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Abstract. This paper is concerned with optimal boundary control of an in-

stationary reaction-diffusion system in three spatial dimensions. This problem

involves a coupled nonlinear system of parabolic differential equations with

bilateral as well as integral control constraints. The integral constraint is in-

cluded in the cost by a penalty term whereas the bilateral control constraints

are handled explicitly. First- and second-order conditions for the optimiza-

tion problem, which involves bilateral and integral control constraints, are

analyzed. A primal-dual active set strategy is utilized to compute optimal

solutions numerically. The algorithm is compared to a semi-smooth Newton

method.

1. Introduction

The subject matter of the present paper is an optimal control problem for a
coupled system of semi-linear parabolic reaction-diffusion equations. The equations
model a chemical or biological process where the species involved are subject to
diffusion and reaction among each other. As an example, we consider the reaction
A + B → C which obeys the law of mass action. To simplify the discussion, we
assume that the backward reaction C → A + B is negligible and that the forward
reaction proceeds with a constant (e.g., not temperature-dependent) rate. This
leads to a coupled semilinear parabolic system for the respective concentrations;
see (2.3) later on. We consider the state equation in three spatial dimensions.
Simplifications to the two- or even one-dimensional situation are of course possible
in a straightforward way.

The control function acts as the Neumann boundary values for one of the reaction
components on some subset of the two-dimensional boundary manifold. It is natural
to impose bilateral pointwise bounds on the control function: On the one hand, the
substance can never be extracted through the boundary, i.e., the lower control
bound should be nonnegative. On the other hand, only a limited amount may be
added at any given time. In addition, we impose a constraint on the total amount of
control action. This scalar integral constraint (see (2.11)) is very much in contrast
with the usual pointwise bounds.

The integral constraint is included into the cost functional by a penalty term,
whereas the bilateral control constraints are treated explicitly by a primal-dual ac-
tive set strategy for nonlinear problems. The primal-dual active set method has
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proved to be an efficient numerical tool in the context of diverse applications; see,
for instance, [BIK99, BHHK00, Hin01]. So far it was mainly investigated for linear-
quadratic problems, which arise, for example, as a subproblem within SQP- or New-
ton methods (compare, e.g., [Hin03, HH02, KR99, TV01]). Ito and Kunisch studied
the primal-dual active set algorithm for nonlinear problems and bilateral control
constraints in [IK02]. Utilizing the close relationship between the primal-dual active
set strategy and semi-smooth Newton methods, local superlinear convergence was
shown as well. Let us mention that the primal-dual active set strategy for nonlin-
ear problems was already applied numerically combined with Newton-, SQP- and
nonlinear conjugate gradient in [Gri03], [Rey02], [Vol03], respectively. Semi-smooth
Newton methods for general purpose nonlinear finite-dimensional optimal control
problems are well studied, see, for instance, [LPR96] and [GK02, Section 7.5]. Much
less is known about such methods in infinite dimensions, and specifically in the con-
text of optimal control problems. We refer here , e.g., to [HIK03, HS03, Ulb03].
We will compare the nonlinear primal-dual active set strategy with a semi-smooth
Newton method in the numerical test examples.

The article is organized in the following manner: In Section 2, the state equa-
tions are analyzed and the optimal control problem is investigated. The integral
control constraint is treated using a penalization approach. Section 3 is devoted to
the optimality conditions for the penalized optimization problem. The primal-dual
active set algorithm and its relationship to a semi-smooth Newton method is dis-
cussed in Section 4. Numerical examples are presented in the fifth section and we
draw some conclusions in the last section.

2. The problem formulation

The goal of this section is to introduce the infinite dimensional optimal control
problem. The cost functional is of tracking type, the equality constraints are given
by a coupled nonlinear parabolic system and the inequality constraints are bilateral
control constraints as well as an integral constraint for the control. We study
the state equations, propose the optimal control problem, and prove existence of
optimal controls.

2.1. Preliminaries. Let Ω denote an open and bounded subset of IR3 with Lip-
schitz-continuous boundary Γ = ∂Ω such that Γ is decomposed into two parts
Γ = Γn ∪ Γc with Γn ∩ Γc = ∅. For terminal time T > 0 let Q = (0, T ) × Ω,
Σ = (0, T )× Γ and Σc = (0, T )× Γc.

By L2(0, T ;H1(Ω)) we denote the space of all measurable functions ϕ : [0, T ]→
H1(Ω), which are square integrable, i.e.,

∫ T

0

‖ϕ(t)‖2H1(Ω) dt <∞,

where ϕ(t) stands for the function ϕ(t, ·) considered as a function in Ω only. The
space W (0, T ) is defined by

(2.1) W (0, T ) =
{
ϕ ∈ L2(0, T ;H1(Ω)) : ϕt ∈ L2(0, T ;H1(Ω)′)

}
.

Here H1(Ω)′ denotes the dual space of H1(Ω). Recall that W (0, T ) is a Hilbert
space endowed with the common inner product and the induced norm; see, e.g.,
[DL92, pp. 472-479]. SinceW (0, T ) is continuously embedded into C([0, T ];L2(Ω)),
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the space of all continuous functions from [0, T ] into L2(Ω), there exists a constant
CW > 0 satisfying

(2.2) ‖ϕ‖C([0,T ];L2(Ω)) ≤ CW ‖ϕ‖W (0,T ) for all ϕ ∈W (0, T );

see [DL92, p. 473].
Since we will often use the Gagliardo-Nierenberg, Gronwall and Young inequal-

ities, we give complete formulation of them here.
Gagliardo-Nierenberg’s or interpolation inequality (see, e.g., [Tan96, p. 81]): For

Ω ⊂ IR3 there exists a constant CGN > 0 such that

‖ϕ‖Lp(Ω) ≤ CGN ‖ϕ‖θH1(Ω)‖ϕ‖
1−θ
L2(Ω) for all ϕ ∈ H1(Ω),

where p = 6/(3− 2θ) ∈ [2, 6] and θ ∈ [0, 1].
Gronwall’s inequality (see, e.g., [Wal86, p. 219]): Let c be a positive constant.

Suppose that ϕ ∈ L1(0, T ) is non-negative in [0, T ] a.e. If ψ ∈ C([0, T ]) satisfies

ψ(t) ≤ c+

∫ t

0

ϕ(s)ψ(s) ds for all t ∈ [0, T ],

then we have

ψ(t) ≤ c exp
(∫ t

0

ϕ(s) ds
)

for all t ∈ [0, T ].

Young’s inequality (see, e.g., [Alt92, p. 28]): For all a, b, ε > 0 and for all p ∈
(1,∞) we have

ab ≤ εap

p
+

bq

qεq/p
for q =

p

p− 1
.

2.2. The state equations. Suppose that d1, d2, d3 and k1, k2, k3 are positive
constants. Moreover, let α ∈ L∞(0, T ;L2(Γc)) denote a shape function with α ≥ 0
on Σc almost everywhere (a.e.). We consider the following system of semi-linear
parabolic equations, where ci denotes the concentration of the ith substance:

(c1)t(t, x) = d1∆c1(t, x)− k1c1(t, x)c2(t, x) for all (t, x) ∈ Q,(2.3a)

(c2)t(t, x) = d2∆c2(t, x)− k2c1(t, x)c2(t, x) for all (t, x) ∈ Q,(2.3b)

(c3)t(t, x) = d3∆c3(t, x) + k3c1(t, x)c2(t, x) for all (t, x) ∈ Q(2.3c)

together with the Neumann boundary conditions

d1
∂c1
∂n

(t, x) = 0 for all (t, x) ∈ Σ,(2.3d)

d2
∂c2
∂n

(t, x) = u(t)α(t, x) for all (t, x) ∈ Σc,(2.3e)

d2
∂c2
∂n

(t, x) = 0 for all (t, x) ∈ Σn = Σ \ Σc,(2.3f)

d3
∂c3
∂n

(t, x) = 0 for all (t, x) ∈ Σ(2.3g)

and the initial conditions

c1(0, x) = c10(x) for all x ∈ Ω,(2.3h)

c2(0, x) = c20(x) for all x ∈ Ω,(2.3i)

c3(0, x) = c30(x) for all x ∈ Ω,(2.3j)

where ci0 ∈ L2(Ω) for i = 1, 2, 3.
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The control u ∈ L2(0, T ) enters the right-hand side of (2.3e) in the inhomo-
geneous Neumann condition. For instance, the function α models a spray nozzle
moving over the control part Γc, and u(t) denotes the intensity of the spray.

Remark 2.1. The parabolic problem for c3, i.e., (2.3c) together with the Neumann
boundary condition (2.3g) and initial condition (2.3j) can be solved independently
of the problem for (c1, c2). Therefore, we will focus on the computation of c1 and
c2 and, in particular, we are interested in weak solutions for c1 and c2. ♦

Definition 2.2. The two functions c1 and c2 in W (0, T ) are called weak solutions
to the system (2.3a), (2.3b), (2.3d)–(2.3f), (2.3h) and (2.3i) provided the initial
conditions

c1(0) = c10 and c2(0) = c20 in L2(Ω)(2.4a)

hold and

(2.4b) 〈(c1)t(t), ϕ〉H1(Ω)′,H1(Ω) +

∫

Ω

d1∇c1(t) · ∇ϕ+ k1c1(t)c2(t)ϕdx = 0,

(2.4c)

〈(c2)t(t), ϕ〉H1(Ω)′,H1(Ω) +

∫

Ω

d2∇c2(t) · ∇ϕ+ k2c1(t)c2(t)ϕdx

= u(t)

∫

Γc

α(t)ϕdx

for all ϕ ∈ H1(Ω) and almost all t ∈ [0, T ]. In (2.4b) and (2.4c), 〈· , ·〉H1(Ω)′,H1(Ω)

denotes the duality pairing between H1(Ω) and its dual H1(Ω)′.

The following theorem ensures that (2.4) possesses a unique solution. The proof
is given in the Appendix A.1.

Theorem 2.3. For every control u ∈ L2(0, T ), there exists a unique pair (c1, c2) ∈
W (0, T )×W (0, T ) satisfying (2.4). Moreover, the estimate

(2.5) ‖c1‖W (0,T ) + ‖c2‖W (0,T ) ≤ C
(
1 + ‖c10‖L2(Ω) + ‖c20‖L2(Ω) + ‖u‖L2(0,T )

)

holds for a constant C > 0 depending on d1, d2, k1, k2, CGN , ‖α‖L∞(0,T ;L2(Γc)),
‖ci‖C([0,T ];L2(Ω))), and ‖ci‖L2(0,T ;H1(Ω)), i = 1, 2.

Theorem 2.3 also implies the unique solvability of the partial differential equation
for the reaction product (2.3c), (2.3g), and (2.3j). This is formulated in the following
corollary, which is proved in Appendix A.2.

Corollary 2.4. Let c10, c20 ∈ L2(Ω) and u ∈ L2(0, T ) be given and (c1, c2) ∈
W (0, T ) ×W (0, T ) denote the solution pair to (2.4). Then there exists a unique
c3 ∈W (0, T ) satisfying

(2.6a) c3(0) = c30 in L2(Ω)

and

(2.6b) 〈(c3)t(t), ϕ〉H1(Ω)′,H1(Ω) +

∫

Ω

d3∇c3(t) · ∇ϕdx =

∫

Ω

k3c1(t)c2(t)ϕdx

for all ϕ ∈ H1(Ω) and almost all t ∈ [0, T ].

In the next result, which is proved in Appendix A.3, we present sufficient condi-
tions so that the L2-norm of the sum of concentrations c1+c2+c3 does not increase
with time.
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Proposition 2.5. Suppose that ci ∈W (0, T ), i = 1, 2, 3, are the solutions to (2.4)
and (2.6). If k3 = k1 + k2 and d1 = d2 = d3 hold, we obtain

‖(c1 + c2 + c3)(t)‖2L2(Ω) ≤ ‖c10 + c20 + c30‖2L2(Ω) for almost all t ∈ [0, T ].

To write the state equations as a non-linear operator equation, we introduce the
two Hilbert product spaces

X =W (0, T )×W (0, T )× L2(0, T ),
Y = L2(0, T ;H1(Ω))× L2(0, T ;H1(Ω))× L2(Ω)× L2(Ω)

endowed with their product topology and identify

Y ′ ≡ L2(0, T ;H1(Ω)′)× L2(0, T ;H1(Ω)′)× L2(Ω)× L2(Ω).
Then we introduce the mapping e : X → Y ′ by

e(x) =




e1(x)
e2(x)

c1(0)− c10
c2(0)− c20


 for x = (c1, c2, u) ∈ X,

where

〈e1(x), ϕ〉L2(0,T ;H1(Ω)′),L2(0,T ;H1(Ω))

=

∫ T

0

(
〈(c1)t(t), ϕ(t)〉H1(Ω)′,H1(Ω) +

∫

Ω

d1∇c1 · ∇ϕ+ k1c1c2ϕdx
)
dt

and

〈e2(x), ϕ〉L2(0,T ;H1(Ω)′),L2(0,T ;H1(Ω)) =

∫ T

0

(
〈(c2)t(t), ϕ(t)〉H1(Ω)′,H1(Ω) dt

+

∫

Ω

d2∇c2 · ∇ϕ+ k2c1c2ϕdx− u
∫

Γc

αϕdx
)
dt

for ϕ ∈ L2(0, T ;H1(Ω)). Now, (2.4) is equivalent with the operator equation e(x) =
0 in Y ′ for x = (c1, c2, u) ∈ X.

2.3. The optimal control problem. Our goal is to drive the reaction-diffusion
system from the given initial state near a desired terminal state. Hence, we intro-
duce the cost functional

J(c1, c2, u) =
1

2

∫

Ω

β1 |c1(T )− c1T |2 + β2 |c2(T )− c2T |2 dx+
γ

2

∫ T

0

|u− ud|2 dt,

where β1, β2 ≥ 0, β1+ β2, γ > 0, c1T , c2T ∈ L2(Ω) are given desired terminal states
and ud ∈ L2(0, T ) denotes some nominal (or expected) control.

The closed and bounded convex set of admissible control parameters involves an
integral constraint as well as bilateral control constraints:

Ūad =
{
u ∈ L2(0, T ) :

∫ T

0

u(t) dt ≤ uc and ua ≤ u ≤ ub in [0, T ]
}
⊂ L∞(0, T ),

where ua and ub are given functions in L∞(0, T ) satisfying ua ≤ ub in [0, T ] almost
everywhere (a.e.), and uc is a positive constant.

Furthermore, let us define the closed convex set

K̄ad =W (0, T )×W (0, T )× Ūad.
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The infinite dimensional optimal control problem can be expressed as

(P) min J(x) s.t. x ∈ K̄ad and e(x) = 0.

The following theorem guarantees that (P) has a solution.

Theorem 2.6. Problem (P) possesses at least one optimal control.

Proof. The claim follows by standard arguments: Let {xn}∞n=1, xn = (cn1 , c
n
2 , u

n),
be a minimizing sequence in K̄ad for the non-negative cost J . Since J is radi-
ally unbounded, it follows from Theorem 2.3 that this sequence is bounded in X.
Therefore, there exists an element x∗ = (c∗1, c

∗
2, u

∗) ∈ X such that

cn1 ⇀ c∗1 in W (0, T ) as n→∞,(2.7)

cn2 ⇀ c∗2 in W (0, T ) as n→∞,(2.8)

un ⇀ u∗ in L2(0, T ) as n→∞.(2.9)

By assumption, α ∈ L∞(0, T ;L2(Γc)) holds. Recall that there exists a constant
K1 > 0 such that

‖ψ‖L2(Γc)
≤ K1‖ψ‖H1(Ω) for all ψ ∈ H1(Ω);

see, e.g., [Eva98, p. 258]. Thus, for ϕ ∈ L2(0, T ;H1(Ω)), the mapping t 7→∫
Γc
α(t)ϕ(t) dx belongs to L2(0, T ) and

lim
n→∞

∫ T

0

(
un(t)− u∗(t)

)( ∫

Γc

α(t)ϕ(t) dx
)
dt = 0 for all ϕ ∈ L2(0, T ;H1(Ω)).

From (2.7) and (2.8) we find for i = 1, 2

lim
n→∞

∫ T

0

〈
(cni − c∗i )t(t), ϕ(t)

〉
H1(Ω)′,H1(Ω)

dt = 0 for all ϕ ∈ L2(0, T ;H1(Ω))

and

lim
n→∞

∫ T

0

∫

Ω

di∇
(
cni − c∗i

)
(t) · ∇ϕ(t) dxdt = 0 for all ϕ ∈ L2(0, T ;H1(Ω)).

Next we consider the non-linear terms. Using Hölder’s inequality we infer that for
ϕ ∈ L2(0, T ;H1(Ω)),

(2.10)

∫ T

0

∫

Ω

(
cn1 c

n
2 − c∗1c∗2

)
ϕdxdt =

∫ T

0

∫

Ω

(
cn1 − c∗1

)
cn2 + c∗1

(
cn2 − c∗2

)
ϕdxdt

≤
∫ T

0

‖cn1 (t)− c∗1(t)‖L3(Ω)‖cn2 (t)‖L2(Ω)‖ϕ(t)‖L6(Ω) dt

+

∫ T

0

‖c∗1(t)‖L2(Ω)‖cn2 (t)− c∗2(t)‖L3(Ω)‖ϕ(t)‖L6(Ω) dt

≤ ‖cn1 − c∗1‖L2(0,T ;L3(Ω))‖cn2‖C([0,T ];L2(Ω))‖ϕ‖L2(0,T ;L6(Ω))

+ ‖c∗1‖C([0,T ];L2(Ω))‖cn2 − c∗2‖L2(0,T ;L3(Ω))‖ϕ‖L2(0,T ;L6(Ω)).

Since W (0, T ) is continuously embedded into C([0, T ];L2(Ω)) and compactly into
L2(0, T ;L3(Ω)) (see, for instance, [Tem79, p. 271]), the sequence ‖cni ‖C([0,T ];L2(Ω))

is bounded and limn→∞ ‖cni − c∗i ‖L2(0,T ;L3(Ω)) = 0 for i = 1, 2. Thus, (2.10) yields

lim
n→∞

∫ T

0

∫

Ω

(
cn1 c

n
2 − c∗1c∗2

)
ϕdxdt = 0 for all ϕ ∈ L2(0, T ;H1(Ω)).
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Using ∫

Ω

(
cni (0)− c∗i (0)

)
ψ dx = 0 for all ψ ∈ L2(Ω) and i = 1, 2

we have e(x∗) = 0 in Y ′. Since Ūad is bounded, closed and convex, Ūad is weakly
closed. This implies that K̄ad is also weakly closed. As J is weakly lower semi-
continuous, the claim follows. ¤

2.4. The penalized optimization problem

In (P), we have two different types of inequality constraints for the control
variable: a scalar integral constraint and an infinite-dimensional box-constraint.
To handle the integral constraint

(2.11)

∫ T

0

udt ≤ uc

numerically, we introduce the penalized cost functional

Jε(x) = J(x) +
1

ε
I(u) for all x = (c1, c2, u) ∈ X and ε > 0,

where the mapping I : L2(0, T )→ IR is defined as

I(u) = g
(∫ T

0

udt− uc
)
,

where we choose g = [ · ]3+ in IR and [s]+ = max{0, s}, s ∈ IR, denotes the positive
part function.

The goal of this section is to analyze the optimal control problem with the
penalized cost. The bilateral control constraints are treated explicitly and realized
numerically by nonlinear primal-dual active set strategies, see Sections 4 and 5.

Lemma 2.7. The function g is twice differentiable and its second derivative is
Lipschitz-continuous.

Lemma 2.7 is proved in Appendix A.4. For a proof of the following lemma we
refer the reader to Appendix A.5.

Lemma 2.8. The mapping I : L2(0, T ) → IR is weakly continuous. Moreover,
I is twice continuously Fréchet-differentiable and its second Fréchet-derivative is
Lipschitz-continuous in L2(0, T ).

As the integral constraint is already included in the cost Jε by a penalty term,
we replace Ūad by

Uad =
{
u ∈ L2(0, T ) : ua ≤ u ≤ ub in [0, T ]

}
⊂ L∞(0, T )

and set Kad =W (0, T )×W (0, T )×Uad. Now the penalized optimal control problem
has the form

(Pε) min Jε(x) s.t. x ∈ Kad and e(x) = 0.

Utilizing Lemma 2.8, the next result can be proved analogously to Theorem 2.6.

Theorem 2.9. There exists at least one optimal solution to (Pε).

Proof. Due to Lemma 2.8 the mapping I is weakly continuous, so that the penal-
ized cost functional Jε is weakly lower semi-continuous on X. Thus, the proof is
analogous to that of Theorem 2.6. ¤
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In the next proposition we turn to the question whether solutions of (Pε) con-
verges to a solution to (P) if ε tends to zero.

Proposition 2.10. Assume that {εn}∞n=0 ⊂ IR is a sequence converging to zero
from above. Let {xn}∞n=0 denote a sequence of optimal solutions to (Pεn′ ). Then
there exists at least one weak accumulation point x∗ ∈ X for {xn}∞n=0. That is,
xn′ ⇀ x∗ in X as n′ → ∞ for some subsequence {xn′}∞n′=0. In addition, every
weak accumulation point x∗ solves (P).

Proof. Since xn = (c1n, c2n, un) ∈ X solves (Pεn
), the sequence {un}∞n=0 belongs to

Uad. Thus, ‖un‖L2(0,T ) is bounded by a constant which does not depend on n. Due
to the a priori bound (2.5), the family of pairs {(c1n, c2n)}∞n=0 is also bounded in
W (0, T )×W (0, T ). Since X is reflexive, there exists a subsequence in Kad, denoted
by {xn′}∞n′=0, and an element x∗ = (c∗1, c

∗
2, u

∗) ∈ X, such that

(2.12) xn′ ⇀ x∗ in X as n′ →∞.
Reasoning as in the proof of Theorem 2.6, we find that x∗ ∈ Kad and e(x∗) = 0 in
Y ′. Since xn′ solves (Pεn′

), we have

(2.13) Jεn′
(xn′) = J(xn′) +

1

εn′
I(un′) ≤ J(x) +

1

εn′
I(u) = J(x)

for all x = (c1, c2, u) ∈ K̄ad. Hence

(2.14) 0 ≤ I(un′) ≤ εn′
(
J(x)− J(xn′)

)
for all x ∈ K̄ad.

Choosing x ∈ K̄ad arbitrarily and using the boundedness of xn′ and thus of J(xn′),
we obtain I(u∗) = 0 from passing to the limit in (2.14), applying Lemma 2.8. Thus,
the integral constraint (2.11) is satisfied for u∗, hence x∗ ∈ Kad holds. Finally, it
follows from weak lower semicontinuity of J and from (2.13) that

J(x∗) ≤ lim inf
n′→∞

J(xn′) ≤ lim inf
n′→∞

J(xn′) +
1

εn′
I(un′) ≤ J(x) for all x ∈ K̄ad

so that x∗ solves (P). ¤

3. Optimality conditions

In Section 2 we have introduced the optimal control problem (Pε) and proved
existence of optimal controls. This section is devoted to analyze necessary and
sufficient optimality conditions for (Pε).

3.1. Smoothness properties for J and e. We start by investigating differen-
tiability properties of the cost functional as well as of the mapping describing the
equality constraints. A proof of the following result is given in Appendix B.1.

Proposition 3.1. The penalized cost functional Jε and the mapping e are twice
continuously Fréchet-differentiable and their second Fréchet-derivatives are Lip-
schitz-continuous on X.

The linear operator ∇(c1,c2)e(x) : W (0, T ) × W (0, T ) → Y ′ has the following
property:

Proposition 3.2. For all x ∈ X, the linearization ∇(c1,c2)e(x) is bijective. More-
over, for all δx = (δc1, δc2, δu) ∈ N(∇e(x)) we have

(3.1) ‖δc1‖2W (0,T ) + ‖δc2‖
2
W (0,T ) ≤ CN ‖δu‖2L2(0,T )
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for all CN > 0, where N(∇e(x)) denotes the null space of the operator ∇e(x).
For a proof we refer the reader to Appendix B.2.

Remark 3.3. Proposition 3.2 implies the standard constraint qualification condi-
tion for x∗ (see [Rob76], for example), which in our case has the form

(3.2)

(
0
0

)
∈ int

{(
X

∇e(x∗)X

)
−
(

Kad − x∗
Y − e(x∗))

)}

= int{X − (Kad − x∗)} × int{∇e(x∗)X}
where int S denotes the interior of a set S and e′(x∗) is the Fréchet-derivative of
the operator e at x∗. It follows from (3.2) that the set of Lagrange multipliers is
non-empty and bounded [MZ79]. ♦

For every ε > 0, the Lagrange functional Lε : X × Y → IR associated with (Pε)
is given by

Lε(x, p) = Jε(x) + 〈e(x), p〉Y ′,Y

= Jε(x) +

∫ T

0

〈(c1)t(t), λ1(t)〉H1(Ω)′,H1(Ω)dt

+

∫ T

0

∫

Ω

d1∇c1 · ∇λ1 + k1c1c2λ1 dxdt

+

∫ T

0

〈(c2)t(t), λ2(t)〉H1(Ω)′,H1(Ω)dt

+

∫ T

0

∫

Ω

d2∇c2 · ∇λ2 + k2c1c2λ2 dx− u
∫

Γc

αλ2 dxdt

+

∫

Ω

(
c1(0)− c10

)
µ1 +

(
c2(0)− c20

)
µ2 dx

for x = (c1, c2, u) ∈ X and p = (λ1, λ2, µ1, µ2) ∈ Y . From Proposition 3.1 we
conclude that Lε twice continuously Fréchet-differentiable and its second Fréchet-
derivative is Lipschitz-continuous.

3.2. First-order necessary optimality conditions. This subsection is devoted
to present the first-order necessary optimality conditions for (Pε). Problem (Pε)
is a non-convex programming problem so that different local minima might occur.
Numerical methods will produce a local minimum close to their starting point.
Therefore, we do not restrict our investigations to global solutions of (Pε). We will
assume that a fixed reference solution x∗ = (c∗1, c

∗
2, u

∗) ∈ Kad is given satisfying
first- and second-order optimality conditions. Let us define the active sets at x∗ by
A∗ = A∗

− ∪A∗
+, where

A∗
− = {t ∈ [0, T ] : u∗(t) = ua(t) a.e.} and A∗

+ = {t ∈ [0, T ] : u∗(t) = ub(t) a.e.}.
The corresponding inactive set at x∗ is given by I∗ = [0, T ] \ A∗. First-order
necessary optimality conditions are presented in the next theorem.

Theorem 3.4. Let x∗ = (c∗1, c
∗
2, u

∗) ∈ Kad be a local solution to (Pε). Then there
exists a unique Lagrange multiplier p∗ = (λ∗1, λ

∗
2, µ

∗
1, µ

∗
2) ∈ W (0, T ) × W (0, T ) ×
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L2(Ω)×L2(Ω) ( Y such that the pair (λ∗1, λ
∗
2) are weak solutions to the adjoint (or

dual) equations

−(λ∗1)t − d1∆λ∗1 = −k1c∗2λ∗1 − k2c∗2λ∗2 in Q,(3.3a)

−(λ∗2)t − d2∆λ∗2 = −k1c∗1λ∗1 − k2c∗1λ∗2 in Q,(3.3b)

d1
∂λ∗1
∂n

= 0 on Σ,(3.3c)

d2
∂λ∗2
∂n

= 0 on Σ,(3.3d)

λ∗1(T ) = −β1(c∗1(T )− c1T ) in Ω,(3.3e)

λ∗2(T ) = −β2(c∗2(T )− c2T ) in Ω.(3.3f)

and for i = 1, 2 we have

(3.4) µ∗i = λ∗i (0) in Ω.

Moreover, there is a Lagrange multiplier ξ∗ ∈ L2(0, T ) associated with the bilateral
inequality constraint with

(3.5) ξ∗|A∗
−
≤ 0, ξ∗|A∗+ ≥ 0

and the optimality condition

(3.6) γ(u∗(t)− ud(t)) +
1

ε
g′
(∫ T

0

u∗ dt− uc
)
−
∫

Γc

α(t)λ∗2(t) dx+ ξ∗(t) = 0

for almost all t ∈ [0, T ] holds.

Proof. Due to Remark 3.3, there exists p∗ ∈ Y such that

(3.7)
∇(c1,c2)Lε(x∗, p∗) = ∇(c1,c2)J(x∗) +∇(c1,c2)e(x∗)∗p∗

= 0 in W (0, T )×W (0, T ).

By Proposition 3.2, ∇(c1,c2)e(x∗)∗ is injective, so p∗ is unique. Next we prove that
λ∗1 and λ∗2 are more regular and belong to W (0, T ). Condition (3.7) is equivalent
to

(3.8)

0 = ∇(c1,c2)Lε(x∗, p∗)(δc1, δc2)

=

∫

Ω

β1(c
∗
1(T )− c1T )δc1(T ) + β2(c

∗
2(T )− c2T )δc2(T ) dx

+

∫ T

0

〈(δc1)t(t), λ∗1(t)〉H1(Ω)′,H1(Ω)dt

+

∫ T

0

∫

Ω

d1∇δc1 · ∇λ∗1 + k1(δc1c
∗
2 + c∗1δc2)λ

∗
1 dxdt

+

∫ T

0

〈(δc2)t(t), λ∗2(t)〉H1(Ω)′,H1(Ω)dt

+

∫ T

0

∫

Ω

d2∇δc2 · ∇λ∗2 + k2(δc1c
∗
2 + c∗1δc2)λ

∗
2 dxdt

+

∫

Ω

δc1(0)µ
∗
1 + δc2(0)µ

∗
2 dx
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for all (δc1, δc2) ∈ W (0, T ) ×W (0, T ), specifically for δci(t) = χ(t)ϕ, where χ ∈
C∞
c (0, T ) and ψ ∈ H1

0 (Ω). Here, C∞
c (0, T ) denotes the space of infinitely differen-

tiable functions on (0, T ) with compact support. We find

∫ T

0

〈(δci)t(t), λ∗i (t)〉H1(Ω)′,H1(Ω)dt =
〈∫ T

0

λ∗i (t)χ̇(t) dt, ϕ
〉
L2(Ω)

= −
〈∫ T

0

(λ∗i )t(t)χ(t) dt, ϕ
〉
H1(Ω)′,H1(Ω)

for i = 1, 2, where (λ∗i )t denotes the distributional derivative of λ∗i with respect to
t. The remaining terms in (3.8) lead to

∫ T

0

∫

Ω

d1∇δc1 · ∇λ1 + k1(δc1c
∗
2 + c∗1δc2)λ

∗
1 dxdt

+

∫ T

0

∫

Ω

d2∇δc2 · ∇λ∗2 + k2(δc1c
∗
2 + c∗1δc2)λ

∗
2 dxdt

=
〈∫ T

0

−d1∆λ∗1 − d2∆λ∗2 + (c∗1 + c∗2)
(
k1λ

∗
1 + k2λ

∗
2

)
χdt, ϕ

〉
H1(Ω)′,H1(Ω)

.

Inserting these expressions into (3.8) yields

〈∫ T

0

(λ∗1 + λ∗2)tχdt, ϕ
〉
H1(Ω)′,H1(Ω)

=
〈∫ T

0

d1∆λ
∗
1 + d2∆λ

∗
2 − (c∗1 + c∗2)

(
k1λ

∗
1 + k2λ

∗
2

)
χdt, ϕ

〉
H1(Ω)′,H1(Ω)

for all χ ∈ C∞
c (0, T ) and ϕ ∈ H1

0 (Ω). Since

d1∆λ
∗
1 + d2∆λ

∗
2 − (c∗1 + c∗2)

(
k1λ

∗
1 + k2λ

∗
2

)
∈ L2(0, T ;H1(Ω))

holds and the set

{δc : δc(t) = χ(t)ϕ for χ ∈ C∞
c (0, T ) and ϕ ∈ H1

0 (Ω)}

is dense in L2(0, T ;H1(Ω)), we conclude that (λ∗i )t ∈ L2(0, T ;H1(Ω)′) and conse-
quently λ∗i ∈ W (0, T ) for i = 1, 2. Hence, (3.3a) and (3.3b) are proved. We notice
that for all δci ∈W (0, T ), i = 1, 2, we have

(3.9)

∫ T

0

〈(λ∗i )t(t), δci(t)〉H1(Ω)′,H1(Ω) dt+

∫ T

0

〈(δci)t(t), λ∗i (t)〉H1(Ω)′,H1(Ω) dt

=

∫ T

0

d

dt
〈λ∗i (t), δci(t)〉L2(Ω) dt

= 〈λ∗i (T ), δci(T )〉L2(Ω) + 〈λ∗i (0), δci(0)〉L2(Ω).

Choosing appropriate test functions in W (0, T ), we infer from (3.3a), (3.3b), (3.8)
and (3.9) that (3.3c)-(3.3f) as well as (3.4) are satisfied. Due to optimality the
following optimality inequality holds

∇uLε(x
∗, p∗)(u− u∗) ≥ 0 for all u ∈ Uad.
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Setting

(3.10)

−〈ξ∗, u− u∗〉L2(0,T ) := ∇uLε(x
∗, p∗)(u− u∗)

=
〈
γ(u∗ − ud)−

∫

Γc

αλ∗2 dx, u− u∗
〉
L2(0,T )

+
1

ε
g′
(∫ T

0

u∗ dt− uc
)∫ T

0

u− u∗ dt

=
〈
γ(u∗ − ud) +

1

ε
g′
(∫ T

0

u∗ dt− uc
)
−
∫

Γc

αλ∗2 dx, u− u∗
〉
L2(0,T )

for all u ∈ U we obtain (3.6). For the proof of (3.5) we refer the reader to [Hin03].
¤

Remark 3.5. From Remark 3.13 uniqueness of the Lagrange multiplier ξ∗ will
follow later on. ♦

The following corollary provides an a-priori estimate for the Lagrange multi-
pliers λ∗1 and λ∗2 that will be used for the second-order optimality conditions; see
Section 3.3, Theorem 3.15.

Corollary 3.6. There exists a constant Cλ > 0 such that

(3.11)
‖λ∗1‖L2(0,T ;L4(Ω)) + ‖λ∗2‖L2(0,T ;L4(Ω))

≤ Cλ
(
‖c∗1(T )− c1T ‖L2(Ω) + ‖c∗2(T )− c2T ‖L2(Ω)

)
.

For the proof we refer to Appendix B.3.

3.3. Second-order optimality conditions. In Section 3.2 we have investigated
the first-order necessary optimality conditions for (Pε). To ensure that a solution
(x∗, p∗) satisfying (2.4), x∗ ∈ Kad, (3.3) and (3.6) solves (Pε), we have to guarantee
second-order sufficient optimality. This is the focus of this section. To introduce
the critical cone later on, we recall the tangent and normal cones.

Definition 3.7. Let K be a convex subset of a Hilbert space Z and z ∈ K. The set

TK(z) = {z̃ ∈ Z : there exists z(σ) = z + σz̃ + o(σ) ∈ K as σ ↘ 0}
is called the tangent cone at the point z. Moreover, the normal cone NK at the
point z is given by

NK(z) = {z̃ ∈ Z : 〈z̃, ẑ − z〉Z ≤ 0 for all ẑ ∈ K}.
In case of z 6∈ K these two cones are set equal to the empty set.

For K = Kad we have the following characterizations.

Lemma 3.8. Let x = (c1, c2, u) ∈ Kad.

a) TKad
(x) =W (0, T )×W (0, T )× TUad

(u), where

TUad
(u) = {ũ ∈ L2(0, T ) : ũ(t) ∈ T[ua(t),ub(t)](u(t)) for t ∈ [0, T ] a.e.},

where for a, b, s ∈ R with a ≤ b

T[a,b](s) =





R+ = {t ∈ R : t ≥ 0} if s = a,
R− = {t ∈ R : t ≤ 0} if s = b,
R otherwise.
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b) NKad
(x) = {0} × {0} ×NUad

(u), where

NUad
(u) = {ũ ∈ L2(0, T ) : ũ(t) ∈ N[ua(t),ub(t)](u(t)) for t ∈ [0, T ] a.e.}.

That is,

ũ(t) ∈





R+ = {t ∈ R : t ≥ 0} if u(t) = ua(t),
R− = {t ∈ R : t ≤ 0} if u(t) = ub(t),
R otherwise.

c) Moreover,

(3.12)
TUad

(u∗) ∩ {ξ∗}⊥

= {u ∈ L2(0, T ) : u ≥ 0 on A∗
−, u ≤ 0 on A∗

+ and u = 0 on A∗
±},

where ξ∗ ∈ NUad
is the Lagrange multipliers introduced in Theorem 3.4, S⊥

denotes the orthogonal complement of a set S, and A∗
± = {t ∈ [0, T ] : ξ∗ >

0 or ξ∗ < 0 a.e.} ⊂ A∗.

Proof. The characterization of the tangent and normal cones is a classical result.
For a proof we refer to [Roc74]. What remains to show is (3.12). Due to (3.10) we
have ξ∗ ∈ NUad

(u∗) satisfying ξ∗ = 0 on the set [0, T ] \ A∗
±. Suppose that t ∈ A∗

−.
We conclude T[ua(t),ub(t)](u

∗(t)) = R+. Thus, u ∈ TUad
(u∗) implies u ≥ 0 on A∗

− by
part a). Analogously, u ≤ 0 on A∗

+ holds. Hence,

TUad
(u∗) ∩ {ξ∗}⊥ = {ũ ∈ L2(0, T ) : ũ(t) ∈ T[ua(t),ub(t)](u

∗(t)) for t ∈ [0, T ] a.e.}

∩
{
u ∈ L2(0, T ) :

∫

A∗
±

ξ∗udt = 0
}
.

Since ξ∗ > 0 and u ≥ 0 on A∗
− ∩ A∗

± and ξ∗ < 0 and u ≤ 0 on A∗
+ ∩ A∗

±, (3.12)
holds. ¤

Suppose that the point x̄ = (c̄1, c̄2, ū) ∈ X satisfies the first-order necessary
optimality conditions. By Proposition 3.2 there exists unique Lagrange multipliers
p̄ = (λ̄1, λ̄2, µ̄1, µ̄2) ∈ Y and ξ̄ ∈ NUad

satisfying the first-order necessary optimality
conditions

(3.13) ∇xLε(x̄, p̄) + (0, ξ̄)T = 0, x̄ ∈ Kad and e(x̄) = 0.

Now we introduce the critical cone at x̄.

Definition 3.9. The critical cone at x̄ is defined by

C(x̄) = {δx ∈ TKad
(x̄) ∩ {(0, 0, ξ̄)}⊥ : δx ∈ N(∇e(x̄)}.

The critical cone at x̄ is the set of directions of non-increase of the cost that are
tangent to the feasible set {x ∈ Kad : e(x) = 0}. This is formulated in the next
lemma.

Lemma 3.10. It follows that ∇Jε(x̄)δx = 0 for all δx ∈ C(x̄).
Proof. Let δx = (δc1, δc2, δu) ∈ C(x̄). From (3.13), δx ∈ N(∇e(x̄)) and δx ∈
{(0, 0, ξ̄)}⊥ we infer that

0 =
(
∇xLε(x̄, p̄) + (0, 0, ξ̄)T

)
δx = ∇Jε(x̄)δx,

which gives the proof. ¤
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Now we turn to the second-order necessary optimality conditions. Let δx =
(δc1, δc2, δu) ∈ X. We find

(3.14)

∇2xLε(x̄, p̄)(δx, δx) =
∫

Ω

β1|δc1(T )|2 + β2|δc2(T )|2 dx

+
1

ε
∇2I(ū)(δu, δu) +

∫ T

0

γ|δu|2 dt

+

∫ T

0

∫

Ω

(2k1λ̄1 + 2k2λ̄2)δc1δc2 dxdt.

In Theorem 2.9 we have denoted by x∗ the local solution to (Pε). The associated
unique Lagrange multipliers are p∗ and ξ∗, see Theorem 3.4.

Definition 3.11. The second-order necessary optimality conditions are defined as

(3.15) ∇2xLε(x∗, p∗)(δx, δx) ≥ 0 for all δx ∈ C(x∗).
Now let x̄ = x∗ be a local solution to (Pε).

Theorem 3.12. The point (x∗, p∗) satisfies the second-order necessary optimality
condition (3.15).

Proof. We apply analogous arguments as in the proof of Theorem 2.7 in [BZ99].
The equality constraints can be written as

e(x) ∈ KY = {0} ⊂ Y,

where, of course, KY is a closed convex set. Thus, the result follows provided the
following strict semi-linearized qualification condition

(CQA) 0 ∈ int {∇e(x∗)((Kad − x∗) ∩ {(0, 0, ξ∗)}⊥)} ⊂ Y

holds. In our case we have

(Kad − x∗) ∩ {(0, 0, ξ∗)}⊥ =W (0, T )×W (0, T )×
((
Uad − u∗

)
∩ {ξ∗}⊥

)
.

Let z ∈ Y be arbitrary, close enough to zero. Then (CQA) follows if there exists an
element δx = (δc1, δc2, δu) ∈W (0, T )×W (0, T )× (Uad − u∗) ∩ {ξ∗}⊥) satisfying
(3.16) ∇e(x∗)δx = z.

Due to Proposition 3.2 the operator ∇(c1,c2)e(x∗) is bijective. Thus, there exists
even a unique pair (δc1, δc2) ∈W (0, T )×W (0, T ) such that

∇(c1,c2)e(x∗)(δc1, δc2) = z −∇ue(x
∗)δu

for arbitrary δu ∈ L2(0, T ). This gives (3.16) so that the claim follows. ¤

Remark 3.13. As is proved in [BZ99], condition (CQA) implies uniqueness of the
Lagrange multipliers p∗ and ξ∗. ♦

Definition 3.14. Suppose that x̄ satisfies the first-order necessary optimality con-
ditions with associated unique Lagrange multipliers p̄ ∈ Y and ξ̄ ∈ NUad

(ū). At
(x̄, p̄), the second-order sufficient optimality condition holds if there exists κ > 0
such that

∇2xLε(x̄, p̄)(δx, δx) ≥ κ‖δx‖2X for all δx ∈ C(x̄).
Theorem 3.15. If ‖c∗1(T ) − c1T ‖L2(Ω) + ‖c∗2(T ) − c2T ‖L2(Ω) is sufficiently small,
the second-order sufficient optimality condition is satisfied.
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Proof. Let δx = (δc1, δc2, δu) ∈ C(x∗) \ {0}. Then we have

∇2I(ū)(δu, δu) = 6
[ ∫ T

0

ūdt− uc
]
+

(∫ T

0

δudt
)2
≥ 0.

Using Hölder’s and Gagliardo-Nierenberg’s inequality, (2.2), (3.1) and (3.14), we
estimate

∇2xLε(x∗, p∗)(δx, δx)
≥ γ

2
‖δu‖2L2(0,T ) +

γ

2C2N

(
‖δc1‖2W (0,T ) + ‖δc2‖

2
W (0,T )

)

− 2C2GNC
2
W

(
k1‖λ∗1‖L2(0,T ;L4(Ω)) + k2‖λ∗2‖L2(0,T ;L4(Ω))

)
‖δc1‖W (0,T )‖δc2‖W (0,T )

≥ γ

2
‖δu‖2L2(0,T ) +

(
‖δc1‖2W (0,T ) + ‖δc2‖

2
W (0,T )

)

·
( γ

2C2N
−K1

(
‖λ∗1‖L2(0,T ;L4(Ω)) + ‖λ∗2‖L2(0,T ;L4(Ω))

))
,

where we set K1 = max(k1, k2)C
2
GNC

2
W > 0. Due to (3.11) we find

∇2xLε(x∗, p∗)(δx, δx)
≥ γ

2
‖δu‖2L2(0,T ) +

(
‖δc1‖2W (0,T ) + ‖δc2‖

2
W (0,T )

)

·
( γ

2CN
−K2

(
‖c∗1(T )− c1T ‖L2(Ω) + ‖c∗2(T )− c2T ‖L2(Ω)

))

with the constant K2 = K1Cλ > 0. Now, for instance, if

‖c∗1(T )− c1T ‖L2(Ω) + ‖c∗2(T )− c2T ‖L2(Ω) ≤
γ

4K2CN

holds, the second-order sufficient optimality condition is satisfied for the coercivity
constant κ = γmin(1, 1/CN )/2. ¤

Remark 3.16. 1) Notice that smallness of the two terms ‖c∗i (T )− ciT ‖L2(Ω),
i = 1, 2, ensures that

∇2xLε(x∗, p∗)(δx, δx) ≥ κ ‖δx‖2X for all δx ∈ N(∇e(x∗)).
Since C(x∗) ⊂ N(∇e(x∗)) holds, the second-order sufficient optimality con-
dition is satisfied.

2) Utilizing polyhedricity of the feasible set and the theory of Legendre forms
the second-order optimality condition

(3.17) ∇2xLε(x̄, p̄)(δx, δx) > 0 for all δx ∈ C(x̄) \ {0}
is already sufficient [BS03, Chapter 3]. Note that (3.17) is very close the
second-order sufficient condition introduced in Definition 3.14.

2) Arguing as in the proof of Theorem 4.12 in [Vol01] it follows that the
second-order sufficient optimality condition is equivalent to the quadratic
growth condition, i.e., equivalent to the existence of a constant % > 0 such
that

Jε(x) ≥ Jε(x̄) + % ‖x− x̄‖2X + o(‖x− x̄‖X) for all x ∈ K
with K = {x ∈ X : x ∈ Kad and e(x) = 0}. ♦
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4. The primal-dual active set method

In this section we describe the primal-dual active set strategy for nonlinear prob-
lems and review convergence results. For more details and for the proofs we refer
the reader to [IK02].

Due to Theorem 2.3 we can define the solution operator

S : L2(0, T )→W (0, T )×W (0, T )

by (c1, c2) = S(u) for u ∈ L2(0, T ), where the pair (c1, c2) ∈ W (0, T )×W (0, T ) is
the solution to (2.4). Introducing the reduced cost functional

Ĵε(u) = Jε(S(u), u),

problem (Pε) can be expressed as

(P̂ε) min Ĵε(u) s.t. u ∈ Uad.

Notice that (P̂ε) is a minimization problem with bilateral control constraints but

with no equality constraints. The gradient of Ĵε at a point u ∈ L2(0, T ) is given by

(4.1) Ĵε(u) = γ(u∗ − ud) +
1

ε
g′
(∫ T

0

u∗ dt− uc
)
−
∫

Γc

αλ∗2 dx ∈ L2(0, T ),

where (λ1, λ2) ∈W (0, T )×W (0, T ) solves (3.3) for the state pair (c1, c2), which is
the solution to (2.4) for the control input u.

From Theorem 3.4 we derive that the first-order necessary optimality conditions

〈Ĵε(u∗), u− u∗〉L2(0,T ) ≥ 0 for all u ∈ Uad

are equivalent to

(4.2a) γ(u∗ − ud) +
1

ε
g′
(∫ T

0

u∗ dt− uc
)
−
∫

Γc

αλ∗2 dx+ ξ∗ = 0 in L2(0, T )

where the Lagrange multiplier ξ∗ ∈ NUad
(u∗) associated to the bilateral control

constraints satisfies

(4.2b) ξ∗ = max
{
0, ξ∗ + (u∗ − ub)

}
+min

{
0, ξ∗ + (u∗ − ua)

}
in L2(0, T ).

In (4.2b) the functions max and min are interpreted as pointwise a.e. operations.
We next specify the primal-dual active set method.

Algorithm 4.1 (Primal-dual active set strategy).

1) Choose (u0, ξ0) ∈ L2(0, T )× L2(0, T ), σ > 0 and set k = 0.
2) Determine the active sets

Ak− =
{
t ∈ [0, T ] : uk(t) +

ξk(t)

σ
< ua(t)

}
,

Ak+ =
{
t ∈ [0, T ] : uk(t) +

ξk(t)

σ
> ub(t)

}

and set Ik = [0, T ] \ (Ak− ∪Ak+).
3) If k ≥ 1 and Ak+ = Ak−1+ , Ak− = Ak−1− , then STOP.
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4) Solve for (c1, c2, u, λ1, λ2) ∈W (0, T )×W (0, T )×L2(Ik)×W (0, T )×W (0, T )
the coupled linear system

(4.3)





(c1)t = d1∆c1 − k1c1c2 in Q,

(c2)t = d2∆c2 − k2c1c2 in Q,

d1
∂c1
∂n = 0 on Σ,

d2
∂c2
∂n = uaα on Ak− × Γc,

d2
∂c2
∂n = ubα on Ak− × Γc,

d2
∂c2
∂n = uα on Ik × Γc,

c1(0) = c10 in Ω,

c2(0) = c20 in Ω,

−(λ∗1)t = d1∆λ
∗
1 − k1c∗2λ∗1 − k2c∗2λ∗2 in Q,

−(λ∗2)t = d2∆λ
∗
2 − k1c∗1λ∗1 − k2c∗1λ∗2 in Q,

d1
∂λ∗1
∂n = 0 on Σ,

d2
∂λ∗2
∂n = 0 on Σ,

λ∗1(T ) = −β1(c∗1(T )− c1T ) in Ω,

λ∗2(T ) = −β2(c∗2(T )− c2T ) in Ω,

γ(u− ud) =
∫
Γc
αλ2 dx− 1

ε g
′
( ∫ T
0
ūk dt− uc

)
in Ik

with ūk = ua in Ak−, ū
k = ub in Ak+ and ūk = u in Ik.

5) Set (ck+11 , ck+12 , λk+11 , λk+12 ) = (c1, c2, λ1, λ2), u
k+1 = ua in Ak−, u

k+1 = ub
in Ak+ and uk+1 = u in Ik and

(4.4) ξk+1 =

∫

Γc

αλk+12 dx− 1

ε
g′
( ∫ T

0

uk+1 dt− uc
)
− γ(uk+1 − ud) in [0, T ].

Set k = k + 1 and go back to step 2).

Remark 4.2.

1) Notice that (4.3) are the first-order necessary optimality conditions for

(P̂k
ε) min Ĵε(u) s.t. u = ua in Ak− and u = ub in A

k
+,

that is a minimization problem without any inequality constraints.
2) In Section 5 we solve (4.3) by applying an inexact Newton method to (P̂k

ε).
The inexact Newton step is computed by utilizing the CG method with neg-
ative curvature test (see, e.g., [NW99, Section 6.2]) to the Newton system
(restricted to the inactive set Ik)

(4.5) ∇2Ĵε(ui)|Ik δui|Ik = −∇Ĵε(ui)|Ik for i ≥ 0

with zero initial guess δui ≡ 0 in Ak− ∪ Ak+ for all i. More precisely, if

R : L2(Ik) → L2(0, T ) is the linear extension-by-zero operator from the
inactive set Ik to (0, T ), then in fact (4.5) reads

(4.6) ∇2Ĵε(ui)(Rδui|Ik , R ·) = −∇Ĵε(ui)(R ·) in L2(Ik) for i ≥ 0



18 R. GRIESSE AND S. VOLKWEIN

To compute the right-hand side in (4.5) for given current iterate ui we have
to solve the state and adjoint equations. For each CG step, the solutions
to a linearized state and an adjoint problem have to be computed.

3) The strategy for choosing the current active sets Ak
− and Ak+ is based on

convex analysis techniques (see [BIK99, IK00]). Due to the simple nature

of the box constraints in (P̂ε) this strategy is related to strategies already
used in [Ber92, HI84]. ♦

In the case of g ≡ 0, sufficient conditions for global convergence of Algorithm 4.1
were given in [IK02]. The proof is based theoretically on descent properties of the
merit function Φ : L2(0, T )× L2(0, T )→ IR defined as

Φ(u, ξ) = γ2
∫ T

0

(
[u− ua]2+ + [ub − u]2+

)
dt+

∫

A−(u)

[ξ]2− dt+

∫

A+(u)

[ξ]2+ dt,

where [x]+ = max{0, x} and [x]− = −min{0, x} denote the positive and negative
part functions, respectively, and A−(u) = {t ∈ [0, T ] : u ≤ ua}, A+(u) = {t ∈
[0, T ] : u ≥ ub}.

By expressing the primal-dual active set method as a partial semi-smooth New-
ton algorithm for (4.2), sufficient conditions for super-linear convergence were also
derived in [IK02]. Since only the nonlinearity due to the max and min operations
are linearized, whereas u 7→ S(u) is not, the method is called a partial semi-smooth
Newton algorithm. Next we specify the nonlinear equation, which is the starting
point for proving superlinear convergence of Algorithm 4.1. First notice that (4.2b)
is equivalent to

(4.7) ξ = max
{
0, ξ + σ(u− ub)

}
+min

{
0, ξ + σ(u− ua)

}
for every σ > 0.

Choosing σ = γ (an essential prerequisite in proving superlinear convergence) in
(4.7) we find

(4.8) −ξ∗ +max
{
0, ξ∗ + γ(u− ub)

}
+min

{
0, ξ∗ + γ(u− ua)

}
= 0.

Inserting the optimality condition (4.2a) into (4.8) we derive

(4.9)

0 = γ(u− ud) +
1

ε
g′
(∫ T

0

udt− uc
)
−
∫

Γc

αλ2 dx

+max
{
0,

∫

Γc

αλ2 dx−
1

ε
g′
(∫ T

0

udt− uc
)
+ γ(ud − ub)

}

+min
{
0,

∫

Γc

αλ2 dx−
1

ε
g′
(∫ T

0

udt− uc
)
− γ(ua − ud)

}
.

Notice that

a− b+max{0, b− c} = a− c+max{0, c− b} for all a, b, c ∈ IR.

Taking

a = γ(u− ud), b =
∫

Γc

αλ2 dx−
1

ε
g′
(∫ T

0

udt− uc
)
, c = γ(ub − ud)

we infer from (4.9) that (4.2) is equivalent to

(4.10) F(u) = 0 in L2(0, T )
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with the nonlinear mapping F : L2(0, T )→ L2(0, T ) given by

F(u) = γ(u− ub)

+ max
{
0, γ(ub − ud)−

∫

Γc

αλ2 dx+
1

ε
g′
(∫ T

0

udt− uc
)}

+min
{
0,

∫

Γc

αλ2 dx−
1

ε
g′
(∫ T

0

udt− uc
)
− γ(ua − ud)

}
.

where λ2 = λ2(u) depends on u via the nonlinear state and the linear adjoint
equations.

Remark 4.3. Note that F is generalized differentiable in the sense of [HIK03];
see also [Ulb03] for a related approach. This infinite-dimensional generalized dif-
ferentiability concept of the max and min functions requires a norm gap which
is guaranteed by the smoothing properties of the mapping u 7→ λ2(u). For each
u ∈ L2(0, T ), the argument under the max and min functions which depends on u

is an element of L4(0, T ), which can be seen as follows. First of all, g′(
∫ T
0
udt−uc)

is a scalar. Secondly, with α ∈ L∞(0, T ;L2(Γc)) we have
∫ T

0

∣∣∣∣
∫

Γc

αλ2 dx

∣∣∣∣
p

dt ≤ ‖α‖pL∞(0,T ;L2(Γc))

∫ T

0

‖λ2(t)‖pL2(Γc)
dt.

As the trace operator is continuous from H1/2(Ω) to L2(Γc), say with operator
norm CT , and by the interpolation inequality, see, e.g., [LM72], ‖ϕ‖H1/2(Ω) ≤
CI‖ϕ‖1/2H1(Ω)‖ϕ‖

1/2
L2(Ω) holds, we have

∫ T

0

∣∣∣∣
∫

Γc

αλ2 dx

∣∣∣∣
p

dt ≤ (CTCI)
p ‖α‖pL∞(0,T ;L2(Γc))

∫ T

0

‖λ2(t)‖p/2H1(Ω)‖λ2(t)‖
p/2
L2(Ω) dt.

Since λ2 is an element of W (0, T ), we can estimate the second term in the integral

by ‖λ2‖p/2L∞(0,T ;L2(Ω)) and find that the right hand side remains finite for 1 ≤ p ≤ 4.

♦

Next we turn to the semi-smooth Newton method, which — in contrast to Al-
gorithm 4.1 — also linearizes the mapping u 7→ S(u). Suppose that δuk is the
computed inexact Newton step solving (4.5). Then, instead of using (4.4), the
Lagrange multiplier is updated by

(4.11) ξk+1 =





∫

Γc

αλk+12 dx− 1

ε
g′(

∫ T

0

uk+1 dt− uc)− γ(uk+1 − ud)

−1

ε
g′′(

∫ T

0

uk+1 dt− uc) ·
∫ T

0

δuk(t) dt in Ak− ∪Ak+,

0 in Ik.

Note that (4.11) is one Newton step for the optimality condition (4.2a). Com-
monly, condition (4.2a) is linear in u and λ (and y), so δuk does not appear in its
linearization, see, for example, [IK02]. We also mention that the choice of σ = γ is
only of theoretical interest. In the numerical implementation, usually σ is set to a
larger value in order to prevent optimization variables to jump from the upper to
the lower bound (or vice versa) in consecutive iterations, see [Sta03].
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5. Numerical Examples

In this section, we describe the behavior of the primal-dual and the semi-smooth
Newton methods by means of some examples of our penalized problem (Pε). All
coding is done in Matlab using routines from the Femlab 2.2 package concern-
ing the finite element implementation. The given CPU times were obtained on
a standard 1700 MHz desktop PC. They include only the run time for the core
algorithm, excluding the generation of the mesh, pre-computing integrals and in-
complete Cholesky decompositions. The three-dimensional geometry of the problem
is given by the annular cylinder between the planes z = 0 and z = 0.5 with inner
radius 0.4 and outer radius 1.0 whose rotational axis is the z-axis (Figure 5.2). The
control boundary Γc is the upper annulus, and we use the control shape function

(5.1) α(t, x) = exp
(
−5
[
(x− 0.7 cos(2πt))2 + (y − 0.7 sin(2πt))2

])
,

see Figure 5.1. Note that α corresponds to a nozzle circling for t ∈ [0, 1] once around
in counter-clockwise direction at a radius of 0.7. For fixed t, α is a function which
decays exponentially with the square of the distance from the current location of
the nozzle.

Figure 5.1. Control shape function α(t, x) at t = 0.0, t = 0.25,
and t = 0.5.

The ’triangulation’ of the domain Ω by tetrahedra is also shown in Figure 5.2.
It was created using an initial mesh obtained from meshinit(fem,’Hmax’,0.4).
As the geometry suggests that much of the reaction will take place near the top
surface Γc of the annular cylinder, we refine this initial mesh near the top using
the command meshinit(fem,’Hexpr’,’0.4*(0.5-z)+0.10’,· · · ). The final mesh
consists of 1797 points and 7519 tetrahedra. In the time direction, we use T = 1
and partition the interval into 100 subintervals of equal lengths. We use the semi-
implicit Euler time integration scheme for the state equation (2.3a)-(2.3b), where
the nonlinearities are treated as explicit terms, i.e., they are always taken from
the previous time step. In the adjoint equation, we use the same semi-implicit
scheme, i.e., the right hand side terms in (3.3a)-(3.3b) are taken from the previously
computed time step. The elliptic problem which arises on each time level in the
state and adjoint equations is solved using the conjugate gradient method with
incomplete Cholesky preconditioning. Note that the preconditioner needs to be
computed only once since the coefficient matrices are the same in each time step,
provided the time step lengths are all identical.

The gradient of the reduced cost functional ∇Ĵε given in (4.1) is then assembled
using the pre-computed expressions

∫
Γc
α(ti, x) dx. This strategy clearly follows

the paradigm of optimize-then-discretize. Consequently, on the discrete level, the
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Figure 5.2. Domain Ω ⊂ IR3 and its triangulation with tetrahedra

gradient and also the Hessian of the reduced cost functional are evaluated only to
a certain accuracy, which depends on the level of discretization. Hence, even if
the reduced Hessian system (4.5) was solved to full machine precision, the discrete
solution of (3.6) would in general only be found up to a residual whose size depends
on the level of discretization. For the discretization parameters given above, we
used ‖∇Ĵε(un)|In‖L2(0,T ) ≤ 3 · 10−3 as a termination criterion, which is evaluated

by setting the components of ∇Ĵε(un) to zero which correspond to either of the
active sets An+ or An−. Of course, coincidence of the active sets on two consecutive
iterations is also required for the algorithm to terminate.

5.1 Example 1. In the first example, we use the uniform control bounds

(5.2) ua ≡ 1 ub ≡ 5.

Controlling the second substance, we wish to steer the concentration of the first
substance to zero at terminal time T = 1, i.e., we choose

(5.3) β1 = 1 β2 = 0 c1T ≡ 0

The control cost parameter is γ = 10−2.
The chemical reaction is governed by equations (2.3a)–(2.3b) with parameters

(5.4) d1 = 0.15, d2 = 0.20, k1 = 1.0, k2 = 1.0.

As initial concentrations, we use

(5.5) c10 ≡ 1.0 c20 ≡ 0.0.

The discrete optimal solution without integral constraint (2.11) yield

(5.6)

∫ T

0

u∗(t) dt = 4.2401, Ĵε(u
∗) = 0.2413.

In order for this constraint to become relevant, we choose uc = 3.5 and enforce it
using the penalization parameter ε = 1.
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The numerical solution is obtained once using the primal-dual (Table 5.1) and
once using the semi-smooth Newton method (Table 5.2), from an initial guess u0 ≡
3. In both cases, the reduced Hessian system (4.5) was solved using the conjugate
gradient method, although due to the use of an optimize–then discretize strategy,
the matrix we obtain as an approximation to the reduced Hessian ∇2Ĵε(un) is only
approximately symmetric. The discrete analogue of (4.6) is

(5.7) R>∇2Ĵε(ui)R δui|In = −R>∇Ĵε(ui) for i ≥ 0.

This linear system of equations is of size 100 minus the cardinality of the active sets,
|An+| and |An−|. Here, R is derived from the identity matrix by canceling the rows
whose indices belong to either of the active sets. Our CG algorithm solves (5.7)

by evaluating ∇2Ĵε(ui) δui and then disregarding the active components. It also
respects the discrete L2(0, T )-inner product. As the solution of (5.7) required only
a few CG steps (Tables 5.1 and 5.2), no preconditioning was used here. Our CG
method also features a coercivity check: Should a direction of negative curvature be
encountered, the CG iteration is terminated prematurely. Otherwise, if (5.7) was
solved to sufficient accuracy, we still check the coercivity constant in the direction
of δu: If ∇2Ĵε(ui)(δu, δu)/‖δu‖2 is too small, then the direction δu is computed
once again with a modification of the reduced Hessian obtained by omitting the
terms which may spoil positive definiteness. These are the terms originating in the

PDE’s nonlinearity, corresponding to
∫ T
0

∫
Ω
(2k1λ̄1 + 2k2λ̄2)δc1δc2 dxdt in the full

Hessian (3.14). In the numerical examples presented, however, negative curvature
or insufficient coercivity did not occur.

The parameter σ which enters step 2) of Algorithm 4.1 (determining the active
sets) was chosen as σ = 102. The solution is shown in Figure 5.3. Recall that
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Figure 5.3. Example 1: Optimal control u (left) and control con-
straint multiplier ξ

without penalization, the optimal solution yielded an integral value of
∫ T
0
u∗(t) dt ≈

4.24, while with penalization parameter ε = 1, we are down to
∫ T
0
u∗(t) dt ≈ 3.58.

The primal-dual algorithm. In order to achieve local quadratic convergence,
the conjugate gradient method inside the primal-dual algorithm for (4.5) was ter-

minated when ‖r‖L2(0,T ) ≤ η · ‖∇Ĵε(un)‖L2(0,T ), where ‖r‖ denotes the norm

of the residual and η = min{0.5, ‖∇Ĵε(un)‖}. Finally, an Armijo backtracking
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n |An+| |An−| ‖∇Ĵε(un)|In‖ CG ‖r‖ α
1 0 0 5.8320E–02 2 2.3835E–03 5.0000E–01

3.2408E–02 3 7.2951E–04 1.0000E+00
4.6224E–03 4 1.7267E–05 1.0000E+00
2.3110E–04

2 15 15 7.3888E–03 3 4.0316E–05 1.0000E+00
1.0929E–03

3 19 15 3.3424E–03 3 1.4936E–06 1.0000E+00
1.9500E–04

Run time: 517 seconds Objective: 0.2702∫ T
0
u(t) dt = 3.5803

Table 5.1. Example 1 solved with the primal-dual active set
method. ‖∇Ĵε(un)|In‖ is the L2(0, T )-norm of the right hand side
in the reduced Hessian system.

line search was employed in the direction δun obtained from (4.5), with trial step
lengths αk = 2−k, k = 0, 1, 2, etc. A step of length αk was accepted whenever
Ĵε(u

n + αkδu
n) ≤ Ĵε(u

n) + 10−4 · d
dα Ĵε(u

n + αδun)|α=0.

n |An+| |An−| ‖∇Ĵε(un)|In‖ CG ‖r‖ α
1 0 0 5.8320E–02 4 6.8630E–05 5.0000E–01
2 5 0 1.9816E–02 5 7.2135E–05 1.0000E–00
3 17 14 2.5667E–02 2 2.0780E–04 5.0000E–01
4 14 14 1.3587E–02 3 4.1075E–05 1.0000E–00
5 19 15 7.0329E–03 1 2.3267E–05 1.0000E–00
6 18 15 1.1982E–03

Run time: 506 seconds Objective: 0.2702∫ T
0
u(t) dt = 3.5826

Table 5.2. Example 1 solved with the semi-smooth Newton
method. ‖∇Ĵε(un)|In‖ is the L2(0, T )-norm of the right hand side
in the reduced Hessian system.

The semi-smooth Newton method. In case of the semi-smooth Newton method
(Table 5.2), the reduced Hessian system (4.5) was solved also inexactly. Here, the
conjugate gradient iteration was terminated when ‖r‖ ≤ 3 · 10−4. That is, we
use a constant threshold here which does not depend on the progress in the outer
iteration. The same Armijo line search procedure was applied in the search direction
δu found in the CG iteration.

Comparing the solutions. Both methods obtained the solution depicted in Fig-
ure 5.3 within 15 CG iterations and roughly the same run time. Note that the final
residual ‖∇Ĵε(un)|In‖ achieved in the primal-dual run is smaller since in the next

to last Newton step, the desired tolerance of 3 · 10−3 is only scarcely missed. The
primal-dual and the semi-smooth Newton methods appear equally well-suited for
this problem. They proved to be robust with respect to the choice of the initial
guess.
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Figure 5.4. Example 1: Concentrations of substances 1 (left) and
2 (right) at times t = 0.25, t = 0.50, t = 0.75, and t = 1.00.
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5.2 Example 2. The second example was designed to be numerically more chal-
lenging. Recall that in the first example, the integral constraint was chosen such
that it required a rather moderate modification of the optimal solution without
integral constraint. To obtain a contrasting situation, we now use γ = 10−3 as
a weight for the control cost and uc = 1.8 as a bound in the integral constraint.
All other data are taken over from Example 1. Note that the smaller γ leads to
an increased control action, while the lowered integral constraint bound has the
opposite effect. The optimal solution is depicted in Figure 5.5. It has been ob-
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Figure 5.5. Example 2: Optimal control u (left) and control con-
straint multiplier ξ.

tained with the primal-dual active set method as described for Example 1. One
immediately observes that the active sets have an interesting structure in this ex-
ample. In particular, when the control enters the lower bound for the first time,
the constraint is only very weakly active. That is, the corresponding multiplier is
close to zero, which makes proper identification of the active sets a challenge for
both the nonlinear primal-dual and semi-smooth Newton methods.

Table 5.3 shows the convergence history of the primal-dual active set algorithm
again from an initial guess of u0 ≡ 3. We observe that significantly more outer
iterations are necessary in order to determine the active sets. Also, in every first
Newton step, the primal-dual method starts over with a fairly large contribution of
the penalty part to the objective. The first Newton steps taken all aim to reduce
mainly this part of the objective. This can be seen from the zero angle between the
search direction and the negative objective gradient. In other words, the reduced
Hessian matrix is a multiple of the identity matrix, being dominated by (1/ε)∇2I(u)
(see (A.28)).

6. Conclusion

We have presented an optimal control problem for a three-dimensional time-
dependent system of semilinear reaction-diffusion equations. The problem is sub-
ject to pointwise control constraints as well as a scalar integral control constraint.
The latter has not been treated as an explicit constraint by rather added to the ob-
jective as a penalty term. We have investigated the state equation and the problem
theoretically, presenting first- and second-order necessary and sufficient optimality
conditions as well as a convergence result as the penalty parameter tends to zero.
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n |An+| |An−| ‖∇Ĵε(un)|In‖ CG ‖r‖ angle objective penalty
1 0 0 4.2473E+00 1 4.1407E–02 0.00◦ 6.0656E-01 2.2882E-01

1.0379E+00 1 4.4998E–02 0.00◦ 4.3893E-01 3.6003E-02
2.3973E–01 1 4.7176E–02 0.00◦ 4.2233E-01 9.0226E-03
5.8519E–02 6 2.3392E–03 52.52◦ 2.0473E-01 2.0718E-03
1.2424E–02 7 7.7037E–05 36.58◦ 1.6440E-01 1.2367E-03
2.2656E–03

2 52 21 5.3326E+00 1 1.5598E–02 0.00◦ 1.1584E+00 8.2217E-01
1.3115E+00 1 2.3360E–02 0.00◦ 5.0886E-01 1.1913E-01
3.0751E–01 1 2.7113E–02 0.00◦ 4.4234E-01 2.5718E-02
6.4022E–02 2 2.4967E–03 62.19◦ 3.6867E-01 7.5459E-03
8.0378E–03 5 5.4365E–06 61.35◦ 3.6154E-01 5.9262E-03
1.6748E–04

3 17 38 4.9186E+00 1 8.4897E–03 0.00◦ 8.2320E-01 4.9814E-01
1.2121E+00 1 9.4278E–03 0.00◦ 4.2938E-01 7.1600E-02
2.8619E–01 1 9.9664E–03 0.00◦ 3.8880E-01 1.4939E-02
5.7817E–02 2 2.7543E–03 76.73◦ 3.7773E-01 6.5030E-03
6.4547E–03 7 1.5756E–05 66.44◦ 3.7424E-01 5.5492E-03
5.4716E–05

4 18 35 7.0924E–01 1 5.0034E–03 0.00◦ 3.9872E-01 3.6886E-02
1.5946E–01 1 5.6519E–03 0.00◦ 3.8415E-01 1.0484E-02
2.7040E–02 3 5.5633E–04 76.80◦ 3.8037E-01 6.3845E-03
1.6097E–03

5 14 50 2.1543E–01 1 1.2975E–03 0.00◦ 3.8378E-01 1.3592E-02
4.0717E–02 1 1.3730E–03 0.00◦ 3.8222E-01 7.1675E-03
3.9585E–03 7 3.8834E–06 72.65◦ 3.8183E-01 6.5111E-03
3.7167E–05

6 15 52 3.5305E–02 1 6.8442E–04 0.00◦ 3.8212E-01 7.0777E-03
3.1016E–03 5 8.4937E–07 75.66◦ 3.8205E-01 6.5734E-03
2.8178E–05

7 15 53 6.0990E–03 2 2.2282E–05 49.47◦ 3.8207E-01 6.6022E-03
1.2872E–04

Run time: 2113 seconds Objective: 0.38207∫ T
0
u(t) dt = 1.9876

Table 5.3. Example 2 solved with the primal-dual active set
method. ‖∇Ĵε(un)|In‖ is the L2(0, T )-norm of the right hand side
in the reduced Hessian system. The angle between the search di-
rection and the negative reduced objective’s gradient is also given.
The step length in the line search algorithm was always 1.

Primal-dual active set and semi-smooth Newton methods are known to handle
the resulting pointwise control-constrained problem efficiently. We have described
in detail how to apply them in the present situation. Finally, we have presented
two numerical examples of unequal difficulty.
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Appendix A. Proofs for Section 2

A.1. Proof of Theorem 2.3. In this section we prove that (2.4) possesses a unique
solution pair (c1, c2) ∈ W (0, T ) ×W (0, T ). Uniqueness is shown in Section A.1.1
and Section A.1.2 is devoted to ensuring the existence of a solution by applying the
Leray-Schauder fixed-point theorem.

A.1.1. Proof of uniqueness. Let (c1, c2), (c̃1, c̃2) ∈ W (0, T ) ×W (0, T ) be two
pairs of weak solutions to (2.4). Then, δc1 = c1− c̃1 ∈W (0, T ) and δc2 = c2− c1 ∈
W (0, T ) satisfy

(A.1a) δc1(0) = 0 and δc2(0) = 0 in L2(Ω)

and

(A.1b)

〈(δc1)t(t), ϕ〉H1(Ω)′,H1(Ω) +

∫

Ω

d1∇δc1(t) · ∇ϕdx

+

∫

Ω

k1
(
δc1(t)c2(t) + c̃1(t)δc2(t)

)
ϕdx = 0,

(A.1c)

〈(δc2)t(t), ϕ〉H1(Ω)′,H1(Ω) +

∫

Ω

d2∇δc2(t) · ∇ϕdx

+

∫

Ω

k2
(
δc1(t)c2(t) + c̃1(t)δc2(t)

)
ϕdx = 0

for all ϕ ∈ H1(Ω) and almost all t ∈ [0, T ]. Upon choosing ϕ = δc1(t) in (A.1b),
ϕ = δc2(t) in (A.1c) and adding both equations we obtain the inequality

(A.2)

1

2

d

dt

(
‖δc1(t)‖2L2(Ω) + ‖δc2(t)‖

2
L2(Ω)

)
+ d1‖δc1(t)‖2H1(Ω) + d2‖δc2(t)‖2H1(Ω)

≤ d1‖δc1(t)‖2L2(Ω) + d2‖δc2(t)‖2L2(Ω)

+

∫

Ω

k1
(
|δc1(t)2c2(t)|+ |c̃1(t)δc2(t)δc1(t)|

)
dx

+

∫

Ω

k2
(
|δc1(t)c2(t)δc2(t)|+ |c̃1(t)δc2(t)2|

)
dx

for almost all t ∈ [0, T ]. Next we estimate the two integrals on the right-hand side
of (A.2). Using Hölder’s, Gagliardo-Nierenberg’s and Young’s inequality we find

(A.3)

∫

Ω

|δc1(t)2c2(t)|dx ≤ ‖δc1(t)‖L2(Ω)‖δc1(t)‖L4(Ω)‖c2(t)‖L4(Ω)

≤ CGN‖δc1(t)‖5/4L2(Ω)‖δc1(t)‖
3/4
H1(Ω)‖c2(t)‖L4(Ω)

≤ d1
2k1

‖δc1(t)‖2H1(Ω) +K1‖c2(t)‖8/5L4(Ω)‖δc1(t)‖
2
L2(Ω)

for almost all t ∈ [0, T ] and for a constant K1 > 0 depending on d1, k1, and CGN .
Analogously, it follows that

(A.4)

∫

Ω

|c̃1(t)δc2(t)δc1(t)|dx ≤ ‖c̃1(t)‖L4(Ω)‖δc2(t)‖L2(Ω)‖δc1(t)‖L4(Ω)

≤ CGN‖c̃1(t)‖L4(Ω)‖δc2(t)‖L2(Ω)‖δc1(t)‖
3/4
H1(Ω)‖δc1(t)‖

1/4
L2(Ω)

≤ d1
2k1

‖δc1(t)‖2H1(Ω) +K2‖c̃1(t)‖8/5L4(Ω)

(
‖δc1(t)‖2L2(Ω) + ‖δc2(t)‖

2
L2(Ω)

)
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for almost all t ∈ [0, T ] and for a constant K2 > 0, which depends on d1, k1, and
CGN ,

(A.5)

∫

Ω

|δc1(t)c2(t)δc2(t)|dx ≤ ‖δc1(t)‖L2(Ω)‖c2(t)‖L4(Ω)‖δc2(t)‖L4(Ω)

≤ d2
2k2

‖δc2(t)‖2H1(Ω) +K3‖c2(t)‖8/5L4(Ω)

(
‖δc1(t)‖2L2(Ω) + ‖δc2(t)‖

2
L2(Ω)

)

for almost all t ∈ [0, T ] and for a constant K3 > 0 depending on d2, k2, and CGN
and

(A.6)

∫

Ω

|c̃1(t)δc2(t)2|dx ≤
d2
2k2

‖δc2(t)‖2H1(Ω) +K4‖c̃1(t)‖8/5L4(Ω)‖δc2(t)‖
2
L2(Ω)

for almost all t ∈ [0, T ] and for a constant K4 > 0, which depends on d2, k2, and
CGN . Inserting (A.3)–(A.6) into (A.2), we find that

(A.7)

1

2

d

dt

(
‖δc1(t)‖2L2(Ω) + ‖δc2(t)‖

2
L2(Ω)

)

≤ K5
(
1 + ‖c̃1(t)‖8/5L4(Ω) + ‖c2(t)‖

8/5
L4(Ω)

)(
‖δc1(t)‖2L2(Ω) + ‖δc2(t)‖

2
L2(Ω)

)

for almost all t ∈ [0, T ] and for a constant K5 depending on K1 through K4 and d1
and d2. Recall that the space L2(0, T ;H1(Ω)) is continuously embedded into the
space L8/5(0, T ;L4(Ω)); see, e.g., [DL92, p. 470 and p. 471]. Therefore, there exists
a constant K6 > 0 such that

∫ T

0

‖c̃1(t)‖8/5L4(Ω) + ‖c2(t)‖
8/5
L4(Ω) dt ≤ K6.

Hence, by Gronwall’s inequality we derive from (A.7) that
(
‖δc1(t)‖2L2(Ω) + ‖δc2(t)‖

2
L2(Ω)

)
≤ K7

(
‖δc1(0)‖2L2(Ω) + ‖δc2(0)‖

2
L2(Ω)

)
,

where K7 = exp(K5(T +K6)). Due to (A.1a) we have δc1 = δc2 = 0. Thus, c1 = c̃1
and c2 = c̃2 so that the claim follows.

A.1.2. Proof of existence. To prove existence of a weak solution, we apply the
Leray-Schauder fixed-point theorem. For a proof we refer to [GT77, p. 222].

Theorem A.1. Let T be a compact mapping of a Banach space B into itself and
suppose that there exists a constant M > 0 such that

‖ϕ‖B < M for all ϕ ∈ B and s ∈ [0, 1] satisfying ϕ = sT ϕ.
Then T has a fixed-point.

Here we choose the Banach space B = W (0, T ) × W (0, T ) and introduce the
linear operator T : B → B as follows: (c1, c2) = T (y1, y2) solves
(A.8a) c1(0) = c10 and c2(0) = c20 in L2(Ω)

and

(A.8b) 〈(c1)t(t), ϕ〉H1(Ω)′,H1(Ω) +

∫

Ω

d1∇c1(t) · ∇ϕ+ k1c1(t)y2(t)ϕdx = 0,

(A.8c)

〈(c2)t(t), ϕ〉H1(Ω)′,H1(Ω) +

∫

Ω

d2∇c2(t) · ∇ϕ+ k2y1(t)c2(t)ϕdx

= u(t)

∫

Γc

α(t)ϕdx
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for all ϕ ∈ H1(Ω) and almost all t ∈ [0, T ].

Remark A.2. Notice that for given (y1, y2) ∈ B the parabolic problems for c1 and
c2 are decoupled. ♦

Notice that the solvability of (2.4) is equivalent to the existence of a solution
pair (c1, c2) ∈ B to the problem (c1, c2) = T (c1, c2). Moreover, the equation
(c1, c2) = sT (c1, c2), s ∈ [0, 1], is equivalent to

(A.9a) c1(0) = sc10 and c2(0) = sc20 in L2(Ω)

and

(A.9b) 〈(c1)t(t), ϕ〉H1(Ω)′,H1(Ω) +

∫

Ω

d1∇c1(t) · ∇ϕ+ k1c1(t)y2(t)ϕdx = 0,

(A.9c)

〈(c2)t(t), ϕ〉H1(Ω)′,H1(Ω) +

∫

Ω

d2∇c2(t) · ∇ϕ+ k2y1(t)c2(t)ϕdx

= su(t)

∫

Γc

α(t)ϕdx

for all ϕ ∈ H1(Ω) and almost all t ∈ [0, T ]. The following proposition ensures that
T is well-defined and maps B into itself.

Proposition A.3. Suppose that c10, c20 ∈ L2(Ω) and u ∈ L2(0, T ). Then there
exists a unique solution pair (c1, c2) ∈ B to (A.8) for every pair (y1, y2) ∈ B.

Proof. Due to Remark A.2 we show that the function c1 is uniquely determined for
given pair (y1, y2) ∈ B. The proof for c2 is analogous. Let us introduce the bilinear
form

a(t;ϕ,ψ) =

∫

Ω

d1∇ϕ · ∇ψ + k1y2(t)ϕψ dx for ϕ,ψ ∈ H1(Ω) and t ∈ [0, T ].

Since

|a(t;ϕ,ψ)| ≤
(
d1 + k1C

2
L4‖y2‖C([0,T ];L2(Ω))

)
‖ϕ‖H1(Ω)‖ψ‖H1(Ω)

holds, it follows that a(t; · , ·) is continuous for all t ∈ [0, T ]. Here, CL4 > 0 denotes
the embedding constant satisfying

‖ϕ‖L4(Ω) ≤ CL4‖ϕ‖H1(Ω) for all ϕ ∈ H1(Ω).

Furthermore, using Hölder’s, Gagliardo-Nierenberg’s, and Young’s inequality, we
estimate

−
∫

Ω

y2(t)ϕ
2 dx ≤ ‖y2(t)‖L2(Ω)‖ϕ‖

2
L4(Ω)

≤ C2GN‖y2‖C([0,T ];L2(Ω)‖ϕ‖
3/2
H1(Ω)‖ϕ‖

1/2
L2(Ω)

≤ d1
2k1

‖ϕ‖2H1(Ω) +K8‖y2‖4C([0,T ];L2(Ω)‖ϕ‖
2
L2(Ω)

for a constant K8 > 0 depending on d1, k1, and CGN . Thus,

a(t;ϕ,ϕ) ≥ d1
2k1

‖ϕ‖2H1(Ω) −K9‖ϕ‖
2
L2(Ω) for all ϕ ∈ H1(Ω) and t ∈ [0, T ],

where K9 = d1+K8‖y2‖4C([0,T ];L2(Ω) > 0. By Theorems 1 and 2 in [DL92, pp. 512-

513] we infer that there exists a unique c1 ∈ W (0, T ) solving c1(0) = c10 in L2(Ω)
and (A.8b). Analogously, we derive the existence of a unique c2 ∈W (0, T ) satisfying
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c2(0) = c20 in L2(Ω) and (A.8c). Consequently, the claim of the proposition is
shown. ¤

Proposition A.4. The operator T is compact.

Proof. Let (y1, y2) ∈ B and {(yn1 , yn2 )}∞n=1 be a sequence in B satisfying (yn1 , y
n
2 )⇀

(y1, y2) in B as n tends to infinity. Then we prove that the sequence of pairs
(cn1 , c

n
2 ) = T (yn1 , yn2 ), n ∈ IN, converges strongly in B to (c1, c2) = T (y1, y2). The

functions zn1 = cn1 − c1 ∈W (0, T ) and zn1 = cn2 − c2 ∈W (0, T ) solve

(A.10a) zn1 (0) = 0 and zn2 (0) = 0 in L2(Ω)

and

(A.10b)

〈(zn1 )t(t), ϕ〉H1(Ω)′,H1(Ω) +

∫

Ω

d1∇zn1 (t) · ∇ϕdx

+

∫

Ω

k1
(
(yn2 (t)− y2(t))cn1 (t) + zn1 (t)y2(t)

)
ϕdx = 0,

(A.10c)

〈(zn2 )t(t), ϕ〉H1(Ω)′,H1(Ω) +

∫

Ω

d2∇zn2 (t) · ∇ϕdx

+

∫

Ω

k2
(
(yn1 (t)− y1(t))cn2 (t) + zn2 (t)y1(t)

)
ϕdx = 0

for all ϕ ∈ H1(Ω) and almost all t ∈ [0, T ]. Taking ϕ = zn1 (t) in (A.10b) and
utilizing Hölder’s inequality we estimate

(A.11)

1

2

d

dt
‖zn1 (t)‖2L2(Ω) + d1

(
‖zn1 (t)‖2H1(Ω) − ‖zn1 (t)‖

2
L2(Ω)

)

≤ k1‖yn1 (t)− y1(t)‖L4(Ω)‖cn2 (t)‖L4(Ω)‖zn1 (t)‖L2(Ω)

+ k1‖zn1 (t)‖L4(Ω)‖zn1 (t)‖L2(Ω)‖y2(t)‖L4(Ω).

Due to the Gagliardo-Nierenberg inequality and the Young inequality we find

‖yn1 (t)− y1(t)‖L4(Ω)‖cn2 (t)‖L4(Ω)‖zn1 (t)‖L2(Ω)

≤ 1

2
‖yn1 (t)− y1(t)‖2L4(Ω) +

1

2
‖cn2 (t)‖2L4(Ω)‖zn1 (t)‖

2
L2(Ω)

and

‖zn1 (t)‖L4(Ω)‖zn1 (t)‖L2(Ω)‖y2(t)‖L4(Ω)

≤ CGN‖zn1 (t)‖3/4H1(Ω)‖zn1 (t)‖
5/4
L2(Ω)‖y2(t)‖L4(Ω)

≤ d1
2k1

‖zn1 (t)‖2H1(Ω) +K10‖y2(t)‖8/5L4(Ω)‖zn1 (t)‖
2
L2(Ω)

for a constant K10 > 0 depending on d1, k1, and CGN . Inserting these two inequal-
ities into (A.11) we derive

(A.12)

‖zn1 (t)‖2L2(Ω) + d1

∫ t

0

‖zn1 (τ)‖2H1(Ω) dτ

≤ k1

∫ t

0

‖yn1 (t)(τ)− yn2 (τ)‖2L4(Ω) dτ.
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Since W (0, T ) is compactly embedded into L8/5(0, T ;L4(Ω)) and L2(0, T ;L4(Ω))
there exist constants K11,K12 > 0 such that

∫ T

0

k1‖cn2 (t)‖2L4(Ω) dt ≤ K11 and

∫ T

0

K10‖y2(t)‖8/5L4(Ω) dt ≤ K12.

Therefore, we infer from the Gronwall inequality

‖zn1 ‖2L2(Ω) ≤ k1‖yn1 y1‖2L2(0,T ;L4(Ω)) exp(d1 +K11 +K12).

By Aubin’s lemma (see, e.g., [Tem79, p. 271]) the space W (0, T ) is compactly
embedded into L2(0, T ;L4(Ω)). Thus, zn1 → 0 in L∞(0, T ;L2(Ω) as n tends to
infinity and (A.12) yields that → in L2 as n→∞. From (A.10b) we find also that
(zn1 )t → 0 in L2(0, T ;H1(Ω)′) so that we have limn→∞ ‖zn1 ‖W (0,T ) = 0. Analo-
gously, we obtain zn2 → 0 in W as n → ∞ so that the claim of the proposition is
shown. ¤

Proposition A.5. Let (c1, c2) ∈ B satisfy the fixed-point equation (c1, c2) =
sT (c1, c2) for s ∈ [0, 1]. Then there exists a T0 ∈ (0, T ] and a constant M > 0
such that ‖(c1, c2‖W (0,T0) ≤M .

Proof. We choose ϕ = c1(t) in (A.9b) and ϕ = c2(t) in (A.9c). Adding both
equations we obtain

(A.13)

1

2

d

dt

(
‖c1(t)‖2L2(Ω) + ‖c2(t)‖

2
L2(Ω)

)

+d1
(
‖c1‖2H1(Ω) − ‖c1‖

2
L2(Ω)

)
+ d2

(
‖c2‖2H1(Ω) − ‖c2‖

2
L2(Ω)

)

+

∫

Ω

k1c1(t)
2c2(t) + k2c1(t)c2(t)

2 dx = u(t)

∫

Γc

α(t)c2(t) ds

for almost all t ∈ [0, T ]. Applying Hölder’s inequality we conclude that

(A.14)

∫

Γc

α(t)c2(t) ds ≤ ‖α(t)‖L2(Γc)
‖c2(t)‖L2(Γc)

for almost all t ∈ [0, T ]. Since there exists a constant CΓ > 0 satisfying

‖ϕ‖L2(Γ) ≤ CΓ ‖ϕ‖H1(Ω) for all ϕ ∈ H1(Ω),

we derive from (A.14) and Young’s inequality

(A.15)
u(t)

∫

Γc

α(t)c2(t) ds ≤ CΓ |u(t)| ‖α(t)‖L2(Γc)
‖c2(t)‖H1(Ω)

≤ dmin

4
‖c2(t)‖2H1(Ω) +K13‖α(t)‖2L2(Γc)

|u(t)|2

with dmin = min(d1, d2) and K13 = C2Γ/(dmin). Next we estimate the integral term
on the left-hand side of equation (A.13). From Hölder’s, Gagliardo-Nierenberg’s
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and Young’s inequality
∫

Ω

c1(t)
2c2(t) dx ≤ ‖c1(t)‖L2(Ω)‖c1(t)‖L4(Ω)‖c2(t)‖L4(Ω)

≤ C2GN ‖c1(t)‖
3/4
H1(Ω)‖c1(t)‖

5/4
L2(Ω)‖c2(t)‖

3/4
H1(Ω)‖c2(t)‖

1/4
L2(Ω)

≤ 3ε4/3

4

(
‖c1(t)‖H1(Ω)‖c2(t)‖H1(Ω)

)

+
C8GN
4ε3

(
‖c1(t)‖5L2(Ω)‖c2(t)‖L2(Ω)

)

≤ 3ε4/3

8

(
‖c1(t)‖2H1(Ω) + ‖c2(t)‖

2
H1(Ω)

)

+
C8GN
4ε3

(5 ‖c1(t)‖6L2(Ω)

6
+
‖c2(t)‖6L2(Ω)

6

)

and
∫

Ω

c1(t)c2(t)
2 dx ≤ 3ε4/3

8

(
‖c1(t)‖2H1(Ω) + ‖c2(t)‖

2
H1(Ω)

)

+
C8GN
4ε3

(‖c1(t)‖6L2(Ω)

6
+

5 ‖c2(t)‖6L2(Ω)

6

)
.

for arbitrary ε > 0. Hence, we find

(A.16)

∫

Ω

k1c1(t)
2c2(t) + k2c1(t)c2(t)

2 dx

≤ 3ε4/3kmax

4

(
‖c1(t)‖2H1(Ω) + ‖c2(t)‖

2
H1(Ω)

)

+
K14
ε3

(
‖c1(t)‖6L2(Ω) + ‖c2(t)‖

6
L2(Ω)

)

with kmax = max(k1, k2) > 0 and K14 = 5kmaxC
8
GN/24. Next we choose ε =

4
√
d3

min
/(27k3

max
) and set K15 = 2K14/ε

3, K16 = 2K13. Combining (A.13), (A.15),
and (A.16) it follows that

(A.17)

d

dt

(
‖c1(t)‖2L2(Ω) + ‖c2(t)‖

2
L2(Ω)

)
+ dmin

(
‖c1‖2H1(Ω) + ‖c2‖

2
H1(Ω)

)

≤ K15
(
‖c1(t)‖6L2(Ω) + ‖c2(t)‖

6
L2(Ω)

)
+ 2

(
‖c1(t)‖2L2(Ω) + ‖c2(t)‖

2
L2(Ω)

)

+K16‖α(t)‖2L2(Γc)
|u(t)|2

≤ K17
(
‖c1(t)‖6L2(Ω) + ‖c2(t)‖

6
L2(Ω) + ‖c1(t)‖

2
L2(Ω) + ‖c2(t)‖

2
L2(Ω)

)

+K17|u(t)|2

for almost all t ∈ [0, T ] and K17 = max(K15, 2,K16‖α‖2L∞(0,T ;L2(Γc))
). Notice that

‖c1(t)‖6L2(Ω) + ‖c1(t)‖
2
L2(Ω) ≤ ‖c1(t)‖

2
L2(Ω)

(
1 + ‖c1(t)‖2L2(Ω)

)2

and

‖c2(t)‖6L2(Ω) + ‖c2(t)‖
2
L2(Ω) ≤ ‖c2(t)‖

2
L2(Ω)

(
1 + ‖c2(t)‖2L2(Ω)

)2
.
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Consequently,

(A.18)

d

dt

(
‖c1(t)‖2L2(Ω) + ‖c2(t)‖

2
L2(Ω)

)
+ dmin

(
‖c1‖2H1(Ω) + ‖c2‖

2
H1(Ω)

)

≤ K17‖c1(t)‖2L2(Ω)

(
1 + ‖c1(t)‖2L2(Ω)

)2

+K17

(
‖c1(t)‖2L2(Ω)

(
1 + ‖c1(t)‖2L2(Ω)

)2
+ |u(t)|2

)
.

Let us define wi(t) = 1 + ‖ci(t)‖2L2(Ω) ≥ 1 for i = 1, 2. Then it follows from (A.18)

that
d

dt

(
w1(t) + w2(t)

)2 ≤ K17

((
w1(t) + w2(t)

)3
+ |u(t)|2

)

≤ K17
(
1 + |u(t)|2

)(
w1(t) + w2(t)

)3

for almost all t ∈ [0, T ]. Thus,
∫ w1(0)+w2(0)

w1(t)+w2(t)

dz

z3
≤ K17

∫ t

0

(
1 + |u(τ)|2

)
dτ,

which yields

1

2(w1(0) + w2(0))2
− 1

2(w1(t) + w2(t))2
≤ K17

(
t+ ‖u‖2L2(0,t)

)
.

Consequently,

1

2(w1(t) + w2(t))2
≥ 1

2(w1(0) + w2(0))2
−K17

(
t+ ‖u‖2L2(0,t)

)
.

By the dominated convergence theorem (see, e.g., [RS80, p. 17]) there exists T̄1 ∈
(0, T ] such that

‖u‖2L2(0,t) ≤
1

4K17(w1(0) + w2(0))2
for almost all t ∈ (0, T̄1].

From this we derive

1

2(w1(t) + w2(t))2

≥
1− 2K17(t+ ‖u‖2L2(0,t))(w1(0) + w2(0))

2

2(w1(0) + w2(0))2

≥ 1− 2K17t− 1/2

2(w1(0) + w2(0))2
=

1− 2K17t

4(w1(0) + w2(0))2
for almost all t ∈ (0, T̄1].

Finally, we obtain

(
w1(t) + w2(t)

)2 ≤ 2(w1(0) + w2(0))
2

1− 4K17(w1(0) + w2(0))2t
for almost all t ∈ (0, T̄1].

Setting T1 = min(T̄1, 1/(8K17(w1(0) + w2(t))
2) we infer

‖c1(t)‖2L2(Ω) + ‖c2(t)‖
2
L2(Ω) ≤

(
w1(t) + w2(t)

)2 ≤ 4
(
w1(0) + w2(0)

)2

= 4
(
2 + ‖c10‖2L2(Ω) + ‖c20‖

2
L2(Ω)

)2
=: K18

for almost all t ∈ [0, T1]. Thus,

(A.19) c1, c2 ∈ L∞(0, T1;L
2(Ω)).
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By integrating (A.18) over the integral [0, T1] and using (A.19) we get

‖c1(T1)‖2L2(Ω) + ‖c2(T1)‖
2
L2(Ω) + dmin

∫ T1

0

‖c1(t)‖2H1(Ω) + ‖c2(t)‖
2
H1(Ω) dt

≤ ‖c10‖2L2(Ω) + ‖c20‖
2
L2(Ω) +K17

(
2TK18

(
1 +K18

)2
+ ‖u‖2L2(0,T1)

)
.

Hence, c1 and c2 are uniformly bounded in the L2(0, T1;H
1(Ω))-norm. This fact

together with (A.9b), (A.9c), (A.19) imply that ‖(ci)t‖L2(0,T1;H1(Ω)′) is uniformly
bounded for i = 1, 2. Therefore, c1 and c2 are uniformly bounded in W (0, T ) by a
constant M , which gives the claim. ¤

Now we prove the existence of a solution to (2.4). By applying Theorem A.1 we
infer the existence of a solution pair (c11, c

1
2) ∈ W (0, T1) ×W (0, T1) from Proposi-

tions A.3-A.5. Let us define the operator T̃ : B → B by

(c1, c2) = T̃ (y1, y2) =
{

(c11, c
1
2) on [0, T1]× Ω,

(c21, c
2
2) on (T1, T ]× Ω,

where c21, c
2
2 solve

(A.20a) c21(T1) = c11(T1) and c22(T1) = c11(T1) in L2(Ω)

and

(A.20b) 〈(c21)t(t), ϕ〉H1(Ω)′,H1(Ω) +

∫

Ω

d1∇c21(t) · ∇ϕ+ k1c
2
1(t)y2(t)ϕdx = 0,

(A.20c)

〈(c22)t(t), ϕ〉H1(Ω)′,H1(Ω) +

∫

Ω

d2∇c22(t) · ∇ϕ+ k2y1(t)c
2
2(t)ϕdx

= u(t)

∫

Γc

α(t)ϕdx

for all ϕ ∈ H1(Ω) and almost all t ∈ [T1, T ]. Note that Propositions A.3 and A.4

also holds for the operator T̃ . Let

z1 =

{
c11 on [0, T1]× Ω,
0 on (T1, T ]× Ω

and z2 =

{
c12 on [0, T1]× Ω,
0 on (T1, T ]× Ω.

Then we have ci−zi = 0 in [0, T1]×Ω for i = 1, 2. In particular, (ci−zi)(T1) = 0 in
L2(Ω) for i = 1, 2. We take w2i (t) = 1+‖(ci−zi)(t)‖2L2(Ω) for i = 1, 2 and t ∈ [0, T ].

Then,

(A.21) w2i (T1) = 1 + ‖(ci − zi)(T1)‖2L2(Ω) = 1.

Let T̄2 ∈ (T1, T ] be chosen in such a way that

(A.22) ‖u‖L2(T1,t)
≤ 1

16K17
for almost all t ∈ (T1, T̄2].

Moreover, we define T2 = min(T̄2, T1 + 1/(32K17)). Then we obtain

(
w21(t) + w22(t)

)2 ≤ 2(w21(T1) + w22(T1))
2

1− 2K17(t+ ‖u‖L2(T1,T2)
)(w21(T1) + w22(T1))

2

=
8

1− 8K17 − 1/2
=

16

1− 16K17t
≤ 32
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for almost all t ∈ [0, T2], where we used (A.21), (A.22). Arguing as in the proof of
Proposition A.5 there exists a constant M̄ > 0 such that

‖c1 − z1‖W (0,T2)
+ ‖c2 − z2‖W (0,T2)

≤ M̄.

Hence,

‖c1‖W (0,T2)
+ ‖c2‖W (0,T2)

≤ ‖c1 − z1‖W (0,T2)
+ ‖c2 − z2‖W (0,T2)

+ ‖c11‖W (0,T1)
+ ‖c12‖W (0,T1)

≤ M̄ +M.

This implies existence of a solution pair (c1, c2) ∈ W (0, T2) ×W (0, T2). Now we
can use an introduction argument to get existence of a pair (c1, c2) ∈ B. Notice
that this induction is based on the existence of a finite decomposition

0 < T1 < . . . < Tm = T

of the interval [0, Tm] such that Ti = min(T̄i, Ti−1 + 1/(32K17) for i = 2, . . . ,m,
where T̄i ensures

‖u‖L2(Ti−1,t)
≤ 1

16K17
for almost all t ∈ (Ti−1, T̄i].

Thus,

‖c1‖W (0,Ti)
+ ‖c2‖W (0,Ti)

≤M + (i− 1)M̄ for i = 1, . . . ,m.

A.2. Proof of Corollary 2.4. Let (c1, c2) ∈ W (0, T ) ×W (0, T ) be the unique
solution to (2.4). Then the claim follows from Theorems 1 and 2 in [DL92, pp. 512-
513] provided the linear functional

F (ϕ) =

∫ T

0

∫

Ω

c1c2ϕdxdt for ϕ ∈ L2(0, T ;H1(Ω))

is continuous. Applying Hölder’s and Gagliardo-Nierenberg’s inequality we have
∫ T

0

∫

Ω

c1c2ϕdxdt ≤
∫ T

0

‖c1(t)‖L2(Ω)‖c2(t)‖L3(Ω)‖ϕ(t)‖L6(Ω) dt

≤ CGN‖c1‖C([0,T ];L2(Ω))‖c2‖
1/2
C([0,T ];L2(Ω))

∫ T

0

‖c2(t)‖1/2H1(Ω)‖ϕ(t)‖L6(Ω) dt

≤ CGN‖c1‖C([0,T ];L2(Ω))‖c2‖
1/2
C([0,T ];L2(Ω))‖c2‖L1(0,T ;H1(Ω))‖ϕ‖L2(0,T ;L6(Ω)) .

As W (0, T ) is continuously embedded into L1(0, T ;H1(Ω)) and as L2(0, T ;H1(Ω))
is continuously embedded into L2(0, T ;L6(Ω)), it follows that F : L2(0, T ;L2(Ω))→
IR is continuous.

A.3. Proof of Proposition 2.5. We take ϕ = c1(t)+c2(t)+c3(t) in (2.4b), (2.4b)
and (2.6b) for t ∈ [0, T ] and these three equations. Setting d = di for i = 1, 2, 3 we
find

(A.23)

1

2

d

dt
‖(c1 + c2 + c3)(t)‖2L2(Ω) + d

∫

Ω

|∇(c1 + c2 + c3)(t)|22 dx

=

∫

Ω

(−k1 − k2 + k3)c1(t)c2(t)(c1 + c2 + c3)(t) dx,

where | · |2 is Euclidean norm in IR3. By assumption we have k3 = k1 + k2 so that
the right-hand side in (A.23) is zero. Hence, by integrating over [0, t] ⊂ [0, T ], we
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conclude

(A.24)
‖c1 + c2 + c3)(t)‖2L2(Ω) + 2d

∫

Ω

|∇(c1 + c2 + c3)|22 dx

= ‖c10 + c20 + c30‖2L2(Ω),

for almost all t ∈ [0, T ]. From (A.24) the claim follows.

A.4. Proof of Lemma 2.7. For s ∈ IR it follows that

g′(s) =

{
3s2 for s ≥ 0,
0 otherwise

}
= 3 [s]2+

and

g′′(s) =

{
6s for s ≥ 0,
0 otherwise

}
= 6 [s]+.

Hence, g′′ exists and is continuous. To prove the Lipschitz-continuity we take
s1, s2 ∈ IR and estimate

(A.25) |g′′(s1)− g′′(s2)| = 6 |[s1]+ − [s2]+|0





|0− 0| if s1, s2 ≤ 0,
6 |s1 − s2| if s1, S2 > 0,
6 | − s2| if s1 ≤, s2 > 0,
6 |s1| if s1 >, s2 ≤ 0.

Since | − s2| ≤ |s1 − s2| for s1 ≤ 0, s2 > 0 and || for s, s, we infer from (A.25) that

|g′′(s1)− g′′(s2)| ≤ 6 |s1 − s2| for all s1, s2 ∈ IR

so that g′′ is Lipschitz-continuous in IR with Lipschitz-constant 6.

A.5. Proof of Lemma 2.8. Suppose that u ∈ L2(0, T ) and the sequence {un}∞n=1
are given satisfying un ⇀ u in L2(0, T ) as n→∞. Then we have

lim
n→∞

∫ T

0

unϕdt =

∫ T

0

uϕdt for all ϕ ∈ L2(0, T )

implies that

(A.26) lim
n→∞

∫ T

0

un dt = lim
n→∞

∫ T

0

un · 1 dt =
∫ T

0

u · 1 dt =
∫ T

0

udt.

Since g is continuous, we infer from (A.26) that

lim
n→∞

I(un) = lim
n→∞

g
(∫ T

0

un dt− uc
)
= g

(
lim
n→∞

∫ T

0

un dt− uc
)
= I(u).

Thus, I is weakly continuous. Next we prove that I is twice Fréchet-differentiable.

For that purpose let δu, δ̃u ∈ L2(0, T ) denote two arbitrary directions. The the
directional derivatives of I at u ∈ L2(0, T ) are given by

(A.27) ∇I(u)δu = g′
(∫ T

0

udt− uc
)∫ T

0

δudt

and

(A.28) ∇2I(u)(δu, δ̃u) = g′
(∫ T

0

udt− uc
)∫ T

0

δudt

∫ T

0

δ̃udt.
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We prove that∇I(u) is the first Fréchet-derivative of I at u. Using Taylor expansion

for g at s+ δs with s =
∫ T
0
udt− uc and δs =

∫ T
0
δudt we find

(A.29) |I(u+ δu)− I(u)−∇I(u)δu| = |g(s+ δs)− g(s)− g′(s)δs+O(|δs|2)|.

As

(A.30) |δs|2 =
∣∣∣
∫ T

0

δudt
∣∣∣
2

≤ T ‖δu‖L2(0,T ) for δu ∈ L2(0, T )

holds, we derive from (A.29) that

lim
‖δu‖L2(0,T )→0

1

‖δu‖L2(0,T )

|I(u+ δu)− I(u)−∇I(u)δu| = 0.

Utilizing analogous arguments it also follows that ∇2I(u) is the second Fréchet-
derivative of I at u. Lemma 2.7 implies that∇2I is Lipschitz-continuous in L2(0, T );
in fact, for arbitrary u1, u2 ∈ L2(0, T ) we deduce from (A.28) and (A.30) that

|∇2I(u1)(δu, δ̃u)−∇2I(u2)(δu, δ̃u)|

≤ 6
∣∣∣
∫ T

0

δudt
∣∣∣
∣∣∣
∫ T

0

δ̃udt
∣∣∣
∫ T

0

|u1 − u2|dt

≤ 6T 3/2 ‖δu‖L2(0,T )‖δ̃u‖L2(0,T )‖u1 − u2‖L2(0,T ),

which gives the claim.

Appendix B. Proofs of Section 3

B.1. Proof of Proposition 3.1. Since the cost functional J is a quadratic cost
functional and I is twice continuously Fréchet-differentiable with Lipschitz-conti-
nuous second Fréchet-derivative (see Lemma 2.8), the assertion for Jε follows by
standard arguments. Let us present the first and second derivatives of Jε at the
point x = (c1, c2, u) ∈ X for later reference. We choose arbitrary directions δx =

(δc1, δc2, δu) and δ̃x = (δ̃c1, δ̃c2, δ̃u) in X and obtain

∇Jε(x)δx =

∫

Ω

β1
(
c1(T )− c1T

)
δc1(T ) + β2

(
c2(T )− c2T

)
δc2(T ) dx

+

∫ T

0

γuδudt+
1

ε
∇I(u)δu,

(B.1)

∇2Jε(u)
(
δx, δ̃x

)
=

∫

Ω

β1δc1(T )δ̃c1(T ) + β2δc2(T )δ̃c2 dx

+

∫ T

0

γδuδ̃udt+
1

ε
∇2I(u)

(
δu, δ̃u

)
,

(B.2)

where ∇I(u) and ∇I(u) are given in (A.27) and (A.28), respectively. Next we

turn to the operator e. For arbitrary δx = (δc1, δc2, δu), δ̃x = (δ̃c1, δ̃c2, δ̃u) ∈ X
we compute the directional derivatives at a point x = (c1, c2, u) ∈ X. The first
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derivative is given by

(B.3a)

〈∇e1(x)δx, ϕ〉L2(0,T ;H1(Ω)′),L2(0,T ;H1(Ω))

=

∫ T

0

〈(δc1)t(t), ϕ(t)〉H1(Ω)′,H1(Ω) dt

+

∫ T

0

∫

Ω

d1∇δc1 · ∇ϕ+ k1(δc1c2 + c1δc2)ϕdxdt,

(B.3b)

〈∇e2(x)δx, ϕ〉L2(0,T ;H1(Ω)′),L2(0,T ;H1(Ω))

=

∫ T

0

(
〈(δc2)t(t), ϕ(t)〉H1(Ω)′,H1(Ω) − δu

∫

Γc

αϕdx
)
dt

+

∫ T

0

∫

Ω

d2∇δc2 · ∇ϕ+ k2(δc1c2 + c1δc2)ϕdxdxdt

for ϕ ∈ L2(0, T ;H1(Ω)) and

(B.3c) ∇e3(x)δx = δc1(0) and ∇e4(x)δx = δc2(0).

For the second derivative we compute

(B.4a)

〈∇2e1(x)(δx, δ̃x), ϕ〉L2(0,T ;H1(Ω)′),L2(0,T ;H1(Ω))

=

∫ T

0

∫

Ω

k1(δc1δ̃c2 + δ̃c1δc2)ϕdxdt,

(B.4b)

〈∇2e2(x)(δx, δ̃x), ϕ〉L2(0,T ;H1(Ω)′),L2(0,T ;H1(Ω))

=

∫ T

0

∫

Ω

k2(δc1δ̃c2 + δ̃c1δc2)ϕdxdt

for ϕ ∈ L2(0, T ;H1(Ω)) and

(B.4c) ∇2e3(x)(δx, δ̃x) = ∇2e4(x)(δx, δ̃x) = 0.

Utilizing Hölder’s and Gagliardo-Nierenberg’s inequality, (2.1) and ‖ϕ‖L2(Ω) ≤
‖ϕ‖H1(Ω) for all ϕ ∈ H1(Ω) we have

‖e1(x+ δx)− e1(x)−∇e1(x)δx‖L2(0,T ;H1(Ω)′)

= sup
{
k1

∫ T

0

∫

Ω

δc1δc2ϕdxdt : ‖ϕ‖L2(0,T ;H1(Ω))=1

}

≤ k1 ‖δc1‖C([0,T ];L2(Ω))‖δc2‖L2(0,T ;L4(Ω))

· sup
{
‖ϕ‖L2(0,T ;L4(Ω)) : ‖ϕ‖L2(0,T ;H1(Ω)) = 1

}

≤ k1CW ‖δc1‖W (0,T )‖δc2‖
1/2
L2(0,T ;L2(Ω))CGN‖δc2‖

1/2
L2(0,T ;H1(Ω))

·CGN sup
{
‖ϕ‖1/2L2(0,T ;H1(Ω)) : ‖ϕ‖L2(0,T ;H1(Ω)) = 1

}

≤ k1CW ‖δc1‖W (0,T )‖δc2‖W (0,T ) ≤
k1CWC

2
GN

2

(
‖δc1‖2W (0,T ) + ‖δc2‖

2
W (0,T )

)
.
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This yields

lim
‖δx‖X→0

1

‖δx‖X
‖e1(x+ δx)− e1(x)−∇e1(x)δx‖L2(0,T ;H1(Ω)′) = 0

so that (B.3a) is the first Fréchet-derivative of e1 in direction δx at x. Analogously,
we estimate

‖e2(x+ δx)− e2(x)−∇e2(x)δx‖L2(0,T ;H1(Ω)′)

≤ k2CWC
2
GN

2

(
‖δc1‖2W (0,T ) + ‖δc2‖

2
W (0,T )

)
,

which implies that (B.3b) is also the first Fréchet-derivative of e2 in direction δx at
x. Since e3 and e4 are linear and bounded operators, their directional derivatives
(B.3c) are their first Fréchet-derivatives. From

‖∇e1(x+ δ̃x)−∇e1(x)−∇2e1(x)δ̃x‖L(L2(0,T ;H1(Ω)),L2(0,T ;H1(Ω)′)) = 0,

‖∇e2(x+ δ̃x)−∇e2(x)−∇2e2(x)δ̃x‖L(L2(0,T ;H1(Ω)),L2(0,T ;H1(Ω)′)) = 0

we infer that (B.4a) and (B.4b) are the second Fréchet-derivatives of e1 and e2,
respectively. Here, L(L2(0, T ;H1(Ω)), L2(0, T ;H1(Ω)′)) denotes the Banach space
of all bounded and linear operators from L2(0, T ;H1(Ω)) into L2(0, T ;H1(Ω)′)
supplied with the common norm. Clearly, (B.4c) are the second Fréchet-derivatives
of e3 and e4, respectively. Since ∇2e does not depend on the point x, it follows
immediately that ∇2e is Lipschitz-continuous on X.

B.2. Proof of Proposition 3.2. The operator∇(c1,c2)e(x) :W (0, T )×W (0, T )→
Y ′ is bijective if for any (f1, f2, φ1, φ2) ∈ Y ′ there exists a unique pair (δc1, δc2) ∈
W (0, T )×W (0, T ) solving

(B.5a) δc1(0) = φ1 and δc2(0) = φ2 in L2(Ω)

hold and

(B.5b)

〈(δc1)t(t), ϕ〉H1(Ω)′,H1(Ω) +

∫

Ω

d1∇δc1(t) · ∇ϕdx

= −k1
∫

Ω

(
δc1(t)c2(t) + c1(t)δc2(t)

)
ϕdx+ 〈f1(t), ϕ〉H1(Ω)′,H1(Ω),

(B.5c)

〈(δc2)t(t), ϕ〉H1(Ω)′,H1(Ω) +

∫

Ω

d2∇δc2(t) · ∇ϕdx

= −k2
∫

Ω

(
δc1(t)c2(t) + c1(t)δc2(t)

)
ϕdx+ 〈f2(t), ϕ〉H1(Ω)′,H1(Ω)

for all ϕ ∈ H1(Ω) and almost all t ∈ [0, T ]. To prove uniqueness of a solution to
(B.5) we can proceed as in Appendix A.1.1. Moreover, the existence follows from
an a-priori estimate for δc1 and δc2 inW (0, T )×W (0, T ). Again, we argue similarly
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as in Appendix A.1.1, but instead of (A.3)–(A.6) we estimate

∫

Ω

|δc1(t)2c2(t)|dx ≤ ‖δc1(t)‖L2(Ω)‖δc1(t)‖L4(Ω)‖c2(t)‖L4(Ω)

≤ d1
6k1

‖δc1(t)‖2H1(Ω) + K̃1‖c2(t)‖8/5L4(Ω)‖δc1(t)‖
2
L2(Ω),

(B.6)

∫

Ω

|c̃1(t)δc2(t)δc1(t)|dx ≤ ‖c̃1(t)‖L4(Ω)‖δc2(t)‖L2(Ω)‖δc1(t)‖L4(Ω)

≤ d1
6k1

‖δc1(t)‖2H1(Ω) + K̃2‖c̃1(t)‖8/5L4(Ω)

(
‖δc1(t)‖2L2(Ω) + ‖δc2(t)‖

2
L2(Ω)

)
,

(B.7)

∫

Ω

|δc1(t)c2(t)δc2(t)|dx ≤ ‖δc1(t)‖L2(Ω)‖c2(t)‖L4(Ω)‖δc2(t)‖L4(Ω)

≤ d2
6k2

‖δc2(t)‖2H1(Ω) + K̃3‖c2(t)‖8/5L4(Ω)

(
‖δc1(t)‖2L2(Ω) + ‖δc2(t)‖

2
L2(Ω)

)
,

(B.8)

∫

Ω

|c̃1(t)δc2(t)2|dx ≤
d2
6k2

‖δc2(t)‖2H1(Ω) + K̃4‖c̃1(t)‖8/5L4(Ω)‖δc2(t)‖
2
L2(Ω)(B.9)

for almost all t ∈ [0, T ] and for positive constants K̃i, i = 1, . . . , 4, depending on,
which depends on d1, d2, k1, k2, and CGN . Furthermore, we have

(B.10) 〈fi(t), δci(t)〉H1(Ω)′,H1(Ω) ≤
d1
6
‖δci(t)‖2H1(Ω)+

1

6d1
‖fi(t)‖2H1(Ω)′ , i = 1, 2.

Inserting (B.6)-(B.10) we find

(B.11)

1

2

d

dt

(
‖δc1(t)‖2L2(Ω) + ‖δc2(t)‖

2
L2(Ω)

)
d1‖δc1(t)‖2L2(Ω) + d2‖δc2(t)‖2L2(Ω)

≤ K̃5
(
1 + ‖c1(t)‖8/5L2(Ω) + ‖c2(t)‖

8/5
L2(Ω)

)(
‖δc1(t)‖2L2(Ω) + ‖δc2(t)‖

2
L2(Ω)

)

+ K̃6
(
‖f1(t)‖2H1(Ω)′ + ‖f2(t)‖

2
H1(Ω)′

)

for almost all t ∈ [0, T ] and for positive constants K̃5, K̃6 depending on K̃i, i =
1, . . . , 4, and d1, d2. From (B.11) we derive that δc1 and δc2 are bounded in
L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H1(Ω)). By (B.5b) and (B.5b) it follows that (δci)t is
bounded in L2(0, T ;H1(Ω)′) for i = 1, 2. Consequently, there exists a constant

K̃7 > 0 such that

(B.12)
‖δc1‖W (0,T ) + ‖δc2‖W (0,T )

≤ K̃7
(
‖φ1‖L2(Ω) + ‖φ2‖L2(Ω) + ‖f1‖L2(0,T ;H1(Ω)′) + ‖f2‖L2(0,T ;H1(Ω)′)

)
.

Now existence of a solution to (B.5) can be shown by utilizing (B.12) and standard
Galerkin techniques. We obtain (3.1) by taking fi = 0, φi = 0 for i = 1, 2 and
estimating similarly as in (A.15).
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B.3. Proof of Corollary 3.6. Multiplying (3.3a) by λ∗1(t) and (3.3b) by λ∗2(t),
integrating over Ω and adding both equations we obtain the inequality

(B.13)

−1

2

d

dt

(
‖λ∗1(t)‖2L2(Ω) + ‖λ∗2(t)‖

2
L2(Ω)

)
+ d1 ‖λ∗1(t)‖2H1(Ω)

+ d2 ‖λ∗2(t)‖2H1(Ω) ≤ d1 ‖λ∗1(t)‖2L2(Ω) + d2 ‖λ∗2(t)‖2L2(Ω)

+

∫

Ω

k1
(
|c∗2(t)λ∗1(t)2|+ |c∗1(t)λ∗1(t)λ∗2(t)|

)
dx

+

∫

Ω

k2
(
|c∗2(t)λ∗1(t)λ∗2(t)|+ |c∗1(t)λ∗2(t)2|

)
dx

for almost all t ∈ [0, T ]. Next we estimate the two integrals on the right-hand side
of (B.13). Using Hölder’s, Gagliardo-Nierenberg’s and Young’s inequalities we find

(B.14)

∫

Ω

(
|c∗2(t)λ∗1(t)2|+ |c∗1(t)λ∗1(t)λ∗2(t)|

)
dx ≤ d1

2k1
‖λ∗1(t)‖2H1(Ω)

+ K̃1
(
‖c∗1(t)‖8/5L4(Ω) + ‖c∗2(t)‖

8/5
L4(Ω)

)(
‖λ∗1(t)‖2L2(Ω) + ‖λ∗2(t)‖

2
L2(Ω)

)

for almost all t ∈ [0, T ] and for a constant K̃1 > 0, which depends on d1, k1 and
CGN (compare estimates (A.3) and (A.4)) and

(B.15)

∫

Ω

(
|c∗2(t)λ∗1(t)λ∗2(t)|+ |c∗1(t)λ∗2(t)2|

)
dx ≤ d2

2k2
‖λ∗2(t)‖2H1(Ω)

+ K̃2
(
‖c∗1(t)‖8/5L4(Ω) + ‖c∗2(t)‖

8/5
L4(Ω)

)(
‖λ∗1(t)‖2L2(Ω) + ‖λ∗2(t)‖

2
L2(Ω)

)

for almost all t ∈ [0, T ] and for a constant K̃2 > 0 depending on d2, k2 and CGN
(compare estimates (A.5) and (A.6)). Inserting (B.14) and (B.15) into (B.13) we
conclude

(B.16)

−1

2

d

dt

(
‖λ∗1(t)‖2L2(Ω) + ‖λ∗2(t)‖

2
L2(Ω)

)
+ d1 ‖λ∗1(t)‖2H1(Ω)

+ d2 ‖λ∗2(t)‖2H1(Ω) ≤ d1 ‖λ∗1(t)‖2L2(Ω) + d2 ‖λ∗2(t)‖2L2(Ω)

≤ K̃3
(
1 + ‖c∗1(t)‖8/5L4(Ω) + ‖c∗2(t)‖

8/5
L4(Ω)

)(
‖λ∗1(t)‖2L2(Ω) + ‖λ∗2(t)‖

2
L2(Ω)

)

for almost all t ∈ [0, T ] and for a constant K̃3 > 0 depending on K̃1, K̃2, di and
ki for i = 1, 2. To achieve an estimate for the λ∗i ’s in the L∞(0, T ;L2(Ω))-norm we
integrate (B.16) over [t, T ] ⊂ [0, T ] and deduce

(B.17)

‖λ∗1(t)‖2L2(Ω) + ‖λ∗2(t)‖
2
L2(Ω) ≤ ‖λ∗1(T )‖

2
L2(Ω) + ‖λ∗2(T )‖

2
L2(Ω)

+

∫ T

t

K̃3
(
1 + ‖c∗1(t)‖8/5L4(Ω) + ‖c∗2(t)‖

8/5
L4(Ω)

)

·
(
‖λ∗1(t)‖2L2(Ω) + ‖λ∗2(t)‖

2
L2(Ω)

)
ds

for almost all t ∈ [0, T ]. Using Gronwall’s inequality, (3.3e) and (3.3f) it follows
that

(B.18)
‖λ∗1(t)‖2L2(Ω) + ‖λ∗2(t)‖

2
L2(Ω)

≤ K̃4
(
‖c∗1(T )− c1T ‖2L2(Ω) + ‖c∗2(T )− c2T ‖

2
L2(Ω)

)
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for almost all t ∈ [0, T ], where K̃4 > 0 depends on K̃3, T , βi and ‖c∗i ‖L8/5(0,T ;L4(Ω))

for i = 1, 2. Thus, using

1

2
(a+ b)2 ≤ a2 + b2 for all a, b ∈ IR

the functions λ∗i , i = 1, 2, are bounded in L∞(0, T ;L2(Ω)) by

(B.19)
‖λ∗1‖2L∞(0,T ;L2(Ω)) + ‖λ∗2‖

2
L∞(0,T ;L2(Ω))

≤ K̃5
(
‖c∗1(T )− c1T ‖2L2(Ω) + ‖c∗2(T )− c2T ‖

2
L2(Ω)

)

with K̃5 =
√
2
√
K̃4. From (B.17) and (B.18) we infer that

‖λ∗1‖2L2(0,T ;H1(Ω)) + ‖λ∗2‖
2
L2(0,T ;H1(Ω))

≤ K̃6
(
‖c∗1(T )− c1T ‖2L2(Ω) + ‖c∗2(T )− c2T ‖

2
L2(Ω)

)

for a constant K̃6 > 0. Finally, (3.11) is satisfied, since H1(Ω) is continuously
embedded into L4(Ω).
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