
A REDUCED SQP ALGORITHM FOR THEOPTIMAL CONTROL OF SEMILINEARPARABOLIC EQUATIONSand its Appli
ation to Rea
tion-Di�usion SystemsRoland GriesseLehrstuhl f�ur IngenieurmathematikUniversit�at Bayreuth, Germanyroland.griesse�uni-bayreuth.deAbstra
t This paper deals with optimal 
ontrol problems for semilinear time-de-pendent partial di�erential equations. Apart from the PDE, no addi-tional 
onstraints are present. Solving the ne
essary 
onditions for su
hproblems via the Newton-Lagrange method is dis
ussed. Motivated byissues of 
omputational 
omplexity and 
onvergen
e behavior, the Re-du
ed Hessian SQP algorithm is introdu
ed. Appli
ation to a system ofrea
tion-di�usion equations is outlined, and numeri
al results are givento illustrate the performan
e of the redu
ed Hessian algorithm.Keywords: optimal 
ontrol, paraboli
 equation, semilinear equation, redu
ed SQPmethod, rea
tion-di�usion equationIntrodu
tionThere exist two basi
 
lasses of algorithms for the solution of opti-mal 
ontrol problems governed by partial di�erential equations (PDEs).They both are of an iterative fashion and are di�erent in that Newton-type methods require the repeated solution of the (non-linear) PDE whilethe algorithms of SQP-type deal with the linearized PDE only. Newton-type methods have been su

essfully applied, e.g., to 
ontrol problemsfor the Navier-Stokes equations in [4℄ and will not be dis
ussed here.The main fo
us of this paper is on SQP-type methods whi
h basi
allyuse Newton's algorithm in order to solve the �rst order ne
essary 
on-ditions. This s
heme leads to a linear boundary value problem for thestate and adjoint variables. It is the size of the dis
retized linear bound-ary value problem that motivates a variant of this approa
h in the �rst1



2pla
e: The redu
ed SQP method, whi
h has been the subje
t-matter ofthe following papers: [5℄ introdu
es redu
ed Hessian methods in Hilbertspa
es. [4℄ studies various se
ond-order methods for optimal 
ontrol ofthe time-dependent Navier-Stokes equations. [2℄ and [3℄ dis
uss algo-rithms based on inexa
t fa
torization of the full Hessian step (11) whi
hinvolve the redu
ed Hessian (or approximations thereof) in the fa
tors.[1℄ examines pre
onditioners for the KKT matri
es arising in interiorpoint methods, also using redu
ed Hessian te
hniques.This paper is organized as follows: In Se
tion 1, the 
lass of semilinearse
ond order paraboli
 partial di�erential equations is introdu
ed with
ontrol provided in distributed fashion. Se
tion 2 
overs optimal 
ontrolproblems for these PDEs and establishes the �rst order ne
essary 
on-ditions. Se
tion 3 des
ribes the basi
 SQP method in fun
tion spa
es(also 
alled the Newton-Lagrange method in this 
ontext), that 
an beused to solve these 
onditions. The redu
ed Hessian method is derivedas a variant thereof. It will be seen that this method is appli
able only ifthe linearized PDE is uniquely solvable with 
ontinuous dependen
e onthe right hand side data. The purpose of the redu
ed Hessian method isto signi�
antly de
rease the size of the dis
retized SQP steps. The asso-
iated algorithm whi
h requires the repeated solution of the linearizedstate equation and of the 
orresponding adjoint is presented in detail.In Se
tion 4, this pro
edure is applied to a system of rea
tion-di�usionPDEs. Finally, numeri
al results are given in Se
tion 5.While the ideas and algorithm are worked out for distributed 
ontrolproblems throughout this paper, boundary and mixed 
ontrol problems
an be treated in the very same manner with only minor modi�
ationof notation.1. Semilinear Paraboli
 EquationsLet 
 be a bounded domain in R2 with suÆ
iently smooth boundary� and Q = 
 � (0; T ), � = � � (0; T ) with given �nal time T > 0.We 
onsider semilinear paraboli
 initial-boundary value problems of thefollowing type:yt(x; t) +A(x)y(x; t) + n(x; t; y(x; t); u(x; t)) = 0 in Q�ny(x; t) + b(x; t; y(x; t)) = 0 on � (1)y(x; 0)� y0(x) = 0 on 
:The ellipti
 di�erential operator A(x)y = �P2i;j=1Dj(aij(x)Diy) is rep-resented by the matrix �A(x) = (aij(x)) 2 R2�2 whi
h is assumed to besymmetri
, and �ny(x; t) = n(x)T �A(x)ry(x; t) =P2i;j=1 aijni(x)Djy(x; t)is the so-
alled 
o-normal derivative along the boundary �. When A



A Redu
ed SQP Algorithm for the Optimal Control of Paraboli
 PDEs 3is the negative Lapla
e operator ��, �A gives the identity matrix and�ny(x; t) is simply the normal derivative or Neumann tra
e of y(x; t).Questions of solvability, uniqueness and regularity for non-linear PDEsshall not be answered here. Please refer to [7℄ and the referen
es 
itedtherein. We assume that there exist Bana
h spa
es Y for the state, Ufor the 
ontrol and Z for the adjoint variable su
h that the semilinearparaboli
 problem (1) is well-posed in the abstra
t forme(y; u) = 0 with e : Y � U ! Z 0 (2)where Z 0 is the dual spa
e of Z. The operator e may represent a strongor weak form of the state equation (1). Casting the PDE in this 
on-venient form will allow us later to view the 
ontrol problem as a PDE-
onstrained optimization problem and hen
e support a solution approa
hbased on the Lagrange fun
tional. However, in the detailed presentationof the algorithms, we will return to interpreting the operator e and itslinearization ey as time-dependent PDEs.2. Optimal Control ProblemsIn the state equation (1), the fun
tion u de�ned on Q is 
alled the dis-tributed 
ontrol fun
tion. A Neumann boundary 
ontrol problem ariseswhen, instead of u, a 
ontrol fun
tion v is present in the boundarynonlinearity b(x; t; y(x; t); v(x; t)). Other possibilities in
lude Diri
hletboundary 
ontrol or even 
ombinations of all of the above. Examples ofboundary 
ontrol problems 
an be found, e.g., in [3℄ and [1℄. Everythingpresented in this paper 
an be and in fa
t has been applied to boundary
ontrol problems with only minor modi�
ations.The 
ore of optimal 
ontrol problems is to 
hoose the 
ontrol fun
tionu 2 U in order to minimize a given obje
tive fun
tion. In pra
ti
alterms, the obje
tive 
an, e.g., aim at energy minimization or tra
king agiven desired state.We shall use the obje
tive for the distributed 
ontrol 
ase from [7℄:f(y; u) = Z
 '(x; y(x; T )) dx + ZQ g(x; t; y; u) dx dt (3)where ' asseses the terminal state and g evaluates the distributed 
ontrole�ort and the state traje
tory in (0; T ).The abstra
t optimal 
ontrol problem 
onsidered throughout the restof this paper 
an now be stated:Minimize f(y; u) over (y; u) 2 Y � Us.t. e(y; u) = 0 holds. (4)



4A parti
ularly simple situation arises when the state equation (1) is infa
t linear in (y; u) and the obje
tive (3) is 
onvex or even quadrati
positive de�nite. However, in the general 
ase, our given problem (4) to�nd an optimal 
ontrol u and a 
orresponding optimal state y minimizing(3) while satisfying the state equation e(y; u) = 0 2 Z 0 is a non-
onvexproblem. We will not address the diÆ
ult question of global optimalsolutions but rather assume that a lo
al optimizer (ŷ; û) exists. Thefollowing �rst order ne
essary 
onditions involving the adjoint variable� are well-known, see, e.g., [7℄ (with �� instead of �):��t +A(x)��+ ny(x; t; y; u)� + gy(x; t; y; u) = 0 in Q�n�+ by(x; t; y)� = 0 on ��(T ) + 'y(x; y(T )) = 0 in 
gu(x; t; y; u) + nu(x; t; y; u)� = 0 in Q (5)yt +A(x)y + n(x; t; y; u) = 0 in Q�ny + b(x; t; y) = 0 on �y(0)� y0(x) = 0 on 
:These 
an be derived by 
onstru
ting the LagrangianL(y; u; �) = f(y; u) + he(y; u); �iZ0;Z (6)and evaluating the 
onditionsLy(y; u; �) = 0 in Y 0 (adjoint equation) (7)Lu(y; u; �) = 0 in U 0 (optimality 
ondition) (8)L�(y; u; �) = e(y; u) = 0 in Z 0 (state equation) (9)in their strong form.Triplets (ŷ; û; �̂) that satisfy the �rst order ne
essary 
onditions are
alled stationary points. Obviously, the 
onditions (5) or (7){(9) 
onsti-tute a non-linear two-point boundary value problem involving the non-linear forward equation (initial values given) for the state y and the linearba
kward equation (terminal 
onditions given) for the adjoint �. In thenext se
tion we introdu
e an algorithm to solve this problem.3. SQP AlgorithmsAs we have seen in the previous se
tion, �nding stationary points(ŷ; û; �̂) and thus 
andidates for the optimal 
ontrol problem requiresthe solution of the non-linear operator equation system (7){(9). Thistask 
an be atta
ked by Newton's method that is 
ommonly used to�nd zeros of non-linear di�erentiable fun
tions.



A Redu
ed SQP Algorithm for the Optimal Control of Paraboli
 PDEs 5Suppose that we are given a triplet (yk; uk; �k), the 
urrent iterate.The Newton step to 
ompute updates (Æy; Æu; Æ�) reads24Lyy(yk; uk; �k) Lyu(yk; uk; �k) ey(yk; uk)�Luy(yk; uk; �k) Luu(yk; uk; �k) eu(yk; uk)�ey(yk; uk) eu(yk; uk) 0 3524 ÆyÆuÆ�35 = �24Ly(yk; uk; �k)Lu(yk; uk; �k)e(yk; uk) 35= �24 fy(yk; uk) + ey(yk; uk)��kfu(yk; uk) + eu(yk; uk)��ke(yk; uk) 35 in 24Y 0U 0Z 0 35: (10)This method is referred to as the Newton-Lagrange algorithm. It fallsunder the 
ategory of SQP solvers sin
e (10) are also the ne
essary 
on-ditions of an auxiliary QP problem, see, e.g., [6℄. Note that in 
ontrastto the so-
alled Newton approa
h (
f. [4℄), the iterates (yk; uk) of theSQP method are infeasible w.r.t. the non-linear state equation, i.e. themethod generates 
ontrol/state pairs that satisfy the PDE (1) only inthe limit.The operators appearing in the matrix on the left hand side (theHessian of the Lagrangian) deserve some further explanation. First itis worth re
alling that the �rst partial Fr�e
het derivative of a mappingg : X1 � X2 ! Y between normed linear spa
es X = X1 � X2 and Yat a given point x = (x1; x2) 2 X is a bounded linear operator, e.g.,gx1(x) 2 L(X1; Y ). Consequently, the se
ond partial Fr�e
het derivativesat x are gx1x1(x) 2 L(X1;L(X1; Y )), gx1x2(x) 2 L(X2;L(X1; Y )), et
.They 
an equivalently be viewed as bi-linear bounded operators, e.g.,the latter taking its �rst argument from X2 and its se
ond from X1 andmapping this pair to an element of Y .The adjoint operators (or, pre
isely speaking, 
onjugate operators)appearing in the equation (10) 
an most easily be explained by theirproperty of swit
hing the arguments' order in bilinear maps:ey(yk; uk) 2 L(Y;Z 0)ey(yk; uk)� 2 L(Z 00; Y 0) ,! L(Z; Y 0) sin
e Z ,! Z 00ey(yk; uk)�(z; y) = ey(yk; uk)(y; z) for all y 2 Y; z 2 Z:Exploiting the fa
t that the adjoint variable � appears linearly in theLagrangian L, the Newton step (10) 
an be rewritten in terms of thenew iterate �k+1 rather than the update Æ�. For brevity, the arguments(yk; uk; �k) will be omitted from now on:24Lyy Lyu e�yLuy Luu e�uey eu 0 3524 ÆyÆu�k+1 35 = �24 fyfue 35: (11)



6 As 
an be expe
ted, this system (obtained by linearization of (7){(9))represents a linear two-point boundary value problem whose solution isnow the main fo
us.To render problem (11) amenable for 
omputer treatment, some dis-
retization has to be 
arried out. Inevitably, its dis
retized version willbe a large system of linear equations sin
e it ultimately 
ontains thevalues of the state, 
ontrol and adjoint at all dis
rete time steps andall nodes of the underlying spatial grid. Thus, one seeks to minimizethe dimension of the system by de
omposing it into smaller parts. Theredu
ed Hessian algorithm is designed just for this purpose:Roughly speaking, it solves the linear operator equation (11) for Æu�rst, using Gaussian elimination on the symbols in the matrix. A pre-requisite to this pro
edure is the bounded invertibility of ey(y; u) forall (y; u) whi
h are taken as iterates in the 
ourse of the algorithm.In other words, the linearized state equation ey(y; u)h = f has to beuniquely solvable for h (with 
ontinuous dependen
e on the right handside f 2Z 0) at these points (y; u). One obtains the redu
ed Hessian step�e�ue��y Lyye�1y eu + Luu � Luye�1y eu � e�ue��y Lyu� Æu= e�ue��y �fy � Lyye�1y e�� fu + Luye�1y e (12)ey Æy = � e� euÆu (13)e�y �k+1 = � fy � LyyÆy � LyuÆu: (14)The operator pre
eding Æu is 
alled the redu
ed Hessian HÆu in 
ontrastto the full Hessian matrix H appearing in (11). Note that both the fulland the redu
ed Hessian are self-adjoint operators. After dis
retization,the redu
ed Hessian will be small and dense, whereas the full Hessianwill be large and sparse. Aiming at solving a dis
retized version of (12)using an iterative solver, the a
tion of the redu
ed Hessian on given el-ements Æu 2 U has to be 
omputed, plus the right hand side of (12).It 
an be shown that on
e an approximate solution Æu to (12) is found,the remaining unknowns Æy and �k+1 obeying (13) and (14) 
an be ex-pressed in terms of quantities already 
al
ulated. The overall pro
edureto solve (7){(9) applying the redu
ed Hessian method on the inner loopde
omposes ni
ely into the steps des
ribed in �gure 1 using the auxiliaryvariables h1; h3 2 Y and h2; h4 2 Z.In many pra
ti
al 
ases, the obje
tive and the PDE separate asf(y; u) = f1(y) + f2(u) and e(y; u) = e1(y) + e2(u) (15)whi
h entails Luy = Lyu = 0.We observe that for the 
omputation of the right hand side b as wellas for every evaluation of HÆu�, it is required to solve one equation in-



A Redu
ed SQP Algorithm for the Optimal Control of Paraboli
 PDEs 7Redu
ed SQP Algorithm1 Set k = 0 and initialize (y0; u0; �0).2 Solve(a) eyh1 = e(b) e�yh2 = fy � Lyyh1and set b := e�uh2 � fu + Luyh1.3 For every evaluation of HÆu� inside some iterative solverof HÆuÆu = b, solve(a) eyh3 = eu�(b) e�yh4 = Lyyh3 � Lyu�and set HÆu� := e�uh4 � Luyh3 + Luu�.4 Set uk+1 := uk + Æu.5 Set Æy := �h1 � h3 and yk+1 := yk + Æy.6 Set �k+1 := �h2 + h4.7 Set k := k + 1 and go ba
k to step 2.Figure 1. Redu
ed SQP Algorithmvolving ey and another involving e�y. It will be seen in the sequel thatin our 
ase of e representing a time-dependent PDE these are in fa
t so-lutions of the linearized forward (state) equation and the 
orrespondingba
kward (adjoint) equation, see �gure 2 in the following se
tion.Note that the linear system involving the redu
ed Hessian HÆu issigni�
antly redu
ed in size as 
ompared to the full Hessian of the La-grangian, the more so as in pra
ti
al appli
ations, there are many morestate than 
ontrol variables.4. ExampleAs an example, distributed 
ontrol of a semilinear paraboli
 systemof rea
tion-di�usion equations will be dis
ussed. The PDE system de-s
ribes a 
hemi
al rea
tion C1 + C2 ! C3 where the three substan
esare subje
t to di�usion and a simple non-linear rea
tion law.



8 While in the dis
ussion so far only one (s
alar) PDE appears, the gen-eralization to systems of PDEs is straightforward. In the example, thestate y = (
1; 
2; 
3)T as well as the adjoint � = (�1; �2; �3)T now havethree s
alar 
omponents while the 
ontrol is still one-dimensional. Thelinearized systems o

uring in the 
omputation of the auxiliary variablesh1; : : : ; h4 feature a 
oupling between their 
omponents whi
h is gener-ated by the non-linearity in the state equation (16). Also note that thisexample satis�es the separation 
ondition (15).The rea
tion-di�usion system under 
onsideration is given by
1t = D1�
1 � k1 
1
2 �n
1 = 0 
1(0) = 
10
2t = D2�
2 � k2 
1
2 + u �n
2 = 0 
2(0) = 
20 (16)
3t = D3�
3 + k3 
1
2 �n
3 = 0 
3(0) = 
30where the 
ontrol a
ts only through 
omponent two. The boundary
onditions simply mean that the boundary of the rea
tion vessel is im-permeable. The 
onstants Di and ki are all non-negative and denotedi�usion and rea
tion 
oeÆ
ients, respe
tively.The obje
tive in this 
ase is a standard least-squares-type fun
tionalf(y; u) = Z
[
1(x; T )� 
1d℄2 dx+ 
 ZQ u(x; t)2 dx dtin order to minimize the distan
e of 
omponent one's terminal state
1(x; T ) to a given desired state 
1d while taking 
ontrol 
ost into a
-
ount, weighted by a fa
tor 
 > 0. In 
ase one is interested in maximumprodu
t yield, the term �R
 
3(x; T ) dx 
an be inserted into the obje
-tive.The individual steps in the redu
ed Hessian algorithm for this parti
u-lar example are given in �gure 2. There, the ve
tor (
k1; 
k2; 
k3; uk; �k1; �k2; �k3)Tdenotes the 
urrent iterate. It stands out that the linear systems forh1; : : : ; h4 
an equivalently be written ashit + K̂ hi = fi for i 2 f1; 3g (17)�hjt + K̂Thj = gj for j 2 f2; 4g (18)where the operator matrixK̂ = 24�D1�� k1
k2 �k1
k1 0�k2
k2 �D2�� k2
k1 0k3
k2 k3
k1 �D3�35 (19)is non-symmetri
. Please noti
e that this phenomenon does not o

urin s
alar PDE 
ontrol problems.



A Redu
ed SQP Algorithm for the Optimal Control of Paraboli
 PDEs 9Redu
ed Hessian steps for the rea
tion-di�usion exampleSolve for h1 = (h11; h12; h13)T :h11t �D1�h11 � k1
k2h11 � k1
k1h12 = 
k1t �D1�
k1 � k1
k1
k2h12t �D2�h12 � k2
k1h12 � k2
k2h11 = 
k2t �D2�
k2 � k2
k1
k2 + ukh13t �D3�h13 + k3
k2h11 + k3
k1h12 = 
k3t �D3�
k3 + k3
k1
k2�nh11 = 0 �nh12 = 0 �nh13 = 0h11(0) = 
k1(0)� 
10 h12(0) = 
k2(0)� 
20 h13(0) = 
k3(0)� 
30Solve for h2 = (h21; h22; h23)T :� h21t �D1�h21 � k1
k2h21 � k2
k2h22 + k3
k2h23 = g21� h22t �D2�h22 � k2
k1h22 � k1
k1h21 + k3
k1h23 = g22� h23t �D3�h23 = 0g21 = �k1h12�k1 � k2h12�k2 � k3h12�k3g22 = �k1h11�k1 � k2h11�k2 � k3h11�k3�nh21 = 0 �nh22 = 0 �nh23 = 0h21(T ) = 2[
k1 (T )� 
1d � h11(T )℄ h22(T ) = 0 h23(T ) = 0Set b = �h22 � 2
uk.Solve for h3 = (h31; h32; h33)T :h31t �D1�h31 � k1
k2h31 � k1
k1h32 = 0h32t �D2�h32 � k2
k1h32 � k2
k2h31 = ��h33t �D3�h33 � k3
k2h31 � k3
k1h32 = 0�nh31 = 0 �nh32 = 0 �nh33 = 0h31(0) = 0 h32(0) = 0 h33(0) = 0Solve for h4 = (h41; h42; h43)T :� h41t �D1�h41 � k1
k2h41 � k2
k2h42 � k3
k2h43 = g41� h42t �D2�h42 � k2
k1h42 � k1
k1h41 � k3
k1h43 = g42� h43t �D3�h43 = 0g41 = k1h32�k1 + k2h32�k2 + k3h32�k3g42 = k1h31�k1 + k2h31�k3 + k3h31�k3�nh41 = 0 �nh42 = 0 �nh43 = 0h41(T ) = 2h31(T ) h42(T ) = 0 h43(T ) = 0Set HÆu� := �h42 + 2
�:Figure 2. Redu
ed SQP Algorithm for the Rea
tion-Di�usion Example



105. Numeri
al ResultsIn this se
tion, results obtained from an implementation of the re-du
ed Hessian algorithm will be presented. All 
oding has been donein Matlab 6.0 using the PDE toolbox to generate the spatial mesh andthe �nite element matri
es. The performan
e of the redu
ed Hessianalgorithm will be demonstrated in 
omparison to an iterative algorithmworking on the full Hessian of the Lagrangian H given in (11).To this end the 
onvergen
e behavior over iteration 
ount of one par-ti
ular SQP step (
orresponding to steps 2 and 3 in the algorithm) willbe shown. For the tests we 
hose
k1(x; t) = 0:5 
10(x) = 0:1 + �fx1>0:3g(x) �k1(x; t) = 0
k2(x; t) = 0:5 
20(x) = 0:1 + �fx2>0:3g(x) �k2(x; t) = 0
k3(x; t) = 0:5 
30(x) = 0 �k3(x; t) = 0
1d(x) = 0 D1 = 0:01 k1 = 0:5uk(x; t) = 0 D2 = 0:05 k2 = 1:5
 = 1 D3 = 0:15 k3 = 2:5on some �nite element dis
retization of the unit 
ir
le 
 � R2 , where�A denotes the indi
ator fun
tion of the set A \ 
. The �nal time wasT = 10.As was seen earlier in equation (11), there are three blo
k rows inH, 
orresponding to the linearizations of the adjoint equation, the op-timality 
ondition and the state equation, respe
tively. For our tests,these have been semi-dis
retized using pie
ewise linear triangular �niteelements in spa
e. The ODE systems obtained by the method of linesare of the following form:M _y + Ky = f (forward equations) (20)�M _�+KT� = g (ba
kward equations) (21)They were treated by means of the impli
it Euler s
heme with 
onstantstep size. Of 
ourse, suitable higher order integrators 
an be used as well.Using this straightforward approa
h yields one drawba
k that be
omesapparent in �gure 3: The dis
retized full Hessian matrix H is no longersymmetri
, although the 
ontinuous operatorH is self-adjoint. The sameholds for the dis
retized redu
ed Hessian HÆu.This is due to the treatment of initial and terminal 
onditions inthe linearized state and the adjoint equation. Nevertheless, there aremethods that reestablish symmetry, but these will not be pursued inthe 
ourse of this paper sin
e qualitatively, the 
onvergen
e results re-main un
hanged. For that reason, the non-symmetry will be approved,
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Figure 3. Non-symmetry of dis-
retized full Hessian, nt = 4 timesteps, impli
it Euler, dotted lines in-di
ate blo
ks 
orresponding to (11)

thereby waiving the possibility to use, e.g., a 
onjugate gradient methodto solve the redu
ed problem but relying on iterative solvers 
apable ofnon-symmetri
 problems. In the tests, GMRES has proved quite eÆ
ienton the full Hessian problem while CGS and BICGSTAB failed to generatereasonably better iterates than the initial all-zero guess. For the redu
edHessian, all three algorithms found the solution to high a

ura
y, andCGS needed the fewest iterations to do so. As a 
ommon basis, GMRESwith no restarts was used for both the full and the redu
ed Hessianproblem.Note that while the dis
retized state and adjoint allo
ate nt (equalto 4 in �gure 3) dis
rete time steps, the dis
retized 
ontrol needs onlynt � 1. This is attributed to the use of the Euler method where, afterdis
retization, u(t = 0) does not appear in any of the equations.In order to illustrate the 
onvergen
e properties, it is 
onvenient tohave the exa
t dis
retized solution (Æy; Æu; �k+1) of the full SQP step(11) at hand. To that end, the full Hessian matrix was set up expli
itlyfor a set of relatively 
oarse dis
retizations, and the exa
t solution was
omputed using a dire
t solver based on Gaussian elimination (Matlab'sba
kslash operator). The exa
t solution Æu of (12) was obtained in thesame way after setting up the redu
ed Hessian matrix, where the 
orre-sponding Æy and �k+1 were 
al
ulated performing the forward/ba
kwardintegration given by (13) and (14). These two referen
e solution tripletsdi�er only by entries of order 1E-15 and will be 
onsidered equal.It has to be mentioned that for these low-dimensional examples (
f. ta-ble 1), a dire
t solver is a lot faster than any iterative algorithm. How-ever, setting up the exa
t redu
ed Hessian matrix of 
ourse is not anoption for �ne dis
retizations.Figures 4{6 illustrate the 
onvergen
e behavior of GMRES working onthe redu
ed versus the full Hessian matrix: For Æuref denoting the exa
t



12dis
retized solution, the graphs show the relative error historyej(t) = jjÆuj(t)� Æuref(t)jjjjÆuref (t)jj (22)in the L2 norm, where Æuj(t) denotes the approximate solution generatedby the iterative solver after j iterations, taken at the time grid pointt 2 [0; T ℄. The same relative errors 
an be de�ned for Æu substitutedby Æ
1; : : : ; Æ
3 or �k+11 ; : : : ; �k+13 whi
h are the 
omponents of the stateupdate Æy and the new adjoint estimate �k+1.Ea
h �gure shows the relative error history ej(t) of either Æu or Æ
1obtained using GMRES with no restarts after j = 4; 8; : : : ; 28 iterations onthe redu
ed problem and after j = 100; 200; : : : ; 600 iterations on the fullproblem. The �gures for Æ
2, Æ
3 and �k+11 ; : : : ; �k+13 look very mu
h thesame and are not shown here. The dis
retization level is 
hara
terizedby the number of dis
rete time steps nt and the number of grid pointsin the �nite element mesh poi. Table 1 lists the number of optimizationvariables in the full and redu
ed 
ase for the individual dis
retizationsused. nt poi # of vars (redu
ed) # of vars (full)9 25 200 15509 81 648 502219 81 1458 10692Table 1. Number of optimization variables for di�erent dis
retizationsIt 
an 
learly be seen that the iterative solver works very well on theredu
ed system while it needs many iterations on the full matrix. Thiswas to be expe
ted sin
e it is a well-known fa
t (see, e.g., [1℄ and [2℄)that iterative solvers working on the full Hessian require pre
onditioning.Although the evaluation of HÆu times a ve
tor is 
omputationally moreexpensive than H times a ve
tor, the redu
ed Hessian algorithm is by farthe better 
hoi
e over the unpre
onditioned full algorithm. To give someidea why the redu
ed Hessian algorithm outperforms the full Hessianversion, let us de�neP = 24�e�ue��y I e�ue��y Lyye�1y0 0 II 0 0 35 (23)
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ed (solidlines) problem for j = 4; 8; : : : ; 28 iterations and on the full (dotted lines) problem forj = 100; 200; : : : ; 600 iterations at dis
retization level nt = 9, poi = 81as the left pre
onditioner for the full Hessian problem (11) with the �rsttwo 
olumns permuted (for simpli
ity, the separation 
ondition (15) isassumed to hold): From (11), we getP24 Lyy e�yLuu e�ueu ey 3524 ÆuÆy�k+1 35 = �P24 fyfue 35; (24)
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ed (solidlines) problem for j = 4; 8; : : : ; 28 iterations and on the full (dotted lines) problem forj = 100; 200; : : : ; 600 iterations at dis
retization level nt = 19, poi = 81whi
h is equivalent to the blo
k-triangular system24HÆueu eyLyy e�y 3524 ÆuÆy�k+1 35 = 24 e�ue��y �fy � Lyye�1y e�� fu�e�fy 35 (25)whose rows are just the equations (12){(14). Hen
e the redu
ed Hessianproblem is nothing else than the full problem after pre
onditioning withP . Comparing (11) to (25), it turns out that the pre
onditioning a
tuallyprovides the iterative solver with some insight into the interdependen
eof the unknown variables. While in the full Hessian system, the solvertakes all variables as degrees of freedom, in the redu
ed system onlythe true free variables (i.e. the 
ontrols) appear and the state and theadjoint are 
al
ulated 
onsistently. From this point of view, the redu
edHessian method resembles what is usually 
alled a dire
t single shootingapproa
h, applied to a linear-quadrati
 model.The ne
essity to have the full and redu
ed Hessian matrix expli
itlyavailable for the numeri
al tests limits the dis
retization levels to very
oarse ones throughout this paper. In pra
ti
e, however, 
ontrol prob-lems for time-dependent PDEs with about 275 000 unknowns (in
luding40 000 
ontrol variables) have been su

essfully solved on a desktop PCwithin 2 hours using the redu
ed Hessian SQP algorithm.Referen
es[1℄ Battermann, A. & Heinkens
hloss, M.: Pre
onditioners for Karush-Kuhn-Tu
kerMatri
es Arising in the Optimal Control of Distributed Systems, in: W. Des
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