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tThis paper deals with the numeri
al solution of optimal 
ontrol prob-lems for ODEs. The methods 
onsidered here rely on some standard opti-mization 
ode to solve a dis
retized version of the 
ontrol problem under
onsideration. We aim at providing the optimization software not onlywith the dis
rete obje
tive fun
tional, but also with its gradient. Theobje
tive gradient 
an be 
omputed either from forward (sensitivity) orba
kward (adjoint) information.The purpose of this paper is to dis
uss various ways of adjoint 
ompu-tation. It will be shown both theoreti
ally and numeri
ally that methodsbased on the 
ontinuous adjoint equation require a 
areful 
hoi
e of boththe integrator and gradient assembly formulae in order to obtain the gra-dient 
onsistent with the dis
retized 
ontrol problem. Parti
ular attentionwill be given to Automati
 Di�erentiation te
hniques whi
h automati
allygenerate a suitable integrator.1 Introdu
tionThe �eld of optimal 
ontrol problems for ODE looks ba
k on a ri
h history ofbooks and resear
h papers sin
e the �rst fa
ing of su
h problems in the 1950s.Both theoreti
al and numeri
al aspe
ts 
an be 
onsidered well studied.In prin
iple, there are two 
lasses of methods to treat problems of optimal 
ontrolnumeri
ally, the �rst of whi
h uses the Pontryagin maximum (or minimum) prin-
iple to derive ne
essary 
onditions for the optimizer. These 
onditions take the�Chair of Mathemati
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ienti�
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form of a multi-point boundary value problem for the state and the additionaladjoint equation. In the presen
e of 
ontrol or state 
onstraints, the swit
hingstru
ture|i.e. the points in time when the 
ontrol enters or leaves the boundaryof the set of feasible 
ontrols|has to be known in advan
e. An introdu
torytreatment on these so-
alled indire
t methods 
an be found in Pes
h [15℄. Ex-amples and issues on implementation are 
overed e.g. in Bulirs
h et. al. [3℄ andHiltmann [13℄. A boundary value problem solver 
ommonly used is des
ribed inOberle [14℄.The se
ond 
lass is termed dire
t methods. These methods have in 
ommon that,in a �rst step, some dis
retization renders the in�nite-dimensional optimal 
ontrolproblem into a �nite-dimensional optimization task, also 
alled an NLP problem.The latter is usually solved by some optimization 
ode, e.g. an SQP solver.Within the 
lass of dire
t methods, two te
hniques 
an be distinguished: Ap-proa
hes that dis
retize both the 
ontrol and state variables and pass the dis-
retized state equation on to the optimization 
ode are often des
ribed as fulldis
retization 
on
epts. Examples are 
ollo
ation methods, see e.g. von Stryk [17℄and Betts [1℄. Note that both dis
retized 
ontrol and state variables are treatedas optimization variables by the optimization solver.The se
ond te
hnique features dis
retization of the 
ontrol variables only. Conse-quently, evaluating the obje
tive by a user-provided subroutine requires forwardintegration of the state equation. The name re
ursive dis
retization is usuallyattributed to these methods, inspired by the fa
t that all 
lassi
al ODE integra-tion s
hemes (e.g. Runge-Kutta s
hemes) de�ne the solution to the state ODEre
ursively, time step by time step. We refer to B�uskens and Maurer [5℄ as wellas Bo
k and Plitt [2℄ for more on these methods.One major di�eren
e between full and re
ursive dis
retization is that the �rstgenerates a huge amount of equality 
onstraints 
ontaining the dis
retized stateequation (yet these have an almost blo
k-diagonal Ja
obian matrix), while thelatter produ
es a smaller amount of optimization variables, paid for by non-trivialobje
tive gradients.We 
hose to study only the re
ursive te
hnique in the present paper. Our goalwas to provide the optimization solver with the gradient 
onsistent with thedis
rete obje
tive fun
tion. Despite the long history of numeri
al solution ofoptimal 
ontrol problems, this feature is still not implemented in many optimal
ontrol 
odes. Although the 
ontrol problems 
overed in this work are subje
t toonly simple 
ontrol 
onstraints, they still feature the relevant e�e
ts in gradient
omputation. Nevertheless, we intend to 
onsider more substantial examplesinvolving state 
onstraints in an up
oming paper.This paper is organized as follows: In Se
tion 2, we introdu
e the optimal 
ontrolproblem under 
onsideration. Se
tion 3 addresses dis
retization and the 
entralissue of �nding gradient representations for the �nite-dimensional optimizationproblem. Main features of third-party and our own software are exposed inSe
tion 4. We present two examples in Se
tion 5 to illustrate the theoreti
al2



�nding, and give a 
on
lusion in Se
tion 6.2 The Continuous ProblemWe 
onsider the following optimal 
ontrol problem:Minimize J(y) = '(y(tf)) (1)s.t. _y(t) = f(y(t); u(t); t) t 2 [0; tf ℄ (2)y(0) = y0 (3)a � u(t) � b a; b 2 Rm : (4)The state y(t) has values in Rn while the 
ontrol u(t) maps into Rm . Hen
e thedynami
s are given by a right hand side fun
tion f : Rn � Rm � R ! Rn . Weassume that 
omplete initial information y0 2 Rn is given. The obje
tive fun
tion' : Rn ! R evaluates the state at the given terminal time tf . In addition, the
ontrol is subje
t to box 
onstraints on ea
h of its 
omponents. Let us assumethat all fun
tions are suÆ
iently smooth to 
arry out all di�erentiation ne
essary.Sin
e the state y depends on the 
ontrol u, it is natural to introdu
e an obje
tivein terms of the 
ontrol variable only. To this end, let y =  (u) denote the solutionof the state equation (2){(3) for a given 
ontrol u, and de�ne~J(u) = J( (u)):Sin
e gradients1 play an important role in optimization, we present two distin
trepresentations of D ~J(u). Both are based on the observation that by the 
hainrule, D ~J(u) = DJ( (u)) D (u):Stri
tly speaking, the derivative D ~J(u) is an element of the dual of the 
ontrolfun
tion spa
e. Typi
ally, this dual spa
e 
an again be identi�ed with a spa
e offun
tions depending on the time t. We will make use of this fa
t shortly.Let us de�ne the sensitivity s(t) 2 Rn�m for a given 
ontrol u by the followingmatrix ODE:_s(t) = fy( (u)(t); u(t); t) s(t) + fu( (u)(t); u(t); t) (5)s(0) = 0: (6)This immediately leads to the forward or sensitivity representation of the gradient:D ~J(u)(t) = r'( (u)(t)) s(t) 2 R1�m :1We will denote Fr�e
het derivatives in in�nite-dimensional spa
es by the symbol D. Partialderivatives are indi
ated by a subs
ript, e.g. fy. Finite-dimensional Ja
obian matri
es andgradients (row ve
tors) will both be abbreviated by r.3



The attribute forward points to the fa
t that, in order to �nd the gradient D ~J(u)at time t, the sensitivity equation has to be integrated in forward dire
tion from0 to t.As mentioned above, there is an alternative approa
h to represent the obje
tivegradient based on the adjoint ODE� _�(t) = fy( (u)(t); u(t); t)T �(t) (7)�(tf) = r'( (u)(tf))T : (8)The solution �(t) 2 Rn of this linear ODE is 
alled the adjoint variable and yieldsthe gradient's ba
kward or adjoint representation(D ~J(u)(t))T = fu( (u)(t); u(t); t)T�(t) 2 Rm�1 : (9)Now, in order to determine the gradient at time t, the adjoint equation has to beintegrated in ba
kward dire
tion from tf to t.It should be mentioned that the 
onne
tion between the fun
tion spa
e interpre-tation of the obje
tive gradient and its interpretation as a fun
tion dependingon time is illustrated by the following formula for the Gâteaux variation in thedire
tion of �u:D ~J(u)�u = Z tf0 D ~J(u)(t)T �u(t) dt: (10)Already now it be
omes obvious that for the 
ontrol problem under 
onsideration,the adjoint approa
h is superior to the sensitivity version sin
e the adjoint dimen-sion n is smaller than the sensitivity dimensionm �n. Therefore, sensitivity-basedmethods will not be pursued here any further.3 The Dis
retized ProblemIn order to solve problem (1){(4) numeri
ally, some dis
retization has to be 
ar-ried out. Therefore, let the time interval [0; tf ℄ be divided into Nt sub-intervalsof equal lengths. The time grid 
onsists of pointstj = (j � 1) � h for j = 1; : : : ; Nt + 1where h = tf=Nt is the time step length. For the sake of notation's simpli
ity werestri
t the presentation to uniform grids. The use of an ODE integrator withadaptive step size 
ontrol, however, introdu
es 
on
eptual di�eren
es and is not
onsidered here (see e.g., [7℄).All 
ontrol and state 
omponents will be approximated at the grid points only,and we use the notationyj to approximate y(tj); y = (y1; : : : ;yNt+1)T 2 R(Nt+1)nuj to approximate u(tj); u = (u1; : : : ;uNt+1)T 2 R(Nt+1)m:4



Similarly, we 
hange all fun
tion names to bold-fa
e print if they have to beadapted going from the 
ontinuous to the dis
retized problem.We end up with the following �nite-dimensional NLP problem:Minimize ~J(u) = '( Nt+1(u))s.t. a � uj � bwhere y =  (u) = ( 1(u); : : : ; Nt+1(u))T approximately satis�es the stateODE of the problem. In our tests, we took  to represent the 
lassi
al expli
itfourth-order Runge-Kutta s
heme with 
onstant step size h whi
h leads to thefollowing algorithm to 
ompute the dis
rete state ve
tor y:1. Let y1 = y0.2. Given yj, 
ompute yj+1 by(a) k1 = f(yj;uj; tj)(b) k2 = f(yj + 12hk1;uj+ 12 ; tj+ 12 )(
) k3 = f(yj + 12hk2;uj+ 12 ; tj+ 12 )(d) k4 = f(yj + hk3;uj+1; tj + h)(e) yj+1 = yj + h6 [k1 + 2k2 + 2k3 + k4℄for j = 1; : : : ; Nt. Here, tj+ 12 denotes tj + h2 and uj+ 12 is either equal to uj (pie
e-wise 
onstant interpolation) or equal to uj+uj+12 (pie
ewise linear interpolation).As mentioned in Se
tion 1, we 
onsider only the dis
retized 
ontrol fun
tions uas optimization variables, whi
h has the e�e
t that in every evaluation of theobje
tive '( Nt+1(u)), the forward equation has to be solved using the Runge-Kutta integration s
heme. We obtain a relatively small NLP problem whoseobje
tive gradient is not trivial to evaluate: The term in question is the gradientof the fun
tionR(Nt+1)m 3 u 7! ~J(u) = '( Nt+1(u)) 2 Rwhere yNt+1 =  Nt+1(u) is a rather intri
ate fun
tion of u. We now turn to somepossibilities to 
ompute this gradient r~J(u).3.1 Finite Di�eren
e Evaluation of the Obje
tive Gradi-entAs a �rst possibility, �nite di�eren
e evaluation of r~J(u) 
omes into mind. De-noting the i-th 
omponent of uj by uji and letting eji be the unit ve
tor of length5



(Nt+1)m with the [(j�1)m+i℄-th entry equal to one, a one-sided �nite di�eren
eapproximation is given by�~J(u)�uji � ~J(u + � eji )� ~J(u)� :Indeed, with appropriately 
hosen perturbations �, the approximation is a reliableestimate of the gradient, and no additional 
oding is needed beyond the evalua-tion of ~J(u). However, every evaluation of r~J(u) is as expensive as (Nt + 1)mevaluations of the obje
tive itself, leading to una

eptable performan
e for �nedis
retizations. This observation is 
on�rmed in the numeri
al experiments ofSe
tion 5.3.2 Straightforward Evaluation of the Obje
tive GradientUsing the Continuous Adjoint EquationAn alternative idea is to use the 
ontinuous gradient's adjoint representation (9)as a basis for the gradient 
omputation. While in this subse
tion we introdu
ea straightforward approa
h, we will �nd in the sequel that this simple methodyields an obje
tive gradient that is not exa
tly 
onsistent with the obje
tive valueitself.It is a natural idea to start by obtaining a dis
retized solution of the 
ontinuousadjoint equation (7){(8), and it is tempting to use the same integration s
heme asfor the forward equation, working with step size �h instead of h sin
e integrationis ba
kwards in time.On
e the dis
rete adjoint has been 
omputed, it is readily assumed that a dis-
retization of (9){(10) yields the dis
rete gradient r~J(u) = ��~J(u)�u1 ; : : : ; �~J(u)�uNt+1�.However, as a detailed investigation in the sequel will reveal, �~J(u)�uj !T 6= hfu( j(u);uj; tj)T�j; (11)i.e., the formula on the right-hand side of (11) is not the 
orre
t representationof the dis
rete gradient. The usage of this straightforward pro
edure leads toin
orre
t gradients and 
an even 
ause an SQP solver to fail to 
onverge as shownin Se
tion 5.3.3 Consistent Evaluation of the Obje
tive Gradient Us-ing the Continuous Adjoint EquationIn the previous subse
tion, we have introdu
ed a straightforward and appealingmethod, aiming at 
omputing the obje
tive gradient, simply by dis
retizing the
ontinuous equations. We will now show that the quantity obtained in this way is6



not the obje
tive gradient. In order to get 
orre
t dis
rete gradient information,two major issues have to be taken into a

ount: Finding a suitable integrations
heme for the 
ontinous adjoint equation (7){(8), and assembling the gradientas suggested by (9) and (10).The �rst part of this question has been addressed in Hager [12℄ for a generalRunge-Kutta integration s
heme. In 
ontrast to our presentation, Hager pursuesa full dis
retization approa
h for the underlying 
ontrol problem, treating theintegration s
heme as additional 
onstraints. Moreover, he introdu
es additionaloptimization variables, 
orresponding to the 
ontrol fun
tions at the intermediatetime grid points required by the Runge-Kutta s
heme. While this eliminates theneed for 
ontrol interpolation, it also leads to a larger optmization problem andtherefore is not very 
ommon in pra
ti
al algorithms.We will illustrate the relevant e�e
ts using for simpli
ity the expli
it Euler s
hemefor the forward state equation _y = f(y; u; t), i.e., yj+1 = yj + hf(yj;uj; tj). Inthe spirit of adjoint information, the gradient r~J(u) is evaluated from its last toits �rst 
omponents:�~J(u)�uNt+1 = r'( Nt+1(u))� Nt+1(u)�uNt+1 = r'( Nt+1(u)) � 0�~J(u)�uNt = r'( Nt+1(u)) � Nt+1(u)�uNt�~J(u)�uNt�1 = r'( Nt+1(u)) � Nt+1(u)� Nt(u) � Nt(u)�uNt�1:::�~J(u)�u1 = r'( Nt+1(u)) � Nt+1(u)� Nt(u) � Nt(u)� Nt�1(u) � � � � 3(u)� 2(u) � 2(u)�u1 :These steps 
an be 
arried out eÆ
iently by �rst aggregating the adjoint-likequantities(�Nt+1)T = r'( Nt+1(u)) (12)(�j)T = r'( Nt+1(u))� Nt+1(u)� Nt(u) � Nt(u)� Nt�1(u) � � � � j+1(u)� j(u) ; (13)where j = Nt; Nt � 1; : : : ; 1:Sin
e for the expli
it Euler s
heme we have j+1(u) =  j(u) + hf( j(u);uj; tj)and thus� j+1(u)� j(u) = I + hfy( j(u);uj; tj); (14)7



the �j obey the ba
kward re
ursion�j = [I + hfy( j(u);uj; tj)℄T�j+1: (15)As an integration s
heme applied to the adjoint ODE (7){(8), (15) represents anexpli
it method ba
kwards in time with right hand side information taken partlyfrom an impli
it method.For 
omparison, the impli
it and expli
it Euler s
hemes are�j = [I � hfy( j(u);uj; tj)℄�T�j+1 (impli
it Euler)�j = [I + hfy( j+1(u);uj+1; tj+1)℄T�j+1 (expli
it Euler).Finally, the gradient sought 
an be obtained from the staggered formulae�~J(u)�uNt+1 = 0 (16)�~J(u)�uj = (�j+1)Thfu( j(u);uj; tj); j = 1; : : : ; Nt: (17)Summarizing, one has to exer
ise great 
aution when using the 
ontinuous adjointequation to generate dis
rete gradient information. In fa
t, it is rather tediousto �nd the appropriate adjoint integration s
heme and the gradient evaluationformulae (16){(17) by hand. This is the reason why this method has not beenin
luded in our numeri
al tests: While it is assumed to be a

urate and fast, it isdiÆ
ult to implement. In 
ontrast to that, the approa
h using Automati
 Di�er-entiation des
ribed in the following subse
tion generates the same 
omputationalsteps, avoiding error-prone hand-
oding at only slightly in
reased run-time.3.4 Evaluation of the Obje
tive Gradient Using Auto-mati
 Di�erentiationOver the last de
ades the te
hnique of Automati
 Di�erentiation (AD) has beendeveloped. This method, whi
h is still not well known, o�ers an opportunityto provide derivative information for a given 
ode segment. A 
omprehensiveintrodu
tion to AD 
an be found in Griewank [10℄.The key idea of Automati
 Di�erentiation is the systemati
 appli
ation of the
hain rule. For many appli
ations, the underlying model is des
ribed by a non-linear ve
tor fun
tionF : RN ! RM ; x 7! F (x);whi
h is typi
ally de�ned and evaluated by a 
omputer program. The 
om-putation of su
h a fun
tion F 
an be de
omposed into a (typi
ally very long)sequen
e of simple evaluations, e.g. additions, multipli
ations, and 
alls to el-ementary fun
tion su
h as sin(xi) or exp(xi). The derivatives with respe
t to8



the arguments of these operations 
an be easily 
al
ulated. A systemati
 appli-
ation of the 
hain rule then yields the derivatives of the whole sequen
e withrespe
t to the input variables x 2 RN . Depending on the starting point of thismethodology|either at the beginning or at the end of the respe
tive 
hain of
omputational steps|one distinguishes between the forward mode and the re-verse mode of AD. In our 
ontext of dis
retized optimal 
ontrol problems, F (x)is nothing else than the obje
tive ~J(u), so that N = (Nt + 1)m and M = 1.Using the forward mode resembles a dis
rete sensitivity approa
h, 
f. (5){(6).I.e., the forward mode re
ursively 
omputes approximations to s(tj). Conversely,the reverse mode involves a dis
rete analog to the 
ontinuous adjoint equation(7){(8). These parallels have already been hinted at in Griewank [11℄.For both modes, the time-
omplexity results are based on the operation 
ountOF of the underlying ve
tor fun
tion F . Using the forward mode of AD, one
olumn of the Ja
obian rF 
an be 
al
ulated at no more than �ve times OF[10℄. One row of rF , i.e., the gradient of a s
alar-valued 
omponent fun
tionof F , is obtained using the reverse mode in its basi
 form also at no more than�ve times OF , see [10℄. It is important to realize that this bound for the reversemode is 
ompletely independent of the number of input variables, N . Fromthe results above, one obtains immediately that the forward mode of AD allowsthe 
omputation of Ja
obians at an operation 
ount of at most �ve times thenumber of input variables N times OF . Conversely, the reverse mode allows the
omputation of Ja
obians for at most �ve times the number of output variablesM times OF . However, the memory requirement of the basi
 reverse mode isproportional to the time needed to evaluate the fun
tion F itself.Analyzing our method presented in Subse
tion 3.3, one �nds that 
omputing thegradient r~J(u) re
ursively from �~J(u)�uNt+1 down to �~J(u)�u1 exa
tly mat
hes the re-verse mode of AD. The key observation is that the 
onsistent obje
tive gradientpresentation|whi
h depends on the forward integration s
heme|
an be gener-ated automati
ally. Hen
e, the usage of an AD tool eliminates the hand-
odingof derivative 
al
ulations, a rather involved and error-prone pro
ess. Moreover,it is to be expe
ted that the SQP solver performs better when having a

ess tothe 
orre
t dis
rete gradient information. This 
onje
ture is 
on�rmed by thenumeri
al results presented in Se
tion 5.Derivatives have surfa
ed at many di�erent lo
ations in the dis
ussion so far. At�rst sight, there are at least two obvious possibilities of where to apply AD:The �rst is to generate the re
ursion s
heme for the quantities �j using AD. Theresulting ba
kward integration 
an be viewed as the appropriate adjoint s
hemefor the adjoint di�erential equation (7) with terminal 
ondition (8). We referto this te
hnique as adjoining one forward step. Note that AD automati
allytakes 
are of 
omputing fy and fu. However, one has to give some thought toappropriately a

umulate the adjoint-like quantities �j in order to obtain thedesired gradient. 9



An alternative approa
h makes use of AD to dire
tly 
ompute the gradientr~J(u).Sin
e we have a s
alar-valued 
ost fun
tion ~J with many input variables u, thereverse mode of AD is preferable. It yields 
ode that impli
itly features the
omputation of �j-like quantities from j = Nt + 1 down to j = 1.In order to use the �rst te
hnique some insight is needed to a

umulate thedesired gradient information. The bene�t is a de
rease in the overall run-timebe
ause some re
omputations and storage operations 
an be avoided. The se
ondte
hnique represents an easy-to-use method, but leads to a larger temporal and/orspatial 
omplexity, depending on the AD tool applied. Run-time results for bothapproa
hes are presented in Se
tion 5.4 SoftwareWe used our own experimental software as an interfa
e to the SQP solver Npsolto 
ondu
t the numeri
al tests. This interfa
e is des
ribed in the following sub-se
tion, whereas information regarding Npsol is presented in the Se
tion 4.2.4.1 Dis
retizing the 
ontinuous problemOur software has the following main features: The 
ode has to provide the ob-je
tive value ~J(u) to Npsol for a given ve
tor of optimization variables u whi
h
orrespond to the dis
retized 
ontrol fun
tions. To this end, the forward equa-tion has to be solved be
ause the obje
tive value depends on the terminal stateyNt+1. The integration of the forward equation is 
arried out using the 
lassi
alfourth-order Runge-Kutta s
heme over an equidistant time grid. Sin
e values off and thus of u are required not only at the time grid points tj, but also attj+ 12 (see Se
tion 3), linear or 
onstant interpolation of the 
ontrol is utilized.In order to allow 
exibility there are problem-spe
i�
 subroutines to 
omputethe right hand side f , the initial values y0 and to assess the terminal state via'(yNt+1). Ex
hanging only the problem-spe
i�
 parts, a variety of problems 
aneasily 
oded.In addition to the 
omputation of the state traje
tory, derivative evaluationshave to be performed. A

ording to the previous se
tion, our 
ode o�ers fourpossibilities:Finite Di�eren
esWhen using �nite di�eren
es to evaluate the obje
tive gradient, the above in-gredients to 
ompute a solution of the forward equation are already suÆ
ient tosolve the optimization problem.
10



Straightforward dis
retization of 
ontinuous adjoint equationIn this 
ase, after integrating the forward equation, the adjoint equation must besolved. This is done using the same Runge-Kutta s
heme again. Whenever theright hand side of the adjoint equation fy(�) depends on the state y, this requiresinterpolation of the dis
rete state y to intermediate grid points tj+ 12 is requiredwhi
h 
an be done either in a 
onstant fashion, i.e., (yj+ 12 = yj+1) or in a linearfashion, i.e., (yj+ 12 = yj+1+yj2 ). Furthermore, the user has to provide subroutinesto �nd the linearized right hand side fy(�), the gradient of ' and fu(�)T�, 
f. (11).Appli
ation of ADAD tools o�er a 
onvenient way to automati
ally generate the sour
e 
ode toevaluate the gradient in 
onsisten
e with the dis
rete obje
tive. For our numeri
altests we used Odyss�ee [16℄, developed by INRIA Sophia Antipolis, Fran
e. Itis 
apable of di�erentiating FORTRAN 77 
odes. Analyzing the dependen
ies,Odyss�ee �nds that the ODE integrator (i.e., the Runge-Kutta s
heme) and theuser-provided routines for the right hand side f and the obje
tive ' have to bedi�erentiated. The resulting 
ode 
an be used with no further 
hanges to 
omputethe gradient of the obje
tive.A

ording to our experien
e, Odyss�ee is an easy-to-use and reliable tool. Onlytwo minor 
hanges in our software were ne
essary: On the one hand, a goto-statement had to be eliminated. On the other hand, a subroutine 
all whi
h
ontained the same parameter twi
e (on
e as input and on
e as output) had tobe 
hanged, using an auxiliary variable.After these rather minor modi�
ations Odyss�ee generates the desired 
ode forr~J(u) without any problems in a few se
onds. Odyss�ee was also used to di�er-entiate only the subroutine a

ountable for one Runge-Kutta step, as referred toadjoining one forward step, see Se
tion 3.4.4.2 The SQP solverBeing one of the most renowned SQP solvers, we use Philip Gill's 
ode Npsol.It employs a dense SQP algorithm. An augmented Lagrangian merit fun
tionensures 
onvergen
e from an arbitrary starting point. Npsol is designed tominimize an arbitrary fun
tion subje
t to 
onstraints whi
h may in
lude sim-ple bounds on the variables, linear 
onstraints and smooth nonlinear 
onstraints.The problems to solve may 
ontain up to a few hundred 
onstraints and variables,depending on the amount of memory available. Npsol employs three tests of
onvergen
e only two of whi
h apply for our examples due to the absen
e of non-linear 
onstraints. A sequen
e of optimization variables is 
onsidered 
onvergedwhen the norm of the sear
h dire
tion is small 
ompared to the norm of the 
ur-rent iterate and when the norm of the redu
ed gradient is small 
ompared to the11




urrent obje
tive value. For the numeri
al examples in the subsequent se
tion,we left all the default toleran
es unaltered. A detailed des
ription of Npsol is
ontained in Gill et. al. [9℄.The user has to provide subroutines that de�ne the obje
tive and nonlinear 
on-straint fun
tions as well as optionally their gradients. Our software des
ribed inthe previous subse
tion has exa
tly this fun
tionality.5 Examples5.1 Example 1: A Simple Problem From E
onomi
sA trading 
ompany aims at maximizing its pro�t for the 8 months to 
ome. Letthe pri
e of the trading goods p(t) be known in advan
e. The 
ompany initiallyhas assets K. It 
an buy and sell the goods only with limited rates. To keepthe good in sto
k, it must pay fees proportional to the amount in sto
k. The
onstant a = 0:25 des
ribes the fee to store one item for one time unit (month).Let y1(t) denote the assets at time t 2 [0; 8℄ and let y2(t) be the amount of goodson sto
k. The 
ontrol u(t) denotes buying and selling a
tivity, subje
t to the
onstraint �1 � u(t) � 1. The pri
e for the goods is given byp(t) = 8><>: 6 + 0:5t 0 � t � 44 + t 4 � t � 610 6 � t � 8:We obtain the following optimal 
ontrol problem:Minimize '(y(tf)) = �y1(tf )� p(tf)y2(tf )under _y1(t) = �ay2(t)� p(t)u(t) y1(0) = 100_y2(t) = u(t) y2(0) = 0It is possible to derive the optimal 
ontrol of this minimzation problem analyti-
ally. It is of bang-bang type:u(t) = ( 1 for 0 � t � 163�1 for 163 < t � 8:The obje
tive value is known to be '(y(tf)) = �322=3 = �107:3. In this example,one obtains the adjoint equation (independent of the state and 
ontrol)_�1(t) = 0 �1(8) = �1_�2(t) = �a�1(t) �2(8) = �10:Its solution is�1(t) = �1 �2(t) = �a(t� 8)� 10: (18)12



A

ordingly, the gradient (
f. (9)) of the 
ontinuous problem is(D ~J(u)(t))T = fu( (u)(t); u(t); t)T�(t)= �p(t)�1(t) + �2(t)= p(t)� a(t� 8)� 10:In the sequel we present some numeri
al results for the time dis
retization usingNt = 8 points in time. We expe
t the gradient obtained from straightforwardappli
ation of the adjoint approa
h (Se
tion 3.2) to di�er from the true gradient.
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onstant interpolation linear interpolationFigure 1: In
onsisten
e of the gradient for Example 1, Nt = 8This 
an be observed in Figure 1 for 
onstant and linear interpolation of the 
on-trol, respe
tively, at the o�-grid points tj+ 12 . These 
omputations were performedat the initial guess uj = 0.It is interesting to note that the gradient in the 
ase of 
onstant interpolation isinexa
t everywhere ex
ept at t = tf . In 
ontrast to that, in the 
ase of linearinterpolation, the gradient is 
orre
t ex
ept at t 2 ft0; tfg and at the pointsof non-di�erentiability of p whi
h appears in fu. For this simple example, it ispossible to tra
e ba
k this in
orre
t gradient information.Let us �rst 
onsider the 
al
ulation of the adjoint quantities �1; : : : ;�9. Usingthe fourth-order 
lassi
al Runge-Kutta s
heme we obtain�9 = � �1�10� �j = �j+1 + � 00:25�; j = 8; : : : ; 1: (19)Applying AD to provide the gradient, the derivatives of the 
ost fun
tion withrespe
t to the dis
rete state variables yj|usually denoted by �yj in the AD13




ontext|are 
al
ulated. For the example 
onsidered here, the �yj equal the solu-tion of the adjoint equation given by (19), i.e., �j � �yj. Furthermore, the �j arethe exa
t solution of the 
ontinuous adjoint equation at t = tj, 
f. (18). This 
anbe attributed to the fa
t that our Runge-Kutta s
heme integrates an ODE with
onstant right hand side without error.Hen
e, the in
onsisten
e of the gradient shown in Figure 1 
an only result fromdi�erent a

umulations of the gradient. Using the straightforward approa
h ea
h
omponent of r~J(u) is 
omputed as�~J(u)�uj = � p(tj)�j1 + �j2 j = 1; : : : ; 9; (20)for Nt = 8. It is important to note that this formula stays the same, whether
onstant interpolation or linear interpolation for the 
ontrol is used. Therefore,the di�erent in
uen
e of the two 
ontrol interpolation modes on the 
omputedobje
tive value is 
ompletely negle
ted by the straightforward approa
h. This isnot true if AD is utilized to 
ompute the gradient. Here, we obtain for 
onstantinterpolation the formulas�~J(u)�u9 = 16�� p(t9)�91 + �92)��~J(u)�uj = ��23p(tj+ 12 )� 13p(tj)��j1 + �j2 + 112�j+11 ; j = 8; : : : ; 2�~J(u)�u1 = ��23p(t1+ 12 )� 16p(t1)��11 + 56�12 + 112�21for Nt = 8. Hen
e, the in
uen
e at the intermediate times tj+ 12 
omes intoplay. The 
onsideration of this in
uen
e of uj on the obje
tive value and hereparti
ularly the o�set 112�j+11 is responsible for the altered gradient informationin the 
ase of 
onstant interpolation.For linear interpolation, AD generates the formulas�~J(u)�u9 = ��16p(t9)� 13p(t9� 12 )��91 + 12�92 � 124�91 (21)�~J(u)�uj = � 13�p(tj+ 12 ) + p(tj) + p(tj� 12 )��j1 + �j2; j = 8; : : : ; 1 (22)�~J(u)�u1 = ��13p(t1+ 12 )� 16p(t1)��11 + 12�12 + 124�21: (23)One dedu
es from (21) that the term � 124�91 
auses the di�erent gradient infor-mation at time t9 = 8. At the times t7; t5; t3; and t2 the formula (22) equalsthe gradient 
al
ulation (20) be
ause of the linear behaviour of the fun
tion p(�).14



Hen
e, at these points in time the SF approa
h and the AD approa
h yield thesame gradient information. At t8 and t4, the pie
ewise linear stru
ture of p(�)leads to di�erent values of the formulas (22) and (20). Finally, for t1, i.e., t = 0,the formulas (23) and (20) are 
ompletely di�erent. This fa
t explains the largedeviation of the gradient information at t = 0.As des
ribed before, we apply the AD tool Odyss�ee to derive 
ode for the
omputation of the dis
rete gradient. Therefore, besides the 
onsisten
e of thegradient, the run-time needed by the automati
ally generated 
ode has to beanalyzed. The 
orresponding measurements to 
ompute ~J(u) and r~J(u) aregiven in Table 1. As 
an be seen, the ratio of the two run-times for evaluating
onstant interpolation linear interpolationNt 8 32 128 8 32 128~J(u) 0:0001 s 0:0006 s 0:0060 s 0:0001 s 0:0006 s 0:0061 sr~J(u) 0:0005 s 0:0037 s 0:0324 s 0:0006 s 0:0040 s 0:0324 sratio 5:00 6:17 5:4 6:00 6:67 5:31Table 1: Run-time of Gradient Cal
ulation using Odyss�ee, Example 1r~J(u) and ~J(u) rea
hes almost the theoreti
al bound of �ve, the gap being 
ausedby Odyss�ee re
omputing some intermediate results of the forward integration.As a next step, we investigate how the in
onsisten
e of the gradient a�e
tsthe SQP solver 
onvergen
e. For this purpose, we did several test runs withNt 2 f8; 32; 128g time grid points. The 
orresponding results, in
luding run-time, major iteration 
ount, and the obje
tive value are presented in Table 2 andTable 3 for 
onstant and linear interpolation of the 
ontrol, respe
tively.Here as throughout, FD denotes the �nite di�eren
es approa
h. SF stands forthe straightforward evaluation of the gradient as des
ribed in Subse
tion 3.2.AD~J denotes the approa
h to apply AD to the evaluation of the obje
tive ~J(u),whereas ADa marks the approa
h to di�erentiate the Runge-Kutta step usingAD and to subsequently a

umulate the desired gradient by hand-written 
ode,see Subse
tion 3.4.From the results a
hieved one 
an 
on
lude several things. First of all, it isveri�ed that the �nite di�eren
e approa
h to 
ompute the gradient is quite exa
t,i.e., it yields the analyti
al solution, but ineÆ
ient. This observation still holdseven if the �nite di�eren
e approximation of the obje
tive gradient is done moreeÆ
iently, using the trivial fa
t that � j(u)�ui = 0 whenever i > j. This 
an saveup to 50% of 
omputational e�ort o� the times given in the run-time tables.Se
ondly, the straightforward approa
h is fast but leads to an inexa
t solutionif the 
ontrol is linearly interpolated. This is surprising be
ause the gradientinformation is exa
t at four points of time. Conversely, the inexa
tness at eightpoints for the 
onstant interpolation does not seem to in
uen
e the optimization15



CPU time in se
onds Major it. obje
tiveNt 8 32 128 8 32 128 8 32 128FD 0.019 0.325 43.298 4 17 67 -107.1667 -107.3229 -107.3327SF 0.014 0.037 0.693 3 13 51 -107.1667 -107.3229 -107.3327AD~J 0.017 0.104 3.611 4 16 61 -107.1667 -107.3229 -107.3327ADa 0.018 0.099 3.207 4 16 61 -107.1667 -107.3229 -107.3327Table 2: SQP 
onvergen
e behavior, Example 1, 
onstant interpolation of the
ontrol, Nt = 8j32j128CPU time in se
onds Major it. obje
tiveNt 8 32 128 8 32 128 8 32 128FD 0.022 0.386 46.579 6 18 69 -107.2500 -107.3281 -107.3330SF 0.014 0.039 0.688 3 13 51 -107.2083 -107.3255 -107.3328AD~J 0.019 0.112 3.348 5 14 52 -107.2500 -107.3281 -107.3330ADa 0.018 0.101 2.969 5 14 52 -107.2500 -107.3281 -107.3330Table 3: SQP 
onvergen
e behavior, Example 1, linear interpolation of the 
on-trol, Nt = 8j32j128pro
ess. The low CPU times result on the one hand from the eÆ
ient (hand-
oded) 
omputation of the adjoint information, and on the other hand from theredu
ed major iteration numbers.Thirdly, the AD approa
h performs best for the linear interpolation of the 
ontrol.It is mu
h faster than �nite di�eren
es and yet exa
t,i.e., 
omputes the analyti
alsolution. Furthermore, one sees that automati
 di�erentiation of the Runge-Kutta steps and a

umulation of the gradient by hand leads to only minor run-time savings of at most 10% for Example 1.While for this simple example the straightforward approa
h|at least in the 
aseof 
onstant 
ontrol interpolation|is 
ompetitive, it will 
ause the SQP solver failto 
onverge in Example 2.5.2 Example 2: The Rayleigh EquationThe Rayleigh Equation des
ribes a so-
alled tunnel diode os
illator. This 
ir
uit
ontains a power sour
e whose voltage u(t) is the 
ontrol variable. The 
urrentx(t) obeys the ODE�x(t) = �x(t) + _x(t)(1:4� 0:14 _x(t)2) + 4u(t):
16



As an obje
tive fun
tion we take, 
f. B�uskens [4℄,I(y; u) = Z tf0 u(t)2 + x(t)2 dt:This problem 
an easily be transformed into the form (1){(4) des
ribed in Se
-tion 2 via y1 = x, y2 = _x:_y1(t) = y2(t)_y2(t) = �y1(t) + y2(t)(1:4� 0:14y2(t)2) + 4u(t)_y3(t) = u(t)2 + y1(t)2and obje
tiveJ(y) = '(y(tf)) = y3(tf):We assume initial 
onditionsy1(0) = �5; y2(0) = �5; y3(0) = 0;and impose the 
ontrol 
onstraint ju(t)j � 1. The �nal time is tf = 2:5. Notethat in 
ontrast to the previous example, the right-hand side is non-linear in thestate variable y, so the adjoint equation depends on the state:� _� = 24 0 1 0�1 1:4� 0:42y22 02y1 0 035T�with terminal 
onditions�1(tf ) = 0; �2(tf ) = 0; �3(tf ) = 1:Again, we 
ompare the 
onsistent gradient to the in
onsistent gradient from thestraightforward adjoint approa
h. Sin
e the right hand side of the adjoint equa-tion fy(�) now depends on the state, evaluations of yj+ 12 are ne
essary, providedthat the same Runge-Kutta s
heme is used. As des
ribed in Se
tion 4.1, we
ompare both 
onstant and linear interpolation of the state. The 
orrespondingin
onsistent gradients are shown in Figures 2 and 3.Table 4 states the run-times needed to 
ompute r~J(u) and ~J(u) as well as theirratio. On
e more, the results a
hieved rea
h almost the theoreti
al bound of 5 andare even better than in the �rst example. The se
ond fa
t may be 
aused by themore 
omplex model to be di�erentiated. This is typi
ally observed and due tothe less e�e
tive 
ompiler optimization for the forward integration. The Tables 5and 6 show the important results 
on
erning the optimization pro
ess. Here, SF
indi
ates 
onstant interpolation of the state during the adjoint 
al
ulation usingthe straightforward approa
h, while SFl denotes linear interpolation.17
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e of the gradient, Example 2, 
onstant interpolation of the
ontrol, 
onstant and linear interpolation of the state, Nt = 8

0 0.5 1 1.5 2 2.5
−20

−15

−10

−5

0

time

exact gradient
inexact gradient

0 0.5 1 1.5 2 2.5
−20

−15

−10

−5

0

time

exact gradient
inexact gradient
onstant interpolation linear interpolationFigure 3: In
onsisten
e of the gradient, Example 2, linear interpolation of the
ontrol, 
onstant and linear interpolation of the state, Nt = 8
onstant interpolation linear interpolationNt 8 32 128 8 32 128~J(u) 0:0001 s 0:0006 s 0:0060 s 0:0001 s 0:0007 s 0:0062 sr~J(u) 0:0005 s 0:0033 s 0:0309 s 0:0006 s 0:0034 s 0:0321 sratio 5:00 5:50 5:15 6:00 4:85 5:18Table 4: Run-time of Gradient Cal
ulation using Odyss�ee, Example 218



CPU time in se
onds Major it. obje
tiveNt 8 32 128 8 32 128 8 32 128FD 0.023 0.411 21.628 9 17 19 41.17086 42.79915 42.80745SF
 0.016 0.038 0.696 (5) (5) (22) 41.37857 42.81615 42.81038SFl 0.018 0.036 0.426 (4) (5) (21) 41.51795 42.82070 42.81106AD~J 0.021 0.093 1.015 9 17 19 41.17086 42.79915 42.80745ADa 0.020 0.074 0.758 9 17 19 41.17086 42.79915 42.80745Table 5: SQP 
onvergen
e behavior, Example 2, 
onstant interpolation of uCPU time in se
onds Major it. obje
tiveNt 8 32 128 8 32 128 8 32 128FD 0.030 0.500 15.165 17 31 22 41.19445 42.79858 42.80742SF
 0.016 0.036 0.535 (4) (5) (22) 41.26702 42.81044 42.81016SFl 0.017 0.036 0.546 (4) (5) (22) 41.37555 42.81859 42.81074AD~J 0.028 0.154 1.250 17 30 23 41.19445 42.79858 42.80742ADa 0.025 0.124 1.020 17 30 23 41.19445 42.79858 42.80742Table 6: SQP 
onvergen
e behavior, Example 2, linear interpolation of uIt has to be mentioned that Npsol does not terminate the optimization pro
essuntil the given maximal number of major iterations is rea
hed. This is truefor all 
ombinations of 
onstant and linear interpolation of the state for thestraightforward adjoint 
al
ulation. Nevertheless, after the (
omparably few)major iterations stated in paranthesis, the spe
i�ed obje
tive value is rea
hed.After that, Npsol 
hooses very small step sizes and pra
ti
ally stagnates. Therun-times stated for SF
 and SFl are for the number of iterations given, for
iblyterminating Npsol.The �nite di�eren
e approa
h and the AD method yield a solution 
lose to the onepresented in [4℄ with an obje
tive value of 42.80743761. Furthermore, both waysof gradient 
al
ulations lead to the same obje
tive value that is smaller thanthe one 
omputed with the SF te
hnique. However, the derivative 
al
ulationbased on AD a

elerates the 
omputation enormously. To explain this run-timebehavior, we observe that the operation 
ount O~J(u) is asymptoti
ally linear inthe number of time grid points Nt. In addition, we have veri�ed one of the AD'sparadigms for the reverse mode: The ratio r~J(u) vs. ~J(u) being independent ofthe number of input variables u, i.e., independent of Nt. Combining these two�ndings, we 
on
lude that the operation 
ount 
omputing the obje
tive plus itsgradient using AD's reverse mode is asymptoti
ally linear in the number of gridpoints. In 
ontrast, it is easily veri�ed that the 
orresponding operations 
ountusing �nite di�eren
es is asymptoti
ally quadrati
 in Nt.19



Therefore, the statements made for the �rst example 
on
erning the various meth-ods remain mainly true here. However, the use of the straightforward approa
his 
ompletely ruled out sin
e it 
auses the SQP solver to stagnate.6 Con
lusionWe have studied the solution of dis
retized optimal 
ontrol problems for ODEs.The dis
retization was 
arried out by a Runge-Kutta s
heme. While it is appeal-ing to use adjoint information generated by the same s
heme, this straightforwardapproa
h leads to in
onsistent gradients in general. However, SQP solvers relyon 
onsistent and exa
t gradient information and 
an fail to 
onverge if inexa
tgradients are provided as was shown in Example 2.Despite some theoreti
al sutdies how methods should 
ope with inexa
t fun
tionand derivative information [6℄, one should look for alternatives. One obvious vari-ant is given by the �nite di�eren
e approa
h. However, using �nite di�eren
esthe run-time needed to 
ompute the gradient grows quadrati
ally in the numberof 
ontrols as explained before. In order to analyze the in
uen
e of this behaviouron the optimization pro
ess for our examples, a pro�ling of the optimization on aOrigin 2000 using ssrun was done. We �nd that NPSOL needed no more than 10% of the 
omputing time. This small portion is 
aused by the easy 
onstraints,namely only box-
onstraints for the 
ontrols. Be
ause of the small per
entagerequired for NPSOL, the 
omputing time needed for 
al
ulation gradient infor-mation plays an important role for the overall run-time. Hen
e, all savings that
an be a
hieved 
al
ulating derivatives have a dire
t and important impa
t onthe total run-time. Therefore, other ways to 
ompute the gradient 
ome intoplay.As 
an be seen also from Hager [12℄, �nding the 
orre
t integration s
heme for the
ontinuous adjoint equation is not a trivial task. We suggest to use Automati
Di�erentiation tools to relieve the user of this burden, allowing to 
onveniently
ompute the obje
tive gradient.It is interesting to note that Automati
 Di�erentiation is re
eiving an in
reasingamount of attention in the optmization 
ommunity. The 
ode Snopt, a su

es-sor to Npsol suitable for large sparse optimization problems, has re
ently beenfurnished with an interfa
e to Adifor, another AD tool 
apable of the forwardmode, 
f. Gill et. al. [8℄.While �nding the 
orre
t adjoint integration s
heme (i.e., by adjoining the for-ward s
heme by hand) and implementing it to solve the 
ontinuous adjoint equa-tion is the ideal solution in terms of CPU time, it is not feasible in pra
ti
alsituations: It requires the right hand side of the adjoint equation fy(�) to beavailable symboli
ally, whi
h 
an not be assumed for 
ompli
ated dynami
al sys-tems in 
ontrast to our examples.In an up
oming paper, we plan to 
onsider more realisti
 
ontrol problems with20




ompli
ated 
ontrol and also state 
onstraints. In order that these problems besolved eÆ
iently by an SQP 
ode, the 
onstraint Ja
obian will be required. We
onje
ture that again AD will be the best option whenever these Ja
obians 
annotbe supplied by hand-written 
omputer 
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