ANALYSIS FOR OPTIMAL BOUNDARY CONTROL FOR A
THREE-DIMENSIONAL REACTION-DIFFUSION SYSTEM

R. GRIESSE AND S. VOLKWEIN

ABSTRACT. This paper is concerned with optimal boundary control of an in-
stationary reaction-diffusion system in three spatial dimensions. This problem
involves a coupled nonlinear system of parabolic differential equations with
bilateral as well as integral control constraints. The integral constraint is in-
cluded in the cost by a penalty term whereas the bilateral control constraints
are handled explicitly. First- and second-order conditions for the optimiza-
tion problem, which involves bilateral and integral control constraints, are
analyzed. A primal-dual active set strategy is utilized to compute optimal
solutions numerically. The algorithm is compared to a semi-smooth Newton
method.

1. Introduction

The subject matter of the present paper is an optimal control problem for a
coupled system of semi-linear parabolic reaction-diffusion equations. The equations
model a chemical or biological process where the species involved are subject to
diffusion and reaction among each other. As an example, we consider the reaction
A+ B — C which obeys the law of mass action. To simplify the discussion, we
assume that the backward reaction C' — A + B is negligible and that the forward
reaction proceeds with a constant (e.g., not temperature-dependent) rate. This
leads to a coupled semilinear parabolic system for the respective concentrations;
see (2.3) later on. We consider the state equation in three spatial dimensions.
Simplifications to the two- or even one-dimensional situation are of course possible
in a straightforward way.

The control function acts as the Neumann boundary values for one of the reaction
components on some subset of the two-dimensional boundary manifold. It is natural
to impose bilateral pointwise bounds on the control function: On the one hand, the
substance can never be extracted through the boundary, i.e., the lower control
bound should be nonnegative. On the other hand, only a limited amount may be
added at any given time. In addition, we impose a constraint on the total amount of
control action. This scalar integral constraint (see (2.11)) is very much in contrast
with the usual pointwise bounds.

The integral constraint is included into the cost functional by a penalty term,
whereas the bilateral control constraints are treated explicitly by a primal-dual ac-
tive set strategy for nonlinear problems. The primal-dual active set method has
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proved to be an efficient numerical tool in the context of diverse applications; see,
for instance, [BIK99, BHHKO00, Hin01]. So far it was mainly investigated for linear-
quadratic problems, which arise, for example, as a subproblem within SQP- or New-
ton methods (compare, e.g., [Hin03, HH02, KR99, TV01]). Ito and Kunisch studied
the primal-dual active set algorithm for nonlinear problems and bilateral control
constraints in [IK02]. Utilizing the close relationship between the primal-dual active
set strategy and semi-smooth Newton methods, local superlinear convergence was
shown as well. Let us mention that the primal-dual active set strategy for nonlin-
ear problems was already applied numerically combined with Newton-, SQP- and
nonlinear conjugate gradient in [Gri03], [Rey02], [Vol03], respectively. Semi-smooth
Newton methods for general purpose nonlinear finite-dimensional optimal control
problems are well studied, see, for instance, [LPR96] and [GK02, Section 7.5]. Much
less is known about such methods in infinite dimensions, and specifically in the con-
text of optimal control problems. We refer here , e.g., to [HIK03, HS03, Ulb03].
We will compare the nonlinear primal-dual active set strategy with a semi-smooth
Newton method in the numerical test examples.

The article is organized in the following manner: In Section 2, the state equa-
tions are analyzed and the optimal control problem is investigated. The integral
control constraint is treated using a penalization approach. Section 3 is devoted to
the optimality conditions for the penalized optimization problem. The primal-dual
active set algorithm and its relationship to a semi-smooth Newton method is dis-
cussed in Section 4. Numerical examples are presented in the fifth section and we
draw some conclusions in the last section.

2. The problem formulation

The goal of this section is to introduce the infinite dimensional optimal control
problem. The cost functional is of tracking type, the equality constraints are given
by a coupled nonlinear parabolic system and the inequality constraints are bilateral
control constraints as well as an integral constraint for the control. We study
the state equations, propose the optimal control problem, and prove existence of
optimal controls.

2.1. Preliminaries. Let © denote an open and bounded subset of IR? with Lip-
schitz-continuous boundary I' = 902 such that T' is decomposed into two parts
I =T, UTl, with T, N"T, = (. For terminal time T > 0 let Q = (0,7) x £,
¥=(0,T)xTand X, = (0,T) x ...

By L?(0,T; H'(Q)) we denote the space of all measurable functions ¢ : [0,7] —
H'(Q), which are square integrable, i.e.,

T
2
/0 (8121 gt < 00,

where @(t) stands for the function ¢(¢,-) considered as a function in  only. The
space W (0,T) is defined by

(2.1) W(0,T) = {p € L*(0,T; H'(Q)) : ¢, € L*(0,T; H'(Q)")}.

Here H'(Q)" denotes the dual space of H!(Q2). Recall that W(0,7T) is a Hilbert

space endowed with the common inner product and the induced norm; see, e.g.,
[DL92, pp. 472-479]. Since W (0, T) is continuously embedded into C([0, T]; L()),
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the space of all continuous functions from [0, 7] into L?(2), there exists a constant
Cw > 0 satisfying

(2.2) lelleqo, ez < Cw llellw o forall o € W(0,T);

see [DL92, p. 473].

Since we will often use the Gagliardo-Nierenberg, Gronwall and Young inequal-
ities, we give complete formulation of them here.

Gagliardo-Nierenberg’s or interpolation inequality (see, e.g., [Tan96, p. 81]): For
Q C R? there exists a constant Cey > 0 such that

0 1-6
Il 2oy < Can el ollelliziq) forall v € HY(Q),

where p = 6/(3 — 26) € [2,6] and 6 € [0, 1].

Gronwall’s inequality (see, e.g., [Wal86, p. 219]): Let ¢ be a positive constant.
Suppose that ¢ € L'(0,T) is non-negative in [0,7] a.e. If v € C([0,T)) satisfies

t
P(t) <ec +/ w(s)Y(s)ds for all t € [0,T7,
0
then we have ;
P(t) < cexp (/ ©(s) ds) for all t € [0,T].
0

Young’s inequality (see, e.g., [Alt92, p. 28]): For all a,b,e > 0 and for all p €
(1,00) we have

eaP P

abST‘f'ng/p fOrq—ﬁ.

2.2. The state equations. Suppose that di, do, d3 and ki, ko, k3 are positive
constants. Moreover, let o € L>(0,T; L?(T'..)) denote a shape function with a > 0
on Y. almost everywhere (a.e.). We consider the following system of semi-linear
parabolic equations, where ¢; denotes the concentration of the ith substance:

(2.3a) (c1)e(t, ) = d1Aci(t, x) — ke (t, x)ca(t, ) for all (t,z) € Q,
(2.3b) (co)e(t, x) = dalAca(t,x) — kacy(t,x)ca(t, x) for all (t,z) € Q,
(2.3¢) (c3)e(t, x) = dsAcs(t,x) + ksci(t,x)ea(t, x) for all (¢t,x) € Q

together with the Neumann boundary conditions

(2.3d) dla—(t, z)=0 for all (t,x) € &,
n

(2.3¢) dg%(t, z) = u(t)o(t, z) for all (¢,2) € X,
n

662

(2.3f) dga—(t, x) = for all (t,2) € £, =X\ X,
n

(2.3g) dg%(t, z)=0 for all (t,x) € &
n

and the initial conditions

(2.3h) c1(0,2) = c1p(z) for all x € Q,

(2.31) c2(0,2) = cgo(z) for all x € Q,

(2.3)) c3(0,2) = ezp(x) for all z € Q,

where c¢;o € L2(Q) for i = 1,2,3.
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The control u € L?(0,T) enters the right-hand side of (2.3e) in the inhomo-
geneous Neumann condition. For instance, the function o models a spray nozzle
moving over the control part I'., and u(t) denotes the intensity of the spray.

Remark 2.1. The parabolic problem for c3, i.e., (2.3¢c) together with the Neumann
boundary condition (2.3¢g) and initial condition (2.3j) can be solved independently
of the problem for (cj,cz). Therefore, we will focus on the computation of ¢; and
co and, in particular, we are interested in weak solutions for ¢; and cs. O

Definition 2.2. The two functions ¢c1 and ca in W(0,T) are called weak solutions
to the system (2.3a), (2.3b), (2.3d)—(2.3f), (2.3h) and (2.3i) provided the initial
conditions

(2.4a) c1(0) =c10 and c2(0) =cy in L*()
hold and

24) (e phanay. e + [ i V) Vot kica(tea(t)pds =0,
Q
((c2)e(t)s 0) iy (o) + / do Vea(t) - Vo + kacy (t)ea(t)p da
Q

:u(t)/F a(t)pdx

c

(2.4c)

for all o € H'(Q) and almost all t € [0,T]. In (2.4b) and (2.4¢c), (-,-Y g1y m1 (@)
denotes the duality pairing between H'(Q) and its dual H*(Q)'.

The following theorem ensures that (2.4) possesses a unique solution. The proof
is given in the Appendix A.1.

Theorem 2.3. For every control u € L*(0,T), there exists a unique pair (ci,co) €
W(0,T) x W(0,T) satisfying (2.4). Moreover, the estimate

(2.5) Hcl||W(0,T) + ||C2||W(0,T) <C (1 + H010||L2(Q) + HC2OHL2(Q) + HUHLQ(O,T))
holds for a constant C' > 0 depending on di, do, k1, k2, Can, |la|lL=,r:L2(r.))
lleilleqo ez and licillzzomm ), @ = 1,2.

Theorem 2.3 also implies the unique solvability of the partial differential equation
for the reaction product (2.3c), (2.3g), and (2.3j). This is formulated in the following
corollary, which is proved in Appendix A.2.

Corollary 2.4. Let cig,co0 € L?(Q) and u € L?(0,T) be given and (c1,c2) €
W(0,T) x W(0,T) denote the solution pair to (2.4). Then there exists a unique
cs € W(0,T) satisfying

(2.6a) c3(0) = c30  in L*(Q)

and

(2.6b)  ((c3)e(t), ©) ey i) + /Q d3 Ves(t) - Vedr = /ngcl (t)ea(t)p de
for all o € HY(Q) and almost all t € [0,T).

In the next result, which is proved in Appendix A.3, we present sufficient condi-
tions so that the L2-norm of the sum of concentrations ¢; + cs +c3 does not increase
with time.
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Proposition 2.5. Suppose that ¢; € W(0,T), i = 1,2,3, are the solutions to (2.4)
and (2.6). If ks = k1 + ko and dy = da = d3 hold, we obtain

I(e1 + 2 + c3) ()| 72(0) < lero + c20 + esollfiqy  for almost all t € [0,T].

To write the state equations as a non-linear operator equation, we introduce the
two Hilbert product spaces

X =W(0,T) x W(0,T) x L*(0,T),
Y = L*(0,T; H'(Q)) x L*(0,T; H(Q)) x L*(Q) x L*(Q)
endowed with their product topology and identify
Y' = L*0,T; HY(Q)') x L*(0,T; HY(Q)') x L*(Q) x L*(Q).
Then we introduce the mapping e : X — Y’ by

e(r) = c2(2) for x = (¢1, c2,u) € X,

where

(e1(z), 90>L2(0,T;H1(Q)/),L2(o,T;Hl(Q))

T
— / (<(C1)t(t)7 SO(t)>H1(Q)/7H1(Q) +/ d1v01 . VSD + lelCQSOd:K)dt
0 Q

and
T
<€2($)7‘P>LQ(O,T;Hl(Q)/),Lz(o,T;Hl(Q)) :/0 (<(C2)t(t)7<P(f)>H1(Q)/,H1(Q) dt

+ / daVea - Vi + kacicapdr — u/ o dx) dt
Q c
for ¢ € L*(0,T; H*(£2)). Now, (2.4) is equivalent with the operator equation e(z) =
0in Y’ for x = (¢1,c2,u) € X.

2.3. The optimal control problem. Our goal is to drive the reaction-diffusion
system from the given initial state near a desired terminal state. Hence, we intro-
duce the cost functional

1 ol T
J(c1,c0,u) = 3 / B |e1(T) = err|® 4 Ba |e2(T) — cor|® da + 3 / lu — ug|*dt,
Q 0
where (31,82 > 0, 81+ B2,7 > 0, i1, cor € L%() are given desired terminal states
and ug € L*(0,T) denotes some nominal (or expected) control.
The closed and bounded convex set of admissible control parameters involves an
integral constraint as well as bilateral control constraints:

T
Usd = {u € L*0,7) : / u(t)dt < wu. and uy, < u < wup in [O,T]} C L™(0,T),
0

where u, and wuy are given functions in L>°(0,T') satisfying u, < up in [0, 7] almost
everywhere (a.e.), and u, is a positive constant.
Furthermore, let us define the closed convex set

Ko =W(0,T) x W(0,T) x Upg.
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The infinite dimensional optimal control problem can be expressed as
(P) minJ(z) st. x € K, and e(z) = 0.

The following theorem guarantees that (P) has a solution.
Theorem 2.6. Problem (P) possesses at least one optimal control.

Proof. The claim follows by standard arguments: Let {x"}22,, ™ = (¢}, cy,u™),
be a minimizing sequence in K,q for the non-negative cost J. Since J is radi-
ally unbounded, it follows from Theorem 2.3 that this sequence is bounded in X.
Therefore, there exists an element z* = (¢}, ¢, u*) € X such that

(2.7) = in W(0,T) as n — oo,
(2.8) chy — ¢ in W(0,T) as n — oo,
(2.9) u = in L*(0,7T) as n — oo.

By assumption, o € L>(0,T; L*(T.)) holds. Recall that there exists a constant
K7 > 0 such that
10l ey < Kallollngq) for all v € HY(Q);
see, e.g., [Eva98, p. 258]. Thus, for ¢ € L2(0,T;H'(Q)), the mapping t —
[ a(t)e(t) dz belongs to L*(0,T) and
T
lim [ (u(t) - u*(t))( / a(t)p(t) dgc)dt =0 for all g € L*(0,T; H(Q)).
r

n—oo 0

From (2.7) and (2.8) we find for ¢ = 1,2

nlirréo/ (¢ = ¢ (t)>H1(Q),,H1(Q) dt =0 forall p € L*(0,T; H'(Q))

hm/ /ch —c)(t) - Ve(t)dzdt =0 for all p € L*(0,T; H' (Q)).

n—oo

Next we consider the non-linear terms. Using Holder’s inequality we infer that for
© € L?(0,T; HY(Q)),

/ / ey — cich)pdadt = / / &t — ) + i (ch — cb)pdadt

< / 1 8) = €58 g B (O] o e 198 | oy
(2.10) s
4 / 1650 e 3 (8) — 58 o |9 oy

< et = eillpz0,7,02an ez leo, 2@ 1€ 220,715 ()
+ lletlleqorrzplles = &l zzo,m e @) 1€l 220,10 (0))-
Since W(0,T) is continuously embedded into C([0,T]; L?(€2)) and compactly into

L?(0,T; L*(Q)) (see, for instance, [Tem79, p. 271]), the sequence ||cI'||c(jo,;22()
is bounded and limy, . ||} = ¢} || 20,1523 ()) = 0 for i = 1,2. Thus, (2.10) yields

lim / / cicy —cics)pdadt =0 for all p € L*(0,T; H'(Q)).

n—oo
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Using
K3

(c?(0) = ¢;(0))ypdz =0 for all i € L*(Q) and i = 1,2
Q

we have e(z*) = 0 in Y. Since Us,q is bounded, closed and convex, U,q is weakly
closed. This implies that K,q is also weakly closed. As J is weakly lower semi-
continuous, the claim follows. O

2.4. The penalized optimization problem

In (P), we have two different types of inequality constraints for the control
variable: a scalar integral constraint and an infinite-dimensional box-constraint.
To handle the integral constraint

T
(2.11) / udt < u,
0

numerically, we introduce the penalized cost functional
1
Je(z) = J(z) + gl(u) for all z = (¢1,¢9,u) € X and € > 0,

where the mapping I : L?(0,T) — R is defined as

I(u) —g</OTudt—uc>,

where we choose g = [-]3 in R and [s]; = max{0,s}, s € IR, denotes the positive
part function.

The goal of this section is to analyze the optimal control problem with the
penalized cost. The bilateral control constraints are treated explicitly and realized
numerically by nonlinear primal-dual active set strategies, see Sections 4 and 5.

Lemma 2.7. The function g is twice differentiable and its second derivative is
Lipschitz-continuous.

Lemma 2.7 is proved in Appendix A.4. For a proof of the following lemma we
refer the reader to Appendix A.5.

Lemma 2.8. The mapping I : L*(0,T) — R is weakly continuous. Moreover,
I is twice continuously Fréchet-differentiable and its second Fréchet-derivative is
Lipschitz-continuous in L*(0,T).

As the integral constraint is already included in the cost J. by a penalty term,
we replace U,q by

Uyg = {u € L*(0,T) : ug <u < up in [07T]} C L*=(0,7)
and set K,q = W(0,T)xW(0,T) x Uag. Now the penalized optimal control problem

has the form
(P.) min J.(x) s.t. x € K,g and e(z) = 0.
Utilizing Lemma 2.8, the next result can be proved analogously to Theorem 2.6.

Theorem 2.9. There exists at least one optimal solution to (P.).

Proof. Due to Lemma 2.8 the mapping I is weakly continuous, so that the penal-
ized cost functional J. is weakly lower semi-continuous on X. Thus, the proof is
analogous to that of Theorem 2.6. O
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In the next proposition we turn to the question whether solutions of (P.) con-
verges to a solution to (P) if € tends to zero.

Proposition 2.10. Assume that {e,}52, C R is a sequence converging to zero
from above. Let {x,};2 denote a sequence of optimal solutions to (P, ,). Then
there exists at least one weak accumulation point ©* € X for {x,}22,. That is,
Ty — % in X as n' — oo for some subsequence {x,}59_. In addition, every
weak accumulation point x* solves (P).

Proof. Since x,, = (C1n, Can, un) € X solves (P, ), the sequence {u,}>2 , belongs to
Uad- Thus, [|un||z2(0,7) is bounded by a constant which does not depend on n. Due
to the a priori bound (2.5), the family of pairs {(c1p,can)}22, is also bounded in
W(0,T)x W(0,T). Since X is reflexive, there exists a subsequence in K,q, denoted
by {zn }55_,, and an element z* = (¢}, ¢35, u*) € X, such that

(2.12) Ty — x¥ in X as n’ — oo.

Reasoning as in the proof of Theorem 2.6, we find that z* € K,y and e(z*) =0 in
Y’. Since z, solves (P, ,), we have

L () < T(a) +

21 £/ n’') — n’
( 3) J n (1’ ) J(ZL’ )+ Ent Ent

I(u) = J(x)

for all 2 = (¢1, co,u) € Kag. Hence
(2.14) 0 < I(up) < e (J(x) = J(2pr)) forall z € Kyq.

Choosing € K,q arbitrarily and using the boundedness of z,, and thus of J(xp),
we obtain I(u*) = 0 from passing to the limit in (2.14), applying Lemma 2.8. Thus,
the integral constraint (2.11) is satisfied for u*, hence z* € K,q holds. Finally, it
follows from weak lower semicontinuity of J and from (2.13) that

1 _
Iup) < J(x) for all x € Kuq

En

J(z*) <liminf J(z,/) < liminf J(z,/) +

n’—oo n’—oo

so that z* solves (P). O

3. Optimality conditions

In Section 2 we have introduced the optimal control problem (P.) and proved
existence of optimal controls. This section is devoted to analyze necessary and
sufficient optimality conditions for (P.).

3.1. Smoothness properties for J and e. We start by investigating differen-
tiability properties of the cost functional as well as of the mapping describing the
equality constraints. A proof of the following result is given in Appendix B.1.

Proposition 3.1. The penalized cost functional J. and the mapping e are twice
continuously Fréchet-differentiable and their second Fréchet-derivatives are Lip-
schitz-continuous on X .

The linear operator V., ye(z) : W(0,T) x W(0,T) — Y’ has the following
property:
Proposition 3.2. For all x € X, the linearization V ., ., e(x) is bijective. More-
over, for all dx = (0cq,dca, du) € N(Ve(z)) we have

(3.1) 16¢1 13y 0.1y + I8¢2lly 0.7y < Cn 16ull2 (0.1
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for all Cn > 0, where N(Ve(z)) denotes the null space of the operator Ve(zx).
For a proof we refer the reader to Appendix B.2.

Remark 3.3. Proposition 3.2 implies the standard constraint qualification condi-
tion for z* (see [Rob76], for example), which in our case has the form

( 8 ) € im{( Ve(f*)x ) - ( YKjdera’:‘;) )}

= int{X — (Ka — 2*)} x int{Ve(z*) X}

(3.2)

where int S denotes the interior of a set S and e’(z*) is the Fréchet-derivative of
the operator e at z*. It follows from (3.2) that the set of Lagrange multipliers is
non-empty and bounded [MZ79]. O

For every ¢ > 0, the Lagrange functional L. : X x Y — IR associated with (P.)
is given by

Le(xvp) = Je(x) + <e(x)’p>Y’,Y

T
= 2@+ [ M Oy, oyt
T
+ / / d1Vc1 . v>\1 + k16102>\1 dzdt
0 Q
T
+ [ teah®): 20 s ot
T
+ / / dgVCQ . v>\2 + k26182>\2 dz — u/ Oé/\Q dxdt
0 Q .

+ /Q (61(0) — ClO)Ul + (CQ(O) — CQO)IJQ dzx

for x = (c1,c2,u) € X and p = (A, Ay, p1, 42) € Y. From Proposition 3.1 we
conclude that L. twice continuously Fréchet-differentiable and its second Fréchet-
derivative is Lipschitz-continuous.

3.2. First-order necessary optimality conditions. This subsection is devoted
to present the first-order necessary optimality conditions for (P.). Problem (P.)
is a non-convex programming problem so that different local minima might occur.
Numerical methods will produce a local minimum close to their starting point.
Therefore, we do not restrict our investigations to global solutions of (P.). We will
assume that a fixed reference solution x* = (cf,c},u*) € Kaq is given satisfying
first- and second-order optimality conditions. Let us define the active sets at x* by
A" = A* U A%, where

A ={t €[0,T]: u*(t) = us(t) a.e.} and A% ={t€[0,T]: u"(t) = up(t) a.e.}.

The corresponding inactive set at z* is given by I* = [0,7]\ A*. First-order
necessary optimality conditions are presented in the next theorem.

Theorem 3.4. Let z* = (¢}, 5, u*) € Kaq be a local solution to (P.). Then there
exists a unique Lagrange multiplier p* = (N5, A5, ui, ps) € W(0,T) x W(0,T) x
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L2(2) x L2(Q2) C Y such that the pair (\§, \3) are weak solutions to the adjoint (or
dual) equations

(3.3a) —(AD)t — d1AN] = =K1 A — kacy AS in Q,
(3.3b) —(\5)¢ — do AN = —kici N — kaci N in Q,
(3.3¢) dy 8621 =0 on X,
(3.3d) dy %): =0 on X,
(3.3¢) M(T) = =p1(c1(T) — err) in §Q,
(3.3f) A5 (T) = —=B2(c5(T) — car) in Q.

and for i = 1,2 we have

(3.4) w; = AH0) in Q.

7

Moreover, there is a Lagrange multiplier £* € L?(0,T) associated with the bilateral
inequality constraint with

(3.5) §lax <0, &

Ay 20

and the optimality condition
1 T
(3.6)  ~(u(t) —uqlt)) + z g'(/ u*dt — uc> - / a(t)A5(t)de+£°(t) =0
0 r.

for almost all t € [0,T] holds.
Proof. Due to Remark 3.3, there exists p* € Y such that

v(017c2)L6(x*7p*) = V(Cl,cz)‘](x*)+v(01702)6(x*)*p*

(3.7) = 0 in W(0,T) x W(0,T).

*

By Proposition 3.2, V(c, c,ye(xz*)* is injective, so p* is unique. Next we prove that
A7 and Aj are more regular and belong to W (0,T"). Condition (3.7) is equivalent
to

0 = V(e c0)Le(x*,p%)(0c1, c2)
= [ B(T) - exroen(T) + Baleh(T) — car)en(T) ds
¢ T
" / (81 )e(0), M) s oy ars e

T
658 + / / d1Véer - VN, + ky(6erch + }des) ] dudt
‘ 0 Q

T
+ [ (o250 sy o
T
+ / / daVdcy - VA + ka(0cich + c1dea) A dedt
0o Jo

+ / 01 (0)pf + 0co(0)ps da
Q
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for all (6c1,dce) € W(0,T) x W(0,T), specifically for dc;(t) = x(t)p, where x €
C2°(0,T) and ¢ € H}(Q). Here, C=°(0,T) denotes the space of infinitely differen-
tiable functions on (0,7T) with compact support. We find

T T
| @e® @0t = { | Nouae)

L2(Q)

_ —< /OT(AE‘)t(wx(t) dW>

H(Q) H'(2)

for i = 1,2, where (Af); denotes the distributional derivative of A} with respect to
t. The remaining terms in (3.8) lead to

T
/ / d1Vdcy - VA1 + ki (dercl + ¢ dea) AT dadt
0o Jo
T
+/ / daVdcy - VAL + ka(dcrch + 1 dea) A dedt
0o Ja
T
- </ —d AN, — do AN + (¢ + c3) (kAT + ko AS) x dt <p>
0

HY(Q) HY(Q)

Inserting these expressions into (3.8) yields

([ COF At

T
- </ BAX; + AN — () (X + koS x o)
0

HY(Q),H(Q)

HY(Q),HY(Q)
for all y € C2°(0,T) and ¢ € H} (). Since
di AN, + daANs — (cf + ¢5) (k1A + k2A3) € L2(0,T; H'(2))
holds and the set
{6c: dc(t) = x(t)p for x € C°(0,T) and ¢ € H}(Q)}
is dense in L2(0,T; H*(Q)), we conclude that (A7), € L*(0,T; H'(Q)') and conse-

quently A\f € W(0,T) for i = 1,2. Hence, (3.3a) and (3.3b) are proved. We notice
that for all d¢; € W(0,T), i = 1,2, we have

T T
/O<()‘;‘k)t(t)’5ci(t)>H1(Q)’,H1(Q)dt+/0 ((6ci)e(t), AL () 1y 11 () At

T
B [ 0.0
= ()06 (T)) gy + N2 (0), 664(0) 13 gy

Choosing appropriate test functions in W (0,T'), we infer from (3.3a), (3.3b), (3.8)
and (3.9) that (3.3¢)-(3.3f) as well as (3.4) are satisfied. Due to optimality the
following optimality inequality holds

VuLe(z*,p*)(u—u") >0 for all u € Uyg.
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Setting
—(§",u— U*>L2(O,T) 1= VuLe (2™, p*)(u — u”)

— * _ _ A* d , _ *>
<7(u Uq) /Fca sdx,u—u o)
3.10 1 T T
(3.10) +—g’</ u*dt—uc)/ u—u*dt
€ 0 0

* 1 T * * *
:<’y(u _“d)'i'gg’(/o u dt—uc) —/Fca)\gdx,u—u >L2(0,T)

for all u € U we obtain (3.6). For the proof of (3.5) we refer the reader to [Hin03].
[

Remark 3.5. From Remark 3.13 uniqueness of the Lagrange multiplier £* will
follow later on. ¢

The following corollary provides an a-priori estimate for the Lagrange multi-
pliers A7 and A3 that will be used for the second-order optimality conditions; see
Section 3.3, Theorem 3.15.

Corollary 3.6. There exists a constant C'y > 0 such that

AT 20,70 00)) + A5 20,7 29(02))
< CA([l65(T) = errll g2y + 1€5(T) = carll p2(a)) -

For the proof we refer to Appendix B.3.

(3.11)

3.3. Second-order optimality conditions. In Section 3.2 we have investigated
the first-order necessary optimality conditions for (P.). To ensure that a solution
(z*,p*) satisfying (2.4), * € K4, (3.3) and (3.6) solves (P.), we have to guarantee
second-order sufficient optimality. This is the focus of this section. To introduce
the critical cone later on, we recall the tangent and normal cones.

Definition 3.7. Let K be a convex subset of a Hilbert space Z and z € K. The set
Tk(z) ={2€ Z: there exists z(0) = z+ 0z +0(0) € K as o\, 0}

is called the tangent cone at the point z. Moreover, the normal cone N at the
point z is given by

Ni(z)={2€Z:(2,2—2), <0 forall ze K}.
In case of z ¢ K these two cones are set equal to the empty set.
For K = K,q we have the following characterizations.
Lemma 3.8. Let © = (¢1,¢2,u) € Kaq.
a) Tk, (2) =W(0,T) x W(0,T) x Ty,,(u), where
Ty, (u) ={a € L*(0,T) : @(t) € Tiu, (t),us ey (w(t)) for t € [0,T] a.e.},
where for a,b,s € R with a <b

Rt ={teR:t>0} ifs=a,
Ty (s) =4 RT={teR:t<0} ifs=b,
R otherwise.
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b) Nk, (z) = {0} x {0} x Ny, (u), where
Ny, (u) ={u e L2(O,T) cau(t) € Nl (t),us ()] (u(t)) fort €1]0,T] a.e.}.
That 1is,
Rt ={teR:t>0} ifu(t)=mu.t),
at)e RT={teR:t<0} ifu(t)=up(t),
R otherwise.
¢) Moreover,

Ty, (u*) N{E* 1+

(3.12)
={ueL?0,T):u>0o0nA*, u<0 on A% and u=0 on AL},

where £* € Ny, is the Lagrange multipliers introduced in Theorem 3.4, S+
denotes the orthogonal complement of a set S, and A% ={t € [0,T]:&" >
0oré&* <0ae} CA.

Proof. The characterization of the tangent and normal cones is a classical result.
For a proof we refer to [Roc74]. What remains to show is (3.12). Due to (3.10) we
have £* € Ny, (u*) satisfying £€* = 0 on the set [0,7] \ A%. Suppose that t € A*.
We conclude Tjy, (1),u,(6)) (v (t)) = RT. Thus, u € Ty,,(u*) implies u > 0 on A* by
part a). Analogously, u < 0 on A% holds. Hence,

TUad (U*) n {6*}J' = {{L S L2(O,T) : ﬂ(t) € T[ua(t),ub(t)} ('LL* (t)) for t € [O,T] a.e.}

N {u cL2(0,T): | &udt= 0}.

AL
Since £ > 0 and v > 0 on A* N A% and £* < 0 and v < 0 on A% N A%, (3.12)
holds. (I

Suppose that the point z = (¢1,¢2,u) € X satisfies the first-order necessary
optimality conditions. By Proposition 3.2 there exists unique Lagrange multipliers
P = (A1, Mg, fi1, fliz) €Y and € € Ny, satisfying the first-order necessary optimality
conditions

(3.13) V.L.(Z,p) +(0,§)T =0, Z€K,g and e(z)=0.
Now we introduce the critical cone at Z.
Definition 3.9. The critical cone at T is defined by

C(z) = {0z € Tk,,(Z) N {(0,0,€)}* : 6z € N(Ve(z)}.

The critical cone at Z is the set of directions of non-increase of the cost that are
tangent to the feasible set {x € K,y : e(x) = 0}. This is formulated in the next
lemma.

Lemma 3.10. [t follows that VJ.(Z)dx = 0 for all dx € C(Z).

Proof. Let dx = (dcy,0c2,0u) € C(Z). From (3.13), dz € N(Ve(Z)) and éx €
{(0,0,&)}+ we infer that

0= (VILE(Eaﬁ) + (Oa Oag)T)éx = VJ&('T)&T,
which gives the proof. O
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Now we turn to the second-order necessary optimality conditions. Let dz =
(dcy,0cq,0u) € X. We find

V2L.(7,p)(6x, 62) = /Q Bul6er (T + Badea(T) 2 da

1 T
(3.14) +gv21(a)(5u,5u)+/ v|6ul? dt
0

T
+/ /(2]615\1 + 2]4325\2)561562 dxdt.
0 Q

In Theorem 2.9 we have denoted by x* the local solution to (P.). The associated
unique Lagrange multipliers are p* and £¢*, see Theorem 3.4.

Definition 3.11. The second-order necessary optimality conditions are defined as
(3.15) V2L (z*,p*)(6x,0z) >0 for all 6z € C(z*).
Now let Z = a* be a local solution to (P.).

Theorem 3.12. The point (z*,p*) satisfies the second-order necessary optimality
condition (3.15).

Proof. We apply analogous arguments as in the proof of Theorem 2.7 in [BZ99].
The equality constraints can be written as

e(z) e Ky ={0} CY,

where, of course, Ky is a closed convex set. Thus, the result follows provided the
following strict semi-linearized qualification condition

(CQA) 0 € int {Ve(z*)((Kaa — ) N {(0,0,6)}H)} C Y
holds. In our case we have
(Ko — %) N {(0,0,€)} = W(0,T) x W(0,T) x ((Uaa — u*) N{€"}F).

Let z € Y be arbitrary, close enough to zero. Then (CQA) follows if there exists an

element 6z = (8¢, dca,0u) € W(0,T) x W(0,T) x (Uag — u*) N {€*}+) satisfying

(3.16) Ve(z*)ox = 2.

Due to Proposition 3.2 the operator V(clw)e(x*) is bijective. Thus, there exists

even a unique pair (dc1,dca) € W(0,T) x W(0,T) such that
Vier,ere(x®)(0c1,0c0) = 2 — Vye(z™)du

for arbitrary du € L?(0,T). This gives (3.16) so that the claim follows. O

Remark 3.13. As is proved in [BZ99], condition (CQA) implies uniqueness of the
Lagrange multipliers p* and £*. O

Definition 3.14. Suppose that T satisfies the first-order necessary optimality con-
ditions with associated unique Lagrange multipliers p € Y and £ € Ny, (u). At
(Z,p), the second-order sufficient optimality condition holds if there exists k > 0
such that

V2L.(z,p)(0z,6x) > k|0x|%  for all bz € C().

Theorem 3.15. If |[c](T) — cirllz2(0) + le3(T) — carllr2(q) is sufficiently small,
the second-order sufficient optimality condition is satisfied.
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Proof. Let dx = (dc1,dca,0u) € C(z*) \ {0}. Then we have

V2I(@)(6u, 6u) = 6 [/OTadt—uCL(/OTaudt)Q > 0.

Using Holder’s and Gagliardo-Nierenberg’s inequality, (2.2), (3.1) and (3.14), we
estimate

V2L.(z*,p*)(6z, )
> 2 16ulZ2q0.2) + g (1801 livo.z) + 3¢l 0.1y)
N
= 2CEnCiy (k1M N L2 0,20y + R2I A3 L2024y 10€1 0,1y 19€2 [l 0.
> 26l 30,1y + (19etllfy o,z + 19e2lliyo.r)
: (ﬁ - K1(||)\T||L2(0,T;L4(Q)) + ||)‘§||L2(0,T;L4(sz))))v
where we set K1 = max(ky, ka)C&NC3 > 0. Due to (3.11) we find
V2L.(z*,p*)(0z,6x)

gl 2 2 2
> 9 ||5u||L2(0,T) + (H601||W(0,T) + H602||W(0,T))

Y * *

(o~ K2 li (D) = exrllagoy + 16(0) = earllya))
with the constant Ky = K1C) > 0. Now, for instance, if

* * ’y

1e1(T) = errll 2oy + 165(T) = corll 20y < 1K,Cn

holds, the second-order sufficient optimality condition is satisfied for the coercivity
constant x = ymin(1,1/Cy)/2. O
Remark 3.16. 1) Notice that smallness of the two terms ||cj (T) — cir||L2(q),

i = 1,2, ensures that
V2L (z*,p*)(6x,02) > K de”?{ for all 6z € N(Ve(z™)).

Since C(x*) C N(Ve(z*)) holds, the second-order sufficient optimality con-
dition is satisfied.

2) Utilizing polyhedricity of the feasible set and the theory of Legendre forms
the second-order optimality condition

(3.17) V2L.(Z,p)(0x,6x) >0 for all sz € C(z)\ {0}

is already sufficient [BS03, Chapter 3]. Note that (3.17) is very close the
second-order sufficient condition introduced in Definition 3.14.

2) Arguing as in the proof of Theorem 4.12 in [Vol01] it follows that the
second-order sufficient optimality condition is equivalent to the quadratic
growth condition, i.e., equivalent to the existence of a constant ¢ > 0 such
that

Jo(x) > J.(2) + ol — 2|5 +ol|jx — 2| ) forallzek
with K = {z € X : x € K4 and e(z) = 0}. O
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4. The primal-dual active set method

In this section we describe the primal-dual active set strategy for nonlinear prob-
lems and review convergence results. For more details and for the proofs we refer
the reader to [IK02].

Due to Theorem 2.3 we can define the solution operator

S:L*0,T) — W(0,T) x W(0,T)

by (c1,c2) = S(u) for u € L?(0,T), where the pair (c1,c2) € W(0,T) x W(0,T) is
the solution to (2.4). Introducing the reduced cost functional

Je(u) = Jo(S(u),w),
problem (P.) can be expressed as
(P.) min J.(u) s.t. u € Usg.
Notice that (P.) is a minimization problem with bilateral control constraints but

with no equality constraints. The gradient of J. at a point u € L?(0,T) is given by

R 1 T
(4.1) Jo(u) =y(u* —ug) + - g’(/ u*dt — uc) - / a\ydr € L*(0,T),
€ 0 .

where (A1, A\2) € W(0,T) x W(0,T) solves (3.3) for the state pair (c1,¢z), which is
the solution to (2.4) for the control input w.
From Theorem 3.4 we derive that the first-order necessary optimality conditions

(Jo(u),u =) 2y 2 0 for all u € Usg

are equivalent to

1 T
(4.2a)  y(u" —wuq) + gg’(/ u* dt — uc) - / aXsdz + ¢ =0 in L*0,7T)
0 r.
where the Lagrange multiplier £* € Ny,,(u*) associated to the bilateral control
constraints satisfies
(42b) & =max {0,&* + (u* —wp) } + min {0, &* + (u* —u,)} in L*(0, 7).

In (4.2b) the functions max and min are interpreted as pointwise a.e. operations.
We next specify the primal-dual active set method.

Algorithm 4.1 (Primal-dual active set strategy).

1) Choose (u°,£%) € L?(0,T) x L?(0,T), o > 0 and set k = 0.
2) Determine the active sets

§8(t)
€81

Ak ={rep )b+ S <uan),

Ak = {t € (0,7 : ub(t) + > ub(t)}

and set I* = [0,T]\ (A~ U A%).
3) If k> 1 and Ak = AK71 AR = AF71 ) then STOP.
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4) Solve for (c1,ca,u, A1, A2) € W(0,T)xW (0, T)x L2(I*)x W (0, T)x W (0,T)
the coupled linear system

(1)t =diAcr — kicies in Q,

(c2)t = daAco — kacico in @,
dl% =0 on X,
A2 52 = u,a on A* x T,
dg% = upa on A* x T,
dg% = ux on I* x T,
c1(0) =cio in €,

(4.3) c2(0) =20 in Q,
—(A))e = diAXN] — k1cs AT — kac3 s in Q,
—(AD)e = d2ANs — k1cfA} — kaci s in Q,

dl% =0 on X,
dz% =0 on X,
N (T) = —=pBi(ci(T) —carr) in Q,
X5(T) = —P2(c5(T) — cor) in Q,
y(u—uqg) = ch arpdz — 1 g/( fOT abdt —u;) in I*

with @* = u, in A*, @8 =, in A’i and @* = u in IF.

k4l k4l yk+l yk+1y _ k1l _ oAk okl
5) Set (i, 5 THANTTASTY) = (e1, ¢, A1, A2), uF Tt =y, in AR uF T =y,
k1

inA’i and u = in I* and

1 T
(4.4) £l = / aXb T da — gg’(/ WAt — o) — (W —ug) in [0, 7).
r 0

c

Set k =k +1 and go back to step 2).
Remark 4.2.

1) Notice that (4.3) are the first-order necessary optimality conditions for
(PF) min J.(u) st. uw=u, in A¥ and u=u, in Ak

that is a minimization problem without any inequality constraints.

2) In Section 5 we solve (4.3) by applying an inexact Newton method to (P¥).
The inexact Newton step is computed by utilizing the CG method with neg-
ative curvature test (see, e.g., [NW99, Section 6.2]) to the Newton system
(restricted to the inactive set I*)

(4.5) V2T (wi) e 6uipe = —VJo(w;) e fori >0

with zero initial guess du; = 0 in A* U Ai for all i. More precisely, if
R : L?(I*) — L*(0,T) is the linear extension-by-zero operator from the
inactive set I* to (0,T), then in fact (4.5) reads

(4.6) V2J. (i) (R Sugpe, R-) = =V Je(u;)(R-) in L2(I*) for i >0
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To compute the right-hand side in (4.5) for given current iterate u; we have
to solve the state and adjoint equations. For each CG step, the solutions
to a linearized state and an adjoint problem have to be computed.

3) The strategy for choosing the current active sets A* and A’j_ is based on
convex analysis techniques (see [BIK99, IK00]). Due to the simple nature
of the box constraints in (155) this strategy is related to strategies already
used in [Ber92, HI84]. O

In the case of g = 0, sufficient conditions for global convergence of Algorithm 4.1
were given in [IK02]. The proof is based theoretically on descent properties of the
merit function ® : L%(0,7) x L*(0,T) — R defined as

T
B, €) = /0 ([u—ua]Jr—l—[ub—u]Jr)dt—l—/A(u)[E]dt+A+(u)[E]+dt,

where [z]4 = max{0,z} and [z]- = —min{0,z} denote the positive and negative
part functions, respectively, and A_(u) = {t € [0,T] : v < ug}, Ay(u) = {t €
[0,7] :u > up}.

By expressing the primal-dual active set method as a partial semi-smooth New-
ton algorithm for (4.2), sufficient conditions for super-linear convergence were also
derived in [IK02]. Since only the nonlinearity due to the max and min operations
are linearized, whereas u — S(u) is not, the method is called a partial semi-smooth
Newton algorithm. Next we specify the nonlinear equation, which is the starting
point for proving superlinear convergence of Algorithm 4.1. First notice that (4.2b)
is equivalent to

(4.7)  ¢=max{0,{+o(u—wup)} +min{0,&+o(u—u,)} forevery o> 0.

Choosing o = ~ (an essential prerequisite in proving superlinear convergence) in
(4.7) we find

(4.8) —&* + max {0,5* +v(u — ub)} + min {0,5* +y(u— ua)} =0.
Inserting the optimality condition (4.2a) into (4.8) we derive

1 T
0 zy(u—ud)—k—g’(/ udt—uc>—/ aly dr
€ 0 .

(4.9) +max{0,/rc adydx — ig'(/OTudtuc) Jr’y(udfub)}

+min{0,AcaA2dx— %g’(/OTudt—uc) —W(ua—ud)}.

Notice that
a—b+max{0,b—c} =a—c+max{0,c—b} forall a,b,ceclRR.
Taking

1 T
a:'y(u—ud),b:/ a)\gdx——g’(/ udt—uc),(::'y(ub—ud)
. € 0

Ie

we infer from (4.9) that (4.2) is equivalent to
(4.10) F(u)=0 in L*(0,T)
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with the nonlinear mapping F : L?(0,T) — L?(0,T) given by
Flu) =(u—u)

—|—max{0,’y(ub—ud)—/F a/\gda:—&-ég’(/OTudt—uc)}

+min{0,/rca)\2dx— %g'(/OTudt—uc> —W(ua—ud)}.

where Ay = A2(u) depends on w via the nonlinear state and the linear adjoint
equations.

Remark 4.3. Note that F is generalized differentiable in the sense of [HIKO03];
see also [Ulb03] for a related approach. This infinite-dimensional generalized dif-
ferentiability concept of the max and min functions requires a norm gap which
is guaranteed by the smoothing properties of the mapping u — Ao(u). For each
u € L?(0,T), the argument under the max and min functions which depends on u
is an element of L*(0,T), which can be seen as follows. First of all, g’(fOT udt —u,)
is a scalar. Secondly, with a € L>(0,7T; L*(T.)) we have

T
/ / alg dx
0 .

As the trace operator is continuous from H'/?(Q) to L?*(T.), say with operator
norm Cr, and by the interpolation inequality, see, e.g., [LM72], [l¢[l g1/2(q) <

D T
At < lfmo rnry | 02Ol

1/2 1/2
Crllel o el g, holds, we have

T
/ / alg dx
0 Te

Since g is an element of W (0,T), we can estimate the second term in the integral

p

T
2 2
4t < CrCr Nollm o risry | MO alt) oy

by ||)\2Hig(0)T;L2(Q)) and find that the right hand side remains finite for 1 < p < 4.

Next we turn to the semi-smooth Newton method, which — in contrast to Al-
gorithm 4.1 — also linearizes the mapping u +— S(u). Suppose that du” is the
computed inexact Newton step solving (4.5). Then, instead of using (4.4), the
Lagrange multiplier is updated by

1 T
/ aMs T dz — = g’(/ uF At — ue) — (U = ug)
T, € 0

4.11) ¢kt = 1 T T
(11) ¢ —=g"([ WAt —u.)- [ suF(t)dt  in A" UAE,
e 0 0

0 in I*.

Note that (4.11) is one Newton step for the optimality condition (4.2a). Com-
monly, condition (4.2a) is linear in v and A (and ¥), so du* does not appear in its
linearization, see, for example, [IK02]. We also mention that the choice of o = 7 is
only of theoretical interest. In the numerical implementation, usually o is set to a
larger value in order to prevent optimization variables to jump from the upper to
the lower bound (or vice versa) in consecutive iterations, see [Sta03].
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5. Numerical Examples

In this section, we describe the behavior of the primal-dual and the semi-smooth
Newton methods by means of some examples of our penalized problem (P.). All
coding is done in MATLAB using routines from the FEMLAB 2.2 package concern-
ing the finite element implementation. The given CPU times were obtained on
a standard 1700 MHz desktop PC. They include only the run time for the core
algorithm, excluding the generation of the mesh, pre-computing integrals and in-
complete Cholesky decompositions. The three-dimensional geometry of the problem
is given by the annular cylinder between the planes z = 0 and z = 0.5 with inner
radius 0.4 and outer radius 1.0 whose rotational axis is the z-axis (Figure 5.2). The
control boundary T, is the upper annulus, and we use the control shape function

(5.1) a(t,z) = exp (75 [(:17 —0.7cos(27t))* + (y — 0.7 sin(27rt))2]) ,

see Figure 5.1. Note that a corresponds to a nozzle circling for ¢ € [0, 1] once around
in counter-clockwise direction at a radius of 0.7. For fixed ¢, « is a function which
decays exponentially with the square of the distance from the current location of
the nozzle.

FIGURE 5.1. Control shape function «(t,z) at ¢ = 0.0, ¢ = 0.25,
and t = 0.5.

The ’triangulation’ of the domain 2 by tetrahedra is also shown in Figure 5.2.
It was created using an initial mesh obtained from meshinit (fem,’Hmax’,0.4).
As the geometry suggests that much of the reaction will take place near the top
surface I'. of the annular cylinder, we refine this initial mesh near the top using
the command meshinit (fem, ’Hexpr’,’0.4%(0.5-2z)+0.10’,---). The final mesh
consists of 1797 points and 7519 tetrahedra. In the time direction, we use T' = 1
and partition the interval into 100 subintervals of equal lengths. We use the semi-
implicit Euler time integration scheme for the state equation (2.3a)-(2.3b), where
the nonlinearities are treated as explicit terms, i.e., they are always taken from
the previous time step. In the adjoint equation, we use the same semi-implicit
scheme, i.e., the right hand side terms in (3.3a)-(3.3b) are taken from the previously
computed time step. The elliptic problem which arises on each time level in the
state and adjoint equations is solved using the conjugate gradient method with
incomplete Cholesky preconditioning. Note that the preconditioner needs to be
computed only once since the coefficient matrices are the same in each time step,
provided the time step lengths are all identical.

The gradient of the reduced cost functional V.J. given in (4.1) is then assembled
using the pre-computed expressions fFv a(t',z)dx. This strategy clearly follows
the paradigm of optimize-then-discretize. Consequently, on the discrete level, the
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FIGURE 5.2. Domain 2 C R? and its triangulation with tetrahedra

gradient and also the Hessian of the reduced cost functional are evaluated only to
a certain accuracy, which depends on the level of discretization. Hence, even if
the reduced Hessian system (4.5) was solved to full machine precision, the discrete
solution of (3.6) would in general only be found up to a residual whose size depends
on the level of discretization. For the discretization parameters given above, we
used Hng(u")un |22¢0,7) < 3-1073 as a termination criterion, which is evaluated
by setting the components of V.J. (u™) to zero which correspond to either of the
active sets A7} or A”. Of course, coincidence of the active sets on two consecutive
iterations is also required for the algorithm to terminate.

5.1 Example 1. In the first example, we use the uniform control bounds
(5.2) Ug =1 up = 5.

Controlling the second substance, we wish to steer the concentration of the first
substance to zero at terminal time 7" = 1, i.e., we choose

(53) ﬂl =1 ﬁg =0 cr = 0

The control cost parameter is v = 1072.
The chemical reaction is governed by equations (2.3a)—(2.3b) with parameters

(5.4) d; = 0.15, dy = 0.20, k1 =1.0, ko = 1.0.
As initial concentrations, we use
(55) Cio = 1.0 Co0 = 0.0.

The discrete optimal solution without integral constraint (2.11) yield
T
(5.6) / w(t)dt = 4.2401,  J.(u*) = 0.2413.
0

In order for this constraint to become relevant, we choose u. = 3.5 and enforce it
using the penalization parameter ¢ = 1.
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The numerical solution is obtained once using the primal-dual (Table 5.1) and
once using the semi-smooth Newton method (Table 5.2), from an initial guess u® =
3. In both cases, the reduced Hessian system (4.5) was solved using the conjugate
gradient method, although due to the use of an optimize—then discretize strategy,
the matrix we obtain as an approximation to the reduced Hessian V2.J.(u™) is only
approximately symmetric. The discrete analogue of (4.6) is

(5.7) R"V?J.(u;)R Susjpn = —R'VJ.(u;) fori> 0.

This linear system of equations is of size 100 minus the cardinality of the active sets,
|A| and |A”|. Here, R is derived from the identity matrix by canceling the rows
whose indices belong to either of the active sets. Our CG algorithm solves (5.7)
by evaluating VQjE(ui) du; and then disregarding the active components. It also
respects the discrete L?(0, T)-inner product. As the solution of (5.7) required only
a few CG steps (Tables 5.1 and 5.2), no preconditioning was used here. Our CG
method also features a coercivity check: Should a direction of negative curvature be
encountered, the CG iteration is terminated prematurely. Otherwise, if (5.7) was
solved to sufficient accuracy, we still check the coercivity constant in the direction
of du: If V2J.(u;)(0u, 0u)/||du)|? is too small, then the direction du is computed
once again with a modification of the reduced Hessian obtained by omitting the
terms which may spoil positive definiteness. These are the terms originating in the
PDE’s nonlinearity, corresponding to fOT fQ (2k15\1 + 2k25\2)561502 dzdt in the full
Hessian (3.14). In the numerical examples presented, however, negative curvature
or insufficient coercivity did not occur.

The parameter o which enters step 2) of Algorithm 4.1 (determining the active
sets) was chosen as ¢ = 102. The solution is shown in Figure 5.3. Recall that

s —u

0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 10 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

FIGURE 5.3. Example 1: Optimal control u (left) and control con-
straint multiplier £

without penalization, the optimal solution yielded an integral value of fOT u*(t) dt =

4.24, while with penalization parameter € = 1, we are down to fOT u*(t) dt =~ 3.58.

The primal-dual algorithm. In order to achieve local quadratic convergence,
the conjugate gradient method inside the primal-dual algorithm for (4.5) was ter-
minated when ||7| g2,y < 7 - [[VJe(u™)||L2(0,7), Where || denotes the norm

of the residual and 1 = min{0.5,||V.J.(u")||}. Finally, an Armijo backtracking
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n AL JAZ] IVIe(uh)m ]| CG I a

1 0 0 5.8320E-02 2 2.3835E-03 5.0000E-01
3.2408E-02 3 7.2951E-04 1.0000E+00
4.6224FE-03 4 1.7267E-05 1.0000E4-00
2.3110E-04

2 15 15 7.3888E-03 3 4.0316E-05 1.0000E4-00
1.0929E-03

3 19 15 3.3424E-03 3 1.4936E-06 1.0000E+00
1.9500E-04

Run time: 517 seconds

Objective: 0.2702
[ u(t) dt = 3.5803

TABLE 5.1. Example 1 solved with the primal-dual active set
method. ||[VJ.(u™) = | is the L?(0,T)-norm of the right hand side
in the reduced Hessian system.

line search was employed in the direction du™ obtained from (4.5), with trial step
lengths oy, = 27F, k = 0,1,2, etc. A step of length aj was accepted whenever

Jo(u 4 apdu™) < Jo(u™) + 1074 %jg(u” + adu™)|q=0-

IV Je ()|l CG

n_ |A] |Az] I} o

1 0 0 5.8320E-02 4 6.8630E-05 5.0000E-01
2 5 0 1.9816E-02 5 7.2135E-05 1.0000E-00
3 17 14 2.5667E-02 2 2.0780E-04 5.0000E-01
4 14 14 1.3587E-02 3 4.1075E-05 1.0000E-00
5 19 15 7.0329E-03 1 2.3267TE-05 1.0000E-00
6 18 15 1.1982E-03

Run time: 506 seconds Objective: 0.2702

i u(t) dt = 3.5826
TABLE 5.2. Example 1 solved with the semi-smooth Newton
method. ||[V.J.(u") | is the L2(0, T)-norm of the right hand side
in the reduced Hessian system.

The semi-smooth Newton method. In case of the semi-smooth Newton method
(Table 5.2), the reduced Hessian system (4.5) was solved also inexactly. Here, the
conjugate gradient iteration was terminated when ||r|| < 31074 That is, we
use a constant threshold here which does not depend on the progress in the outer
iteration. The same Armijo line search procedure was applied in the search direction
du found in the CG iteration.

Comparing the solutions. Both methods obtained the solution depicted in Fig-
ure 5.3 within 15 CG iterations and roughly the same run time. Note that the final
residual HVjE(u")| || achieved in the primal-dual run is smaller since in the next
to last Newton step, the desired tolerance of 3 - 1072 is only scarcely missed. The
primal-dual and the semi-smooth Newton methods appear equally well-suited for
this problem. They proved to be robust with respect to the choice of the initial
guess.
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Concentration c1 att = 0.250 Concentration c2 att = 0.250

Concentration c1 at t = 0.500 Concentration c2 att = 0.500

Concentration ¢1 att = 0.750 Concentration c2 att = 0.750

Concentration c1 att = 1,000 Concentration c2 att = 1.000

FIGURE 5.4. Example 1: Concentrations of substances 1 (left) and
2 (right) at times ¢t = 0.25, t = 0.50, t = 0.75, and ¢t = 1.00.
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5.2 Example 2. The second example was designed to be numerically more chal-
lenging. Recall that in the first example, the integral constraint was chosen such
that it required a rather moderate modification of the optimal solution without
integral constraint. To obtain a contrasting situation, we now use v = 1072 as
a weight for the control cost and u. = 1.8 as a bound in the integral constraint.
All other data are taken over from Example 1. Note that the smaller v leads to
an increased control action, while the lowered integral constraint bound has the
opposite effect. The optimal solution is depicted in Figure 5.5. It has been ob-

5 =l LN
W
L : <
i
IR
S /,\\
I/, A
1 \/

0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1 0 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9 1

FIGURE 5.5. Example 2: Optimal control u (left) and control con-
straint multiplier &.

tained with the primal-dual active set method as described for Example 1. One
immediately observes that the active sets have an interesting structure in this ex-
ample. In particular, when the control enters the lower bound for the first time,
the constraint is only very weakly active. That is, the corresponding multiplier is
close to zero, which makes proper identification of the active sets a challenge for
both the nonlinear primal-dual and semi-smooth Newton methods.

Table 5.3 shows the convergence history of the primal-dual active set algorithm
again from an initial guess of ug = 3. We observe that significantly more outer
iterations are necessary in order to determine the active sets. Also, in every first
Newton step, the primal-dual method starts over with a fairly large contribution of
the penalty part to the objective. The first Newton steps taken all aim to reduce
mainly this part of the objective. This can be seen from the zero angle between the
search direction and the negative objective gradient. In other words, the reduced
Hessian matrix is a multiple of the identity matrix, being dominated by (1/£)V2I(u)
(see (A.28)).

6. Conclusion

We have presented an optimal control problem for a three-dimensional time-
dependent system of semilinear reaction-diffusion equations. The problem is sub-
ject to pointwise control constraints as well as a scalar integral control constraint.
The latter has not been treated as an explicit constraint by rather added to the ob-
jective as a penalty term. We have investigated the state equation and the problem
theoretically, presenting first- and second-order necessary and sufficient optimality
conditions as well as a convergence result as the penalty parameter tends to zero.
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n AT A" ||ng(u”)un|\ CG || angle objective penalty

1 0 0 4.2473E+400 1 4.1407E-02  0.00° 6.0656E-01 2.2882E-01
1.0379E+-00 1 4.4998E-02 0.00° 4.3893E-01 3.6003E-02
2.3973E-01 1 4.7176E-02 0.00° 4.2233E-01 9.0226E-03
5.8519E-02 6 2.3392E-03 52.52° 2.0473E-01 2.0718E-03
1.2424E-02 7 T7.7037E-05 36.58°  1.6440E-01 1.2367E-03
2.2656E-03

2 52 21 5.3326E+00 1 1.5598E-02 0.00° 1.1584E4-00 8.2217E-01
1.3115E4-00 1 2.3360E-02 0.00° 5.0886E-01 1.1913E-01
3.0751E-01 1 2.7113E-02  0.00° 4.4234E-01 2.5718E-02
6.4022E-02 2 2.4967E-03 62.19° 3.6867E-01 7.5459E-03
8.0378E-03 5 5.4365E-06 61.35° 3.6154E-01 5.9262E-03
1.6748E-04

3 17 38 4.9186E+00 1 8.4897E-03 0.00° 8.2320E-01 4.9814E-01
1.2121E4-00 1 9.4278E-03  0.00°  4.2938E-01 7.1600E-02
2.8619E-01 1 9.9664E-03 0.00° 3.8880E-01 1.4939E-02
5.7817E-02 2 2.7543E-03 76.73°  3.7773E-01 6.5030E-03
6.4547E-03 7 1.5756E-05 66.44°  3.7424E-01 5.5492E-03
5.4716E-05

4 18 35 7.0924E-01 1 5.0034E-03 0.00° 3.9872E-01 3.6886E-02
1.5946E-01 1 5.6519E-03 0.00° 3.8415E-01 1.0484E-02
2.7040E-02 3 5.5633E-04 76.80° 3.8037E-01 6.3845E-03
1.6097E-03

) 14 50 2.1543E-01 1 1.2975E-03  0.00° 3.8378E-01 1.3592E-02
4.0717E-02 1 1.3730E-03 0.00° 3.8222E-01 7.1675E-03
3.9585E-03 7 3.8834E-06 72.65° 3.8183E-01 6.5111E-03
3.7167TE-05

6 15 52 3.5305E-02 1 6.8442E-04 0.00° 3.8212E-01 7.0777E-03
3.1016E-03 5 8.4937E-07 75.66°  3.8205E-01 6.5734E-03
2.8178E-05

7 15 53  6.0990E-03 2 2.2282E-05 49.47°  3.8207E-01 6.6022E-03
1.2872E-04

Run time: 2113 seconds

Objective: 0.38207
Jo u(t) dt = 1.9876

TABLE 5.3. Example 2 solved with the primal-dual active set
method. |[V.J.(u") | is the L2(0, T)-norm of the right hand side
in the reduced Hessian system. The angle between the search di-
rection and the negative reduced objective’s gradient is also given.
The step length in the line search algorithm was always 1.

Primal-dual active set and semi-smooth Newton methods are known to handle
the resulting pointwise control-constrained problem efficiently. We have described
in detail how to apply them in the present situation. Finally, we have presented
two numerical examples of unequal difficulty.
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Appendix A. Proofs for Section 2

A.1. Proof of Theorem 2.3. In this section we prove that (2.4) possesses a unique
solution pair (¢1,c2) € W(0,T) x W(0,T). Uniqueness is shown in Section A.1.1
and Section A.1.2 is devoted to ensuring the existence of a solution by applying the
Leray-Schauder fixed-point theorem.

A.1.1. Proof of uniqueness. Let (c¢1,c2),(¢1,¢2) € W(0,T) x W(0,T) be two
pairs of weak solutions to (2.4). Then, dc; =c¢; — ¢ € W(0,T) and dco = co — ¢y €
W(0,T) satisty

(A.1a) 5c1(0) =0 and dca(0) =0 in L*()
and

(60)e(8)s 9) s ey ) + /Q 0, Ver () - Vip da

(A.1b)
+/ Ifl (561 (t)CQ(t) + 51 (t)(SCQ(t))QDdI' = 0,
Q

<(5C2)t(t>, (‘0>H1(Q)',H1(Q) + /;2 d2 VaCQ(t) . Vg@ dJS

—I—/ ko (e (t)ca(t) + é1(t)dca(t))pdr =0
Q

for all p € H*(Q) and almost all ¢ € [0,T]. Upon choosing ¢ = dc1(t) in (A.1b),
@ = 0ca(t) in (A.lc) and adding both equations we obtain the inequality

(
1
2

(A.1c)

(61 ()22 ) + 18e2()l32(g) + dallder (Dl g + d2llde2 (Ol o)
dq ||(501( )HL2(Q) +d2||502( )H%P(Q)

+/Qk1(|561(t) Cg(t)| + |51(t)5€2(t)561(t)|) dx
—|—/Qk2(|5cl(t)62(t)562(t)| 1 &1 (8)0ea(t)?]) da

for almost all ¢ € [0,T]. Next we estimate the two integrals on the right-hand side
of (A.2). Using Holder’s, Gagliardo-Nierenberg’s and Young’s inequality we find

/Q [der(8) ea ()] dar < 1161 ()] 20y 15e1 (D) ey le2 () e
(A.3) < cGN||6c1 ()1t 15e1 (D372 0y ez (D] s ey

a
dt
<

8/5
< S 18es Ol @) + K lea Oy 1061 ()2

for almost all ¢ € [0,7] and for a constant K7 > 0 depending on dy, k1, and Coy.
Analogously, it follows that

[ Jer(t)dea(t)dea(t)] do < oa (1) o I3eaD)l o oy 1901 (1)

(A4) < cawnel( M oy 19e2 (D] 2 0 1ex B 1511, 151 (B) I

< o181 (O3 0y + Kallea Ol ) (1061 )32 ) + 19203
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for almost all ¢ € [0,7] and for a constant K5 > 0, which depends on dy, ki, and
CGN7

(A5) /Q|(5cl(t)02(t)(5cQ(t)| dr < ||5Cl(t)||L2(Q)HC2(t)||L4(Q)H(SC?(t)HL‘l(Q)

2 8/5
< %Il&z(t)llil(m + Kallea (117470, (191 (D172 0y + 15e2(8) 1720y

for almost all ¢ € [0,T] and for a constant K3 > 0 depending on ds, ko, and Cay
and

~ d -
(A.6) / & (1)3ea(t)*] do < 2 [[Bea ()7 o) + Kaller (I g 62 (1) 720
Q 2

for almost all ¢ € [0,T] and for a constant K4 > 0, which depends on da, ko, and
Can. Inserting (A.3)—(A.6) into (A.2), we find that

1d
w2 37 (16e1 )72 + 10e2(8) 1720
< K3 (1 + 80y + lea)750)) (1801 D2 oy + 180282 )

for almost all ¢ € [0,T] and for a constant K5 depending on K; through K4 and d;
and dp. Recall that the space L?(0,T; H(€)) is continuously embedded into the
space L¥/°(0,T; L*()); see, e.g., [DLI2, p. 470 and p. 471]. Therefore, there exists
a constant Kg > 0 such that

T
. 8/5 8/5
| 1013+ lea 0150y @t < K.
Hence, by Gronwall’s inequality we derive from (A.7) that

(161720 + 18e2(B) 1 72()) < Kr(I18€1(0) 172 + 16e2(0)]72(0y)

where K7 = exp(K5(T + Kg)). Due to (A.1a) we have dc; = dcg = 0. Thus, ¢ = ¢4
and ¢y = ¢y so that the claim follows.

A.1.2. Proof of existence. To prove existence of a weak solution, we apply the
Leray-Schauder fixed-point theorem. For a proof we refer to [GT77, p. 222].

Theorem A.1. Let 7 be a compact mapping of a Banach space B into itself and
suppose that there exists a constant M > 0 such that

lellg < M for all ¢ € B and s € [0, 1] satisfying ¢ = sT¢.
Then T has a fized-point.

Here we choose the Banach space B = W(0,T) x W(0,T) and introduce the
linear operator 7 : B — B as follows: (c1,c2) = 7 (y1,y2) solves

(A.8a) c1(0) =co and c3(0) = coo in L3(Q)

and

(A8b) <(Cl)t(t), @>H1(Q)’,H1(Q) + / dl Vcl (t) . V(p + ]{1161 (L‘)yg(t)gp dr = 0,
Q

((c2)e(t): 0) iy (o) + /Q do Vea(t) - Vo + kay (t)ea(t)p da

:u(t)/F a(t)pde

c

(A.8¢)
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for all ¢ € HY(Q) and almost all t € [0, T].

Remark A.2. Notice that for given (y1,y2) € B the parabolic problems for ¢; and
co are decoupled. O

Notice that the solvability of (2.4) is equivalent to the existence of a solution
pair (c1,c2) € B to the problem (ci,¢2) = 7 (c1,c¢2). Moreover, the equation
(c1,c2) = T (¢1,¢2), s € [0,1], is equivalent to

(A.9a) c1(0) = scip and  ¢p(0) = scy9  in L*(N)

and

(A.9b)  ((e1)e(®)s @) iy, mo) + /Q di Vei(t) - Vo + ke (Dya(t)p dz = 0,

((c2)¢(t),0) () o) + /Q dy Vea(t) - Voo + kay (t)ea(t)p da

zsu(t)/ a(t)pdx

c

(A.9c)

for all ¢ € H'(Q) and almost all ¢ € [0,T]. The following proposition ensures that
7T is well-defined and maps B into itself.

Proposition A.3. Suppose that cig,c20 € L*(Q) and u € L*(0,T). Then there
exists a unique solution pair (ci,c2) € B to (A.8) for every pair (y1,y2) € B.

Proof. Due to Remark A.2 we show that the function ¢; is uniquely determined for
given pair (y1,y2) € B. The proof for ¢; is analogous. Let us introduce the bilinear
form

a(t; p,v) = /Qd1V<p SV + ks () dx for o, € HY(Q) and t € [0, T].

Since
la(t; o, ¥)| < (dl + klc%/‘”yQ”C([O,T];L?(Q)))HQOHHl(Q)HwHHl(Q)
holds, it follows that a(t;-,-) is continuous for all ¢ € [0,T]. Here, Cr4 > 0 denotes
the embedding constant satisfying
loll a0y < Crallellq) for all o € H' ().

Furthermore, using Holder’s, Gagliardo-Nierenberg’s, and Young’s inequality, we
estimate

- / P dr < Jw®lwo el
3/2 1/2
< CéNH:‘D”C([O,T];L?(Q)H@HH/l(Q)”(p”L/"’(Q)
<

d; 2 4 2
TIﬁH‘PHHl(Q) + Ksllv2ll oo,z 1€l 220
for a constant Kg > 0 depending on dy, k1, and Cgy. Thus,
d
altip,9) 2 519l @) — Kallplfay for all ¢ € () and ¢ € 0,71,

where Kg = dy + K8||y2||é<([0 ThL2(Q) > 0. By Theorems 1 and 2 in [DL92, pp. 512-
513] we infer that there exists a unique ¢; € W (0,7T) solving ¢1(0) = c1g in L*(Q)
and (A.8b). Analogously, we derive the existence of a unique c € W (0, T') satisfying
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c2(0) = cg0 in L?(Q) and (A.8c). Consequently, the claim of the proposition is
shown. 0

Proposition A.4. The operator T is compact.

Proof. Let (y1,y2) € B and {(y],95)}22, be a sequence in B satisfying (y7,y5) —
(y1,y2) in B as n tends to infinity. Then we prove that the sequence of pairs
(ct,c5) = T(yy,vy), n € IN, converges strongly in B to (¢1,¢2) = 7 (y1,y2). The
functions 2 = ¢ — ¢y € W(0,T) and 27 = ¢ — co € W(0,T) solve

(A.10a) 27(0)=0 and 27(0)=0 in L*(Q)
and

(0029 s oy s ey + / V() - Vi da

(A.10D)
+ / B (V3 () — g (8) 2 (1) + 22 ()ya()) o da = 0,

(O Py iy + [ 2 TB) Tpda
+ [ B0 0 =)0+ O () pdr =0

for all ¢ € H'(Q) and almost all ¢t € [0,7]. Taking ¢ = 27(¢) in (A.10b) and
utilizing Holder’s inequality we estimate

1 d n n n
2t 121 (ﬂHi?(Q) + dl(”Zl (t)”?{l(ﬂ) — |le1 (t)||2L2(Q))

< killyr(t) — yl(t)||L4(Q)”Cg(t)HL‘l(Q)Hz?(t)HLZ(Q)
+ Eall2 (Ol Loy 127 (O] L2 ) 12 ()| Lo ()

(A.10c)

(A.11)

Due to the Gagliardo-Nierenberg inequality and the Young inequality we find
197 () = 41 (0| Loy llez D)l Loy 121 (D] L2 0
< SR ~ 1Oy + IO | O a0y
and
21 (D] La o121 (O] L2 (@) 12 ()] L1 ()

n 3/4 n 5/4
< CGN”Zl (t)H[—I/l(Q) HZ1 (t)HL/?(Q) ||y2(t)||L4(Q)
dl n 2 8/5 n 2
< %Ha O ) + K10||yz(7f)\|L/4(Q)||,z1 7200

for a constant K19 > 0 depending on dy, k1, and Cgn. Inserting these two inequal-
ities into (A.11) we derive

t
RO e A EC T
(A.12) 0

t
<k / 2 @0)(7) = 43 () ey 7
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Since W (0,T) is compactly embedded into L3/°(0,T;L*(Q2)) and L?(0,T; L*(2))
there exist constants K11, K15 > 0 such that

T T
/ Falles (6)][74(0) dt < K11 and / Kiolly2(8)]| 7y dt < Kia.
0 0
Therefore, we infer from the Gronwall inequality

n2 n 2
1271720y < Fallvrvillz 0,100y exp(di + K11 + Ki2).

By Aubin’s lemma (see, e.g., [Tem79, p. 271]) the space W (0,T) is compactly
embedded into L2(0,7; L*(2)). Thus, 27 — 0 in L>(0,7; L*(2) as n tends to
infinity and (A.12) yields that — in L? as n — oo. From (A.10b) we find also that
(21)¢ — 0in L*(0,T; H'(Q)’) so that we have limy,_.o [|2]|lw (0, = 0. Analo-
gously, we obtain 2§ — 0 in W as n — oo so that the claim of the proposition is
shown. (]

Proposition A.5. Let (c1,¢2) € B satisfy the fized-point equation (c1,c2) =
sT (c1,¢2) for s € [0,1]. Then there exists a Ty € (0,T] and a constant M > 0
such that ||(c1, c2llwo,1,) < M.

Proof. We choose ¢ = ¢1(t) in (A.9b) and ¢ = co(t) in (A.9¢c). Adding both
equations we obtain

d 2 2

1@ (lex Iz + lle2®ll72(e))

(A.13) +di (H01||§{1(Q) - H01||2L2(Q)) +dy (||C2H§{1(Q) - HCQH?L?(Q))

DN =

+ [ krei(8)ca(t) + kacy (t)ea(t)? da = u(t) / a(t)ca(t) ds
Q e

for almost all ¢t € [0, T]. Applying Holder’s inequality we conclude that

(A14) [ et ds < ozl o,
for almost all ¢ € [0,T]. Since there exists a constant Cr > 0 satisfying

el 2@y < Crllellgrq) forall g e HY(Q),

we derive from (A.14) and Young’s inequality

u(t) / aheat)ds < Crul®)] o) o el
(A.15) e Ao
< T oo ()]s + Krslla(t) 2 lu(t)?

with dmin = min(dy, dz) and K13 = CZ/(dmin). Next we estimate the integral term
on the left-hand side of equation (A.13). From Holder’s, Gagliardo-Nierenberg’s
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and Young’s inequality

/Q a’et)dr < la®l ol ®Olwlle®l L
3/4 5/4 3/4 1/4
< Ciy llea® 3oy lea @170y 2 @)1 0y e @)l oy
384/3
S (lex Ol g2y llez (O] 1. 62y)
Cén 5
+ =25 (les Iz lle2 (Bl 2 )
3e*/3
< — (Hcl(t)H?{l(Q)+||62(t)|‘i11(9))
6 6
N Cn <5||Cl(t)||L2(Q) N ||02(t)HL2(Q))
4e3 6 6
and

2dz < 3et/? 2 2
| ade)?dr < = (lex 131 0y + ez ()
4¢3 6 6 .

for arbitrary € > 0. Hence, we find

/ k101 (t)QCQ (t) + kgcl (t)CQ (t)2 dx
Q

354/3]€ X
(A.16) < = (les Ol ) + le2(®) 72 @)

Ky 6 6
t= (lex 72y + lle2®)llz2()

with kmax = max(ki, k2) > 0 and K4 = 5kmaXCéN/24. Next we choose ¢ =
Y d3 /(27]6%@() and set K15 = 2K14/€3, Klﬁ = 2K13. COI’Ilbil'liIlg (A13), (A15),

min

and (A.16) it follows that

d
T (||Cl(t)Hi2(Q) + ||C2(t)||2L2(Q)) + dmin (||01Hi11(9) + ||C2H12Hl(s2))

< Kas (lles Ol 20y + lleal22(@y) + 2(les Oy + lez®l2(0)
(A.17) +K6lla(®) 72 r, [u()
6 6 2 :
< Kz (llex (Ol ey + lea® 220y + ler Oz + lea®)l2(0)
+ Kir|u(t)?

for almost all ¢ € [0,7] and K17 = max(Kis, 2, K16/l a7 o 7.12(r,)))- Notice that

c

6 2 2 2 2
ler 172y + et 72y < ller@ 72 (1+ ler @)z (o))
and

2
lea(®)S2 gy + lea®)l2aay < lea®2aay (1 + llea(t)22(gy) -
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Consequently,
d 2 2 2 2
a@ (ler 2y + lle2(O)ll72(q)) + dmin (lerllzn ) + ezl ()
2 2 2
(A.18) < Kirller(®)llz ) (1 + el z20))

+ Kz (Jler ()32 (L lea (D1 20)” + lu(®)2)

Let us define w;(t) =1 + Hci(t)H%z(Q) > 1 for ¢ = 1,2. Then it follows from (A.18)
that

% (w1 (t) + wg(t))2 < Ky ((wl(t) + w2(t))3 + |U(t)‘2)
Kip (14 [u(t)]?) (w1 (£) + wa(2))?

A

for almost all ¢ € [0,7]. Thus,
/w1(0)+w2(0) dz

wy () +wa(t) #

w

< Ky / (1+ Ju(r)?) dr,

which yields
1 B 1
2(w1(0) +w2(0))?  2(wi(t) 4 wa(t))

Consequently,

2
5 < K (t+ [[ullz2(0.0))-

1
2wr (D) + wa(D)2 = 2(w1(0) + w(0))

By the dominated convergence theorem (see, e.g., [RS80, p. 17]) there exists T} €
(0,T] such that

5 — Kz (t+ HU”QLz(o,t))'

9 1
Hu||L2(O,t) < 4K 17 (w1 (0) 4 wo(0))2
From this we derive
1
2(wy(t) + wa(t))?
1= 2K17(t + [[ull 729 ) (w1(0) + w2 (0))?
- 2(w1(0) + w2(0))?
1—2K7t—1/2 1—2K47t
= 2(w1(0) +w2(0))  4(w1(0) + w2(0))?

Finally, we obtain

for almost all t € (0,71].

for almost all t € (0, T}].

for almost all t € (0,71].

) 2(w1(0) + w2(0))?
(wl(t) + w2(t)) = 1 —4K;7(w1(0) j—w2(0))2t

Setting T} = min(Ty, 1/(8K17(w1(0) + wa(t))?) we infer
2 2
ler ()i + e O3y < (wi(t) +wa(®))* < 4(w1(0) + w2(0)
2
= 42+ [lewoll 2 () + lleoll 72 ()" =t Kis
for almost all ¢ € [0,T1]. Thus,
(A.19) c1,co € L=(0,T1; LA (Q)).



OPTIMAL BOUNDARY CONTROL FOR A 3D REACTION-DIFFUSION SYSTEM 35

By integrating (A.18) over the integral [0,77] and using (A.19) we get

T
2 2 2 2
le (Tl 2y + llea(T1)l 2y + dmin ; ller (W)l ) + lle2 @)l 7 () At

2
< HC10Hiz(Q) + choHiz(Q) + Ki7 <2TK18(1 + Kis)" + ||u||iz(07Tl)) :

Hence, ¢; and cp are uniformly bounded in the L2(0,Ty; H'(2))-norm. This fact
together with (A.9b), (A.9c), (A.19) imply that ||(c;)ellz2(0,7y;m1 (@) is uniformly
bounded for ¢ = 1,2. Therefore, ¢; and ¢ are uniformly bounded in W (0,T) by a
constant M, which gives the claim. O

Now we prove the existence of a solution to (2.4). By applying Theorem A.1 we
infer the existence of a solution pair (ci,ci) € W(0,71) x W(0,T}) from Proposi-
tions A.3-A.5. Let us define the operator 7 : B — B by

- clel) on[0,Ty] x Q,
(01,02) = T(ylva) = { EC%’ng on ETl,al} x Q,

where ¢2, c2 solve
(A.20a) A(Ty) =ci(Ty) and c3(Th) =c;(Ty) in L*(Q)

and

(A206)  {()el), @) sy ars ) + /Q dy VE() - Vi + k16 ()ya(t)p da = 0,

(G ——— /Q 4y V(L) - Vo + ko () (E)p da

:u(t)/ a(t)pdx

c

for all p € H(Q) and almost all ¢ € [T, T]. Note that Propositions A.3 and A.4
also holds for the operator 7. Let

1 1
Zl:{cl on [0,T1] x Q, and 22:{02 on [0,T1] x Q,

(A.20c)

0 on (T1,T] xQ 0 on (T1,7T] x Q.
Then we have ¢; —z; = 0in [0,77] x Q for i = 1,2. In particular, (¢; —2;)(T1) =0 in
L3(Q) for i = 1,2. We take w2(t) = 1+||(cifzi)(t)H%2(Q) fori=1,2and t € [0,T].
Then,
(A21) wi (1) =1+ (i = 20) (1) [ 2o = 1
Let Ty € (T1,T)] be chosen in such a way that

(A.22) for almost all t € (T4, T3).

1
Hu||L2(T1,t) < 16 K7
Moreover, we define Ty = min (75, T} + 1/(32K17)). Then we obtain
- 2(wi(Th) + w3 (Th))?
T 1= 2K17(t A+ [[ull ooy 1) (w3 (T1) + w3 (Th))?

8 16
= <32
1-8Ky7—1/2  1-16K37t
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for almost all ¢ € [0, T»], where we used (A.21), (A.22). Arguing as in the proof of

Proposition A.5 there exists a constant M > 0 such that

ller = 21l 0.1y + ez = 22llw .1y < M-
Hence,

||01HW(0,T2) + ||C2||W(0,T2) < e - Zl”w(o,n,) +[le2 — Z2HW(0,T2)

+ HC%HW(O,Tl) + HC§||W(0,T1) <M+ M.
This implies existence of a solution pair (c1,c2) € W(0,T3) x W(0,T2). Now we

can use an introduction argument to get existence of a pair (c1,c2) € B. Notice
that this induction is based on the existence of a finite decomposition

o<1 <...<Tpy, =T

of the interval [0,T,,] such that T; = min(T;,T;_1 + 1/(32K17) for i = 2,...,m,
where T; ensures

1 _
lull L2z, 0 < 6K, for almost all t € (T;—1,T;].

Thus,
”ClHW(O,Ti) + ||02|\W(07Ti) <M+ @GE-1)M fori=1,...,m.

A.2. Proof of Corollary 2.4. Let (c1,c2) € W(0,T) x W(0,T) be the unique
solution to (2.4). Then the claim follows from Theorems 1 and 2 in [DL92, pp. 512-
513] provided the linear functional

T
F(sp) = / / C1C2p0 dxdt for %2 € L2(O,T7 Hl(Q))
0 Q

is continuous. Applying Hoélder’s and Gagliardo-Nierenberg’s inequality we have

T T

| [ erespaar [ ja@lglle®llmle®lom
T
1/2 1/2

< Canllerleqo oo @ llezll o ze @) / llea () 1 oy 9] o It

<, 1/2 .

> GNHcl||C([07T];L2(Q))||62||C([07T];L2(Q))||CQ||L1(07T;H1(Q))||(10||L2(07T;L6(Q))'
As W(0,T) is continuously embedded into L'(0,T; H'(2)) and as L%(0,T; H'(2))
is continuously embedded into L?(0,T; L5(9)), it follows that F' : L2(0,T; L*(Q)) —

IR is continuous.

A.3. Proof of Proposition 2.5. We take ¢ = ¢1(t)+ca(t) +c3(t) in (2.4b), (2.4b)
and (2.6b) for ¢t € [0,T] and these three equations. Setting d = d; for i = 1,2,3 we
find

1d

5 e+ e2 +es)(Dllz20) +d/ V(e1+ ca+ ) (1)) da
(A.23) @

_ /Q(—k1 ka4 ky)er (B)ea(t)(cr + ca + c3)(t) da,

where | - | is Euclidean norm in IR3. By assumption we have k3 = k; + ks so that
the right-hand side in (A.23) is zero. Hence, by integrating over [0,¢] C [0,T], we
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conclude

c1 +eo +e3) ()% —|—2d/Vc—|—c—|—c 24z
(A.24) llex + e2 4 e3) (B2 Q| (c1+c2 +c3)l;

=||c10 + c20 + CSOHi?(Q)v

for almost all t € [0,7]. From (A.24) the claim follows.

A.4. Proof of Lemma 2.7. For s € R it follows that

;o [ 3% fors>0, | _ 2
g'(s) = { 0 otherwise [ — 3l

and

w, | 6s fors>0, | _
g"(s) = { 0 otherwise } = 6[s]+-

Hence, ¢"” exists and is continuous. To prove the Lipschitz-continuity we take
s1, 82 € R and estimate

|0—0| ifSl,SQSO,

" Y/ _ . 6|81—82| if81,52>0,
(A25) g (s0) = g"(s2)l = 6lfsaly = [salf0§ g 220y
6|81| if 51 >,50 <0.

Since | — s2| < |81 — 89| for s1 <0, s2 > 0 and || for s, s, we infer from (A.25) that
lg" (s1) — g"(s2)| < 6]s1 — 52| for all 51,50 € R

so that ¢g” is Lipschitz-continuous in IR with Lipschitz-constant 6.

A.5. Proof of Lemma 2.8. Suppose that « € L?(0,7) and the sequence {u"}5,
are given satisfying u™ — w in L?(0,7) as n — oo. Then we have

T T
lim updt = / updt  for all p € L?(0,T)
0 0

n— oo

implies that

T T T T
(A.26) lim u"dt = lim u" - 1dt = / w-1dt = / wdt.
0 0 0

n—oo 0 n—oo

Since g is continuous, we infer from (A.26) that

T T
lim I(u") = lim g(/ u”dt—uc) = g( lim / u™dt — uc) = I(u).
n—oo n—oo 0 n—oo 0

Thus, I is weakly continuous. Next we prove that I is twice Fréchet-differentiable.

For that purpose let 6u,% € L?(0,T) denote two arbitrary directions. The the
directional derivatives of I at u € L?(0,T) are given by

(A.27) VI(u)du = g/(/Tudt - uc) /T dudt
0 0

and

N T T T _
(A.28) V21 (u)(6u, du) = g’(/ udt — uc) / ou dt/ dudt.
0 0 0
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We prove that VI (u) is the first Fréchet-derivative of I at u. Using Taylor expansion
for g at s + ds with s = fOTudt —u. and Js = fOT du dt we find

(A29)  [I(u+du) — I(u) — VI(u)du| = |g(s + 6s) — g(s) — g’ (s)ds + O(|6s]?)].

As
T 2

(A.30) 65| = ‘/ 6udt’ < T||6ull 2o,y for du € L*(0,T)
0

holds, we derive from (A.29) that
1

im o [I(u+ du) — I(u) — VI(u)du| = 0.
I5ull 20,y —0 |\5u||L2(O7T)\ (u+ du) — I(w) — VI(u)dul

Utilizing analogous arguments it also follows that V2I(u) is the second Fréchet-
derivative of I at u. Lemma 2.7 implies that V21 is Lipschitz-continuous in L?(0, T));
in fact, for arbitrary uy,us € L?(0,T) we deduce from (A.28) and (A.30) that

(V21 (1) (8u, 0u) — V21 (us)(6u, 6u)|

T T T
SG‘/O 5udtH/O %dt‘/@ luy — us| dt

<6732 ||5u||L2(0,T)H(;u”m(o,T)HUl - U2HL2(0,T)7

which gives the claim.

Appendix B. Proofs of Section 3

B.1. Proof of Proposition 3.1. Since the cost functional J is a quadratic cost
functional and I is twice continuously Fréchet-differentiable with Lipschitz-conti-
nuous second Fréchet-derivative (see Lemma 2.8), the assertion for J. follows by
standard arguments. Let us present the first and second derivatives of J. at the
point & = (¢1,co,u) € X for later reference. We choose arbitrary directions dz =
(dc1,dce,0u) and bz = (52;52;,%) in X and obtain

VJ.(x)dx = /Qﬁl (61 (T) — clT)(Scl(T) + Bs (CQ(T) - CQT)(SCQ(T) dx
(B.1) T
+ /0 ~yudu dt + é VI(u)du,

V2. (u) (52, 52) = / Bier(T)oer (T) + Bades(T)oep da

(B.2) Y or

+ / ~ySudu dt + E V21 (u) (5u,@),
o £

where VI(u) and VI(u) are given in (A.27) and (A.28), respectively. Next we
turn to the operator e. For arbitrary dz = (dc1,0¢2,0u),dz = (de1,dca, du) € X
we compute the directional derivatives at a point = (¢1,c2,u) € X. The first
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derivative is given by

(Ver ()0, 0) 20 11 () 1201017 ()
T
(B.3a) = ((er)e(t), <P(t)>H1(Q)/,H1(Q) dt
0

T
+ / d1Vdcy - Vo + ki (0crea + c16co)p dadt,
0o Ja

(Vea(x)d, <P>L2(0,T;H1 (Q2)),L2(0,T;H(2))
T
(B.3b) :/0 (((502)t(t)a@(t»Hl(Q)/,Hl(Q) - §U/F QSde)dt
- c
+ / / daVice - Vo + ka(dcrca + c10cq)p dazdadt
o Ja

for p € L*(0,T; H'(2)) and
(B.3c) Ves(x)dz = 6c1(0) and Vey(x)dz = dea(0).
For the second derivative we compute

<V261 (z)(6z, 6z), SD>L2(0,T;H1(Q)/),L2(0,T;H1(Q))
(B.4a) T I
:/ / k1(6c10ca + derde)p dadt,
0o Ja

(V2ea() (0, 8), ) 12(0 71 (1), 12 (0,131 (92))
(B.4b) T I
:/ /k2(561602—|—561602)g&dxdt
o Ja

for ¢ € L2(0,T; H'(Q)) and
(B.4c) V2es(z)(6z,0) = VZey(x)(6z,01) = 0.

Utilizing Hélder’s and Gagliardo-Nierenberg’s inequality, (2.1) and [|¢[/z2(q) <
||50||H1(Q) for all ¢ € Hl(Q) we have

lex(z + 0z) — e1(x) — Ver(@)0z| 120, 7,11 ()

T
= sup {kl/o /(2561602@ dzdt : H‘P”L2(0,T;H1(Q))=1}

< k1 l16cll o, ry;2@p 192l L2 07529 0

'SUP{H‘PHL2(0,T;L4(Q)) el Lo, mm ) = 1}

1/2 1/2
< leW||5Cl||W(o,T) ||5C?HL/2(0,T;L2(Q))CGN||502||L/2(0,T;H1(Q))
1/2
-Can SUP{H‘PHL/z(o,T;Hl(Q)) : ||SD||L2(0,T;H1(Q)) = 1}

leWC'Q 2 2
< k1 Cw 9e ly 0.0y ezl 0.1y < =52 (191l 0.2 + I6¢2 0,19 ) -
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This yields

lim ———|lei(z+0z) —e1(x) — Vei(z)dx . N=0
o Tl Ner(@ +0w) —eal@) = Ver @)zl ooz, ey

so that (B.3a) is the first Fréchet-derivative of ey in direction dz at z. Analogously,
we estimate

le2(z + 0z) — ez(x) — Ve ()0 207,51 (0))

koCyy C2
< G (e [y 0,y + I0es o )

which implies that (B.3b) is also the first Fréchet-derivative of e in direction dx at
x. Since ez and e4 are linear and bounded operators, their directional derivatives
(B.3c) are their first Fréchet-derivatives. From

[Vei(z + dz) — Ve (x) — V2€1(I)&EHL(L2(0,T;H1(Q)),L2(0,T;H1(Q)’)) =0,
[Vez(x + dx) — Ve () — v2e2(x)6x”[:(L2(O,T;H1(Q)),L2(O,T;H1(Q)’)) =0

we infer that (B.4a) and (B.4b) are the second Fréchet-derivatives of e; and es,
respectively. Here, £(L?(0,T; H(2)), L*(0,T; H*(£2)")) denotes the Banach space
of all bounded and linear operators from L?(0,T;H(Q)) into L?(0,T; H*(Q)")
supplied with the common norm. Clearly, (B.4c) are the second Fréchet-derivatives
of e3 and ey, respectively. Since V2e does not depend on the point z, it follows
immediately that V2e is Lipschitz-continuous on X.

B.2. Proof of Proposition 3.2. The operator V., ,ye(z) : W(0,T)xW(0,T) —
Y’ is bijective if for any (f1, f2, @1, ¢2) € Y’ there exists a unique pair (dcy,dca) €
W(0,T) x W(0,T) solving

(B.5a) 6c1(0) = ¢y and 6cp(0) = ¢ in L*(N)

hold and

(Gen)u(®): 0) iy + [ i VBer(t): Vipda
(B.5b) @

=k /Q (6e1(t)ea(t) + er(t)dea(t))da + (f1 (1), @) i1y HL(9)

((6e2)e(t): ) ey 11 () +/ da Vica(t) - Ve dz
(B.5¢) @

— ky /Q (ber(B)ea(t) + 1 (D0es(8)) @z + (o (1), @) s oy arvcen

for all ¢ € H'(Q) and almost all ¢ € [0,7]. To prove uniqueness of a solution to
(B.5) we can proceed as in Appendix A.1.1. Moreover, the existence follows from
an a-priori estimate for dcy and dcq in W(0,T) x W(0,T'). Again, we argue similarly
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as in Appendix A.1.1, but instead of (A.3)—(A.6) we estimate

) / [dea () ; ) dz < [[e1 ()] 2oy 11 (D] Loy le2 @)l s
< g 18Ol @) + Killea @iy 10e1 ()72 ),

. /Q\él(t)502(t)501(t)\d$ <&@l pagoyloc2 (D)l L2y 161 @)l 1 (q)
< G 0Ol o + Kallea(t 81750y (15e1(8) 1720y + 15211720

/\561 Jez(t)dea(t)| dz < (|01 (t)| p2(q) le2 ()]l Ly 1dc2 ()]l Laq)
(B.8) d,

< G 1902t Wi e + Ksllea@) 17570, (10e1 (81720 + [18e2 (D7),

(B.9) /Q &1 ()dea(t)?] da < @w@(wnzl(m+mna(t)uiﬁim||5c2<t>\|iz<m

for almost all ¢ € [0,7] and for positive constants f{i, i=1,...,4, depending on,
which depends on dy, ds, k1, k2, and Cgn. Furthermore, we have

d 1 .
(B10) (£i(6),0¢:(0) 2y arrcany < g 10Oy + g 1Ol = 1,2

Inserting (B.6)-(B.10) we find

1d
5 a7 18e1 T2 @) + 18e2(0) 72y dillder (1) 172 g + dalldea (1)1 7 g
B <K (1+ er® [ agqy + llea®) 1 7at) (18er (D720 + [15e2 ()1 72(0))
+ Ko (1)1 0y + 120701 (0))

for almost all ¢ € [0,7] and for positive constants K5, K¢ depending on K;, i =
1,...,4, and dy, do. From (B.11) we derive that dc; and dco are bounded in
L>(0,T; L3(2)) N L%(0,T; H(2)). By (B.5b) and (B.5b) it follows that (J¢;); is
bounded in L2(0,7T; H'(2)') for i = 1,2. Consequently, there exists a constant
K7 > 0 such that

l6c1llw o, + 16c2llw o0.7)

(B.12)
<K7(||¢1||L2 o) T 1920l 20y + 1f1ll 2001 @)y + 12l 20,7500 (0

Now existence of a solution to (B.5) can be shown by utilizing (B.12) and standard
Galerkin techniques. We obtain (3.1) by taking f; = 0, ¢; = 0 for i = 1,2 and
estimating similarly as in (A.15).
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B.3. Proof of Corollary 3.6. Multiplying (3.3a) by Aj(¢) and (3.3b) by A5(¢),
integrating over {2 and adding both equations we obtain the inequality

1d ., . .
~5 a5 M ON 2@ + 1IN O)72@)) + da 1N O30y

+da [IN5 ()7 ) < da IN ()220 + d2 (X301 720
+ /Q ke (|65 (NS (6)2] + [ (0N (A5 (1)]) da
+ /Q ko (|5 (N (O3 ()] + [ef ()N (2)?]) da

(B.13)

for almost all ¢ € [0,T]. Next we estimate the two integrals on the right-hand side
of (B.13). Using Hélder’s, Gagliardo-Nierenberg’s and Young’s inequalities we find

* * * * * d *
(|C2(t))‘1(t)2| + ‘01(75))‘1@))‘2(15)‘) do < - H)‘l(t)”?’{l(ﬂ)
0 2k,
+ K1 (5 )50y + 13O at0) (I @)1 20y + MO 720)

for almost all ¢ € [0,7] and for a constant K, > 0, which depends on dy, k; and
Cen (compare estimates (A.3) and (A.4)) and

(B.15) /Q(ICS(t)XI(t)AS(t)l + e (A3 (1)) da < 2k N3O 0
+ I~(2<||CT(t)||8Lﬁ5(Q) + ch(t)HifEQ)) (||)\*{( )||2L2(Q) + H)‘;(t)”iZ(Q))

for almost all ¢ € [0,7] and for a constant K5 > 0 depending on da, ks and Can
(compare estimates (A.5) and (A.6)). Inserting (B.14) and (B.15) into (B.13) we
conclude

(B.14)

(||A*< Wiz + 1A @)1 Z20)) + dr N Ol 51 0
(B.16) +da N0 H ) < di IN B2 + d2 1X0)1 720
< K3 (1+ i (1170, + les @175 0) (X O + 131 72(0)

for almost all ¢ € [0,7] and for a constant K3 >0 depending on K1, K,, d; and
k; for i = 1,2. To achieve an estimate for the A\!’s in the L>°(0,T’; L?(2))-norm we
integrate (B.16) over [t,T] C [0,T] and deduce

* 2 * 2 * 2 * 2
AT 720y + 1A O 7200) < A (D22(0) + 1A (T) 720

l\D|’—‘

T
B17) / Bs(L+ i 030, + 0I5 )

(MO 72 + X (Ol 72(g)) ds

for almost all ¢ € [0,7]. Using Gronwall’s inequality, (3.3e) and (3.3f) it follows
that

IN @720 + X @120
(B.18)

o * 2 * 2
< K4(||C1 (T) — ClT||L2(Q) + [les(T) — C2T||L2(Q))
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for almost all ¢ € [0, 7], where K, > 0 depends on K3, T, ; and i lLs/s 0,104 (02)
for i = 1,2. Thus, using

1
5(a+b)2 <a?+b* forallabeR
the functions A}, i = 1,2, are bounded in L°(0,T; L*(Q)) by
|2 2
AT 200 0.7 22¢0)) F A5 Lee 0,712 ()

(B.19) o i * )
< K5 ([|e1(T) = errllpzi) + 163(T) = corll12(0y)

with K5 = v/2v/ K. From (B.17) and (B.18) we infer that
2 2
A Z20,7:00 @) T 125 220,701 (02
o * 2 * 2
< Ko([|c1(T) — errllz2 () + e3(T) = corll72())

for a constant K > 0. Finally, (3.11) is satisfied, since H'(Q) is continuously
embedded into L*(12).
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