(�; 0)� Æ13 �2(�; 0)� 
kyk[H2;1(Q)℄2�kÆ1kL2(Q) + kÆ2kH 12 ; 14 (�) + kÆ3kH1(
)+ kÆ4kL2(Q) + kÆ5kH 12 ; 14 (�) + kÆ6kH1(
)�+ kukL2(Q) � kÆ7kL2(Q)+ 
k�k[H2;1(Q)℄2�kÆ8kL2(Q) + kÆ9kH 12 ; 14 (�) + kÆ10kH1(
)+ kÆ11kL2(Q) + kÆ12kH 12 ; 14 (�) + kÆ13kH1(
)�: (3.15)The di�eren
e y 
an be de
omposed as y� y0 = z+w where z satis�es (3.12) with allÆi repla
ed by zero, while w satis�es (3.12) with u repla
ed by zero. In the followingestimate, we use the 
oer
ivity assumption (AC), along with the estimates kzk2 �ky � y0k2 � 2ky � y0kkwk + kwk2 and kzk � ky � y0k + kwk. Abbreviating K =kk1�01 + k2�02kL2(Q), we �nd thatq(y � y0; u) = q(z; u) + �1 Z
 z1(�; T )w1(�; T ) + �2 Z
 z2(�; T )w2(�; T )+ �12 Z
[w1(�; T )℄2 + �22 Z
[w2(�; T )℄2 + ZQ(k1�01 + k2�02)(w1z2 + z1w2 + w1w2)� ��kzk2[H2;1(Q)℄2 + kuk2L2(Q)�� �1kz1(�; T )kL2(
) � kw1(�; T )kL2(
) � �2kz2(�; T )kL2(
) � kw2(�; T )kL2(
)�K�kw1kL4(Q) � kz2kL4(Q) + kz1kL4(Q) � kw2kL4(Q) + kw1kL4(Q) � kw2kL4(Q)�� ��kyk2[H2;1(Q)℄2 � 2kyk[H2;1(Q)℄2 � kwk[H2;1(Q)℄2 + kwk2[H2;1(Q)℄2 + kuk2L2(Q)�� 
�1kz1kH2;1(Q) � kw1kH2;1(Q) � 
�2kz2kH2;1(Q) � kw2kH2;1(Q)
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K�kw1kH2;1(Q) � kz2kH2;1(Q) + kz1kH2;1(Q) � kw2kH2;1(Q)+ kw1kH2;1(Q) � kw2kH2;1(Q)�� ��kyk2[H2;1(Q)℄2 � 2kyk[H2;1(Q)℄2 � kwk[H2;1(Q)℄2 + kuk2L2(Q)�� 
�1�ky1kH2;1(Q) � kw1kH2;1(Q) + kw1k2H2;1(Q)�� 
�2�ky2kH2;1(Q) � kw2kH2;1(Q) + kw2k2H2;1(Q)�� 
K�kw1kH2;1(Q) � ky2kH2;1(Q)+ ky1kH2;1(Q) � kw2kH2;1(Q) + 3kw1kH2;1(Q) � kw2kH2;1(Q)�; (3.16)Combining (3.15) and (3.16) gives��kyk2[H2;1(Q)℄2 + kuk2L2(Q)�� 2� kyk[H2;1(Q)℄2 � kwk[H2;1(Q)℄2+ 
�1�ky1kH2;1(Q) � kw1kH2;1(Q) + kw1k2H2;1(Q)�+ 
�2�ky2kH2;1(Q) � kw2kH2;1(Q) + kw2k2H2;1(Q)�+ 
K�kw1kH2;1(Q) � ky2kH2;1(Q) + ky1kH2;1(Q) � kw2kH2;1(Q)+ 3kw1kH2;1(Q) � kw2kH2;1(Q)�+ 12
 kykH2;1(Q) 6Xi=1 kÆik+ 12kukL2(Q) � kÆ7kL2(Q)+ 12
 k�kH2;1(Q) 13Xi=8 kÆik: (3.17)In (3.17), we estimate kwk � 
P13i=8 kÆik for all terms involving kwik2 or kwikkwjk; weestimate kyikkwjk � �kyik2+ kwjk2=� (by Young's inequality) for all terms involvingkyikkwjk; we use Young's inequality for all terms involving kykkÆik and kukkÆ7k; weuse the a priori estimate k�k � 
�P6i=1 kÆik+ kyk� for k�kP13i=8 kÆik; and rearrangeterms, to obtain kyk+ kuk+ k�k � 
 13Xi=1 kÆik;whi
h proves the 
laim.By Robinson's impli
it fun
tion theorem, the Lips
hitz 
ontinuity of (�; �; �) im-plies the same property for the 
riti
al points of the Karush-Kuhn-Tu
ker system(3.3):Theorem 3.3 (Lips
hitz stability of (�;�;�)). Suppose that the 
oer
ivity as-sumption (AC) holds. Assume that there exists � > 0 and � > 0 su
h that for all p1,



PARAMETRIC SENSITIVITY ANALYSIS 15p2 from the normed linear spa
e of parameters su
h that kpi � p0k < �, we havekF (y0; u0; �0; p1)� F (y0; u0; �0; p2)kZ � �kp1 � p2k; (3.18)then there exist �0 and � > 0 and a Lips
hitz 
ontinuous map p 7! (�(p);�(p);�(p))su
h that for all kp�p0k < �0, (�(p);�(p);�(p)) is a solution to (3.3) whi
h is uniquein the �-neighborhood of (y0; u0; �0), and (�(p0);�(p0);�(p0)) = (y0; u0; �0). More-over, due to the 
oer
ivity assumption, the 
riti
al points (�(p);�(p);�(p)) satisfyse
ond order suÆ
ient 
onditions and are indeed lo
al optimal solutions to (RD(p)).Proof. The �rst assertion follows dire
tly from Robinson [21℄, Theorem 2.1 andCorollary 2.2. We observe that the 
oer
ivity assumption (AC) implies that the se
ondorder suÆ
ient 
onditions [19℄ hold. By Theorem 3.5, the se
ond order suÆ
ient
onditions hold not only for the nominal solution (y0; u0; �0), but in a neighborhoodof this solution. Consequently, 
hoosing �0 suÆ
iently small, (�(p);�(p);�(p)) is alo
ally unique optimal solution.Remark 3.4. Assumption (3.18) holds for a broad range of parameter perturba-tions of the KKT system (3.3), in
luding the perturbations spe
i�ed in (3.1).Theorem 3.5 (Stability of se
ond order suÆ
ient 
onditions). The 
oer
ivityassumption (AC) implies that a se
ond order suÆ
ient 
ondition holds at the nominalsolution (y0; u0; �0; p0). Under the requisites of Theorem 3.3, assumption (AC) stillholds with a number 0 < �0 < � if (y01 ; y02) is repla
ed by �(p), and if the parameterve
tor p0 is repla
ed by p. In parti
ular, the perturbed solution (�(p);�(p);�(p)) alsosatis�es se
ond order suÆ
ient 
onditions and it is thus a lo
ally unique solution for(RD(p)).Proof. For se
ond order suÆ
ient 
onditions to hold, it suÆ
es to 
hoose u 2r(Uad � u0) with some r > 0, see Maurer and Zowe [19℄, Theorem 5.6, whi
h issuperseded by assumption (AC). For now, let �0 be 
hosen a

ording to Theorem 3.3,possibly to be adjusted later, and let kp� p0k < �0. It follows easily thatjLxx(�(p);�(p);�(p); p)(x; x)� Lxx(y0; u0; �0; p0)(x; x)j � 
1�0kxk2X (3.19)for arbitrary x 2 X . The norm on X = [H2;1(Q)℄2 � L2 (Q) is the usual norm of theprodu
t spa
e.Now let y satisfy the linear PDE (3.10) given with (AC), where (y01 ; y02) has beenrepla
ed by �(p), p0 has been repla
ed by p, and where the arbitrary u 2 L2 (Q)serves as 
ontrol, u = 0 where a(x; t) = b(x; t). In other words, (y; u) 2 K(p), whereK(p) is the linear spa
eK(p) = ker ex(�(p);�(p); p) \ f(y; u) : u = 0 where ua = ubg:If we de�ne y to satisfy (3.10) with 
ontrol u|in other words, (y; u) 2 K(p0)|,then their di�eren
e y� y also satis�es a linear PDE, and it follows from the a prioriestimates in Lemma 2.3 thatky � yk[H2;1(Q)℄2 � 
2�0kyk[H2;1(Q)℄2 (3.20)holds. Using the triangle inequality, we obtain from (3.20)ky � yk[H2;1(Q)℄2 � 
2�01� 
2�0 kyk[H2;1(Q)℄2 :We have thus proved that for any x = (y; u) 2 K(p), there exists x = (y; u) 2 K(p0)su
h that their di�eren
e satis�eskx� xkX � 
2�01� 
2�0 kxkX : (3.21)



16 R. GRIESSEUsing the standard estimate from Maurer and Zowe [19℄, Lemma 5.5, possibly making�0 smaller, it follows from (3.21) thatLxx(y0; u0; �0; p0)(x; x) � �0kxk2X (3.22)holds with some �0 > 0.Combining (3.19) and (3.22) �nally yieldsLxx(�(p);�(p);�(p); p)(x; x) � Lxx(y0; u0; �0; p0)(x; x)� 
1�0kxk2X� (�0 � 
1�0)kxk2Xwith some �0 > 0, whi
h 
on
ludes the proof.Remark 3.6. By the 
hoi
e of H2;1(Q) for the state spa
e, in whi
h the stateequation's nonlinearity is di�erentiable, the two-norm dis
repan
y for the se
ond ordersuÆ
ient 
onditions has been avoided here.Before we turn to the di�erentiability properties of the solutions, we mention anobvious 
orollory 
on
erning the 
ontrol 
onstraint multiplier �:Corollary 3.7. Under the requisites of Theorem 3.3, the 
ontrol 
onstraintmultiplier introdu
ed in (2.16) is a Lips
hitz 
ontinuous fun
tion of p for kp�p0k < �0:� =M(p) = �(
�(p)� �2(p)) = �Lu(�(p);�(p);�(p); p):4. Dire
tional Di�erentiability of Solutions. In extension of the Lips
hitzstability results from the previous se
tion, we prove that under the same 
oer
iv-ity assumption (AC), the lo
al optimal solutions (�(p);�(p);�(p)) are dire
tionallydi�erentiable. Moreover, we 
hara
terize the dire
tional di�erentials in terms of thesolutions of another linear-quadrati
 optimal 
ontrol problem.Let us introdu
e the following de�nitions of the subsets of Q where the nominal
ontrol u0 is a
tive and strongly a
tive, respe
tively:Q = f(x; t) 2 Q : u0(x; t) = ua(x; t)g Q = f(x; t) 2 Q : u0(x; t) = ub(x; t)gQ0 = f(x; t) 2 Q : �0(x; t) > 0g Q0 = f(x; t) 2 Q : �0(x; t) < 0gwhere �0 = �(
u0��02) denotes the 
onstraint multiplier belonging to the 
onstraintu0 2 Uad. Moreover, we denote by Ûad the set of admissible 
ontrol variations:u 2 Ûad , 8><>:u = 0 on Q0 [Q0u � 0 on Qu � 0 on Qwhi
h re
e
ts the fa
t that if the nominal 
ontrol u0 is equal to the lower boundua, we 
an approa
h it only from above and vi
e versa. In addition, if the 
ontrol
onstraint is strongly a
tive, the variation is zero there.Theorem 4.1 (Dire
tional di�erentiability of (�; �; �)). Suppose that the 
o-er
ivity assumption (AC) holds. Then for any given dire
tion Æ̂ 2 Z, the mapÆ 7! (�(Æ); �(Æ); �(Æ)) is dire
tionally di�erentiable at Æ = 0, and the di�erentialD(�; �; �)(0; Æ̂) is given by the unique solution and adjoint state in [H2;1(Q)℄2�L2 (Q)�



PARAMETRIC SENSITIVITY ANALYSIS 17[H2;1(Q)℄2 of the auxiliary linear-quadrati
 optimal 
ontrol problemMinimize �12 ky1(�; T )k2L2(
) + �22 ky2(�; T )k2L2(
) + 
2kuk2L2(Q)+ ZQ(k1�01 + k2�02) y1y2� ZQ Æ̂1y1 � Z� Æ̂2y1 � Z
 Æ̂3y1(�; T )� ZQ Æ̂4y2 � Z� Æ̂5y2 � Z
 Æ̂6y2(�; T )� ZQ Æ̂7u (DQP(Æ̂))subje
t to u 2 Ûad and��ty1 �D1�y1 + k1y02y1 + k1y01y2 = Æ̂8D1 ��ny1 = Æ̂9y1(�; 0) = Æ̂10 (4.1)��ty2 �D2�y2 + k2y02y1 + k2y01y2 = u+ Æ̂11D2 ��ny2 = Æ̂12y2(�; 0) = Æ̂13:Proof. Let Æ̂ 2 Z be any dire
tion, and let �n & 0 and Æn = �nÆ̂. In virtue ofTheorem 3.2, we have



yn � y0�n 



[H2;1(Q)℄2 � L kÆ̂k 



�n � �0�n 



[H2;1(Q)℄2 � L kÆ̂kwhere yn = �(Æn) et
. Sin
e H2;1(Q) is a Hilbert spa
e, there exists a subsequen
e,still denoted by index n, su
h that (yn � y0)=�n 
onverges weakly to some elementŷ 2 [H2;1(Q)℄2, and by 
ompa
tness of the embedding, the 
onvergen
e is strong in[L2 (Q)℄2. Moreover, we 
an extra
t another subsequen
e su
h that the 
onvergen
eis also pointwise, and the same argument applies to (�n � �0)=�n. From the vari-ational inequality (3.8) it follows that un = PUad ((�n2 + Æn7 )=
) where PUad denotesthe pointwise proje
tion onto the admissible set Uad. By distinguishing the subsetsof Q where the nominal 
ontrol u0 is either ina
tive, a
tive or strongly a
tive, it isstraightforward to verify that the pointwise limit û = limn!1(un � u0)=�n satis�esû = PÛad �(�̂2 + Æ̂7)=
� (4.2)and is thus an element of L2 (Q).Moreover, by Lebesgue's Dominated Convergen
e Theorem, sin
e we have the point-wise estimate����un � u0�n � û���� � gn = 1
 ������n2 � �02�n ����+ ���� Æn7�n �����+ 1
 �j�̂2j+ jÆ̂7j� ;and gn 
onverges pointwise and in L2 (Q) to 2(j�̂2j+ jÆ̂7j)=
, we �nd that (un�u0)=�n
onverges to û also in L2 (Q).



18 R. GRIESSELike in Theorem 2.6, using the weak 
onvergen
e, one proves that the limit (ŷ; û)satis�es the state equation (4.1), and that the limit �̂ satis�es the adjoint equation
orresponding to (DQP(Æ̂)). The di�eren
e quotient (yn � y0)=�n � ŷ satis�es thestate equation (4.1) with all Æ̂ repla
ed by zeros and u repla
ed by (un � u0)=�n � û.A similar 
al
ulation 
an be done for the adjoint equation. As the solution depends
ontinuously on the right hand side data (Lemma (2.8)), whi
h 
onverges to zero, itfollows from the a priori estimate that in fa
tyn � y0�n ! ŷ in [H2;1(Q)℄2 �n � �0�n ! �̂ in [H2;1(Q)℄2:The whole argument remains valid if in the beginning, we start with an arbitrarysubsequen
e of �n. Sin
e in view of the 
oer
ivity assumption (AC), the limit (ŷ; û; �̂)is the unique solution of (DQP(Æ̂)), the 
onvergen
e extends to the whole sequen
e,and the proof is 
omplete.Just like in the 
ase of Lips
hitz 
ontinuity, the solutions to the nonlinear KKT
onditions (3.3) inherit the property of dire
tional di�erentiability from the solutionsof the linearized generalized equation (3.6):Theorem 4.2 (Dire
tional di�erentiability of (�;�;�)). Suppose that the 
oer-
ivity assumption (AC) holds. Assume that the Lips
hitz 
ondition (3.18) holds andthat in addition, F (y0; u0; �0; p) is Fr�e
het di�erentiable with respe
t to p at p0. Thenthe map p 7! (�(p);�(p);�(p)) is dire
tionally di�erentiable at p0, and the di�erentialD(�;�;�)(0; p) is given by the 
hain ruleD(�;�;�)(p0; p) = D(�; �; �)(0;�Fp(y0; u0; �0; p0) p); (4.3)i.e., by the solution of (DQP(Æ̂)) with Æ̂ = �Fp(y0; u0; �0; p0) p.Proof. The theorem follows from Dont
hev [8℄, Theorem 2.4, observing thatg(y; u; �) = F (y0; u0; �0; p0)+F 0(y0; u0; �0; p0)(y�y0; u�u0; ���0) strongly approx-imates F in (y; u; �) at (y0; u0; �0) in the sense of [8℄.Remark 4.3. For Theorem 4.2 to hold it is suÆ
ient that F (y0; u0; �0; p) bedire
tionally di�erentiable with respe
t to p at p0. For the perturbations listed in(3.1), however, Fr�e
het di�erentiability holds.In analogy to Corollary 3.7, we obtain dire
tional di�erentiability of the 
ontrol
onstraint multiplier:Corollary 4.4. Under the requisites of Theorem 4.2, the 
ontrol 
onstraintmultiplier � =M(p) is also dire
tionally di�erentiable at p0 withDM(p0; p) = �(
u0 + 
0D�(p0; p)�D�2(p0; p)):At this point it be
omes evident that the map Æ 7! (�(Æ); �(Æ); �(Æ)) 
an not in generalbe Fr�e
het di�erentiable sin
e its dire
tional derivative is not linear: If (y; u; �) is thedire
tional derivative of (�; �; �) in the dire
tion of Æ̂, then �u may not be in Ûad, thus�(y; u; �) may not be the derivative in the dire
tion of �Æ̂. Linearity is only observedif Ûad is a linear spa
e, i.e., if stri
t 
omplementarity holds at the nominal solution(that is, if Q = Q0 and Q = Q0 hold up to sets of measure zero). Consequently, thedire
tional derivative of p 7! (�(p);�(p);�(p)) will only be linear in the 
ase of stri
t
omplementarity.5. Taylor expansion of the obje
tive value and examples. The minimumvalue fun
tion �(p) = f(�(p);�(p);�(p); p) = L(�(p);�(p);�(p); p)
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tive value along the lo
al optimal solutions as p ranges over a neigh-borhood of the nominal p0. Using the di�erentiability properties of the state, 
ontroland adjoint fun
tions, one 
an 
onstru
t �rst and se
ond order derivatives of the min-imum value fun
tion. To improve readability, let us denote by L0 the evaluation ofthe Lagrangian at the nominal arguments (y0; u0; �0; p0). In addition, let us denoteby y and ŷ the dire
tional derivatives of the nominal state in the dire
tions of p andp̂, respe
tively, i.e., y = D�(p0; p), and similarly for the 
ontrol and adjoint variables.Theorem 5.1. Under the requisites of Theorem 4.2, the minimum value fun
tion� is Fr�e
het di�erentiable at p0 withD�(p0; p) = Lp(y0; u0; �0; p0)p: (5.1)Its se
ond order dire
tional derivatives also exist and are given byD2�(p0; p; p̂) = [ y u p ℄264L0yy L0yu L0ypL0uy L0uu L0upL0py L0pu L0pp 37524 ŷ̂ûp35: (5.2)Proof. From the 
lassi
al 
hain rule, it follows thatD�(p0; p) = L0yy + L0uu+ L0��+ L0pp:By the optimality 
ondition for the nominal problem, the �rst and third terms vanish.Sin
e �0 = �L0u and u = 0 where �0 6= 0 by de�nition of Ûad, the se
ond term is alsoseen to be zero, thus (5.1) holds.Di�erentiating Lp(�(p);�(p);�(p); p) totally with respe
t to p, in the dire
tion of p̂,yields by the 
lassi
al 
hain rule the se
ond dire
tional di�erential of the minimumvalue fun
tion:D2�(p0; p; p̂) = [ y u � p ℄26664L0yy L0yu L0y� L0ypL0uy L0uu L0u� L0upL0�y L0�u L0�� L0�pL0py L0pu L0p� L0pp 377752664 ŷ̂û�̂p 3775;whi
h is easily seen to be the same as (5.2) as L0� and L0�� vanish.To be spe
i�
, letp = (D1; D2; k1; k2; �1; �2; 
; y10; y20; y1T ; y2T )>be any given parameter dire
tion. Then the �rst order dire
tional derivative of � isD�(p0; p) = Lp(y0; u0; �0; p0)p= �12 ky1(�; T )� y1T k2L2(Q) � �1 Z
(y01(�; T )� y1T )y1T+ �22 ky2(�; T )� y2T k2L2(Q) � �2 Z
(y02(�; T )� y2T )y2T + 
2ku0k2L2(Q)+ ZQ(�D1�y01 + k1y01y02)�01 � Z
 y10�01(�; 0)+ ZQ(�D2�y02 + k2y01y02)�02 � Z
 y20�02(�; 0):



20 R. GRIESSEIn parti
ular, we have veri�ed the well-known marginal interpretation of the adjointvariable [4℄: When only the initial 
onditions yi0 are perturbed, then the adjointvariable at t = 0 gives the (negative) �rst order 
hange of the minimum value fun
tion:D�(p0; p) = � Z
 y10�01(�; 0)� Z
 y20�02(�; 0):The se
ond order di�erential 
an be easily 
omputed expli
itly for our example, butwe omit the lengthy term here for brevity.6. Con
lusion. In this paper, we have examined optimal solutions for a 
ontrol-
onstrained optimal 
ontrol problem governed by a system of semilinear paraboli
rea
tion-di�usion equations. These solutions depend on an in�nite-dimensional pa-rameter p whi
h models perturbations of the dynami
s in terms of rea
tion and dif-fusion 
oeÆ
ients, initial 
onditions, and of some quantities in the obje
tive fun
tion.Under a natural 
oer
ivity assumption, whi
h implies that se
ond order suÆ
ient
onditions are satis�ed at the nominal and the perturbed solutions, we have foundthat the optimal solutions depend Lips
hitz-
ontinuously on the parameter, and thattheir dire
tional derivative exists. The dire
tional derivative, also 
alled the paramet-ri
 sensitivity of the optimal solution, has been 
hara
terized as the unique solutionof an additional linear-quadrati
 optimal 
ontrol problem. Hen
e, these parametri
sensitivities are 
omputable at the relatively low numeri
al 
ost equivalent to one ad-ditional QP step. This sensitivity information o�ers one approa
h towards realtimeoptimal 
ontrol of time-dependent partial di�erential equations. Sin
e the sensitivi-ties 
an be 
omputed beforehand (o�ine) along with the nominal solution, the Taylorexpansions �(p0 + p) � y0 +D�(p0; p) et
. 
an be evaluated at negligible numeri
al
ost to give an estimate of the perturbed solution. The dire
tional derivative of the
ontrol 
onstraint multiplier � shows where a 
ontrol 
onstraint tends to be
ome a
-tive, more strongly a
tive, or ina
tive. Altogether, the parametri
 sensitivities yieldqualitative and quantitative information about the �rst order 
hange of the nominalsolution.For a pra
ti
al algorithm for the 
omputation of the sensitivities, based on a primal-dual a
tive set SQP strategy, along with numeri
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