CONVERGENCE ANALYSIS OF THE SQP METHOD FOR
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ABSTRACT. Semilinear elliptic optimal boundary control problems with non-
linear pointwise mixed control-state constraints are considered. Necessary and
sufficient optimality conditions are given. The local quadratic convergence of
the SQP method is proved and confirmed by numerical results.

1. INTRODUCTION

In this paper, we consider the optimal control problem

Minimize / o€, y(€))dE + / (&, y(&),u(§))ds (P)
subject to u € L°°(T"), the nonlinear elliptic boundary state equation
Ay+d(§,y):f in Q
Oy +b&y)=u ondQ="T
as well as pointwise nonlinear mixed boundary constraints
9i(&y(€),u(€) <0 ae onl, i=1,...,s. (1.2)

Problems with mixed control-state constraints are important as Lavrientiev-type
regularizations of pointwise state-constrained problems [17], but they are also in-
teresting in their own right [14, 23].

(1.1)

Our goal is to establish a local quadratic convergence result for the sequential qua-
dratic programming (SQP) method for the solution of (P). We begin by specifying
the exact problem setting in Section 2. Section 3 is devoted to necessary and suffi-
cient optimality conditions. The main result will be presented in Section 4, and it
is confirmed numerically in Section 5.

Let us put our work into perspective. The existence of Lagrange multipliers for (P)
in measure spaces follows from general results of [1] and [9]. However, it is known
that the dual variables of optimal control problems with mixed constraints have
better regularity properties, see [5,7]. We follow here an argumentation which was
introduced in [10] and applied to PDE-constrained optimization problems in [19].

The local quadratic convergence of the SQP method in Banach spaces was first
shown in [2]. This technique was applied to optimization problems with partial
differential equations in [4]. The analysis exploits the equivalence between SQP
and Newton’s method for generalized equations 0 € F(w) + M (w), where N is a
set-valued map. The proof of fast local convergence of Newton’s method for the
solution of an equation F(w) = 0 requires the continuous differentiability of F' as
well as the uniform boundedness of the inverse F’(w)~! in a neighborhood of the
solution. In the context of generalized equations, the latter is replaced by a property
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called strong regularity, see (4.4). Once the strong regularity is established, the local
quadratic convergence follows from standard arguments [2,13].

Therefore, the main contribution of this paper is the proof of strong regularity for
the generalized equation representing the optimality system of (P), see Proposi-
tion 4.3. This requires to show that the solution of a linearized generalized equation
depends Lipschitz continuously on perturbations 6. The proof of this property is
still a challenge for nonlinear optimization problems involving partial differential
equations. Our approach is based on strong second-order sufficient conditions, see
for instance [12], which do not take into account strongly active sets as used in [11].

The first strong regularity result for optimal control problems with both control
and mixed control-state constraints can be found in [13]. In the present paper, we
extend this theory to a new class of problems: firstly, we allow a finite number of
general nonlinear mixed control-state constraints (1.2) instead of a combination of
a linear control constraint and a linear mixed constraint in [13]. This complicates
the proof of stability in L* via a projection formula. Secondly, we investigate
boundary control problems, which leads to weaker smoothing properties of the
control-to-state mapping. Since the analysis benefits from mapping properties of
the state and adjoint equations, it becomes more involved.

2. PROBLEM SETTING

Problem (P) is posed on a bounded domain Q C R, N € {2,3}, which has a
C11 boundary T'. Next we formulate the general assumptions (A1)—(A4) on the
problem data. Further assumptions will be formulated later when needed. Here
and throughout, (-,-)q and (-, -)r denote the L? scalar products. For p € [1, 00], we
denote by p’ the dual exponent of p.

Assumption.
(A1) The operator A : H*(Q) — H'(2)* is defined as Ay(v) = aly,v], where
a’[ya 1)] = ((V’U)Ta AOVy)Q + (Cyv U)Q'

Ag is an N x N symmetric matriz with Lipschitz continuous entries on §
such that pTAo(€) p = mo |p|? holds with some mo > 0 for all p € RN and

almost all £ € Q. Moreover, c € L*°(Q2) holds. The symbol 0,, denotes the
co-normal derivative associated to Ag.

The bilinear form al-,-] is assumed to be continuous and coercive, i.e.,
aly, v] < eyl mr@llvlla @
aly, ) = cllylin o
for all y,v € HY(Q) with some positive constants ¢ and c. (This is satisfied
if ess inf ¢ > 0.) The right hand side f is taken from LY (Q).

(A2) The functions d(&,y) and b(&,y) belong to the class C? with respect to y for
almost all § € Q or £ € T, respectively. Moreover, dy, and by, are assumed
be a locally bounded and locally Lipschitz continuous functions with respect
to y, i.e., the following conditions hold true:
there exist Kq > 0 and Ky > 0 such that

(€, 0)] + [dy (€, 0)| + |dyy (€, 0)
[6(&, 0)] =+ [by (€, 0)] + [byy (€, 0)

Kd7

| <
|<Kb7
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and for any M > 0, there exist Ly(M) > 0 and Ly(M) > 0 such that

| dyy (€, 91) — dyy(§,y2)| < La(M) [y1 —y2|  a.e. in Q
|byy (&, y1) — byy (&, y2)| < Ly(M) |y1 y2| ae onT
for all y1,y2 € R satisfying |y1], |y2| <

Additionally for all y € R we assume d, ({, y) =20 a.e. inQ and by(§,y) >0
a.e. onI'.

(A3) The function ¥ (€, y,u) is measurable with respect to & € T for all (y,u) €
R2, and of class C? with respect to (y,u) for almost all £ € T. Again the
second derivatives are assumed to be locally bounded and locally Lipschitz
continuous functions, i.e., the following conditions hold:
there exists Ky such that

(€, 0,0)] + [ty (£, 0,0)] + [1hu (&, 0,0)]
+ |¢yy(§7070)| + |¢yu(€7070)| + |¢uu(§7070)| < Ky
holds and for any M > 0, there exists Ly (M) > 0 such that

W)yy(faylaul) - ¢yy(§ay2au2)| X Ld)( )(|y1 - y2| + |u1 - u2|)a

|y (€91, u1) = Yyu (€, y2,u2)| < Ly (M) (Jyr — vl + |u1 — ua|),
[thu (&, Y1, u1) — tuu (€, Y2, u2)| < Ly (M) (lyr — ya| + [ur — us))
for all y;, u; € R satisfying |y;|, |ui| < M, 1=1,2.
Analogous conditions are assumed to hold for ¢;(§,y,u), it = 1,...,s and
¢(&,y)-

(A4) There is a constant m > 0 such that the properties

1/)uu(€ Yy,u ) z m Vf € Fv (yau) € R27
and giul& y,u) =m VEET, (y,u) € R?
hold.

In the sequel, we will simply write d(y) instead of d(£,y) etc. As a consequence of
(A2)—(A3), the Nemyckii operators d(-), ¢(-), b(-), ¥(-,-) and ¢;(-,*), i =1,..., s are
twice continuously Fréchet differentiable with respect to L°°, and their derivatives
are locally Lipschitz continuous, see for instance [21, Lemma 4.11, Satz 4.20]. Next,
we recall some known facts related to the state equation (1.1).

Definition 2.1. A function y is called a weak solution of the state equation (1.1)
ify € H(Q)NC(Q) and

aly,v] + (d(y),v)a + (b(y),v)r = (f,v)a + (w,v)r
holds for all v e H' ().

The notion of a weak solution for linearized equations can be extended continuously,
see Lemma 2.4. This allows us to use more general right hand sides for the linearized
equations.

Lemma 2.2 ( [21, Satz 4.8]). Under assumptions (A1)—(A2), the semilinear equa-
tion (1.1) possesses a unique weak solution y € H(Q) N C(Q) for any given
ue L®(T).

Lemma 2.3. Under the assumptions of the previous lemma, the unique weak so-
lution of (1.1) belongs to WLP(Q) for all p € [1,00).
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Proof. We write the equation (1.1) in the form
Ay+dy(y)y=f+dy(y)y —d(y) nQ
Oy +by(y)y = u+by(y)y —by) onT.

The right hand sides are elements of LY (Q2) and L>°(T), respectively. The claim
follows the following lemma concerning the linearized state equation. (I
Lemma 2.4. Suppose that § € C(Q) and p € (2]\;\72,00). Then for every r €
LN(Q) and ro € LP(T), the linearized equation

Ay+d,@y=r inQ

Oy +b,(gy=ra onT

(2.1)

has a unique weak solution y € WHP(Q). It satisfies the a priori estimate

||y||W11P(Q) < Op(HTl”Wlw’(Q)* + HTZHWfl/p,p(r))v

with a constant C,, independent of ri, ra.

Proof. Let p € (232, 00) be given. The weak form of (2.1) reads

aly, v] + (dy(y) y, v)a + (by(@) y, v)r = (r1,v)a + (r2,v)r
for all v € HY(Q). For N = 2, the given data satisfies r; € L*(Q) and ro € LP(T)
and p > 1 holds. The trace operator maps H*(Q) into L%(T") with ¢ < oo, hence
the integrals are well defined. For N = 3, we have r; € L3*(Q) and ro € LP(T)
with p > 4/3. The trace operator maps H'(Q2) into L*(T), and again the integrals
are well defined. Consequently, the existence and uniqueness of a weak solution in
H(Q) follows from the Lax-Milgram theorem, and

Iyl ) < Cp(llrilla ) + Ir2lloer)) (2.2)
holds.
We now rewrite (2.1) as
div (AVy)+y=ri+y—cy—dy(H)y=f inQ
Ony=r2—by(my=:9g onl.
Our goal is to apply the regularity result [16, Theorem 2.1.3] for data f € W4(Q)*
and g € W~1/949(T"). The right hand side f is an element of LV (Q). In view of
P > 1, we have W' (Q) — L4(Q) for some ¢ > N/(N — 1). Consequently,
LN(Q) — (WP (Q))* holds.
The boundary data requires more care. We treat the case N = 2 first. Then we

have g € LP(T) and trivially LP(T') < W~YP2?(T). The regularity result for (2.3),
see [16], shows that y € W1P(Q) with continuous dependence on the data, i.e.,

(2.3)

lyllwre) < Cp(llr1 + (1 — ¢ = dy()) Yllowror @)= + lIr2 — by (Y) Yllw-1/00(r))
<G (Il ey + Iyl @) + lrellze @y + 1yl Loy)-
holds. The claim follows by plugging in (2.2) and noting that ||y|| Lery < ¢ ||yl g1 ()

In the case N = 3, we only get g € L™™P4}(T), which certainly embeds into
W~29(T") for ¢ = min{p,6}, hence y € W4(Q) holds for this ¢, and we can
estimate as above

lyllwra) < CY (IIrllv @) + 1l a @) + Irelloe@) + [Yllw-1/0ay),  (2.4)
and we are done if p < 6 since the last term is dominated by [|y||z+r) and thus
by ||yl g1 (). However, if p > 6, we need to iterate one more time. Equation (2.4)

provides an intermediate estimate in W¢(Q), and we conclude by embedding that
y € C(Q) and thus g € LP(T") holds. We can then procede as in the case N = 2. [
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3. NECESSARY AND SUFFICIENT OPTIMALITY CONDITIONS

In this section we introduce necessary and sufficient optimality conditions for prob-

lem (P). In the previous section, we have seen that the state variable belongs to

the space W1P(Q) for p < oo. For further discussion, we fix p € (N, 00) and define
X = WP(Q) x L=(T).

Note that W1P(Q) — C(Q).

Definition 3.1.

(i) A pairz = (y,u) € X is called an admissible point if it is a weak solution
of (1.1) and satisfies (1.2).

(1i) A point T € X is called a local optimal solution in the sense of L™
if there exists € > 0 such that the inequality f(Z) < f(z) holds for all
admissible x € X with ||z — T|| peo(q)x 1o (1) < €.

(i73) A local optimal solution according to (ii) is called strict if f(Z) < f(x)
holds for all admissible x € X \ {Z} with ||z — Z| e @)x L) < €.

From now on we assume that (y*,u*) € X is a local optimal solution of (P).
In order to prove the existence of Lagrange multipliers, we require the following
linearized Slater condition.

Assumption.
(A5) There exist T > 0 and 4 € L*°(T") such that
9i(y",u”) + iy (¥*, 0") G + giu(y™s w") @ < =7

holds a.e. on T, where § € WYP(Q) is the unique solution of the linearized

PDE
Aj+dy(y)5=0 inQ,

Ony + bu(y*) ]

=1
Lemma 3.2. Under Assumptions (A1)—(A5), there exist nonnegative functionals
pi € L2(T)*, i =1,...,s, and an adjoint statep € WH4(Q), 1 < ¢ < N/(N —1)
such that the following conditions are satisfied:

A*p—|—dy(y*)p: —¢y(y*) in

Onp+by (") p =~y (Y u*) = > giy(y u )i onT
1=1

onT. (3.1)

(3.2)

(wu(y*u U*) - D h)p + Z<gl,u(y*7 U*) hu /141> =0 fO’f’ all h € LOO(F) (33)
=1

<gl(y*aU*)a,uz>:O fO’I’Z:L,S (34)
Proof. The proof can be carried out analogously to [1] or [9]. O
In (3.2), A* denotes the formal adjoint of A, and 9} denotes the co-normal derivative

associated to A] .

Similarly to [10,19], we can show that the Lagrange multipliers are indeed measur-
able functions. The proof employs arguments from measure theory and is given in
the appendix.

Lemma 3.3. Suppose that the conditions of Lemma 3.2 are satisfied. Then the
Lagrange multipliers ji; belong to L*(T).
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Thanks to the previous lemma, we can rewrite the gradient equation (3.3) as

Yu(y*,u*) —p+ Zgiyu(y*,u*) uwi=0 ae onl. (3.5)
i=1
Theorem 3.4. Suppose that the conditions of Lemma 3.2 are satisfied. Then the
Lagrange multipliers p; belong to L=(I'), i = 1,...,s, and the adjoint state is an
element of W1P(Q).

Proof. We employ a bootstrapping argument using (3.2) and (3.5). We already
have p € Wh4(Q) for 1 < ¢ < N/(N —1), see Lemma 3.2. The trace operator maps
Wh4(Q) into W'~1/44(T), which embeds continuously into L"(T") where r < oo for
N =2 and r <2 for N = 3. Now (3.5) implies that

D Gy u) i =p — du(y*,u”) € L7(T) (3.6)
i=1
since 1, (y*,u*) € L°(T'). Due to Assumption (A4), ¢; ,(y*,u*) > m holds, and
the nonnegativity of u; implies that p; € L"(T") for all i = 1,...,s. Using the fact
that g; o (v*, u*) € L>®(T), ¥, (y*, u*) € L>®(T') and ¢, (y*) € L>(2), we derive that
the right hand sides in the adjoint equation (3.2) are elements of L>°(€2) and L"(T"),
respectively.

From Lemma 2.4, which clearly holds for the adjoint equation as well, we thus
conclude p € W17 (Q) for all 7 < oo for N = 2 and 7 < 2 for N = 3. In the
case N = 2, we already find p € C(Q) by continuous embedding, and we obtain
the assertion p; € L°°(T") by using (3.6) again. In the case N = 3, we repeat the
argument above and obtain p; € L7(I') with # < 4. Using Lemma 2.4 again, we get
p € WLT(Q), which embeds continuously into C(Q) for 7 > 3, hence y; € L>(T')
holds.

The assertion p € W1P(Q) follows because the right hand sides of the adjoint

equation (3.2) are in L* and we apply Lemma 2.4 once again with p. O

For easy reference, we formulate again the task of solving the optimality system for
(P): Find (y,u,p, p1,- - -, p1s) € WHP(Q) x L°(T') x WHP(Q) x [L°°(T')]* satisfying

alv, p] + (dy(y) P, v)a + (by(y) p,v)r + (By(y), v)a + (¥y(y, u), v)r

® - 3.7
Y Gy ) =0 forall e W @) T
i=1
Yu(yu) =P+ giu(y,u)pi =0 ae onT (3.7b)
i=1

a[y,’l)] + (d(y)u U)Q + (b(y)u U)F - (fav)ﬂ - (’U,, U)F =0
for all v € W7 (Q) (3.7¢)
0<u L gi(y,u)<0 aeonl, i=1,...,s. (3.7d)

Remark 3.5. The Lagrange multipliers and adjoint state associated to the local
optimum (y*,u*) need not be unique. This can occur when several of the inequality
constraints are active simultaneously, see [3, Remark 2.6, Proposition 3.5]. We
resolve this issue by introducing the following separation assumption.

Let 01,...,05 > 0 and define the security sets of level o;

Si={¢€l:~0; <gi(y",u") <0}
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Note that the active sets A; = {§ € ' : g;(y*,u*) = 0} are contained in S;, and
hence p; =0 on S; for i # j.

Assumption.
(A6) Suppose that S;NS; =0 for alli,j=1,...,s, 1 # j. Moreover, we assume
that the boundary value problem
A p+dy(y")p=m1 inQ
* > — * * * * 38
O5p+by (V" )P+ Y X5, Gia (W u") giy (7  u)p=r2 onT (3:8)
i=1

has a unique weak solution p € HY(Q) for all right hand sides r1 € L*(Q)

and ro € L*(T).

Remark 3.6. The unique solvability of (3.8) is not a restrictive assumption. We
only need to avoid the eigenvalue case, which can be achieved by a suitable choice
of the sets S;.

Proposition 3.7. Suppose that Assumptions (A1)—(A6) hold. Then the Lagrange

multipliers and the adjoint state associated to (y*,u*) are unique.

Proof. Let us fix some index j € {1,...,s}. We multiply the gradient equation
(3.7b) by the characteristic function xs, and obtain

XSjHi = XS; g;i(y*a U‘*)[p - 1/}u(y*7 ’U’*)] a.e. on I'. (39)

Plugging this into the adjoint equation (3.7a) and using p; = xs,/tj, we obtain
(3.8) with

S

ro= =yt ut), e = =y u) Y X 9 (U u7) gy (U, uT) Pu (Y, u).
i=1

By Assumption (AG6), the adjoint state p is unique. In view of (3.9), also the

multipliers p; are unique. (I

From now on, we denote by (p*, u3,...,u*) the unique adjoint state and Lagrange
multipliers associated to (y*,u*). We abbreviate w = (y, u, p, 1, . .., tts) and set

W =WhP(Q) x L=(T) x WHP(Q) x [L>=(T)]°.

We now address second-order sufficient optimality conditions for (P). To this end,
we introduce the Lagrangian as £ : W — R by

L(y,u,p, i1, - - ps) = J(y,u) + aly,p] + (d(y) — f,p)a + (b(y) — w,p)r
+ Z(gi(yyu);ﬂi)l“-

Owing to Assumptions (A2)—(A3), the Lagrangian is twice continuously differen-
tiable and we get

Lo (w) (6, b2) = /way +dyy p)(6y)? de

5 T wyy'i‘byyp'i'z:/lligiyy "/’yu‘i‘ZNigiyu 5
+/ (53/) , =t i=1 ( y) ds.

7 =1

Assumption (Second-Order Sufficient Conditions (SSC)).
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(A7) There exists a > 0 such that
Loz (w*)(0,02) = a[|621 720y x 12 (1)
holds for all 6x = (dy,0u) € X satisfying
Ady +dy(y*) oy =0 in Q,
Ondy +by(y*)dy =du  onT.

In the remainder of this section, we state some known results concerning Assump-
tion (A7). The proof can be done analogously as in [13, Theorem 3.4, Lemma A.3].

Theorem 3.8. Under Assumptions (Al)—(AT), there exists 5 >0 and € > 0 such
that

J(x) = J(z*) + Bl - 5C*||%2(Q)xL2(F)
holds for all admissible v € X with ||z — 2*|| Lo (Q)x Lo (r) < €. In particular, x* is

a strict local optimal solution in the sense of L.

Lemma 3.9. Suppose that Assumptions (A1)—(AT) hold. There exists R > 0 and
o >0 such that

Lo (0)(z, ) > o ”xH%?(Q)xL?(F)
holds for all (y,u) € X satisfying

Ay+d,(H)y=0 inQ, (3.10)
Oy +by(7)y=mu onT,

provided that |0 — w* || Lo (@) x Lo () x Lo (@) x[Loo(r))s < R.

The second-order sufficient optimality conditions implies strong Legendre-Clebsch
condition, see [20, Lemma 5.1].

Lemma 3.10. Suppose that Assumptions (A1)—(A4) and (AT) hold. Then

S
Yuu (Y™, u") + Zgi,uu(y*a ut) i >«
=1

holds a.e. on T.

4. CONVERGENCE ANALYSIS

In this section we analyze the local convergence behavior of the sequential qua-
dratic programming (SQP) method for the solution of (P). A convenient point
of view in proving the local quadratic convergence is to exploit the fact that the
SQP approach equivalent to Newton’s method, applied to the first-order necessary
optimality system (3.7). Due to the complementarity conditions (3.7d), we have to
reformulate (3.7) as a generalized equation

0 € F(w) + N(w). (4.1)

An essential step in proving the convergence is the application of an implicit func-
tion theorem for generalized equations. The most important requisite is to show
the strong regularity [18] of (4.1). This will be the main contribution of this section
(Proposition 4.3). Its proof is significantly more involved compared to the problem
considered in [13] due to the nonlinearity of the constraints. The local quadratic
convergence (Theorem 4.9) then follows using standard arguments.
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In (4.1), F contains the smooth parts of the optimality system (3.7) and is defined
by

al-, pl + (dy(y) p, )a + (by () P, )r + (D4 (y), e + (Py(y, ), -)r

S

+ Z(gi,y(y, u) His ')Q

=1

Yy (yv u) —-p+ 2521 Giu (yu) i
aly, -] + (d(y), )a + (b(y), )r — (f,)e — (u,)r
gl(yvu)

9s(y, u)

(4.2)
Here we abbreviate w = (y,u,p, pi1,-..,us). We consider F as a mapping F :
W — Z, where

W =WHh'P(Q) x L>(T) x WHP(Q) x [L>=(T)]*

Z = WP (Q)* x L=(T) x WP (Q)* x [L®(T)]°.
The set-valued part A of the generalized equation (4.1) is used to express the
complementarity condition (3.7d). We set

N (w) = {0} x {0} x {0} x N(puz) x -+ x N(p),

where N(u) is the dual cone in the space L*°(I") associated to the cone of non-
negative functions K := {v € L>*°(I") : v > 0 a.e. on I'}. That is,

N(u) = {zeL>*M): (z,u—v) =20 YWeK} ifpuekK
M0 it g K.
The following lemma can be proved as in [13, Lemma 4.2]. It shows in particular
that w* satisfies (4.1).
Lemma 4.1. The generalized equation (4.1) is equivalent to the system of first-
order necessary conditions (3.7).
Given the iterate w*, Newton’s method, applied to (4.1), yields the next iterate
wkFt1 as the solution of the linearized generalized equation
0€ Fwh) + F'(w*)(w — w®) + N(w). (4.3)
As in [13, Lemma 5.3], we can verify that (4.3) is the system of first-order necessary
optimality conditions for
1
Minimize J,(z%)(z — 2¥) + gﬁm(wk)(:zr — P x —a) (QP},)
subject to uw € L°°(I"), the linearized state equation
Ay +dy*) +dy )y -y =f nQ,
Ony +b(y*) +b,(y")(y —y") =u onT
as well as the linearized inequality constraints
9i(@®) + gin(@®)(x —2¥) <0 ae.onT, i=1,...s.
Let us mention that this sequence of linear-quadratic subproblems coincides with
the SQP iteration: given w® = (y*,u® p* uh, ..., u¥), the next iterate w*+! is
defined as the solution, adjoint state and Lagrange multipliers of (QP,,).
In the sequel, we denote by BY (v) the open ball of radius 7 centered at v € V w.r.t.
the norm of V.
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Definition 4.2 (see [18]). The generalized equation (4.1) is called strongly regu-
lar at w* if there exist radii 1y > 0, ro > 0 and a positive constant Cp, such that
for all perturbations § € BZ (0) the linearized equation

§ e F(w*)+ F'(w")(w—w") + N(w) (4.4)
has a unique solution ws = w(J) € BXZ(w*), which satisfies the Lipschitz condition

|ws —we'|w < CL|6 =8|z for all 6,8" € BZ(0).

Note that wg = w* holds.

Proposition 4.3. Suppose that Assumptions (A1)—(AT) hold. Then (4.1) is strongly
reqular at w*.

For the proof of Proposition 4.3, we note that (4.4) is the optimality system of

Minimize Jy(z*)(z — ") + %Lm(w*)(x -z — ") (LQP(9))

= (61,9 = ¥ ) w17 (@) wrr) — (62,0 —u')r (4.5)
subject to u € L*°(T"), the linearized state equation

Ay+d(y") +dy(y )y —y") = f+ 030 nQ

Oy +by") +by(y")(y—y") =u+ds5r onTl
as well as the linearized inequality constraints

9i(z*) + gip(@*)(x —2") < dix3 ae.onl, i=1...,s. (4.7)

The proof of Proposition 4.3 requires some preparatory steps.

e Following an idea of Malanowski [15], we define an auxiliary problem (LQP*“*(§))
which coincides with (LQP(d)) except that (4.7) is replaced by

gi(@™) + giz(@*)(x—2") < dix3 ae.onS;, i=1,...,s. (4.8)

This leads to a modification of N'(w) in (4.4). By construction, the active
sets are separated due to Assumption (A7).

e We prove the uniqueness and Lipschitz stability of solutions, adjoint vari-
ables and Lagrange multipliers of (LQP*“*(§)) with respect to an L? space
setting. This implies the strong regularity in these spaces.

e We devise a projection formula for the Lagrange multipliers, which allows
us to extend the Lipschitz stability to the spaces W and Z.

e Finally, we show that the solutions of (LQP(4)) and (LQP***(§)) coincide
for small 4.
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The necessary optimality conditions for (LQP(4)) can be obtained by linearizing
(3.7), which leads to

afv, p] + (dy(y") p,v)a + (dyy (y")(y —y") p* v)a + (by(y") p, v)r
+ (byy (¥ )y —y") P 0)r + (By(¥7), v)a + (Dyy (¥) (¥ — ¥7), v)a
+ (W (", w"), 0)r + (Wyy (", W)y = y7), 0)r + (W™, w") (w =), 0)r
+ ) (giy (W) i 0)r Y (Gigy (W0 (W — y7) i v)r

i=1 i=1
+ 3 (Goyuly™ u) (=) g, 0)r = (Br,0)  for all v € WP (Q) (4.9a)
i=1

Gu (Y u") + Yuy () (y — ) + Yuu (™, u”) (u — u¥) p+Zgzuy u*

+Zgluyy u)(y y /Lz+zgluuy U)(U_U),Ul—(SQ a.e.on I’

=1 =1 (49b)
aly, v] + (d(y*),v)a + (dy(y")(y — ¥*),v)a + (b(y™), v)r + (by (¥*")(y — y*),v)r
— (f,v)a — (u,v)r = (85, v) for all v € WHP'(Q) (4.9¢)

0 L gi(@")+gix(@®)(z—2")<diys ae onl, i=1,...,s. (4.9d)
For the auxiliary problem (LQP*“*(§)), we need to replace (4.9d) by
0<pu L gi(@)+gi.(@)(z—2%)<diys aeons;,, i=1,...,s. (4.10)
We proceed to show the unique global solvability of (LQP*“*(§)) and the Lipschitz
stability of its solution in the spaces
Wo = H'(Q) x L*(T') x H(Q) x [L*(I)]*
Zo = H'(Q)" x L*(T) x H'(Q)" x [L*(D)]".
Lemma 4.4. Suppose that Assumption (A1)—(AT7) hold. Then the set of feasible
Pairs
Ms = {(y,u) € H'(Q) x L*(I) satisfying (4.6) and (4.8) }

s nonempty.

Proof. We will show that there exists a pair (y,u) € H'(Q) x L*(T) such that
gi(z") + gip(@)(x —2) = ;33 ae.on S, i=1,..s,

and (4.6) are satisfied, i.e., all inequality constraints hold with equality, which

implies (y,u) € Ms. We set

*

g;’l}(y*’u*) [5i+3 - gl(y*au*) - gl,y(y*7u*)(y - y*)] +u”, on S’iv 1= 17 ey S
O, on F\ U Sl

=1

(4.11)
Plugging this into the state equation (4.6) we find
Ay+dy(y*)y=7 inQ,
(4.12)

S
Ony + by (Y)Y + D X595 (U 0") giy (", u")y =7 onT
=1
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where 71 € L?(Q2) and 72 € L?(T") are given by

F1=f+0d30—dy")+dy(y")y"
Fo = u" +d3r —b(y*) + by (y*) y"

+ Y xs.9a W5uT) 9y (T uT) Y — gi (Y u) + Sigs]
i=1
It remains to show that there exists a (unique) weak solution y € H'(€2) of (4.12)
satisfying

a’[yv ’U] + (dy (y*)yv U)Q + (by (y*)ya U)F + Z(XSIQZ'L} (y*a U*) Giy (y*a u*) Y, U)F
=1

= (F1,v)q + (F2,0)r  (4.13)

for all v € H*(Q2) and arbitrary 7y € L?(Q) and 72 € L?(T"). By (4.11), this implies
u € L2(9Q).

We consider (4.13) for 7y = 0 and 7o = 0. Let y € H'(2) be an arbitrary solution of
this homogeneous equation (at least y = 0 is valid). Let r; € L*(Q) and o € L*(T)

be arbitrary. By Assumption (A6), we obtain the existence of p = p(r1,72) € H(Q)
such that

alv, p] + (dy (y*)p, v)e + (by (" )P, )0 + Y (Xs.95 0 (U, u™)giy (™, u™)p, 0)r
=1

= (r1,v)q + (re,v)r (4.14)
for all v € H'(Q2). We set v :=y in (4.14) and obtain by (4.13)

0= (r,y)a + (r2,y)r.

Since 1 and ry were arbitrary, this implies y = 0, and the homogeneous version of
(4.13) is uniquely solvable. This implies the unique solvability of (4.13) for arbitrary
71 € L?(Q2) and 72 € L?(T") by standard Fredholm arguments. O

Lemma 4.5. Suppose that Assumptions (A1)—(A7) hold. For every 6 € Z,
the auziliary problem (LQP**(8)) possesses a unique global solution (ys,us) €
HY(Q) x L3(T"). The associated adjoint state ps € H* () and Lagrange multipliers
wis € L2(T) are unique.

Proof. By the previous lemma, the set of feasible pairs
Ms = {(y,u) € H'(Q) x L*(T") satisfying (4.6) and (4.8)}

is nonempty, and it is also closed and convex. Thanks to the second-order sufficient
conditions for (P), see Assumption (A7), we have

Ezz(w*)(x - I*; T — .I*) 2 o Hx||%2(Q)XL2(I‘) + linear terms

for all € Ms. Hence the objective of (LQP““*(4)) is strictly convex and weakly
lower semicontinuous, and the objective is radially unbounded. This shows that
(LQP***(§)) has a unique solution (ys,us) € H'(Q) x L*(T).

Following the techniques in Section 3, and thanks to the linearized Slater condi-
tion (Ab), one can show the existence of Lagrange multipliers p1 5, .. ., fs,6 first in
L°°(T)*, then in L?(T'), and the existence of an adjoint state ps € H'(Q), such that
(4.92)—(4.9¢) and (4.10) are satisfied. O
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Lemma 4.6. Suppose that Assumptions (A1)—(AT) hold. Then there exists a con-
stant Lo > 0 such that

lws — wer[|w, < Lo |6 — 8|z,

holds for all 6,8 € Zy.

Proof. The result can be proved using the result [8, Theorem 5.20]. The required
surjectivity assumption corresponds to our solvability assumption (A6). We give
here the sketch of a direct proof. Let dw = (dy,du,dp,du1,...,dus) denote the
difference ws — ws . The quantities dp, du, and dy satisfy equations (4.9a)—(4.9¢)
without the constant terms. Testing the equations with dy, du and —dp, and adding
up, we obtain

Loz (w*) (0, 52) —I—Z (gm (x*) S i, 5I)F = (61— 81, 0y)+ (02— 85, du)r — (63— 5, Op).
i=1
From the complementarity system (4.10), we obtain

S S

Z (gz,m(x*) 5,“‘17 5‘:6)11 2 Z(5MZ7 5i+3 - 57/L+3)F'

i=1 =1

Invoking the (SSC) Assumption (A7), and using the Cauchy-Schwarz inequality,
we can estimate

a ||5$||%2(Q)xL2(r) < 101 = 81l @)= 10yl ) + 102 — 05l 20y 10| 20

+ 1103 = 51l a1 ()= 102l 111 () + Z [0i43 — i rall2@ylopill L2y (4.15)
i=1
Using the gradient equation (4.9b) and the fact that g; ,(x*) = m, one finds
16uill z2ry < ¢ (1991l z2() + 16wl 2(r) + 116pll22(0) ) -
Proceeding as in Proposition 3.7, and using a standard a priori estimate for (3.8),
we obtain
[16pll 12y < € (109l 20 + 10yl L2 ey + 10ul| L2 0y + 1161 =1 71 @)« + 102 = 83| 22(@)) -

Plugging these estimates into (4.15), using Young’s inequality and [|0yl|z1 (o) <
é(||5u||L2(p) + ||53 — 5é||H1(Q)*), we obtain

||5y||%11(9) + ||5U||%2(r) <L (|61 - 51”%{1(9)* + |62 — 53”%2@) + |65 — 5§||§11(Q)*
+ Z 10543 — 5§+3||%2(r))-
=1

The estimates for 0p and du; above conclude the proof. O

The stability estimate obtained in Lemma 4.6 above is not strong enough in order
to prove Proposition 4.3. In order to show that the solutions of the auxiliary
problem (LQP““*(4)) coincides with those of the original problem (LQP(4)), we
need stability estimates in L°°. These estimates will be provided in the following
two lemmas. We begin with a projection formula for the Lagrange multipliers.
Here, the Legendre-Clebsch condition stated in Lemma 3.10 is essential.
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Lemma 4.7. Suppose that Assumptions (A1)—(A4) and (A7) hold and that 6 € Z,

and the corresponding ws € Wy are given. Then the projection formula

Zgzu ,U/’L_ma‘X{O 1/}71 ) 1/)uy +Zgzuy y y)+p+52

+ [Yuu(@”) + Zgz wa(27) ] max g7 (a" )(gj(w )+ 5@y = y") — 0j43) }
(4.16)
holds a.e. on T.

Proof. Owing to (A4), the inequality constraint (4.10) yields
050 (@) (9i(@") + 9iy (#) (Y — y*) = big3) foralli=1,....s,
min —g77 (2%) (g5 () + g5.9(=") (¥ — ") = G43)

= —jgafsg;i(x*)(gj(x*) + 95.y(@*)(y — y*) — Gj43).

u—u

*

<
= u—u <

From the gradient equation (4.9b), we get
D giul@®) i = =u (@) = Yuy (@)Y = y) = Yuu (@) (w — u) + p+ 6y
i=1

S
=D iy @)y~ y) ng (u— u*)
i=1

Taking into account the Legendre-Clebsch condition (Lemma 3.10), the coefficient
of (u —u*) is < —a < 0. Hence we can estimate further

Zglu i/_w( ) 1/}uy +Zgzuy y y)+p+52

'@[Juu )+ Zgz i z Hllax gj,u(‘r )(gj(x )+ 95@) (Y —y") — j+3)-

Moreover, by (A4), 327 gi.u(2*) pt; > 0 holds, and thus we have

Zgzu max{O, _’@[Ju T ) wuy +Zgzuy y*)+p+52

+ [Yuu (2 +Zgwu Jpi] max g (x )(93'(»’6 ) + 9i.(@) (Y = y*) = §j43) }-
(4.17)

It remains to prove that equality holds. On the subset I'y C " where the left hand
side of (4.17) is strictly positive, we have u; > 0 for at least one index j. Therefore,
the j-th constraint is active, and

u—u'=— max g;.(x")(g;(2") + 955" )y — y") = 0j43)

holds on T';. On the complimentary subset I'\I'y, the left hand side of (4.17) is zero.
Note that 0 > max{0, a} implies that a < 0, and necessarily equality holds. O

Lemma 4.8. Suppose that Assumptions (Al)—(A7) holds. Then there exists a
constant L > 0 such that

lws — ws lw < L |6 — 0|z
holds for all 6,6' € Z.
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Proof. Let us note that Z «— Z;. We elaborate on the 3D case N = 3, the case
N = 2 is simpler. Lemma 4.6, the continuity of the trace operator 7 : H*(2) —
H'/2(T") and the continuous embedding of H'/2(T") into L*(T') imply that

16yl zaqry + 1Pl ary < Lalld — &' 2.
The max operator is Lipschitz continuous from LP(T") into itself for p € [1, 0.
Taking differences of (4.16), we thus obtain

H Zgi,u(x*) 6/“}&4(1‘*) < Lil ”6 - 51”2'
i=1

We now use that g;,(z*) > m and that the du; have disjoint supports due to
Assumption (A6), this implies that also

Z H(sUiHL4(F) < LZ ”5 - 5l||Z'
=1

From the gradient equation (4.9b),
l6ullpary < LY 16— 0'll2

follows. Using the same argument as in the proof of Lemma 2.4, we can show that
the unique weak solution dy of

Ady+dy(y)dy=r1 inQ

Ondy +by(y*)dy =72 onT
is an element of W1 min{P:6}(Q) in view of r; = §; — &} € WP (Q)* and 75 = du €
LA4T) — w1/ 6:6(T"). Similarly, the adjoint system yields the same regularity for
op. To summarize, we get

[0yllw1mingz.oy () + [|0pllwrmintmer () < LY (|6 — 8" 2.

Since WH™in{P:6}(Q) embeds into C(Q2), we have the stability for dy and dp also in
this space. The projection formula now yields stability for du; in L*°(T"), and the
gradient implies the same for Ju. The regularity of r; and 75 is now improved and
allows to conclude the stability of dy and dp in WHP(Q). O

Proof of Proposition 4.3. We only need to show that for sufficiently small ||§]|z,
the solution of (LQP*“*(§)) coincides with the solution of the original problem
(LQP(9)). For this it is sufficient to show that ws is feasible for (LQP(0)), i.e.,
that the i-th inequality is satisfied in particular outside of the security set .S;, for
t=1,...,5. On T\ S;, we estimate

9i(2" )+ i (v) (5 —2")=6iv3 < —0i+|giz (™) || Loo () |5 =2 || Lo () + | Gi3 ]| oo (1) -
Note that we have exploited g = x* here. By Lemma 4.8, the right hand side
remains < 0 for all e =1,... s if

H(SHZ < min; o;

Cr L max; Hgi,x(x*)HL""(F) +1

where Cr denotes the norm of the trace operator from WHP(Q) to L°(T"). This
completes the proof. O

We are now in the position to state the local convergence result.

Theorem 4.9. There exists a radius r > 0 and a constant Csgp > 0 such that for
each starting point w® € BY (w*), the sequence of iterates w* generated by (4.3) is
well-defined in BY (w*) and satisfy

[ — w*[lw < Csqplw® —w*|fy
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The proof can be carried out analogously as in [13, Theorem 7.1]. Similarly as
in [13, Corollary 7.2], one can show that the linear-quadratic subproblems have
globally unique solutions.

Corollary 4.10. There exists a radius v’ > 0 such that w* € BY (w*) implies
that (QP},) has a unique global solution x*+1
ph L Rt and adjoint state pFtt

. The associated Lagrange multipliers
are also unique. The iterate w*t! lies again

5. NUMERICAL RESULTS

In this section we verify the quadratic convergence by means of the following ex-
ample:

o 1 1 1
Minimize 5”3/ - ydﬂ”%?(sz) + §||y - ydIH%?(F) + 5”“ - Ud|\%2(r)

~Ay+y+y? =f in O
Ony

subject to {

u-+er onl

{ gy, u)=u+y+y>—ye
and

<0
a.e. on I
92(y,u) = u <0

Here, 2 C R? is the unit disc, and we use the following problem data:

f:—ﬁ(r—l)—M—F(r—l)g—k(r—l)g,
12
Yao=—6(r—1)— 3(r . Y +3(r—1)? +2(r — 1)3,
—1, it ¢e0,%], “1+sin(20), if  ¢e[0,Z],
B cos(2¢), if ¢ €[5, B —sin(¢), if @€ [T, 7],
Ye = 1, if gelri), M7 sin(2¢), if ¢ € [r, 2],
—cos(2¢), if ¢e€ [37”, 27], —cos(g), if o¢e [37”, 27],
1, it 6el0,3),
sin(¢), if ¢e€[F,m7], | sin(29), if  ¢<€l0,%],
o= 0, if ¢elnm 37”], Yar = 0, else

It is straightforward to verify that
y* = (T - 1)37 u* = —€r, p* = y*7

sin(20), i ¢ € [m, 2],

* *
M1 =Yd, T, Mo { 0, else

satisfy the system (3.7) of first order necessary optimality conditions. Moreover,
Assumptions (A1)—(A4) are easily confirmed. To show the linearized Slater condi-
tion, we realize that the linearized equation

—Aj+ (14+3@w*)?)g=0 inQ,
Ong=1u onl.
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satisfies the maximum principle, i.e., & < 0 on I" implies § < 0 on €. Hence choosing
u = —1 yields

gy ut) i+ (143 )% 5 < -1,

g?(y*7U*) + 4 < _17

and (A5) holds.
The security sets S1 and S do not intersect for values o1, 02 € (0, %\/5) Moreover,
(3.8) is uniquely solvable since

Ira ) gry(y u’) = (1+3(y%)°)

92, (Y™ u") g2,y (y*,u") =0,
i.e., Assumption (A6) holds as well. Finally we verify the second-order sufficient
condition (A7) and obtain

Low(w*)(0z,dz) = / (1+ 6y*p*)(dy)? dé + /(1 + 6y*ul)(6y)? ds + /(6u)2 ds
Q r r
2 H5y||%2(sz) + H(SUH%?(F)'

We discretized the problem using linear finite elements on a triangular mesh with
2097 nodes and 4064 triangles. We used yo = —1.2, ug = —1 and pg = p10 =
t2,0 = 0 as an initial guess. The inequality-constrained subproblems (QP;,) were
solved using a primal-dual active set (PDAS) strategy [6].

Table 5.1 shows the convergence behavior of the discretized method and confirms
its quadratic convergence. In the last column we use the norm of H'(Q) x L>°(T') x
H(Q) x [L*°(T")]%. Figure 5 displays the solution obtained.

E o llys —yellm)  llus — kel noery %

0 2.36e+0 6.73e+0 —

1 9.34e-1 3.68e+0 7.01e-2
2 2.22e-1 1.54e+0 7.05e-2
3 3.73e-3 2.17e-2 2.91e-3
4 5.10e-7 2.27e-6 1.56e-3

TABLE 5.1. Convergence behavior of the SQP method
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APPENDIX A. PROOF OF LEMMA 3.3

Thanks to [22, Theorem 1.24], each u; € L (I')* can be uniquely decomposed into

= phe T+ fhp,
where p. is countably additive and p, is purely finitely additive. Moreover, if
p = 0 holds, then p. and p, are non-negative as well [22, Theorem 1.23]. The
purely finitely additive part u, can be characterized in the following way [22, The-
orem 1.22]: If X is a non-negative and countably additive measure on T', then



18 ROLAND GRIESSE, NATALIYA METLA, AND ARND ROSCH

Optimal state y*

Optimal control u”
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0 pir2 pi 3pifl2 2pi
?

Lagrange multipliers
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FIGURE 5.1. Optimal state y*, optimal control u* and Lagrange
multipliers g, p3

there exists a decreasing sequence I' D E; D Es D --- D FE, D --- such that
limy, 00 A(Ey) = 0 and p,(Ey) = pp(T) for all n.

We shall apply this result with the Lebesgue measure A on I' in order to show
that the finitely additive parts of p; vanish. Since our inequality constraints are
equi-directed, we can simplify the proof given in [10,19].

Proof of Lemma 8.3. Consider the singular part u,, ; for a fixed index j € {1,...,s}.
Thanks to [22, Theorem 1.22], there exists a decreasing sequence {E,} C I" such
that A(E,) — 0 and

{bp.js X0) = (Wp 3> X B, )
where x denotes the characteristic function. We set h = xg, /m in (3.3) and obtain

S

1
m

1
2 —(95.u(y" W) X tp.g) 2 (XBws 1p5) = (005 ipg) = g gl ey for all m.

1
(wu(y*,u*) _p,XEn)F = m Z <gi,u(y*,u*)XE”7Mi>

=1

The left hand side converges to zero, which implies 1, ; = 0.
Next we set h = xn/m in (3.3), where N C I is a set of Lebesgue measure zero:

1 1
—E(%(y*,U*) — D XN)p = — > gy w) X pi) = (xvs pg) =0
=1

S

O:

This is shows that p;(N) = 0, i.e., u; is absolutely continuous w.r.t. to the Lebesgue
measure. The Radon-Nikodym Theorem now implies that p.; can be identified
with a function in L!(T"). O
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