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 Computing, Te
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al University Dresden, Germanyawalther�math.tu-dresden.deSummary. This arti
le reviews the use of Automati
 (or Algorithmi
) Di�erenti-ation (AD) in nonlinear programming problems arising from the dis
retization of
onstrained optimal 
ontrol problems with ordinary di�erential equations. Depend-ing on the number and type of 
onstraints, the forward or reverse mode of AD arefavored. As an example, we 
onsider a fast turn-around manoeuvre of an industrialrobot.Key words: optimal 
ontrol, multibody system, automati
 di�erentiation1 Introdu
tionAutomati
 or Algorithmi
 Di�erentiation (AD) is a valuable tool in generating�rst and higher order derivatives of mathemati
al formulae given by 
omputer
ode segments. It is known to be more eÆ
ient than symboli
 di�erentiation,more a

urate than numeri
al di�erentiation, and more 
onvenient and re-liable than hand-
oded derivatives. We parti
ularly advo
ate the use of ADwhen the fun
tions to be di�erentiated are of high 
omplexity, as veri�edby the right hand side of the multibody ODE optimal 
ontrol problem under
onsideration. We only brie
y re
all the problem, whi
h has been investigatedwith a di�erent emphasis in [GW02℄:An industrial robot|as depi
ted in Figure 1|is to perform a fast turn-around manoeuvre. We denote by q = (q1; q2; q3) the angular 
oordinates ofthe robot's joints, q1 referring to the angle between the base and the two-arm system. The robot is 
ontrolled via three 
ontrol fun
tions u1 throughu3, denoting the respe
tive angular momentum applied to the joints (frombottom to top) by ele
tri
al motors. The goal is to minimize the energy-relatedobje
tive J(q; u) = Z tf0 [u1(t)2 + u2(t)2 + u3(t)2℄ dt (1)
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PSfrag repla
ements q3q3 q290Æ + q2 � q3
Fig. 1. Industrial robot ABB IRB 6400 and its 
oordinateswhere the �nal time tf is given. The robot's dynami
s obey a system of threedi�erential equations of se
ond order:M(q) �q = v(q; _q) + w(q) + �fri
tion( _q) + �reset(q) + u (2)whereM(q) is a 3�3 symmetri
 positive de�nite matrix 
ontaining momentsof inertia, 
alled a generalized mass matrix, see also [GW02℄. The 
ompleteequations of motion 
an be found in Knauer [Kna01℄ and Heim [Hei98℄.The robot's task to perform a turn-around manoeuver is expressed in termsof initial and terminal 
onditions:q1(0) = �=2 _q1(0) = 0 q1(tf ) = ��=2 _q1(tf ) = 0q2(0) = 0 _q2(0) = 0 q2(tf ) = 0 _q2(tf ) = 0 (3)q3(0) = 0 _q3(0) = 0 q3(tf ) = 0 _q3(tf ) = 0:The 
hoi
e of 
ontrol fun
tions is restri
ted by the presen
e of 
ontrol
onstraints (after s
aling to the interval [�1; 1℄)jui(t)j � 1 for all t 2 [0; tf ℄ and i = 1; 2; 3 (4)as well as state 
onstraints�100Æ=s � _q1(t) � 100Æ=s � 70Æ � q2(t) � 70Æ�100Æ=s � _q2(t) � 100Æ=s � 28Æ � q3(t) � 105Æ (5)�65Æ � q2(t)� q3(t) � 65Æagain for all t 2 [0; tf ℄.



AD-generated Derivatives in Optimal Control of an Industrial Robot 3After a transformation of (2) to a �rst order system of ODEs, and rewritingthe obje
tive (1) in Mayer form by means of an additional ODE, our exam-ple problem �ts into the framework of the following general optimal 
ontrolproblem:Find a state/
ontrol pair (y; u) in W 1;1(0; tf ;Rny )� L1(0; tf ;Rnu )whi
h minimizes '(y(tf )) (6)subje
t to _y(t) = f(y(t); u(t); t) a.e. on [0; tf ℄ (7)initial 
onditions y(0) = y0 (8)terminal 
onditions B(y(tf )) = 0 (9)
ontrol 
onstraints a � u(t) � b a.e. on [0; tf ℄ (10)and state 
onstraints 
 � S(y(t)) � d on [0; tf ℄ (11)where ' : Rny ! R, f : Rny � Rnu � R ! Rny , B : Rny ! Rnb , andS : Rny ! Rns , and � is understood 
omponentwise.2 The Dis
retized ProblemWe assume that the time interval has been subdivided into NT � 1 sub-intervals, separated by grid points � i, i = 1; : : : ; NT. In order to trans
ribethe in�nite-dimensional into a �nite-dimensional optimization problem, we
hoose the dis
retized 
ontrol 
omponents u as optimization variables. Thestate equation (7){(8) is dis
retized using an expli
it Runge-Kutta s
hemey = (y1; : : : ;yNT)> = ( 1(u); : : : ;  NT(u))> 2 RNY :We obtain the following non-linear programming problem:Find u 2 RNU whi
h minimizes '( NT(u)) (12)subje
t to B( NT(u)) = 0 (13)a � u � b (14)
 � S( (u)) � d. (15)Its dimensions are NU = nu � NT, NY = ny � NT, S : RNY ! RNS withNS = Ns �NT and B and ' as above.Optimization software like the SQP solver Npsol by Gill [GMSW98℄ is asuitable tool for the numeri
al solution of (12){(15). Su
h software bene�tsfrom user-provided exa
t derivatives of the obje
tive and the 
onstraint fun
-tions, i.e. the gradient of ' Æ  NT and the Ja
obians of B Æ  NT and S Æ  .The following se
tion addresses the question how this is a

omplished usingAutomati
 Di�erentiation.
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 Di�erentiationFor a thorough introdu
tion to AD, we refer to the book of Griewank [Gri02℄.We use the sour
e transformation variety of AD, whi
h, for a given 
omputer
ode segment with spe
i�ed input (independent) and output (dependent) vari-ables, generates an augmented program whi
h additionally 
omputes the Ja-
obian of the output w.r.t. the input variables.In 
ontrast to AD, symboli
 di�erentiation, as 
arried out by 
omputer alge-bra programs, yields a symboli
 formula for the derivative of a given symboli
expression, whose evaluation is often ineÆ
ient 
ompared to AD. Numeri
aldi�erentiation by �nite di�eren
es, as a third possibility, is easy to implementbut it introdu
es trun
ation error and is also ineÆ
ient if the number of inputvariables is large.We only brie
y re
all that the two modes of AD, forward and reverse,have di�erent 
hara
teristi
 features: Mainly, the forward mode 
omputes one
olumn of the Ja
obian at a time, while with the reverse mode, one 
omputesrows. That is, the forward is favorable over the reverse mode whenever theJa
obian is "slim", and vi
e versa when it is "
at".In the optimization problem (12){(15), the dimensions of the respe
tiveJa
obians are J'Æ NT (u) = J'( NT(u)) � J NT (u) 2 R1�NU (16)JBÆ NT (u) = JB( NT(u)) � J NT (u) 2 Rnb�NU (17)JSÆ (u) = JS( NT(u)) � J (u) 2 RNS�NU : (18)From the 
onsiderations above, it is advisable to use the reverse mode ofAD for the �rst two Ja
obians (16){(17) sin
e nb � NU. As for the state
onstraints along the traje
tory (18), one should use the forward mode ifthere are many 
onstraints (ns > nu), and the reverse mode if there are few(ns < nu), 
ompared to the number of 
ontrol 
omponents. An advan
eduser may 
onsider to de
ompose the Ja
obians a

ording to the 
hain rule asindi
ated above, and to 
ompute J (u) only on
e, using the forward modesin
e usually ny > nu. This 
orresponds to solving the so-
alled sensitiv-ity ODE, obtained from the linearization of (7). Then J (u) 
an be re-usedto obtain the Ja
obians (16){(18) by evaluating matrix produ
ts, formingJ'( NT(u)) 2 R1�ny , JB( NT(u)) 2 Rnb�ny and JS( NT(u)) 2 Rns�ny us-ing, e.g., the reverse mode. Finally, we observe that in the absen
e of state
onstraints S along the traje
tory, the reverse mode for the 
omputation of(16) and (17) is highly advisable, and in the 
ase of (16), it 
an be interpretedas solving the 
ontinuous adjoint equation, dis
retized with an integrations
heme known to be the so-
alled transposed s
heme of  , see Hager [Hag00℄.
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al ResultsFor our robot example, the dimensions are nu = 3, ny = 7, ns = 5 andnb = 6. In the dis
retization, we have used the 
lassi
al fourth order expli
itRunge-Kutta s
heme as the integrator  . The �nal time of tf = 2:05 is 
loseto the minimum turn-around time possible. The time interval [0; 2:05℄ hasbeen subdivided using NT = 82 equidistant time grid points. For the deriva-tive 
omputation, we have used Odyss�ee's [FP98℄ reverse mode for (16) andAdifor's [BCKMH94℄ (ve
tor) forward mode for (17){(18), see also [GW02℄.The problem has been solved using Npsol [GMSW98℄ and the obje
tive valuefor this solution is J = 0:8576925.
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