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Abstract

A boundary optimal control problem for an instationary nonlinear reaction-
diffusion equation system in three spatial dimensions is presented. The control
is subject to pointwise control constraints and a penalized integral constraint.
Under a coercivity condition on the Hessian of the Lagrange function, an op-
timal solution is shown to be a directionally differentiable function of per-
turbation parameters such as the reaction and diffusion constants or desired
and initial states. The solution’s derivative, termed parametric sensitivity, is
characterized as the solution of an auxiliary linear-quadratic optimal control
problem. A numerical example illustrates the utility of parametric sensitivi-
ties which allow a quantitative and qualitative perturbation analysis of optimal
solutions.
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1 Introduction

Parametric sensitivity analysis for optimal control problems governed by partial dif-
ferential equations (PDE) is concerned with the behavior of optimal solutions under
perturbations of system data. The subject matter of the present paper is an op-
timal boundary control problem for a time-dependent coupled system of semilinear
parabolic reaction-diffusion equations. The equations model a chemical or biologi-
cal process where the species involved are subject to diffusion and reaction among
each other. The goal in the optimal control problem is to drive the reaction-diffusion
model from the given initial state as close as possible to a desired terminal state.
However, the control has to be chosen within given upper and lower bounds which
are motivated by physical or technological considerations.

In practical applications, it is unlikely that all parameters in the model are pre-
cisely known a priori. Therefore, we embed the optimal control problem into a family
of problems, which depend on a parameter vector p. In our case, p can comprise
physical parameters such as reaction and diffusion constants, but also desired termi-
nal states, etc. In this paper we prove that under a coercivity condition on the Hessian
of the Lagrange function, local solutions of the optimal control problem depend Lip-
schitz continuously and directionally differentiably on the parameter p. Moreover, we
characterize the derivative as the solution of an additional linear-quadratic optimal
control problem, known as the sensitivity problem. If these sensitivities are computed
?offline”, i.e., along with the optimal solution of the nominal (unperturbed) problem
belonging to the expected parameter value pg, a first order Taylor approximation can
give a real-time (”online”) estimate of the perturbed solution.

Let us put the current paper into a wider perspective: Lipschitz dependence
and differentiability properties of parameter-dependent optimal control problems for
PDEs have been investigated in the recent papers [6,11-14,16,18]. In particular, sen-
sitivity results have been derived in [6] for a two-dimensional reaction-diffusion model
with distributed control. In contrast, we consider here the more difficult situation in
three spatial dimensions and with boundary control and present both theoretical and
numerical results. Other numerical results can be found in [3,7].

The main part of the paper is organized as follows: In Section 2, we introduce the
reaction-diffusion system at hand and the corresponding optimal control problem. We
also state its first order optimality conditions. Since this problem, without parameter
dependence, has been thoroughly investigated in [9], we only briefly recall the main
results. Section 3 is devoted to establishing the so-called strong regularity property for
the optimality system. This necessitates the investigation of the linearized optimality
system for which the solution is shown to be Lipschitz and differentiable with respect
to perturbations. In Section 4, these properties for the linearized problem are shown
to carry over to the original nonlinear optimality system, in virtue of a suitable
implicit function theorem. Finally, we present some numerical results in Section 5 in
order to further illustrate the concept of parametric sensitivities.



Necessarily all numerical results are based on a discretized version of our infinite-
dimensional problem. Nevertheless we prefer to carry out the analysis in the contin-
uous setting so that smoothness properties of the involved quantities become evident
which could then be used for instance to determine rates of convergence under re-
finements of the discretization etc. In view of our problem involving a nonlinear
time-dependent system of partial differential equations, its discretization yields a
large scale nonlinear optimization problem, albeit with a special structure.

2 The Reaction-Diffusion Optimal Boundary Con-
trol Problem

Reaction-diffusion equations model chemical or biological processes where the species
involved are subject to diffusion and reaction among each other. As an example, we
consider the reaction A + B — C which obeys the law of mass action. To simplify
the discussion, we assume that the backward reaction C' — A + B is negligible and
that the forward reaction proceeds with a constant (not temperature-dependent) rate.
This leads to a coupled semilinear parabolic system for the respective concentrations
(¢1,¢9,c3) as follows:

%cl(t,x) = d1Acy(t, x) — kycr(t, x)ea(t, x) for all (t,z) € Q, (1a)
%CQ(t,x) = doAco(t, ) — kacy(t, x)ca(t, x) for all (t,x) € Q, (1b)
%ci;(t,x) = d3Acs(t,x) + kgci(t, x)co(t, ) for all (t,z) € Q. (1c)
The scalars d; and k;, i = 1,...,3, are the diffusion and reaction constants, respec-

tively. Here and throughout, let Q@ C R3? denote the domain of reaction and let
Q = (0,T) x Q be the time-space cylinder where 7" > 0 is the given final time. We
suppose that the boundary I' = 02 is Lipschitz and can be decomposed into two
disjoint parts I' =T",, UT'., where I'. denotes the control boundary. Moreover, we let
Y, =(0,T)xT, and ¥. = (0,7) x I'.. We impose the following Neumann boundary
conditions:

dla—n(t,x) = for all (t,z) € &, (2a)

dg%(t,[ﬁ) = u(t) a(t, x) for all (t,z) € X, (2b)
n

dg%(t,x) =0 for all (t,z) € X, (2¢)
n

dg%(t,x) =0 for all (t,z) € X. (2d)
n



Equation (2b) prescribes the boundary flux of the second substance B by means of
a given shape function «(t,z) > 0, modeling, e.g., the location of a spray nozzle
revolving with time around one of the surfaces of €2, while u(t) denotes the control
intensity at time ¢ which is to be determined. The remaining homogeneous Neumann
boundary conditions simply correspond to a "no-outflow” condition of the substances
through the boundary of the reaction vessel €.

In order to complete the description of the model, we impose initial conditions for
all three substances involved, 1i.e.,

c1(0,2) = c1o(x) for all x € Q, (3a)
c2(0,x) = coo(x) for all x € Q, (3b)
c3(0,2) = c3o(z) for all x € Q. (3c)

Our goal is to drive the reaction-diffusion model (1)—(3) from the given initial
state near a desired terminal state. Hence, we introduce the cost functional

1 T
Ji(e1, o) = 5/ (B ]el(T) = err? + B2 |ca(T) — car|?) da + %/ lu — ug|? dt.
Q 0

Here and in the sequel, we will find it convenient to abbreviate the notation and write
c1(T) instead of ¢; (T, -) or omit the arguments altogether when no ambiguity arises.

In the cost functional, (1, > and 7 are non-negative weights, c;7 and cor are
the desired terminal states, and uy is some desired (or expected) control. In order
to shorten the notation, we have assumed that the objective J; does not depend on
the product concentration cg. This allows us to delete the product concentration cs
from the equations altogether and consider only the system for (ci,cz). All results
obtained can be extended to the three-component system in a straightforward way.

The control u : [0,7] — R is subject to pointwise box constraints u,(t) < u(t) <
up(t). It is reasonable to assume that u,(t) > 0, which together with a(t,z) > 0
implies that the second (controlled) substance B can not be withdrawn through the
boundary. The presence of an upper limit u, is motivated by technological reasons.
In addition to the pointwise constraint, it may be desirable to limit the total amount
of substance B added during the process, i.e., to impose a constraint like

T
/ u(t) dt < u,.
0

In the current investigation, we do not enforce this inequality directly but instead we
add a penalization term

To(u) = émax {0, /OT u(#) dt — uC}S
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to the objective, which then assumes the final form
J(c1, co,u) = Ji(c, e, u) + Jo(u). (4)
Our optimal control problem can now be stated as problem (P)

Minimize J(c1,co,u) s.t.  (1la)—(1b), (2a)—(2c) and (3a)—(3b)
and  wu,(t) < wu(t) < wuy(t) hold. (P)

2.1 State Equation and Optimality System

The results in this section draw from the investigations carried out in [9] and are
stated here for convenience and without proof. Our problem (P) can be posed in the
setting

uweU=L*0,T)
(01,02) ey = W(O,T) X W(O,T)

That is, we consider the state equation (1a)—(1b), (2a)—(2c) and (3a)—(3b) in its weak
form, see Remark 2.4 and Section 2.2 for details. Here and throughout, L*(0,T)

denotes the usual Sobolev space [1] of square-integrable functions on the interval
(0,T) and the Hilbert space W (0,T') is defined as

W(0,T) = {¢ € L*(0,T; H'(Q)) : %gp € L*(0,T; H'())}.

containing functions of different regularity in space and time. Here, H'((2) is again the
usual Sobolev space and H'()’ is its dual. At this point we note for later reference
the compact embedding [17, Chapter 3, Theorem 2.1]

W(0,T) < L*(0,T; H*(Q)) forany 1/2 <s <1 (5)

involving the fractional-order space H*(£2). For convenience of notation, we define
the admissible set

Usa ={u €U : uu(t) <u(t) <up(t)}.

Let us summarize the fundamental results about the state equation and problem
(P). We begin with the following assumption which is needed throughout the paper:

Assumption 2.1 (a) Let Q C R? be a bounded open domain with Lipschitz con-
tinuous boundary I' = 0S), which is partitioned into the control part I'. and the
remainder I',,. Let d; and k;, © = 1,2 be positive constants, and assume that
a € L*(0,T; L*(T.)) is non-negative. The initial conditions cyo, i = 1,2 are
supposed to be in L*(Q). T > 0 is the given final time of the process.
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(b) For the control problem, we assume desired terminal states c;p € L*(Q), i = 1,2,
and desired control ug € L*(0,T) to be given. Moreover, let 31, 32 be non-
negative and vy be positive. Finally, we assume that the penalization parameter e
is positive and that u. € R and u, and uy, are in L>(0,T') such that fOT U (t) dt <
Ue.

Theorem 2.2 Under Assumption 2.1(a), the state equation (1a)—-(1b), (2a)—(2c) and
(3a)-(3b) has a unique weak solution (c1,co) € W(0,T) x W(0,T) for any given
uw € L*0,T). The solution satisfies the a priori estimate

lerllwomr) + lleallwor < C (1+ [leollz2@) + lleaollzz) + llull2or)
with some constant C' > 0.

In order to state the system of first order necessary optimality conditions, we
introduce the active sets

A = {t€ 0.7) + ult) = uw(0)
A(u)={t €[0,T] : u(t) =up(t)}
for any given control u € U,gq.
Theorem 2.3 Under Assumption 2.1, the optimal control problem (P ) possesses at

least one global solution in'Y X Uaq. If (c1,c2,u) € Y X Uyq is a local solution, then
there ezists a unique adjoint variable (A1, A2) € Y satisfying

0

—a)\l — d1A>\1 = —]{?102)\1 — k202>\2 m Q, (6&)
—%)\2 — dgA)\g = —]{?101)\1 — ]{?201>\2 m Q, (6b)
O\
I by
d; o 0 on %, (6¢)
Oz
A by
ds o 0 on X, (6d)
M(T) = =Bi(cr(T) = crr) in 1, (6e)
)\g(T) = _62(02(T) — CQT> in § <6f)

in the weak sense, and a unique Lagrange multiplier £ € L*(0,T) such that the opti-
mality condition

T

Y(u(t) — uq(t)) + g max {0,/ u(t)dt — uc}2 — /Fca(t, z) Xo(t,x)dr +£(t) =0 (7)

0

holds for almost all t € [0,T], together with the complementarity condition

flacw <0, €lazw =0 (8)



Remark 2.4 The partial differential equations throughout this paper are always meant
in their weak form. In case of the state and adjoint equations (1)—(3) and (6), re-
spectively, the weak forms are precisely stated in Section 2.2 below, see the definition
of F. However, we prefer to write the equations in their strong form to make them
easier understandable.

Solutions to the optimality system (6)—(8), including the state equation, can be
found numerically by employing, e.g., semismooth Newton or primal-dual active set
methods, see [8,10,19] and [2,9], respectively.

In the sequel, we will often find it convenient to use the abbreviations y = (c¢1, ¢2)
for the vector of state variables, x = (y,u) for state/control pairs, and A = (A1, \2)
for the vector of adjoint states. In passing, we define the Lagrangian associated to
our problem (P),

T
L(q:,)\)zj(a:)—l—/ {<%cl,/\1>+d1/V61V)\1dx+/klclcg)\l dx} dt
0 Q Q

T
—|—/ <QCQ7/\2>+d2/VCQV)\QdZE—f—/kQClCQ/\QdI—dQ/ OéU/\Qd[E dt
0 ot Q Q o0

+ /Q (C1 (0) — C10) /\1 (0) dx + /Q (02(0) — Czo) )\2(0) dz (9)

for any x = (c1,c0,u) € Y x U and A = (A, Ag) € Y. The bracket (u,v) denotes the
duality between u € H'(Q2)' and v € H'(Q). The Lagrangian is twice continuously
differentiable, and its Hessian with respect to the state and control variables is readily
seen to be

Laa(2,N)(7,7) = Billen(T) L) + Ballea(T) 2 + Il 0.1
2

-|—§max{07 /OTu(t) dt—uc} (/OTW) dt) +2/Q(k1/\1+k2)\2)6162dxdt. (10)

The Hessian is a bounded bilinear form, i.e., there exists a constant C' > 0 such that

Lo (2, \)(T1, %) < C |71 [ly<v[[Tally v

holds for all (Z1,7,) € [Y x UJ%.

2.2 Parameter Dependence

As announced in the introduction, we consider problem (P) in dependence on a vector
of parameters p and emphasize this by writing (P(p)). It is our goal to investigate
the behavior of locally optimal solutions of (P(p)), or solutions of the optimality
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system (6)—(8) for that matter, as p deviates from its given nominal value p*. In
practice, the parameter vector p can be thought of as problem data which may be
subject to perturbation or uncertainty. The nominal value p* is then simply the
expected value of the data. Our main result (Theorem 4.1) states that under a
coercivity condition on the Hessian (10) of the Lagrange function, the solution of
the optimality system belonging to (P(p)) depends directionally differentiably on p.
The derivatives are called parametric sensitivities since they yield the sensitivities
of their underlying quantities with respect to perturbations in the parameter. Our
analysis can be used to predict the solution at p near the nominal value p* using a
Taylor expansion. This can be exploited to devise a solution algorithm for (P(p))
with real-time capabilities, provided that the nominal solution to (P(p*)) along with
the sensitivities are computed beforehand (”offline”). In addition, the sensitivities
allow a qualitative perturbation analysis of optimal solutions.

In our current problem, we take

p= (dl>d2> kq, kz,ﬁl,ﬁm%umga0107020701T>C2T>Ud)
€ R x L*()* x L*(0,T) =: Q (11)

as the vector of perturbation parameters. Note that p belongs to an infinite-dimen-
sional Hilbert space and that, besides containing physical parameters such as the
reaction and diffusion constants k; and d;, it comprises non-physical data such as the
penalization parameter .

In order to carry out our analysis, it is convenient to rewrite the optimality system
(6)—(8) plus the state equation as a generalized equation, involving a set-valued opera-
tor. We notice that the complementarity condition (8) together with (7) is equivalent
to the variational inequality

T
/ E()(u(t) —u(t))dt <0 Vu € Upg. (12)
0
This can also be expressed as £ € N(u) where
T
N(u) = {v e L*0,7) : / v(uw—u)dt <0 forall uwe€ Uy}
0

if u € Uy, and N(u) = 0 if u € U,q. This set-valued operator is known as the

dual cone of U,q at u (after identification of L?(0,T) with its dual). To rewrite the
remaining components of the optimality system into operator form, we introduce

F:W(0,T) x L*(0,T) x W(0,T) x Q — Z
with the target space Z given by
Z = L*0,T; H'(Q))? x L*(Q)* x L*(0,T) x L*(0,T; H'(Q)")?* x L*(Q)2.
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The components of F' are given next. Wherever it appears, ¢ denotes an arbitrary
function in L2(0,T; H'(Q)). For reasons of brevity, we introduce K = kj\; + koo.

T
F1(y,U,/\,p)(¢)=/0 {<—%)\1,¢>+d1/QV)\l'Vcbd$+/QKCQ¢d$} dt

T
F2<y,u,A,p><¢>=/o {<—%Ag,qb}erz/QV)\g-V¢dx+/QKc1¢dx} at
Fs(y,u, A\, p) = M(T) + Bi(ar(T) — err)

Fy(y,u, A\, p) = Xao(T') + Bo(c2(T') — car)
T 2
Fs(y,u, A\, p) zv(u—ud)—l—gmax{o,/o u(t) dt—uc} —/Coz)\gdx

T
Fs(y,u, A\, p)(¢) = /0 {<%cl,¢>+d1 LVCI-V¢dx+/§2klclcQ¢dx} dt

)
Fr(y,u, A\, p)(¢) = /0 {<§02,¢>+d2 QVCQ'V¢d$+/Qk’20102¢d$} dt
—/ozugzﬁdxdt
>

FS(ya Uu, Avp) = Cl(o) — C10
Fy(y,u, A, p) = c2(0) — c20.
At this point it is not difficult to see that the optimality system (6)—(8), including

the state equation (la)—(1b), (2a)—(2c) and (3a)—(3b), is equivalent to the generalized
equation

0€ F(y,u,\,p) +N(u) (13)
where we have set NV (u) = (0,0,0,0, N(u),0,0,0,0)" C Z. In the next section, we will

investigate the following linearization around a given solution (y*,u*, A*) of (13) and
for the given parameter p*. This linearization depends on a new parameter § € Z:

y—y
d € Fy*,u", \,p*) + F'(y*,u", \,p*) | u—u* | + N(u). (14)
A — )\

Herein F” denotes the Fréchet derivative of F' with respect to (y,u, ). Note that F
is the gradient of the Lagrangian £ and F’ is its Hessian whose "upper-left block”
was already mentioned in (10).



3 Properties of the Linearized Problem

In order to become more familiar with the linearized generalized equation (14), we
write it in its strong form, assuming smooth perturbations § = (1, ...,ds5). For better
readability, the given parameter p* is still denoted as in (11), without additional * in
every component. We obtain from the linearizations of F; through Fj:

—%)\1 _d1A>\1+KC;+K*CQ :K*Cg‘i‘(sl in Q, (15&)
—%AQ — dgAAQ + .[(Ci< + K*Cl = K*CT + 52 in Q, (15b>
oA
dla—nl = 51|g on Z, (15C)
oA
dga—; = 52|2 on Z, (15d)
/\1(T) = —61(61(T> - ClT) + (53 in Q, (156)
/\Q(T) = _62(CQ(T> - CQT) + 54 in Q, (15f)

where we have abbreviated K = ki + koo and K* = kA7 + kA5, From the
components Fy through Fy we obtain a linearized state equation:

%cl — d1Acy + kieicy + kiciea = kicicy + 0 in @, (16a)
%cg — doAcy + koci 6y + kacica = kacicy + 07 in Q, (16b)
dl% = 66|E on E, (16(})

dc
an—; =au+d7ly  on X, (16d)
C1 (0) = C19 + 58 in Q, (166)
CQ(O) = Coo + 59 in Q. (16f)

Finally, the component F5 becomes the variational inequality
T
| eomo - umar<o vie v, (17)
0
where in analogy to the original problem, & € L?(0,T) is defined through
3 T 2
v(u — ug) + — max {O,/ u*(t) dt — uc} - /a)\2 dz — 05
€ 0 r.
6 T T
42 maX{O,/ wt(t) dt — u}/ (u(t) — u*(£)) dt + £(t) = 0. (18)
0 0

3
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In turn, the system (15)—(18) is easily recognized as the optimality system for an
auxiliary linear quadratic optimization problem, which we term (AQP(6)):

1
Minimize §£rx(x*,)\*)(x,x) —ﬁl/clT c1(T) dx—ﬂg/cﬂ co(T) dx
Q Q
3 T o T
— 0 () dt — u, t)dt
—l—gmax{,/ou() u}/ou()

B g max {0, /OTu*(t) at .} (/OT () dt) (/OTu(t) dt)

T
- v/ ugudt — / (kA AT + kaA3)(clca + c1ch) de dit
0 Q

—<51,cl>—(52,02)—/5301(T)—/96402(T)—/0T(55udt (19)

Q

subject to the linearized state equation (16) above and u € U,q. The bracket (4, ¢1)
here denotes the duality between L%(0,7; H'(Q)) and its dual L*(0,T; H*(Q?)"). In
order for (AQP(4)) to have a strictly convex objective and thus to have a unique
solution, we require the following assumption:

Assumption 3.1 (Coercivity Condition)
We assume that there exists p > 0 such that

Loo(z™, X ) (@, 2) = pll2]l¥ v

holds for all x = (1, ¢, u) € Y x U which satisfy the linearized state equation (16) in
weak form, with all right hand sides except the term au replaced by zero.

Sufficient conditions for Assumption 3.1 to hold are given in [9, Theorem 3.15]. We
now prove our first result for the auxiliary problem (AQP(0)):

Proposition 3.1 (Lipschitz Stability for the Linearized Problem)
Under Assumption 2.1, holding for the parameter p*, and Assumption 3.1, (AQP(9))
has a unique solution which depends Lipschitz continuously on the parameter § € Z.

That s, there exists L > 0 such that for all 5,5 € Z with corresponding solutions
(#,A) and (&, 3),

lér = éllwo,ry + llé2 — Eallwom + ||& — @l 22,1

+ A = Mllwor) + 1A = Aellwor) < L 16—z
hold.
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Proof. The proof follows the technique of [18] and is therefore kept relatively short
here. Throughout, we denote by capital letters the differences we wish to estimate,
.e., C1 = ¢1 — ¢q, etec. To improve readability, we omit the differentials dz and dt
in integrals whenever possible. We begin by testing the weak form of the adjoint
equation (15) by C; and Cy, and testing the weak form of the state equation (16) by
Aq and A,, using integration by parts with respect to time and plugging in the initial
and terminal conditions from (15) and (16). One obtains

BICH (D2 + Bal|Call? + 2 / K'CyCy+ / aUA
Q >

= — (01, A1) — (Ca, M) +/

Q

Ci(T)A; + / Co(T)Ay — (A1, Ag) — (Ao, A7)

Q

_/QAl(o)AS_/QAQ(o)Ag. (20)

=
g
I

From the variational inequality (17), using & = 4 o @ as test functions, we get

2

T 6 T T
—/aUA2§—7HU||2+/ UAg,--Iﬂ&X{O,/ u*(t)dt—uc} </ U> . (21)
by 0 £ 0 0

Unless otherwise stated, all norms are the natural norms for the respective terms.
Adding the inequality (21) to (20) above and collecting terms yields

Lo (2", X)((Ch, Co,U), (Cy,Cy,U))

< —(Cl,Al)—<CQ,A2>+/Cl(T)A3+/C’2(T)A4+/TUA5

— (A1, Ag) — (Mg, A7) —/QAl(O)Ag—/QAQ(O)Ag

9
1
<L+ (IO + NG + 1A+ 1A2]%) + s U+ - > 1A
1=1
(22)

where the last inequality has been obtained using Holder’s inequality, the embedding
W(0,T) — C([0,T]; L*(©2)) and Young’s inequality in the form ab < ka® + b?/(4k).
The number k£ > 0 denotes a sufficiently small constant which will be determined
later at our convenience. Here and throughout, generic constants are denoted by c.
They may take different values in different locations.

In order to make use of the Coercivity Assumption 3.1, we decompose C; = z;+w;, i =
1,2 and consider their respective equations, see (16). The z components account for
the control influence while the w components arise from the perturbation differences

12



Ay, ..., A4. We have on @), ¥ and (), respectively,

0 0
azl — dlAzl + ]{?1216; + ]{316?2'2 =0 &wl - dlAwl + klwlcz + leT’wg = A(j
0 0
§ZQ — dQAZQ + krgzlc;‘ + kQCTZQ =0 awg - dgAwg + k’gwlC; + k’QCT’wg = A'y
821 8w1
di— =0 di— =A
Y on "on ol
622 awZ
dy—2 = dy—2 = A
25 alU 275, 7l=
21(0) =0 U)l(O) = Ag
ZQ(O) =0 U)Q(O) = Ag.

Note that for (z1,29,U), the Coercivity Assumption 3.1 applies and that standard
a priori estimates yield ||z1|| + ||z2]| < ¢||U|| and |Jw1|| + |Jwz|| < c(||As]] + ||A7]] +
|Ag|| + [[Agl|). Using the generic estimates ||z;]|* > ||Ci]|* — 2||Ci|[||w;l| + |Jw;||* and
|zl < |G|l + ||wsl|, the embedding W (0,T) — C([0,T]; L*(2)) and the coercivity
assumption, we obtain

Em(x*, )\*)((Cl, CQ, U), (Cl, CQ, U)) = £mc(l’*, /\*)((Zl, 29, U), (Zl, 29, U))

# 0 [ @)+ 5 [ aual) + 2 an(r)E + 2

s

-+ / K*(wlzg + z1wg + U)l'lUQ)
Q

> p (ICU17 + NCall* + [1U17) = 20l Callllewll + 1Calllewa1)
= Brcwi | (1C + [lwill) = Baellwal | (ICx1 + [lw2]])

— c[lK* | 2y (lwn NI Call + 1C w2l + Bllwa [ lwe]l)- (23)

For the last term, we have employed Holder’s inequality and the embedding W (0, T') «—
LY(Q), see [4, p. 7]. Combining the inequalities (22) and (23) yields

p(IC1E + G + UIF) < 2p(ICklllws ]l + [1Callllwall) + Brc flws [ (IC I + [lwal])

+ Bac [wa[ (ICall + llwall) + ¢ 1K 2oy (lwr [ Coll + [ Calllwa ]| + 3llwall|w])

1 9

K Y
+ 22 2 NAP+ S+ A G + Gl + 1M + 1A %) + IV (24)
=1

and the last two terms can be absorbed in the left hand side when choosing x > 0

sufficiently small and observing that A; and A, depend continuously on the data
C7 and C5. By the a priori estimate stated above, w;, ¢ = 1,2, can be estimated
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against the data Az, ..., Ag. Using again Young’s inequality on the terms ||C;||||w;||
and absorbing the quantities of type x|/C;||? into the left hand side, we obtain the
Lipschitz dependence of (Cy, Cy, U) on Ay, ..., Ag. Invoking once more the continuous
dependence of A; on (Cy,Cy), Lipschitz stability is seen to hold also for the adjoint
variable. O

If (z*, \*) is a solution to the optimality system (6)—(8) and state equation, then
the previous theorem implies that the generalized equation (13) is strongly regular
at this solution, compare [15]. Before showing that the Coercivity Assumption 3.1
implies also directional differentiability of the solution of (AQP(d)) in dependence on
d, we introduce the strongly active subsets for the solution (y*, u*, \*) with multiplier

£* given by (7),

A’ (u)y ={t€[0,T] : &(t) <0}
AL () ={t €[0,T] : €(t) > 0}

Note that necessarily u* = u, on A° (u*) and u* = u, on A% (u*) hold in view of the

variational inequality (12). Based on the notion of strongly active sets, we define ﬁad,
the set of admissible control variations:

u=0 on A (u*)U A" (u)
u € Uad suc L*0,T)and { u>0 on A_(u*)
u<0 on Ay(u*).

This definition reflects the fact that if the solution u* associated to the parameter
value p* is equal to the lower bound u, at some point ¢ € [0, 7], we can approach
it only from above (and vice versa for the upper bound). In addition, if the control
constraint is strongly active at some point, i.e., if it has a nonzero multiplier £* there,
the variation is zero.

Proposition 3.2 (Differentiability for the Linearized Problem)

Under Assumptions 2.1 and 3.1, the unique solution to (AQP(0)) depends direction-
ally differentiably on the parameter & € Z. The directional derivative in the direction
of 6 € Z is given by the solution of the auziliary linear quadratic problem (DQP(§ ))

1 N N T,
Minimize 2£m(x ) (z, x) <51,cl> <52,02> /5301(T) —/ dsc2(T) —/ Osu dt
Q Q 0

14



subject to u € ﬁad and the linearized state equation

0 N
acl — dlAcl -+ ]{?10163 + k?10>{62 = 56 m Q (25&)
0 N
ECQ — dzACQ + /{32010; + kQCTCQ = (57 m Q (25b)
o A
18_Cnl = dg|x on Y (25¢)
dc A
dga—; =au+dlg ond, (25d)
¢1(0) = ds in Q (25¢)
2(0) = by in Q. (25f)

Proof. Let § € Z be any given direction of perturbation and let {7,} be a
sequence of real numbers such that 7, \, 0. We set d,, = 7,,0 and denote the solution
of (AQP(6,)) by (cf,ch,u™, AT, Ay). Note that (¢}, ch, u*, A\j, Ay) is the solution of
(AQP(0)). Then, by virtue of Proposition 3.1, we have

.

:

in the norms of W(0,T), L*(0,T), and Z, respectively, and with some Lipschitz
constant L > 0. We can thus extract weakly convergent subsequences (still denoted
by index n) and use the compact embedding of W(0,T) into L?(Q) to obtain

cl —c] cy — Cy Up — U*

AT = A1

Tn

Ay — A5

n

+

_|_

< L|d| (26)

Tn Tn Tn

n *

u —u

—~ @ in L%(0,T) (27)

Tn
n *
CL —C

— ¢ inW(0,T) and —¢ in L*(Q) (28)
n

and similarly for the remaining components. Taking yet another subsequence, all
components except the control are seen also to converge pointwise almost everywhere
in ). From here, we only sketch the remainder of the proof since it closely parallels
the ones given in [6,12]. In addition to the arguments given there, our analysis relies
on the strong convergence (and thus pointwise convergence almost everywhere on
[0, 7] of a subsequence) of

/ I B ady in L2(0,7) (29)

n
T T,

which follows from the compact embedding of W (0,T) into L2(0,T; H*(Q)) for 1/2 <
s < 1 (see (5)) and the continuity of the trace operator H*(Q2) — L*(T.). One
expresses u" as the pointwise projection of u”™ 4+ £"/~ onto the admissible set U,q
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with € given by (18) evaluated at (u", A\}). Using (27) and (29), one shows that
(u™ — u*)/T™ possesses a pointwise convergent subsequence (still denoted by index
n). Distinguishing cases, one finds the pointwise limit 4 of (u™ — u*)/7" to be the
pointwise projection of lim, .. (u™ + £"/7) onto the new admissible set Uyq. Using
a suitable upper bound in Lebesgue’s Dominated Convergence Theorem, one shows
that 4 is also the limit in the sense of L?(0,7") and thus @ = @ must hold. It remains
to show that the limit (¢, ¢, u, A, 5\2) satisfy the first order optimality system for
(DQP(4)) (which is routine) and that the limits actually hold in their strong senses
in W(0,T") (which follows from standard a priori estimates). Since we could have
started with a subsequence of 7" in the first place and since the limit (¢q, és, 4, A1 5\2)
must always be the same in view of the Coercivity Assumption 3.1, the convergence
extends to the whole sequence. d

4 Properties of the Nonlinear Problem

In the current section, we shall prove that the solutions to the original nonlinear gen-
eralized equation (13) depend on p in the same way as the solutions to the linearized
generalized equation (14) depend on §. To this end, we invoke an implicit function
theorem for generalized equations. Throughout this section, let again p* be a given
nominal (or unperturbed or expected) value of the parameter vector

b= (dl,d% k1, k%ﬁbﬁz,%Uc>5,0107020>01T>CQT>Ud)
e R? x L*()* x L*(0,T) =: Q

satisfying Assumption 2.1. Moreover, let (x*, \*) = (¢, ¢5, u™, AT, A5) be a solution of
the first order necessary conditions (6)—(8) plus the state equation, or, in other words,
of the generalized equation (13).

Theorem 4.1 (Lipschitz Continuity and Directional Differentiability)
Under Assumptions 2.1 and 3.1, there exists a neighborhood B(p*) C Q of p* and a
neighborhood B(y*,u*; \*) CY x U XY and a Lipschitz continuous function

B(p*) 3 p (yp, up, Ap) € B(y™, u*, \")

such that (Yp, up, Ap) solves the optimality system (6)—(8) plus the state equation for
parameter p and such that it is the only critical point in B(y*,u*, \*). Moreover,
the map p +— (Yp, up, Ap) 1s directionally differentiable, and its derivative in the
direction p € Q) 1is given by the unique solution of (DQP((?)), in the direction of
0 = —Fy(y",u", A", p") p.

Proof. The proof is based on the implicit function theorem for generalized equa-
tions from [5,15]. It relies on the strong regularity property, which was shown in
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Proposition 3.1. It remains to verify that F' is Lipschitz in p near p*, uniformly in a
neighborhood of (y*,u*, \*), and that F' is differentiable with respect to p, which is
straightforward. The formula for its derivative is given in the remark below. O

Remark 4.2 In order to compute the parametric sensitivities of the nominal solution
(ci,c3,u*, A1, A3) for (P(p*)) in a perturbation direction p, we need to solve the linear-

quadratic problem (DQP(6)) with
5 = _Fp(y*7 u*7 A*ap*)ﬁ
- —(d]/ vx{-v-+/</%1x;+12;2A;>c;-,d2/ V/\’Q-V-+/(l%1)\’{+12:2)\§)c’{-,
Q Q Q Q
Bi(ci(T) = eip) = Biéar, Pa(c(T) — c5p) — Bycar,
3¢ r "6 r
A(u* —uy) =y Ug— max {O, / u*(t)dt — uz} —— max {0, / u*(t)dt — uZ} Ue,
0 0

(€%)? e
dAl/ VC?< -V +/ /2?10TC§'7 dAQ/ VC; -V +/ l%gCTC;, —610, —62()).
Q Q Q Q

We close this section by remarking that the parametric sensitivities allow to compute a
second-order expansion of the value of the objective, see [6,12] for details. In addition,
the Coercivity Assumption 3.1 implies that second order sufficient conditions hold at
the nominal and also at the perturbed solutions, so that points satisfying the first
order necessary conditions are indeed strict local optimizers.

5 Numerical Results

In this section, we present some numerical results and show evidence that the para-
metric sensitivities yield valuable information which is useful in making qualitative
and quantitative estimates of the solution under perturbations. In our example, the
three-dimensional geometry of the problem is given by the annular cylinder between
the planes z = 0 and z = 0.5 with inner radius 0.4 and outer radius 1.0 whose rota-
tional axis is the z-axis (Figure 1). The control boundary T'. is the upper annulus,
and we use the control shape function

a(t,z) = exp (=5 [(z1 — 0.7 cos(2mt))? + (z2 — 0.7sin(27t))?]) .

which corresponds to a nozzle circling for ¢ € [0, 1] once around in counter-clockwise
direction at a radius of 0.7. For fixed ¢, a is a function which decays exponentially
with the square of the distance from the current location of the nozzle. The problem
was discretized using the finite element method on a mesh consisting of 1797 points
and 7519 tetrahedra. The ’'triangulation’ of the domain €2 by tetrahedra is also shown
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Figure 1: Domain ) C R? and its triangulation with tetrahedra

in Figure 1. In the time direction, the interval [0, 7] was uniformly divided into 100
parts. By controlling the second substance B, we wish to steer the concentration of
the first substance A to zero at terminal time T =1, i.e., we choose

pr =1 By =0 cir

The control cost parameter is v* = 1072 and the control bounds are chosen as

0

Uy, =1 Uy = 0.
The chemical reaction is governed by equations (1)—(3) with parameters
=015 d;=020 k=10 k=10
As initial concentrations, we use
o =1.0 5 = 0.0.

The discrete optimal solution without the contribution from the penalized integral
constraint Jo (corresponding to € = oo) yields

T
/ uw*(t) dt = 4.2401, Ji(c}, ¢, u™) = 0.2413.
0

In order for this constraint to become relevant, we choose u; = 3.5 and enforce it
using the penalization parameter ¢* = 1. Details on the numerical implementation
are given in [8,9]. For the discretization described above, we obtain a problem size of
approximately 726 000 variables, including the adjoint states, which takes a couple
of minutes to solve on a standard desktop PC.

In Figures 3-4 (left columns) and Figure 2 (left), we show the individual compo-
nents of the optimal solution. We note that the optimal control lies on the upper
bound in the first part of the time interval, then in the interior of the admissible in-
terval [1, 5] and finally on the lower bound. From Figure 3 (left) we infer that as time
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Figure 2: Left: Optimal control u* (thick solid), true perturbed control u, (thin solid)
and predicted control (circles). Right: Parametric sensitivity du,«/dp in the direction
of p — p*.

advances, substance A decays and approaches the desired value of zero to the extent
permitted by the control cost parameter v and the control bounds. Figure 4 (left)
nicely shows the influence of the revolving control nozzle on the upper surface of the
annular cylinder, adding amounts of substance B over time which then diffuse towards
the interior of the reaction vessel and react with substance A.

In order to illustrate the sensitivity calculus, we perturb the reaction constants k7
and k3 by 50%, taking
ki=1.5 ko =1.5

as their new values. With the reaction now proceeding faster, one presumes that the
desired goal of consuming substance A within the given time interval will be achieved
to a higher degree, which will in fact be confirmed below from sensitivity information.
Figure 2 (left) shows, next to the nominal control, the solution obtained by a first
order Taylor approximation using the sensitivity of the control variable, i.e.,

~ d *
Up A Uy +- %up*(p - 7).
To allow a comparison, the true perturbed solution is also depicted, which of course
required the repeated solution of the nonlinear optimal control problem (P(p)). It
is remarkable how well the perturbed solution can be predicted in face of a 50%
perturbation using the sensitivity information, without recomputing the solution to
the nonlinear problem. We observe that the perturbed control is lower than the
nominal one in the first part of the time interval, later to become higher. This behavior
can not easily be predicted without any sensitivity information at hand. Besides, a
qualitative analysis of the state sensitivities reveals more interesting information. We
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Figure 3: Concentrations of substance A (left) and its sensitivity (right) at times
t=0.25, t = 0.50, t = 0.75, and ¢ = 1.00.
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Concentration c2 at t = 0.250 Sensitivity c2 at t = 0.250

Concentration c2 at t = 0.500 Sensitivity c2at t = 0.500

Concentration c2 at t = 0.750 Sensitivity c2 at t = 0.750

Concentration c2 at t = 1.000 Sensitivity c2at t = 1.000

Figure 4: Concentrations of substance B (left) and its sensitivity (right) at times
t=0.25, ¢ = 0.50, t = 0.75, and ¢ = 1.00.
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have argued above that with the reaction proceeding faster, the control goal can
more easily be reached. This can be inferred from Figure 3 (right column), showing
that the sensitivity derivatives of the first substance are negative throughout, i.e., the
perturbed solution comes closer in a pointwise sense to the desired zero terminal state
(to first order). The sensitivities for the second state component (see Figure 4, right
column) nicely reflect the expected behavior inferred from the control sensitivities,
see Figure 2 (right). As the perturbed control is initially lower than the unperturbed
one after leaving the upper bound, the sensitivity of the second substance is below
zero there. Later, it becomes positive, as does the sensitivity for the control variable.
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