
Parametri
 Sensitivities for Optimal ControlProblems using Automati
 Di�erentiationRoland GriesseChair of Mathemati
s in EngineeringUniversity of Bayreuth95440 BayreuthGermanyroland.griesse�uni-bayreuth.deAndrea WaltherInstitute of S
ienti�
 ComputingTe
hnis
he Universit�at Dresden01062 DresdenGermanyawalther�math.tu-dresden.de

1



Parametri
 Sensitivities for Optimal ControlProblems using Automati
 Di�erentiation
Abstra
tThis arti
le presents a new area of appli
ation for Automati
 Di�erenti-ation (AD): Computing parametri
 sensitivities for optimisation problems.For an optimisation problem 
ontaining parameters whi
h are not amongthe optimisation variables, the term parametri
 sensitivity refers to thederivative of an optimal solution with respe
t to the parameters. We treatnon-linear �nite- and in�nite-dimensional optimisation problems, in parti
-ular optimal 
ontrol problems involving ordinary di�erential equations with
ontrol and state 
onstraints, and 
ompute their parametri
 sensitivitiesusing AD. Parti
ular attention is given to the generation of se
ond-orderderivatives required in the pro
ess.
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1 Introdu
tionParametri
 sensitivity analysis for optimal 
ontrol problems is a fairly re
entdis
ipline. It deals with the 
omputation of an optimal solution's derivativeswith respe
t to parameters whi
h are inherent in the 
ontrol problem but notoptimised for. Let us give a motivating example:
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90Æ + q2 � q3 Figure 1: Industrial robot ABB IRB 6400 and its 
oordinatesAn industrial robot|as depi
ted in Figure 1|is to perform a fast turn-aroundmanoeuvre. Let q = (q1; q2; q3) denote the angular 
oordinates of the robot'sjoints, q1 referring to the angle between the base and the two-arm system. Themeaning of q2 and q3 
an be taken from Figure 1. The robot is 
ontrolled viathree 
ontrol fun
tions u1 through u3, denoting the respe
tive angular momentumapplied to the joints (from bottom to top) by ele
tri
al motors.The 
ontrol problem under 
onsideration is to minimize the energy-related ob-je
tiveJ(q;u) = Z tf0 [u1(t)2 + u2(t)2 + u3(t)2℄ dt (1)where the �nal time tf is given. The robot's dynami
s obeys a system of three3



di�erential equations of se
ond order:M(q) �q = v(q; _q) +w(q) + �fri
tion( _q) + �reset(q) + u (2)whereM (q) is a 3� 3 symmetri
 positive de�nite matrix 
ontaining moments ofinertia, 
alled a generalized mass matrix. The ve
tor v is 
omposed of 
entrifugaland Coriolis for
e entries, and w 
ontains the gravitational in
uen
e. Finally, weallow for for
es indu
ed by dry fri
tion and reset for
es by means of �fri
tion and�reset, respe
tively. The 
omplete equations of motion 
an be found in Knauer[21℄ and Heim [20℄ and in a forth
oming paper by B�uskens and Knauer.Our robot's task to perform a turn-around manoeuver is expressed by means ofinitial and terminal 
onditions:q1(0) = �=2 _q1(0) = 0 q1(tf ) = ��=2 _q1(tf) = 0q2(0) = 0 _q2(0) = 0 q2(tf ) = 0 _q2(tf) = 0 (3)q3(0) = 0 _q3(0) = 0 q3(tf ) = 0 _q3(tf) = 0:The 
hoi
e of 
ontrol fun
tions is restri
ted by the presen
e of 
ontrol 
onstraintsjui(t)j � 1 for all t 2 [0; tf ℄ and i = 1; 2; 3 (4)as well as state 
onstraints�100Æ=s � _q1(t) � 100Æ=s � 70Æ � q2(t) � 70Æ�100Æ=s � _q2(t) � 100Æ=s � 28Æ � q3(t) � 105Æ (5)�65Æ � q2(t)� q3(t) � 65Æagain for all t 2 [0; tf ℄. In addition to the optimal solution, it is very useful tohave parametri
 sensitivity information at hand whi
h 
an be employed for areal-time update of the 
ontrol fun
tions in 
ase that perturbations in the datao

ur during the robot's operation. This issue will be addressed in Se
tion 2. Forour present example, perturbations likely to o

ur are in the initial position aswell as in the weight of the tool in the robot's hand. The �rst 
ir
umstan
e istaken 
are of by substituting the �rst 
olumn in (3) byq1(0) = �=2� p1 q2(0) = �p2 q3(0) = �p3: (6)The additional tool weight p4 enters into the equations of motions (2) in variousterms. We refer to Knauer [21℄ for details. All parameters have a nominal valueof zero.The remainder of the paper is organized as follows: In Se
tion 2, we point toresults 
on
erning the existen
e of parametri
 sensitivity fun
tions. We also il-lustrate their usefulness in real-time appli
ations. Se
tion 3 des
ribes the dis
reti-sation pro
ess transforming the optimal 
ontrol problem into a �nite-dimensional4



optimisation problem whi
h 
an be solved using standard nonlinear programmingsoftware. Also, the �rst appli
ation of Automati
 Di�erentiation will surfa
ethere. Se
tion 4 addresses the 
omputation of parametri
 sensitivities for the�nite-dimensional optimisation problem obtained from dis
retisation. In the pro-
ess, se
ond derivatives are needed whose generation via AD is taken up. We shallpresent numeri
al results for the robot 
ontrol problem along with its parametri
sensitivities in Se
tion 5.Throughout the paper, we denote (partial) derivatives of a ve
tor fun
tion f(x;y)by fx, or, when referring to the derivatives of the i-th s
alar 
omponent of f , byrxfi.2 Parametri
 Sensitivities in Optimal ControlThroughout this paper, we shall be 
on
erned with optimal 
ontrol problems ofthe following type:OC(p) For a given parameter p 2 Rq , �nd a state/
ontrol pair(yp;up) in W 1;1(0; tf ;Rn)� L1(0; tf ;Rm)whi
h minimizes '(y(0);y(tf);p) (7)subje
t to _y(t) = f(y(t);u(t);p) a.e. on [0; tf ℄; (8)boundary 
onditions B(y(0);y(tf );p) = 0, (9)mixed 
onstraints C(y(t);u(t);p) � 0 a.e. on [0; tf ℄; (10)and state 
onstraints S(y(t);p) � 0 on [0; tf ℄ (11)where ' : Rn � Rq ! R, f : Rn � Rm � Rq ! Rn , B : Rn � Rn � Rq ! Rb , C :Rn �Rm �Rq ! R
 and S : Rn �Rq ! Rs and � is understood 
omponentwise.Let us point out that after a simple transformation of the equations of motion intoa system of �rst-order di�erential equations, in
luding one equation to 
onvertthe obje
tive (1) from Lagrange form into Mayer form (7), our initial example �tsOC(p). The two 
onstraints in (5) involving _qi indu
e state 
onstraints of �rstorder, while the remaining 
onstraints lead to state 
onstraints of se
ond order[19℄.We refer to a given value of the parameter ve
tor p0 as the nominal parameterand to a 
orresponding solution (y0;u0) of OC(p0) as the nominal solution. As
hanges in the parameter p o

ur, the optimal solution will deviate from thenominal solution. In real-time appli
ations su
h as the industrial robot problem,5



re-
omputing the solution for the new parameter p is often too time-
onsuming tobe an option. However, one 
an respond to 
hanges in the parameter �p = p�p0using a �rst-order update of the nominal 
ontrol:up � u0 + du0dp �p: (12)The term du0=dp denotes the derivative of the nominal solution u0 with respe
tto the parameter ve
tor p. This so-
alled parametri
 sensitivity di�erential forthe 
ontrol 
omponent 
an be 
omputed along with the nominal solution in orderto have it available in real-time appli
ations. Likewise, it is possible to predi
tthe new state traje
tory in virtue ofyp � y0 + dy0dp �p: (13)Appli
ations of this and more re�ned strategies 
an be found e.g. in Pes
h [29℄and [30℄, B�uskens [6℄, B�uskens and Maurer [8℄, and Augustin and Maurer [1℄.The existen
e and further properties of the sensitivity fun
tionsdu0dp : [0; tf ℄! Rm�q dy0dp : [0; tf ℄! Rn�q (14)have been the subje
t matter of various papers: Malanowski and Maurer treatproblems with mixed 
onstraints (10) in [24℄, with several state 
onstraints (11)of order one in [25℄, and with a single higher order state 
onstraint in [26℄.In our brief review of sensitivity di�erentials, we follow the survey arti
le of Mau-rer and Augustin [27℄: In addition to some rather te
hni
al prerequisites, se
ondorder suÆ
ient 
onditions forOC(p0) imply that the parametri
 sensitivities (14)exist. Moreover, one 
an de�ne the respe
tive di�erentials for the adjoint vari-able as well as for the ve
tor of Lagrange multipliers asso
iated to the 
onstraints(10){(11).We re
all that the nominal solution of OC(p0), along with its adjoint variable,satis�es a multi-point boundary value problem (see e.g. Bryson and Ho [4℄). It isnoteworthy that the sensitivities satisfy a linearization thereof, i.e. a linear multi-point boundary value problem, whi
h is also derived in Maurer and Augustin [27℄.A prominent feature is that the 
ontrol, state and adjoint sensitivities 
an exhibitdis
ontinuities at points where either the nominal 
ontrol or the nominal adjointis dis
ontinuous. The nominal solution tou
hing one of the state 
onstraints (11)or entering or exiting a boundary ar
 for (10) or (11) also triggers dis
ontinuitiesin the sensitivity di�erentials, as re
e
ted by the results in Se
tion 5.Solving the aforementioned boundary value problem numeri
ally as proposed in[27℄ is one elegant way to obtain the sought-after sensitivity di�erentials. While6



this indire
t method promises high a

ura
y and deep insight into the behaviour ofthe optimal solution, it requires a profound knowledge of optimal 
ontrol theoryin general and, in parti
ular, of the nominal solution's swit
hing stru
ture. Inaddition, setting up the boundary value problem is not a trivial task.These diÆ
ulties 
an be 
ir
umvented at the expense of a

ura
y by followinga dis
retise-then-optimise strategy �rst suggested for the 
omputation of sensi-tivities by B�uskens [5℄. This highly workable dire
t approa
h is outlined in thefollowing two se
tions. In short, we dis
retise the nominal problem OC(p0) andobtain a �nite-dimensional optimisation problem. This te
hnique of solving op-timal 
ontrol problems is des
ribed for example in [2℄, [4℄, [22℄, [31℄. A proof of
onvergen
e of the dis
retized towards the 
ontinuous solution 
an be found in [23℄for a parti
ular 
ase. The dis
retise-then-optimise approa
h has the advantagethat the parametri
 sensitivities are more a

essible for the �nite-dimensionalthan for the in�nite-dimensional problem OC(p0).To the authors' knowledge, this is the �rst time that Automati
 Di�erentiationte
hniques are used to generate the se
ond order derivatives required in the 
al-
ulation of sensitivities as set out in Se
tion 4.3 The Dis
rete Optimisation ProblemIn this paper, we apply a dire
t method for solving the optimal 
ontrol problemOC(p) numeri
ally. The dis
retisation of the state and the 
ontrols yields a�nite-dimensional optimisation problem, more spe
i�
ally a nonlinear program-ming (NLP) problem. For that purpose, we 
hoose a 
onstant time step h andthe time grid points tj = (j � 1)h for 1 � j � N . Hen
e, the time interval [0; tf ℄is divided into N � 1 sub-intervals of equal lengths. We approximate the stateand the 
ontrol at the grid points only:vj approximates the state y(tj); v = (v1; : : : ; vN)T 2 RN �nxj approximates the 
ontrol u(tj); x = (x1; : : : ;xN)T 2 RN �m :For now we assume that the initial value for v1 = y(0) is expli
itly given, even ifit does 
ontain some of the optimisation variables. An ODE integrator  providesthe approximationv =  (x;p) = ( 1(x;p); : : : ;  N(x;p))T 2 RN �nof the state y, dependent on the initial 
ondition and the right-hand side f ofthe ordinary di�erential equation (8). Note that both the initial 
ondition andthe right-hand side f may also depend on the parameter p.There are two alternatives in formulating an appropriate dis
rete optimal 
ontrolproblem for OC(p). The �rst approa
h is 
alled full dis
retisation. Here, the7



dis
retised 
ontrol as well as the dis
retised state serve as optimisation variablesin the optimisation pro
ess. A large number of equality 
onstraints take thestate integration given by the integrator  into a

ount. Therefore, the fulldis
retisation yields a very large and sparse Ja
obian matrix for the 
onstraints.On the other hand, the 
al
ulation of the obje
tive gradient is quite simple. Seee.g. Betts [2℄ as well as von Stryk [32℄ for Runge-Kutta dis
retisations and other
ollo
ation methods.The se
ond te
hnique, termed re
ursive dis
retisation, treats only the 
ontrolvariables as optimisation variables. Hen
e, for ea
h evaluation of the obje
tive,one has to perform a forward integration of the state equation. Therefore, onehas to deal with 
omparatively few optimisation variables but a non-trivial ob-je
tive gradient. This se
ond method is suitable for all 
lassi
al ODE integratorsas for example Runge-Kutta s
hemes. For more information about these twoapproa
hes we refer to B�uskens and Maurer [7℄.In this report, we utilize the re
ursive dis
retisation method. Hen
e, we end upwith the following �nite-dimensional optimisation problem:DOC(p) For a given parameter p 2 Rq , �nd a state/
ontrol pair(vp;xp) in RN �n � RN �mwhi
h minimizes F (x;p) = '( (x;p);p) (15)with boundary 
onditions B( 1(x;p);  N(x;p);p) = 0, (16)mixed 
onstraints C( i(x;p);xi;p) � 0, 1 � i � N , (17)and state 
onstraints S( i(x;p);p) � 0, 1 � i � N; (18)where v =  (x;p) = ( 1(x;p); : : : ;  N(x;p))T approximately satis�es thestate ODE (8) of problem OC(p). For the numeri
al results, the integrator was represented by the 
lassi
al fourth-order Runge-Kutta s
heme with the
onstant step size h. This s
heme requires the value of the right hand side andthus the value of the 
ontrol variables at the intermediate times tj + 12h. Aswe observed a 
hattering e�e
t in the 
ontrol sensitivities when using pie
ewiselinear interpolation, we provide the value of xj+ 12 , to keep the implementationsimple, using pie
ewise 
onstant interpolation xj+ 12 = xj.In order to solve DOC(p), we use Philip Gill's 
ode Npsol, whi
h is one of themost renowned SQP solvers [13℄. Npsol is designed to minimize an arbitraryfun
tion subje
t to 
onstraints whi
h may in
lude simple bounds on the variables,linear 
onstraints and smooth nonlinear 
onstraints. The problems to be solvedmay 
ontain up to a few hundred 
onstraints and variables, depending on theamount of memory available. An augmented Lagrangian merit fun
tion ensures
onvergen
e from an arbitrary starting point. Npsol employs three tests of
onvergen
e for problems with nonlinear 
onstraints as present in the 
ase of8



DOC(p). A sequen
e of optimisation variables is 
onsidered 
onverged whenthe norm of the sear
h dire
tion ve
tor is small 
ompared to the norm of the
urrent iterate, when the norm of the redu
ed gradient is small 
ompared to the
urrent obje
tive value, and when the norm of the residuals of 
onstraints in theworking set is small enough, see [13℄. For the numeri
al example in Se
tion 5, weset feasibility toleran
e = 1e-14 and optimality toleran
e = 1e-14.The user of Npsol has to provide Fortran-subroutines that de�ne the obje
tiveand nonlinear 
onstraint fun
tions as well as optionally the gradient of the ob-je
tive and the Ja
obian of the nonlinear 
onstraints. In 
ase derivatives are notprovided by the user, Npsol falls ba
k on �nite di�eren
e approximations. Weprovide 
omplete derivative information using Automati
 Di�erentiation (AD).This well-studied te
hnique generates exa
t derivatives for the output variablesof a given 
omputer program with respe
t to the input variables, using the 
hainrule and other basi
 di�erentiation rules [15℄. One distinguishes two modes ofAutomati
 Di�erentiation: The forward mode propagates the derivatives simul-taneously with the fun
tion evaluation. The se
ond one, the reverse mode of AD,�rst evaluates the fun
tion to be di�erentiated. Subsequently, the derivatives ofthe output variables with respe
t to all intermediate values are 
omputed usingthe 
hain rule and the values obtained during the fun
tion evaluation. Hen
e, onestarts 
omputing the derivatives with respe
t to the last intermediate values andtraverses ba
kwards through the evaluation pro
ess until the desired derivativesfor the input variables are generated.The 
omplexity results for both modes of AD are based on the operation 
ountOG of the underlying ve
tor fun
tion G. Using the forward mode, one 
omputesthe produ
t of the Ja
obian rG and a ve
tor v, i.e. rGv, for no more than�ve times OG. Using the reverse mode, one evaluates the produ
t of a ve
toru and the Ja
obian rG, i.e. uT rG, at no more than �ve times OG, see [15℄.It is important to realize that this bound for the reverse mode is 
ompletelyindependent of the number of input variables, i.e. the gradient of a s
alar-valuedfun
tion 
an be obtained at no more than �ve times OG. Furthermore, it followsimmediately that the forward mode of AD allows the 
omputation of Ja
obiansat an operation 
ount of at most �ve times the number of input variables timesOG. Conversely, the reverse mode allows the 
omputation of Ja
obians for atmost �ve times the number of output variables times OG. However, the memoryrequirement of the basi
 reverse mode is proportional to the time needed toevaluate the fun
tion G itself.There are several tools for the appli
ation of AD, e.g. Odyss�ee (INRIA, Fran
e,[10℄), Adifor (Argonne National Laboratory, USA, [3℄) and Adol-C (Te
hni
alUniversity Dresden, Germany, [17℄). Odyss�ee provides the s
alar forward mode,i.e. rGv, and the s
alar reverse mode, i.e. uT rG, for Fortran 77 
odes. Theresults of the s
alar forward mode as well as of the ve
tor forward mode, whereone multiplies the Ja
obian rG from the right with a matrix V , i.e. rGV 
an be9




omputed using Adifor again for Fortran 77 
odes. In 
ontrast to Adifor andOdyss�ee, the pa
kage Adol-C is 
apable of di�erentiating C and C++ 
odein the forward and the reverse mode. In order to apply Adol-C, we transferredour Fortran 
ode into C-
ode using the pa
kage f2
 [11℄.The obje
tive F (x;p) = '( (x;p);p) is a s
alar-valued fun
tion depending onmany optimisation variables, namely the 
omponents of the dis
retized 
ontrolx. By the 
onsiderations above, we use the reverse mode of AD to provide theobje
tive gradient��xF ( (x;p);p) = 'y( (x;p);p) �  x(x;p) :It is worth noting that the reverse mode approa
h in fa
t produ
es an approxi-mation of the adjoint variable, automati
ally generating the integration s
heme"adjoint" to the Runge-Kutta s
heme  . We refer to [14℄ for more on the linkbetween the reverse mode and the adjoint variable and to Hager [18℄ for a detaileddis
ussion of adjoint Runge-Kutta s
hemes.As an alternative, one may �rst derive the adjoint of the 
ontinuous problemOC(p) and subsequently dis
retise both the primal problem OC(p) and the
ontinuous adjoint problem in the optimisation pro
ess. The di�eren
es betweenthe two approa
hes and their impa
t on the optimisation pro
ess are studied in[14℄ for optimal 
ontrol problems with pure 
ontrol 
onstraints and are an area ofongoing resear
h. The answer to the question whi
h method is preferable dependson the spe
i�
 task under 
onsideration.The de
ision whether to use the forward or the reverse mode of AD in orderto evaluate the Ja
obian of the nonlinear 
onstraints (16){(18) depends on the
omparison between the number of 
onstraints and the number of variables xbe
ause of the 
omplexity estimates des
ribed above. We will dis
uss the 
hoi
e ofthe AD-mode for our robot example as well as details 
on
erning the appli
ationof the three AD-tools in Se
tion 5.In 
ontrast to the full dis
retization approa
h, if a re
ursive dis
retization is usedas proposed in this se
tion, one has to di�erentiate the integrator  in order toobtain both the gradient ��xF ( (x;p);p) and the Ja
obian of the mixed and purestate 
onstraints (17){(18). However, the di�erentiation of the integrator is notrequired for the Ja
obian of pure 
ontrol 
onstraints. We observe that an expli
itODE integrator x 7!  (x), e.g. an expli
it Runge-Kutta s
heme, without steplength 
ontrol, is a Ck fun
tion if the right hand side isCk. Hen
e, di�erentiabilityis ensured. In order to generate the derivative information needed, we applyAD. Even if step length 
ontrol is employed, the pertaining parts of the 
ode
an be ex
luded from the AD pro
edure: Provided that the step lengths fromthe forward integration are used also in the di�erentiated 
ode, and under theassumption that in the last integration step, the �nal time tf is exa
tly rea
hed,10



the 
orre
tness of the derivatives is guaranteed [9℄. In other words, one obtains theexa
t dis
rete derivative of the 
ost fun
tional with respe
t to the parameters.This is not obvious, sin
e the time step size may depend on the parameters.Then, AD used as bla
k-box di�erentiates through the step size 
omputation,whi
h also in
uen
es the derivatives of the 
ost fun
tional. The fa
t that inthe last step the �nal time tf is rea
hed exa
tly ensures appropriate 
orre
tionsof the derivatives, su
h that they yield the 
orre
t values [9℄. Alternatively,one may ex
lude the time step 
omputation from the di�erentiation as proposedabove sin
e it does not in
uen
e the derivatives at all. More diÆ
ulties ariseif impli
it integrators are applied, involving the iterative solution of a nonlinearsystem of equations. For su
h 
onvergent �x point iterations, the 
onvergen
eof the 
orresponding derivatives has been proved but lags behind [16℄, and amodi�
ation of the stopping 
riteria for the iterative solvers be
omes mandatory.4 Sensitivities for the Dis
rete ProblemIn the previous se
tion we have pointed out how optimal 
ontrol problems 
an betransformed into �nite-dimensional optimisation problems. On the other hand,this se
tion stands in its own right for optimisation problems not ne
essarilyoriginating in the dis
retisation of problem OC(p).We 
onsider the standard problem of nonlinear optimisationNLP(p) For a given parameter p 2 Rq , �nd x 2 RNwhi
h minimizes F (x;p) (19)subje
t to Gi(x;p) = 0 i = 1; : : : ;Me (20)and Gi(x;p) � 0 i =Me + 1; : : : ;M (21)where F : RN � Rq ! R and G : RN � Rq ! RM .In preparation for sensitivity analysis, the following notions are useful: The La-grange fun
tion asso
iated with problem NLP(p) is given byL(x;�;p) = F (x;p) + MXi=1 �iGi(x;p): (22)Under di�erentiability and regularity assumptions superseded by those imposedin Theorem 1, a KKT point x of NLP(p) distinguishes itself by the existen
eand uniqueness of Lagrange multipliers �i su
h that the Karush-Kuhn-Tu
ker(KKT) 
onditions are satis�ed:Lx(x;�;p) = 0 (23)Gi(x;p) = 0 for i = 1; : : : ;Me (24)�iGi(x;p) = 0; �i � 0; Gi(x;p) � 0 for i =Me + 1; : : : ;M . (25)11



For a KKT point x, we denote by J(x;p) = fi = Me + 1; : : : ;M jGi(x;p) = 0gthe set of a
tive inequality 
onstraints whereas J�(x;p) = fi 2 J(x;p) j �i >0g 
ontains the indi
es of all a
tive inequality 
onstraints with stri
tly positiveLagrange multiplier.Se
ond order suÆ
ient 
onditions (SSC)�xTLxx(x;p) �x > 0 for all �x 6= 0 su
h thatrxGi(x;p) �x � 0 for all i 2 J(x;p) and (26)rxGi(x;p) �x = 0 for all i 2 J�(x;p) [ f1; : : : ;Megguarantee the KKT point x to be in fa
t an (isolated) lo
al optimal solution.Again, for a given nominal parameter p0 2 Rq , we denote a nominal solution ofNLP(p0) by x0. We are primarily 
on
erned with the behaviour of the optimalsolution under parameter perturbations, as given by the parametri
 sensitivitymatrixdx0dp 2 RN�q : (27)As a by-produ
t, we also obtain sensitivities for the Lagrange multipliers �0whi
h belong to the a
tive 
onstraints (the remaining multiplier sensitivities arenaturally zero):d�0dp 2 RjJ(x0;p0)j�q: (28)Sensitivity results have been known sin
e the 1970s but are not widely prevalent.Therefore, we re-state the main theorem from Fia

o [12℄, Theorem 3.2.2, whi
hwas published in 1976:Theorem 1 Let x0 be a lo
al optimal solution to OC(p0) with Lagrange mul-tiplier �0. In a neighbourhood of (x0;p0), let F and G be twi
e 
ontinuouslydi�erentiable with respe
t to x, and let G, Fx and Gx be on
e 
ontinuously di�er-entiable with respe
t to p. Let se
ond order suÆ
ient 
onditions hold at x0, andlet the a
tive 
onstraints' gradients rxGi(x0;p0), i 2 J(x0;p0)[ f1; : : : ;Meg, belinearly independent. Finally, let the stri
t 
omplementarity sla
kness 
onditionJ(x0;p0) = J�(x0;p0) hold.Then, in a neighbourhood of p0, there exists a unique, on
e 
ontinuously di�er-entiable map p 7! (x(p);�(p)) su
h that (x(p0);�(p0)) = (x0;�0) and x(p) is aKKT point with Lagrange multiplier �(p), satisfying the se
ond order suÆ
ient
onditions, i.e. x(p) is an isolated lo
al minimum for NLP(p). In addition, theset of a
tive 
onstraints is un
hanged, the stri
t 
omplementary 
ondition holds,and the a
tive 
onstraints' gradients are linearly independent at x(p).12



Remark 1 Di�erentiability properties are passed from the 
ontinuous problemOC(p) to its dis
retisation DOC(p) and thus NLP(p) through the integrator whi
h is assumed smooth (e.g. an expli
it Runge-Kutta s
heme without stepsize 
ontrol). Under appropriate assumptions on ', f , B, C and S, the di�er-entiability requisites for Theorem 1 are met.The remaining regularity requisites 
an be 
onveniently veri�ed numeri
ally sin
etheir violation 
auses the left hand side matrix in (30) to be singular.Given the requisites for Theorem 1, it follows from di�erentiation of (23){(25)that the sought-after sensitivity di�erentialsdx0dp = dxdp (p0) d�0dp = d�dp (p0) (29)
an be obtained from the solution of a symmetri
 system of linear equalities:0�Lxx(x0;�0;p0) Gx(x0;p0)TGx(x0;p0) 0 1A0BB� dx0dpd�0dp 1CCA = �0�Lxp(x0;p0)Gp(x0;p0) 1A (30)where G refers to G with all ina
tive 
onstraints eliminated.The KKT matrix on the left hand side is of the same type as the matri
es de�ningthe QP subproblems in an SQP algorithm whi
h generates the solution (x0;�0),see No
edal and Wright [28℄, or, in the 
ase of Npsol, Gill et al. [13℄. How-ever, most of the a
tual SQP implementations assume that the Hessian of theLagrangian Lxx is never known exa
tly. Hen
e, user-provided se
ond derivativesare in no way required. In fa
t, Lxx is substituted e.g. by a quasi-Newton updateand this substitute 
annot be used in (30). On the other hand, the exa
t Ja
o-bian Gx of the nonlinear 
onstraints is available due to the usage of AD. Sin
eNpsol returns the Ja
obian at the �nal iterate, Gx is available post-optimallyat no additional 
ost, whereas the matri
es Gp, Lxx, and Lxp are yet missing.The �rst order derivative Gp 
an be generated by AD similarly like Gx in Se
-tion 3. Behind the s
enes, one 
an again distinguish two 
ases for ea
h s
alar
onstraint g: If g(x;p) emerges from dis
retisation of a pure 
ontrol 
onstraintlike (4), then gp does not involve di�erentiation of the ODE integrator  . Yetif g(x;p) stems from the dis
retisation of a mixed 
onstraint (10) or pure state
onstraint (11), then g 
an be written asg(x;p) = C( (x;p);x;p): (31)Thus the 
omputation ofddpg(x;p) = Cy( (x;p);x;p) �  p(x;p) + Cp( (x;p);x;p) (32)13



requires the di�erentiation using AD with respe
t to the parameter ve
tor p ofthe integrator  and thus of the right hand side f , in
luding di�erentiation ofthe initial values. Dependent upon the length q of the parameter ve
tor and thenumber of s
alar 
onstraints, it may be advisable to use either the forward orreverse mode of AD to generate Gp. A more advan
ed user may as well use thede
omposition (32) and de
ide for ea
h of the three Ja
obians involved whetherto use the forward mode or the reverse mode of AD.The generation of se
ond order derivatives using Automati
 Di�erentiation ismore involved. If an AD-tool is based on operator overloading like Adol-C one
an use the overloaded operations to propagate not only �rst order derivativesbut in fa
t derivatives of arbitrary order. Therefore, the 
omputation of the
omplete Hessian of the Lagrange fun
tion L(x;�;p) results in one single 
allof the Hessian-driver of Adol-C. Nevertheless, as was mentioned above, theuse of Adol-C required generating C-
ode out of our Fortran sour
e using f2
.A

omplishing the ne
essary adjustments in the generated 
ode was about halfa day's work.All 
urrently available AD-tools for Fortran programs, e.g. Adifor or Odyss�ee,are based on sour
e transformation, i.e. a new sour
e �le 
omputing the requiredderivative information is generated. These tools allow the sour
e generation onlyfor �rst order derivatives. Therefore, we apply Automati
 Di�erentiation a se
-ond time to the generated 
ode for �rst order derivatives in order to obtain aprogram part 
omputing the required Hessian. Here, the �rst idea would be todi�erentiate the program part 
omputing the Lagrange fun
tion L(x;�;p) withrespe
t to x using the forward mode by applying Odyss�ee or Adifor. Settingthe ve
tor v to a unit ve
tor ei, the resulting 
ode segment 
omputes the 
orre-sponding 
omponent rL(x;�;p) � v = Lxi(x;�;p) of Lx(x;�;p), see Se
tion 3.In a se
ond step one would apply the reverse mode of Odyss�ee to di�erentiatethis 
ode segment with respe
t to x and p, yielding a fun
tion that 
omputesLxx(x;�;p) and Lxp(x;�;p), respe
tively. This approa
h is disadvantageous be-
ause of the following reason: The AD-tool Odyss�ee provides no ve
tor reversemode. Hen
e ea
h row of Lxx(x;�;p) and Lxp(x;�;p) must be 
omputed sep-arately. As an alternative, one 
an apply the 
onverse ordering, i.e. one �rst
omputes Lx(x;�;p) using the s
alar reverse mode of Odyss�ee and then oneutilizes the ve
tor forward mode of Adifor in order to evaluate Lxx(x;�;p) andLxp(x;�;p) within one 
all to the di�erentiated 
ode.We 
on
lude that the generation of se
ond derivatives is possible using the sour
etransformation te
hnique. However, the generation of the 
orresponding sour
e
ode is not trivial and involves the appli
ation of two di�erent AD-tools be
auseAdifor provides the ve
tor forward mode but no reverse mode. Nevertheless,the e�ort was a

eptable on
e the di�erentiation order was sorted out.After generating all required derivative obje
ts either using Adol-C or the 
om-14



bination Adifor/Odyss�ee, we 
omputed the sensitivities dx0dp and d�0dp from (30)using the dire
t solver DSYSV from LAPACK with diagonal pivoting, with bothAD-approa
hes yielding exa
tly the same results.As in our re
ursive dis
retisation of OC(p0) the nominal optimisation variablesx0 represent the nominal dis
retised 
ontrol fun
tions (potential free initial valuestrun
ated), their sensitivity matrix dx0=dp, properly ordered, is an approxima-tion of the 
ontrol sensitivities, evaluated at the points of the time grid.As the integrator  generates the dis
retised nominal state traje
tory v0 fromgiven optimisation variables x0, an approximation of the state sensitivity dv0=dpon the time grid 
an be obtained by the 
hain rule, using the 
ontrol sensitivity:dv0dp ����ti; i=1;:::;Nt '  x(x0;p0) � dx0dp +  p(x0;p0): (33)B�uskens [5℄ has developed these and similar formulae for the adjoint sensitivityd�0=dp, for the sensitivity of the 
onstraints C and S, and for �rst and se
ondorder sensitivity derivatives of the obje
tive dF=dp and d2F=dp2 in the 
ontext ofdis
retised optimal 
ontrol problems. Alternatively, a summary of these results
an be found in B�uskens and Maurer [7℄.5 ResultsIn this se
tion, we 
ome ba
k to the introdu
tory 
ontrol problem for the in-dustrial robot with a �nal time of tf = 2:05 se
onds. The dis
retisation of the
ontinuous problem has been 
arried out by the 
lassi
al fourth-order Runge-Kutta s
heme using a time grid with 82 equidistant points. With this 
hoi
e,the right hand side f has to be evaluated at points o� the time grid whi
h wasrealized using 
onstant interpolation of the 
ontrol variables, 
f. Se
tion 3. Allrun-times have been obtained using a 
urrent AMD Athlon XP pro
essor at 1600MHz with 512 MB of RAM.The nominal solution for p0 = ~0 2 R4 depi
ted in Figure 2 suggests that the so-lution to the 
ontinuous problem has the stru
ture shown in Figure 3, 
ontainingthree boundary ar
s. For the jun
tion times �i, i = 1; : : : ; 4, one obtains the fol-lowing approximated values �1 � 0:22, �2 � 0:26, �3 � 1:74, and �4 � 1:82. Theremaining 
onstraints in (4) and (5) never be
ome a
tive. In order to eÆ
ientlyperform the turn-around maneuver, the robot's arm is retra
ted in the 
ourse ofthe motion to redu
e the moment of inertia with respe
t to the major q1 axis.The obje
tive fun
tion value for this solution is J = 0:8576925.For the optimisation we 
omputed the obje
tive gradient using the reverse modeof AD and the Ja
obian of the nonlinear 
onstraints using the forward mode15
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Figure 2: Nominal solution
0 u1 = �1�1 �2 _q1 = �100Æ=s �3 �4u1 = +1tfFigure 3: Solution of 
ontinuous problembe
ause there are more 
onstraints than optimisation variables in the robot ex-ample. This leads to three possibilities in applying AD, whi
h all yield the sameoptimal value for J stated above: First we use Odyss�ee to 
ompute both thegradient of the obje
tive and the Ja
obian of the nonlinear 
onstraints. For thelatter, we 
an use only the s
alar forward mode, i.e. the Ja
obian is evaluated
olumn by 
olumn. Se
ondly, we applied Adol-C to provide the two derivativeobje
ts using the ve
tor forward mode for the Ja
obian. Thirdly, we appliedOdyss�ee for evaluation of the gradient and Adifor for the Ja
obian using theve
tor forward mode. The respe
tive run-times (wall-
lo
k times) of Npsol forthe optimisation pro
ess are reported in Table 1. One 
learly observes the advan-tage of the ve
tor mode 
omparing the run times of the pure Odyss�ee approa
hto the 
ombination of Odyss�ee and Adifor. Furthermore, the run-times illus-trate the bene�t of the sour
e transformation strategy. Using the te
hnique ofoperator overloading for implementing AD on one hand one provides 
exibilitywith respe
t to the di�erentiation mode and the order of the derivatives. There-16



AD-tool(s) Major iterations Minor iterations run-time in sOdyss�ee 44 68 62.21Adol-C 46 67 65.04Adifor/Odyss�ee 46 72 39.58Table 1: Run-time details for the optimisation pro
essfore, the handling is quite simple. On the other hand, one loses the 
ompileroptimisation fa
ilities be
ause of the newly-de�ned data types required for theoverloading approa
h. This results in run-time penalties.For the optimisation pro
ess, we 
hose x = ~0 2 R3�82 as initial guess. Using theexa
t derivatives provided by Automati
 Di�erentiation,Npsol �nds the optimalsolution independent of the AD strategy applied. The three AD approa
hes yieldvery small deviations of order 10�25 in the 
omputed derivatives. These smallvariations result from di�eren
es in the sour
e 
ode 
omputing the derivatives aswell as from the two involved programming languages C and Fortran. Despite thefa
t that the variations in the derivative are so small the resulting iteration 
ountundergoes minor variations as shown in Table 1. Relying on the �nite di�eren
esstrategy implemented in Npsol, it was impossible to 
ompute even a feasiblepoint starting from the admittedly poor initial guess of the 
ontrol variables.After this short report on the optimisation pro
ess, we 
ome to the main topi
of the paper, i.e. the 
omputation of parametri
 sensitivities. For the sake ofbrevity, we report only the sensitivites with respe
t to parameters p1 and p4whi
h 
orrespond to perturbations in the initial position of joint 1 and in theweight of the robot's tool, respe
tively. Already at �rst glan
e is it apparent thatthe optimal solution is far less sus
eptible to perturbations in the tool's weightthan to 
hanges in the initial position of the same order, see Figures 4 and 5.A

ording to Se
tion 2, the sensitivity fun
tions du1=dp and d _q1=dp are expe
tedto have dis
ontinuities at �1 and �4 and at �2 and �3, respe
tively. In Figures 4and 5, these jumps appear as large di�eren
es at neighbouring time grid points.Using adaptive mesh re�nement, it is possible to resolve the jump 
onditionsand points where they o

ur to high a

ura
y, but we do not pursue this aspe
there. As expe
ted, the �rst joint's sensitivity dq1=dp1 is equal to �1 at t = 0whi
h follows from the initial value 
ondition (6). As p1 does not enter any otherboundary value 
onstraints, all remaining state sensitivities are zero at t = 0 andalso at t = tf . We observe that the perturbation p1 has its greatest impa
t on
ontrol 
omponent 2 and thus on the state of joint 2.Note that the sensitivity d _q1=dp1 is zero in the interval (�2; �3), where the 
orre-sponding 
onstraint _q1(t) = �100Æ=s is a
tive. The same holds for the 
ontrolsensitivity du1=dp1 on (0; �1) and (�4; tf), where u(t) = �1 holds. Moreover, thisobservation is independent of the parameter pi under 
onsideration.17
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Figure 4: Sensitivities with respe
t to p1sensitivity 
al
ulation overallAD-tool(s) wall-
lo
k time user-time wall-
lo
k time user-timeAdol-C 55.31 24.82 120.35 80.35Adifor/Odyss�ee 8.36 7.79 47.95 45.06Table 2: Run-time details for the sensitivities and the overall pro
essThe 
omputation of the parametri
 sensitivities is based on the derivative obje
tsGx, Gp, Lxx, and Lxp, with Gx already available from Npsol's �nal iteration. Wetested two possibilities to provide Gp, Lxx, and Lxp. The �rst one uses Adol-C while the se
ond applies the Adifor/Odyss�ee 
ombination as des
ribed inthe pre
eding se
tion. Table 2 states the 
orresponding run-times in se
onds forthe 
omputation of the sensitivities that in
ludes the evaluation of Gp, Lxx, andLxp and a solve of the symmetri
 system (30). Furthermore, Table 2 reportsthe overall run-times in se
onds, i.e. the run-time needed for the optimisationand the 
al
ulation of the sensitivities, where only the 
ombination of Adiforand Odyss�ee is 
onsidered. It 
an be inferred that Adol-C su�ers again fromthe overloading approa
h, where a lot of memory handling has to be done. Thismemory traÆ
 a

ounts for the large gap between user-time (CPU time 
onsumedby a pro
ess not 
ounting system 
alls and memory a

ess) and wall-
lo
k time.18
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Figure 5: Sensitivities with respe
t to p4Comparing the run-times for the sensitivity 
al
ulation from Table 2 with resultsfrom a �nite di�eren
e implementation, it turns out that both Automati
 Dif-ferentiation approa
hes were both faster and more a

urate. Hen
e, the usageof Automati
 Di�erentiation is advantageous here, although the 
omputation ofthe Hessian Lxx 2 R246�246 temporarily 
onsumes several hundred megabytes of
omputer memory. Taking into a

ount that the lin
hpin of the sensitivities'a

ura
y is the a

ura
y of the nominal solution and the derivatives in (30), weadvo
ate for the use of Automati
 Di�erentiation also during the optimization.In 
ase that one wants to di�erentiate C-
odes instead of Fortran programs, wheresour
e transformation AD-tools are not available, the usage of Adol-C providesthe possibility to 
ompute exa
t derivative and sensitivities 
onsiderably fast.Nevertheless, there are many possibilities for a further improvement of Adol-Cwhi
h is a 
urrent resear
h proje
t at the Te
hni
al University Dresden.6 Con
lusionIn this paper, we have presented a new area of appli
ation for the method of Au-tomati
 Di�erentiation: The 
omputation of parametri
 sensitivities in nonlinear19




onstrained optimisation. In parti
ular, we have fo
used on optimisation prob-lems whi
h arise from the dis
retisation of optimal 
ontrol problems for ordinarydi�erential equations.We have obtained approximations for the optimal 
ontrol and 
orrespondingoptimal state of an industrial robot's path-planning problem with parameters.Based on the parametri
 sensitivities for the dis
retised 
ontrol problem, we have
omputed approximations to the parametri
 sensitivity fun
tions. This dire
tapproa
h gets by without the intri
ate pro
edure of setting up the multi-pointboundary value problem for the sensitivity fun
tions.Parti
ular attention has been given to the generation of se
ond-order derivativesrequired in the sensitivity 
omputation. For this purpose, we have applied a
ombination of two AD-tools based on sour
e transformation, namely Adiforand Odyss�ee in order to generate additional 
ode that evaluates the requiredse
ond-order derivative information. As an alternative, we utilized the AD-toolAdol-C based on operator overloading. Both approa
hes provide the requiredderivative obje
ts to ma
hine pre
ision and|in 
ase of se
ond order derivatives|
onsiderably faster than �nite di�eren
e te
hniques.It is important to re
olle
t that the sensitivities for the �nite-dimensional opti-misation problem 
omputed from (30) will only be a

urate if the KKT matrixand the right hand side 
an be determined to high pre
ision. This requirementperfe
tly suits AD te
hniques as they determine derivatives to ma
hine pre
i-sion without any numeri
al error indu
ed e.g. by using �nite di�eren
es or otherderivative approximations. In parti
ular, in order for (30) to yield useful results,it is 
ru
ial that the nominal solution x0 and the Lagrange multipliers �0 bedetermined a

urately by the optimisation routine. The observation that optimi-sation software usually performs better when provided with exa
t gradients on
emore endorses the use of Automati
 Di�erentiation.A
knowledgementsThe authors are indebted to Christof B�uskens for helpful dis
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 of parametri
 sensitivity analysis, and to Matthias Knauer for providing therobot's equations of motion and images. Furthermore, we would like to thankthe referees for their 
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